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Abstract—Joint channel and rate allocation with power algorithm or the amplitude-craving-greedy (ACG) algamith
minimization in orthogonal frequency-division multiple access is used to assign specific subcarriers and power levels. The
(OFDMA) has attracted extensive attention. Most of the re- RCG and ACG algorithms are greedy approaches that assign

search has dealt with the development of sub-optimal but low b . based th ; t d th .
complexity algorithms. In this paper, the contributions canprise subcarriers based on the maximum rate an € maximum

new insights from revisiting tractability aspects of compuing  €ffective channel, respectively. In [2], the successiverus

the optimum solution. Previous complexity analyses have lea integration (SUSI) algorithm is proposed which proceeds
limited by assumptions of fixed power on each subcarrier, or in two stages. After selecting an initial candidate, the
power-rate functions that locally grow arbitrarily fast. T he SUSI algorithm performs a local search algorithm, i.e.,

analysis under the former assumption does not generalize to it h d ighbori luti didat b
problem tractability with variable power, whereas the latter It searches around neighboring solution candidates, by

assumption prohibits the result from being applicable to wéi- continuously exploring if there is a net decrease in the
behaved power-rate functions. As the first contribution, we transmission power by re-assigning one subcarrier from use
overcome the previous limitations by rigorously proving the to another user. The algorithm stops when a local optimum
problem’s NP-hardness for the representative logarithmicrate  ¢qution is reached. The complexity of the SUSI algorithm

function. Next, we extend the proof to reach a much stronger d d th b f lorati d th tb
result, namely that the problem remains NP-hard, even if the epends on the number of explorations an us cannot be

channels allocated to each user is restricted to a consecuti €asily pre-determined nor bounded. For global optimatity,
block with given size. We also prove that, under these restti  branch-and-bound algorithm is developed in [9].

tions, there is a special case with polynomial-time tractattity. We address a complementary but fundamental aspect
Then, we treat the problem class where the channels can be 5 the resource allocation problem: To what extent is it

partitioned into an arbitrarily large but constant number o f tractable? In contrast to the significant amount of research
groups, each having uniform gain for every individual user.For ’ g

this problem class, we present a polynomial-time algorithmand 0N algorithms, investigations along the line of tractapili
provides its optimality guarantee. In addition, we prove that the —analysis have been few [10], [11]. The edge of fundamental

recognition of this class is polynomial-time solvable. understanding of problem tractability is formed in respect
Index Terms—orthogonal frequency-division multiple access, Of the following limitations. In [10], the power on each
resource allocation, tractability. subcarrier is assumed to be given, i.e., it can be arbjraril

set to any fixed value for the purpose of proving complexity.
Thus the result does not apply to the problem where powers
o . are optimization variables. In [11], the resource allomati

In orthogonal frequency division multiple accessygpiem is shown to be NP-hard for one particular type
(OFDMA) systems, resource allocation amounts to finding ate function Fon(P) € Cine, Where 1y (P) is the
the optimal assignment of subcarriers to users, and, Qe a5 a function of poweP for the mth user andnth
each user, the allocation of rate or power over the assigngthcarrier, andCinc is the set of all increasing functions
subset of subcarriers. In this paper, we focus on t@ch thag-, (0) = 0. By this result, there exists some (but
problem of minimizing the total transmit power, subject t%ossibly ill-behaved function in Cine for which the problem

delivering specified data rates, by power assignment 8ad\p_hard. However, the result does not carry over to well-
subcarrle_r aI_Ioca'uon.The populan_ty of OFDMA for wiretes behaved subclasses of functions dac. In fact, for any
communications has led to an intense research effort An (P) € Ciiear, WhereCinear is the set of linear functions,

this area. Most previous work has focused on heuristic apeh problem is solvable in polynomial time (see Section 1V).
thus sub-optimal solutions, e.g., [1]-[8], and the refeen 1,5 \whereas dealing withnc is in general intractable for

therein. For example, in [1], a two-stage algorithm ige nroblem in question, there exists some subclagnin
proposed. F|rst, the _bandW|dth—aSS|gnment—baseq-on-Shlllgt admits global optimality at low complexity.
(BABS) algorithm decides the number of subcarriers that £ the (wide) class of functions iGine but not in Cinear,

each user gets. Second, the rate-craving-greedy (RGR tractability of the resource allocation problem rersain
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|. INTRODUCTION



functionsCeoncave INdeed, it is very commonly assumed thatunctionr;,! , returning the power for supporting a given rate,
the rate function is given by,,,,,(P) = log(1+ ¢,»»P), with is denoted byf,,,,. The required rate of usen is denoted
gmn > 0. For the hierarch¥jinear C CeoncaveC Cine, the result by R,,.

in [11] applies tCinc \ Cconcave We investigate the complexity The forthcoming analysis focuses on the representative
for the representative logarithmic function caseCgfncave increasing, concave rate function,,, (Pn,) = logy(1 +

and, if the problem is NP-hard for the function, examing,,, P,,,.), where g,,, > 0 represents the channel gain
to what extent restrictions on input structure (e.g., assgm (normalized such that the noise variance is one). Hence, the
the number of subcarrier for each user is given in the inpwrresponding signal-to-noise ratio (SNRYiS, Prn. SOme

will admit better tractability. The specific contributio@se of the tractability results generalize @,.; we will explicitly

as follows. mention the generalization when it applies.

« We rigorously prove that for the representative loga- The optimization problem is to minimize the total power
rithmic rate functionr,,, (P) = log(1 + g..P) with by joint channel and rate allocation, such that the users’
gmn > 0, the resource allocation problem is NP-hardequired rate targets are met. The problem is formulated
It follows that in the hierarch¥jinear C CeoncaveC Cine,  formally below. Throughout the rest of the paper, we refer to
the hardness result holds not only for some function e problem as minimum-power channel allocation (MPCA).

