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Energy Minimization in OFDMA Downlink Systems: A Sequential
Linear Assignment Algorithm for Resource Allocation

Jingon Joung, Chin Keong Ho, Peng Hui Tan, and Sumei Sun

Abstract—We propose a novel resource allocation algorithm
for OFDMA systems consisting of M users and N resource
blocks, with the aim of achieving near-optimalpower efficiency
with polynomial complexity. If N = M , the proposed algorithm
performs an optimal resource allocation through an optimal
linear assignment algorithm (LAA) with complexity O(N3). If
N > M , the proposed algorithm adds virtual users, via a
user-domain extension, so as to sequentially allocate single or
multiple subchannels to each user through the LAA. In this
case, the proposed algorithm incurs a polynomial complexity of
O(MN

2(N −M)2), and achieves to within around0.5 % of the
minimum possible power according to computer simulations.

Index Terms—Energy efficiency, OFDMA, frequency resource
allocation, power assignment, linear assignment algorithm.

I. I NTRODUCTION

RESOURCE management to minimize transmit energy,
such as by subchannel (subcarrier or subband) allocation

and power assignment (or rate control), has been actively
studied [1]. We consider an orthogonal frequency-division
multiple access (OFDMA) system supportingM users with
N resource blocks. Each resource block consists of one or
multiple subcarriers. Since the resource allocation problem is
NP-hard [2], various heuristic resource allocation algorithms
based on greedy search minimizing power consumption with
polynomial complexity have been considered [3]–[5]. A loose
gap from the optimum, however, has been observed with the
aforementioned algorithms.

When N = M , we can easily find the optimal power
allocation to achieve individual target rates for the users
[6]. In this case, the allocation problem is actually a linear
assignment problem, in which a single resource is assigned to
a single user to support allM users. Thus, we can employ
the optimal linear assignment algorithm (LAA) such as the
Hungarian, Edmonds-and-Karp’s, and network flow algorithms
to obtain an optimalM -to-M assignment [7]. The objective
in the LAA is to minimize the total cost (power in this
case), and each resource-to-user allocation incurs a fixed and
additive cost. In many broadband wireless access standards
employing OFDMA, typically there are more subchannels than
the number of users so as to achieve frequency diversity, i.e.,
N > M . In this case, it is difficult to apply the LAA directly.
This is because the required power is not the sum of the power
required for each assigned subchannels if multiple subchannels
are assigned to a user, i.e., the costs arenon-additive. This
restriction motivates us to look for other effective algorithms.

In this paper, we consider the problem of energy minimiza-
tion such that each user achieves its target rate. We proposea
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heuristic solution called the sequential LAA (SLLA), in which
LAA is sequentially performed to assign single or multiple
subchannels to each user. First, we formulate the resource
allocation problem as a two-stage problem, where theouter
problem decides the number of subchannels allocated to the
mth user, denoted bysm, and theinner problem is a resource
allocation problem subject to a constraint on{sm}. To reduce
the complexity, we update{sm} sequentially and adaptively
for the outer problem, and use an LAA to solve the inner
problem. To effectively use the LAA, we approximate the
original assignment problem as the linear assignment problem
with an additive log-based power and propose a user-domain
extension. The proposed SLLA method requires a complexity
of O(MN2(N − M)2) when N > M and O(N3) when
N = M . A near optimal performance with around0.5 %
gap to the minimum possible power is observed even if the
target rates are asymmetric.

II. SYSTEM MODEL AND OPTIMIZATION FORMULATION

We consider a downlink consisting of one base station
(transmitter) andM users (receivers) withN subchannels. Let
M, N , andNm be the sets of all users, all subchannels, and
the assigned subchannels for themth user, respectively. Denote
the assigned power for thenth subchannel of userm by Pm,n.
The transmitter is assumed to have perfect information of the
instantaneous signal-to-noise ratio (SNR),γm,n ,

|hm,n|
2

σ2
n

,
whereσ2

n is the noise power andhm,n is thenth subchannel
between transmitter and themth receiver. Here, without loss of
generality (w.l.o.g.), the noise variance can be assumed asone.
The network power minimization problem is then formulated
as

{N ∗
m, P ∗

m,n}= arg minimize
{Nm,Pm,n}

P net (1a)

s.t.
∑

n∈Nm

log2 (1 + Pm,nγm,n) ≥ Rm, ∀m (1b)

Nm1
∩Nm2

= ∅, ∀m1 6= m2 ∈ M, (1c)

where P net =
∑

m∈M Pm,Nm
is the network power and

Pm,Nm
is the power consumed by userm with the multiple

subchannels inNm, i.e.,
∑

n∈Nm
Pm,n. The optimization vari-

ables are the transmit powerPm,n and subchannel allocation
Nm, for all user m ∈ M and subchanneln ∈ N . The
first constraint (1b) is for each userm to achieve the given
target rateRm and the second constraint (1c) is to ensure an
orthogonal subchannel allocation. For a given subchannel set
Nm, the minimum power under the rate constraint (1b) can
be obtained by using a water-filling power allocation [4] as

PWF
m,n (Nm) = max

(
0, λNm

− 1

γm,n

)
, ∀n ∈ Nm, (2)
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whereλNm
is a so-called water level satisfying
∑

n∈Nm

log2
(
1 + γm,nP

WF
m,n (Nm)

)
= Rm. (3)

Accordingly, we can rewrite (1) as a subchannel allocation
problem as

{N ∗
m} = argminimize

{Nm⊆N}

∑

m∈M

∑

n∈Nm

PWF
m,n (Nm)

s.t. (1c), (2), and (3), ∀m.

(4)

This allocation problem (4) is NP-hard [2]. To reduce the
high computational complexity of solving (4), we propose
a heuristic algorithm with low computational complexity yet
with near optimal performance.

III. PROPOSEDASSIGNMENT ALGORITHM

The original problem (4) can be solved by LAA ifN = N .
Thus, we focus on the caseN > M . To exploit the similarity
between (4) and the linear assignment problem, as a heuristic
approach, we shall employ an LAA as an intermediate step.
For this purpose, a sequential strategy that solves a two-stage
problem is proposed.

A. Equivalent Problem Formulation as A Two-Stage Problem

The two-stage problem is introduced in this subsection. We
can find the optimal allocation of (4) without any loss of
optimality through an inner problem and an outer problem,
i.e., the two-stage problem.

1) Inner Problem:For a given assignment vectors defined
as

s , [s1 · · · sM ], s.t.
∑

m∈M

sm = N, sm ≥ 1,

we find the optimal subchannel assignment{Nm} based on
the network power consumption as follows:

{N o
m(sm)}= argminimize

Nm⊆N

∑

m∈M

∑

n∈Nm

PWF
m,n (Nm) (5a)

s.t. |Nm| = sm, ∀m ∈M (5b)

(1c), (2), and (3), ∀m ∈M. (5c)

Note that an additional constraint (5b) is present comparedto
the original optimization problem in (4).

2) Outer Problem:To obtain the optimal solution in (4),
we can perform an exhaustive search over alls ∈ S by
choosing{N ∗

m} which requires the lowest network powerP net

as follows:

{N ∗
m} = argminimize

s∈S

∑

m∈M

∑

n∈No
m(sm)

PWF
m,n (N o

m(sm)) ,

(6)
whereS is a set including all possible assignment vectors

and N o
m(sm) is obtained by solving the inner problem in

(5). Although the optimality of the minimization problem
is achieved in (6), the exhaustive search overs ∈ S is
computationally intensive. Since|S| =

(
N−1
N−M

)
, the worst-

case complexity (whenN = 2M ) isO(2M ). Nevertheless, the
formulation in (6) allows us to formulate a heuristic algorithm
to reduce the complexity of the search.

B. Simplification of The Two-Stage Problem

To efficiently reduce the complexity, we approximate the
inner problem to a linear assignment problem and propose a
sequential search ofs for the outer problem.

1) Inner Problem Using LAA:Approximation of the inner
problem (5) as a linear assignment problem enables us to
employ the LAA. Note that the powerPWF

m,n in (5) is coupled
for differentn, i.e.,PWF

m,n depends on which other subchannels
n′ 6= n are allocated to userm. Thus, to formulate the linear
assignment problem, we will express the power costPWF

m,n

instead by using the decoupled̄Pm,n:

P̄m,n =
2Rm − 1

γm,n

, ∀m ∈M, (7)

which is independent of which other subchannels are assigned
to userm. Note that we can interpret̄Pm,n as the minimum
power required to achieve the rateRm if only the nth
subchannel with SNRγm,n is allocated to themth user. Using
P̄m,n, we can rewrite (5) equivalently as

{N o
m(sm)}= argminimize

Nm⊆N

∑

m∈M

2xm (8a)

s.t. (1c) and (5b), ∀m ∈M, (8b)

where the constraints (2) and (3) are absorbed in

xm ,
1

sm

∑

n∈Nm

log2 P̄m,n + f(sm, Rm) + g(P̄m,n, sm, Rm),

(9)

and the functionsf(·) and g(·) are defined in Appendix
A. Though the costs in (8a) are decoupled, they are non-
additive due to the exponential function. From the inequal-
ity of arithmetic-and-geometric means, i.e.,

∑
m∈M 2xm ≥

M M
√∏

m∈M 2xm = M
M
√
2
∑

m∈M
xm , which is an increasing

function of
∑

m∈M xm, we consider the heuristic approach of
minimizing a lower boundof the original cost as follows:

{
N̂m

}
=argminimize

Nm⊆N

∑

m∈M

xm

s.t. (1c) and (5b), ∀m ∈M.

(10)

The lower bound is tight only when all users consume similar
power, which is generally violated due to the asymmetric
channels and target rates. Regardless of the tightness, however,
(10) works well as we observe from numerical studies that the
variation of the lower bound over different allocation{Nm}
follows closely that of original cost.

Sincef(·) in (9) is independent of the assignmentNm, we
can equivalently redefine the costxm in (10) as

xm≡
1

sm

∑

n∈Nm

log2 P̄m,n + g
(
P̄m,n, sm, Rm

)
(11a)

= log2

(
∏

n∈Nm

P̄
1

sm
m,n −

∑
n∈Nm

P̄m,n

sm2
Rm
sm

)
(11b)

= log2
∏

n∈Nm

P̄m,n (11c)

+ log2

(
∏

n∈Nm

P̄
1

sm
−1

m,n −
∑

n∈Nm
P̄m,n2

−Rm
sm

∏
n∈Nm

P̄m,nsm

)
(11d)
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where (11b) follows from the substitution ofg(·) defined in
Appendix A, and (11c) and (11d) follow after some algebraic
manipulations. Further observation of the numerical results
shows that (11d) is negligible in optimization compared to
(11c), especially with largeRm. Thus, we approximatexm as

xm ≈ log2
∏

n∈Nm

P̄m,n

=
∑

n∈Nm

log2 P̄m,n.
(12)

Numerical results in Section IV will verify that resource
allocation based on this approximation is sufficiently accurate
to achieve near-optimal performance. Using the approximated
cost in (12), eventually, we can rewrite (10) to the linear
assignment problem as

{
Ñm

}
= argminimize

Nm⊆N

∑

m∈M

∑

n∈Nm

log2 P̄m,n

s.t. (1c) and (5b), ∀m ∈M.

(13)

Now, we apply an LAA to solve (13). To this end, a mod-
ification of the LAA is required to allow multiple assignment
from themth user tosm subchannels whensm > 1 since there
is no multiple assignment in the original LAA. To allowsm
multiple assignment, we consider(sm−1) virtual users in the
assignment problem. The subchannels assigned to the virtual
users are actually assigned to the original user. To incorporate
virtual users into (13), define a user set including virtual users
as V = {1, . . . , V }, where V =

(∑
m∈M sm

)
≤ N is a

total number of users including real and virtual users; a user
index including real and virtual users asv ∈ V ; and a set of
subchannels allocated to thevth virtual user asVv. Then, (13)
can be equivalently modified as follows:

{Vv}= argminimize
Vv⊆N

∑

v∈V

∑

n∈Nv

log2 P̄Map(v,s),n (14a)

s.t. Vv1 ∩ Vv2 = ∅, ∀v1 6= v2, ∀v ∈ V (14b)

|Vv| = 1, ∀v ∈ V , (14c)

whereMap(v, s) is a mapping function fromv to the real user
indexm ∈M whens is given. The mapping rule is as follows.
We mapv to m asMap(v, s) = m when

∑m−1
m′=0 sm′ < v ≤∑m

m′=0 sm′ and s0 , 0. The orthogonal constraint in (1c) is
retained as (14b). Comparing (5b) and (14c), note that number
of subchannels allocated to each real or virtual user is one,
i.e., |Vv| = 1, due to the virtual users. Therefore, (14) can
be solved by any LAAs since there is no extrinsic multiple
assignment in its assignment fromV users toV resources
amongN resources.

After finding {Vv} in (14), we can easily and directly
find {Ñm} by following a reverse mapping. The subchannels
allocated to the virtual userv such thatMap(v, s) = m are
actually allocated themth user. Consequently, we get̃Nm

as Ñm ← ∪
v
Vv, s.t. Map(v, s) = m, ∀v. Note that (14) is

identical to the original problem (4) ifN = M .
2) Outer Problem Using Sequential Search:From simu-

lations, we observed that many candidates inS cannot be
optimal, especially when the users’ target ratesRm’s or

average SNRs are asymmetric. For example, ifR1 ≫ Rm

for m 6= 1, then additional subchannels are most probably
assigned to the first user. In this case, anys with a largesm
for m 6= 1 is unlikely to be optimal. A sequential adaptation
on sm efficiently ignore the unlikely candidates and hence
reduce the computational complexity.

We start withs0m = 1, ∀m. The superscript denotes the iter-
ation index. For the initial assignment vectors

0 = [s01 · · · s0M ],
we find an initial assignment{Ñ 0

m} by solving (14). Next, in
the tth iteration for each userm, we increase only onestm
to stm + 1 while stm′ (m′ 6= m) is unchanged, and with this
assignment vectorst we find the assignment from (14) and
the corresponding network power consumption as

P net
m =

∑

m′∈M

∑

n∈Ñ t

m′

PWF
m′,n(Ñ t

m′). (15)

Then we choose usermt that yields the lowest network power,
i.e.,

mt = arg
m∈M

P net
m , (16)

as a virtual user, and increase its assignment index by one
for the subsequent iteration. The iteration is repeated until∑

m∈M stm = N , i.e., from t = 1 to t = N − M . As
a consequence, we need to visit only|S| = M(N − M)
assignment vectors.

C. Summary And Complexity of SLAA

Including the case whenN = M and denoting the iteration
index by superscriptt, a pseudo-code of SLAA is shown in
Algorithm 1. WhenN = M , there is no iteration, i.e.,t = 0,
and SLLA performs LLA once as mentioned at the beginning
of this section, resulting in the optimal resource allocation
with O(N3) complexity [5]. If N > M , LLA is sequentially
performed(N −M) times: The step at line 6 in Algorithm
1, in which (M + t) of N resources is optimally assigned to
(M+t) users through LAA, requiresO((M+t)(M+N+t)N)
complexity. In thetth iteration, the step at line 6 is repeated
M times to determine one virtual usermt at line 18. Since
there are(N−M) iterations, the overall complexity of SLAA
is O(M∑N−M

t=1 ((M + t)(M +N + t)N)) = O(MN2(N −
M)2).

IV. N UMERICAL RESULTS

Without loss of generality, we assume Rayleigh fading
channels with a unit variance, because a different channel
variance can be absorbed into the transmission power as seen
in (1b). We consider a small-scale system with(M,N) =
(3, 8) and a large-scale system with(M,N) = (20, 50);
symmetric target rates withRm = 1, ∀m, and asymmetric
target rates with[R1 R2 R3] = [1 2 4] and [R1 · · ·R20] =
[1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2 2 4 4] for (M,N) = (3, 8)
and (20, 50), respectively.

Table I shows the power consumption comparison with
the lower bound of minimum power [5]. Existing algorithms
requiring polynomial complexity, such as a rate-carving-
greedy (RCG) [3], a successive user iteration (SUSI) [4], and
a network-flow-based algorithm (NFBA) [5] are compared.



4

Algorithm 1: Sequential LAA (SLAA)

1 Set up: M = {1, . . . ,M}, N = {1, . . . , N},
V = {1, . . . ,M}, and s

0 = [1 · · · 1].
2 Compute log2(P̄m,n), ∀m ∈ M, ∀n ∈ N: (7).
3 for t← 0 to N −M do
4 if t = 0 then
66 Find assignments {Vt

v}: (14).

7 Map Vt
v to Ñ t

m, where m = v, ∀m ∈M.
8 else
9 Generate s

t = s
t−1.

10 for m← 1 to M do
11 Set stm ← stm + 1 and V ← V ∪ {M + t}.
12 Find assignments {Vt

v}: (14).

13 Map Vt
v to Ñ t

m′, ∀m′ ∈M.
14 Compute network power P net

m : (15).
15 Reset stm ← stm − 1 and V ← V \ {M + t}.
16 end
1818 Find a virtual user mt: (16).
19 Update stmt ← stmt +1 and V ← V ∪{M + t}.
20 end
21 end
22 {N ∗

m} ← {ÑN−M
m }, ∀m ∈M

TABLE I
REQUIRED TOTAL POWER CONSUMPTION(%) COMPARED WITH LOWER

BOUND OF M INIMUM POWER [5], AND COMPLEXITY ORDER.

{Rm} (M,N) RCG, [3] SUSI, [4] NFBA, [5] proposed SLAA

Symmetric
(3, 8) 5.79 % 0.34 % 0.34 % 0.27 %

(20, 50) 5.82 % 0.67 % 0.64 % 0.34 %

Asymmetric
(3, 8) 5.96 % 0.97 % 3.68 % 0.52 %

(20, 50) 7.40 % 1.00 % 1.98 % 0.36 %

Complexity (M,N) O(MN) O(MN2I) O(N3) O(MN2(N −M)2)

Their complexity orders are respectivelyO(MN),O(MN2I),
andO(N3), whereI is an iteration number which depends on
initial condition and system configuration. Comparing SUSI
and NFBA, we can see that a tradeoff between complexity
and performance is not always valid. This is because the
high complexity does not always guarantee the search on the
effectivespace that includes near optimal points an many as
possible. From the result that the proposed SLAA achieves
the lowest power consumption, we can surmise that the search
space of SLAA in the polynomial complexity class is effective
for both symmetric and asymmetric scenario. This is due to
the proposed user extension enabling the multiple subchannel
allocation in LAA.

V. CONCLUSION

A low (polynomial) complexity resource allocation algo-
rithm is proposed for OFDMA systems. To this end, the
original nonlinear assignment problem is approximated as a
linear assignment problem, and a log-based power cost with
virtual-user concept is introduced. The proposed algorithm
is more energy efficient than other existing algorithms that
requires polynomial complexity.

APPENDIX A
PROOF OF(8) AND (9)

For notational simplicity, the user indexm is omitted in
the proof. Suppose thatN is an occupied subchannel set for
target rateR, in which non-zero power is allocated. Using (2)
in (3), we can derive a water-level for the subsetN under the
assumption of largeR as

λN =

(
2R∏

n∈N γn

) 1

s

, (A1)

where s = |N |, and using (A1) in (2), we can also derive
minimum total powerPN as

PN ,
∑

n∈N

PWF
n = sλN −

∑

n∈N

γ−1
n . (A2)

Using (7) and (A2), now, we can derive (9) as

x , log2
∑

n∈N

PWF
n = log2

(
PN +

∑

n∈N

γ−1
n

)
+ g(P̄n, s, R)

=
1

s

∑

n∈N

log2 P̄n + f(s,R) + g(P̄n, s, R),

where

f(s,R) = log2 s− log2
(
2R − 1

)
+Rs−1

g(P̄n, s, R) = log2

(
1−

∏

n∈N

(
2R − 1

P̄n

) 1

s

∑
n∈N

P̄n

2R−1

s2
R
s

)
.
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