Cinc \_Cconcav6 but also for at least one representatiVﬁput: User setM = {1,..., M} and channel se\' =
function in Cconcave Moreover, we prove that the prob-{l’ ...,N} with M < N, positive channel gaig,,, m €

lem is tractable for all functions i@jinear- The findings M, n € N, and positive rate target,,, m € M.

lead to a refinement of the result of tractability. Output: A channel partitioning  represented by
« We extend the NP-hardness analysis to arrive at &1, ..., Nur), whereN,, € N,m € M, Ny, NN, = 0,

much stronger result. Namely, the problem remains N5, 4 mi,me € M,m, # ms, and non-

hard, even if the following two restrictions ajeintly negative powerP.,., m € M,n € N, such that

imposed: 1) the subcarriers allocated to each user fOTj 10g5(1 + Prngmn) > Rm,m € M and the total
a consecutive block, and 2) the block size is given %’\;\fé\r/i e Pon is minimized
me nENm )

part of the problem’s input. We also prove that, with , . . ,
these two restrictions, there is a special case admittingBy the rate function, there is a unique mapping between
polynomial-time tractability. rate allocation and power expenditure. In addition, at-opti

We identify a tractable problem subclass, with thgum, the rate may be zero on some of the allocated channels

structure that the channels can be partitioned intaran ofa user. Given the_ channe] allocation, power opt_imizailsi;on
bitrarily many but constanbumber of groups, possibly determme_d.by soIV|r_1g t_he smgle-user rate allocation @b

with varying group size, and the channels within eacfy Water-illing [12] in linear time (e.g., [2]).

group have uniform gain for each user (but may differ The combinatorial nature of MPCA stems from the fact
by users). The original problem is, in fact, equivalerff‘at the users _can_not share any _sul_acarrler, and the core
to having the number of groups equal to the numb&f problem-solvmg is _channel partmqnlng. For other tgpe

of subcarriers. The tractable subclass goes beyond gfé/vlr.eless access, this characterization may not be ptesen
logarithmic rate function — the result holds as long as tifeonsider for example the MAC channel model, where trans-
single-user resource allocation is tractable. MoreovdPiSsions take place concurrently on a common channel.

we prove that recognizing this problem class is tractabl® transmissions are coupled via signal-to-interference
as well. and-noise (SINR) ratio. In this case, there is no channel

assignment, and a data rate corresponds to a SINR threshold.

The remainder of the paper is organized as follows. T aracterizing the achievable SINR performance regiomfro

system model is given in Section Il. After briefly discussing _ . . ) . -
- ) . ; . n information theoretical perspective, as well as deteirrgi
the significance of this work in Section Ill, we provide an

prove the base result of NP-hardness in Section IV. Sectionar\"?“:(s)g}s;;%g&c;meug\{?slscggﬂgiq Sllrl:l()wa;essgoi?rrswgabolwer
is devoted to the problem’s tractability with restrictioos P y P P

channel allocation. In Section VI, we consider the problecontrol. This topic has been extensively studied. Here,ave r

class with structured channel gain and prove its tract@tbili%r to thg sem!nal results in [13]—[15]._|n partlcular, as\eo
control is defined by a system of linear equations of the

In addition, we prove that recognizing this problem clas$ . A T
: : ) . . ‘power variables, the optimization problem of minimizing th
is computable in polynomial time. Conclusions are given |ﬁ . . :
Section VII otal power subject to SINR threshold is effectively solbsd
' linear programming (LP) with polynomial-time complexity.
For OFDMA, in contrast, channel assignment is inherently
Il. SysTEM MODEL a discrete-choice problem, for which the tractability ape
Consider an OFDMA system witii/ users andV sub- Wwarrants a thorough investigation.
carriers. In this paper, the terms subcarrier and chanmel ar MPCA can be modeled by means of the following integer
used interchangeably. For convenience, we define/séts programming formulation. This formulation contains two
{1,...,M} and N = {1,...,N}. Notationr,,,,(P,) is sets of variables to represent power and channel assignment
reserved for the rate as a function of the transmission powespectively. The former is continuous. The latter is binar

P,., > 0 for the mth user andnth subcarrier. The inverse as channel assignment consists of discrete-choice desisio



shape of the objective function). An example is the trawglin
salesman problem (TSP) having a cost function with the

Py = Transmission power allocated 1o useron so called Klyaus-matrix structure (meaning that inversed
channeln. triangular distance inequality holds). In this case, TSP is

1, if channeln is assigned to usen, solvable in polynomial time [16]. As the second remark, an

Lmn 0, otherwise. NP-hard problem may become tractable by removing some of

its constraints (and hence enlarging the solution spac®). F

M N example, minimum spanning tree (MST) with constrained
min Z men (la) Node degree is NP-hard, but becomes easily-solved if this
constraint is removed. Thus, a problem that is in general har

m=1n=1
M may become tractable, if a restriction or assumption ontinpu
s. t. Z Tymn <1, VR €N, (1b) is added (the TSP example), or removed (the MST example).
m=1 This insight demonstrates the importance of examining to
N what extent a tractability result is applicable.

Zlogg (14 Ppngmn) > Rm, Yme M, (lc) MPCA appears intuitively difficult, as it contains binary
n=1 decision variables for channel allocation. Having binary
Pon < PY 2, Ym € M,¥n € N, (1d) variables, however, does not provide any evidence of pnoble
Pn >0, Vm € M,¥n € N, (le) hardness_, but _rather i_mplie_s that MP_CA fa_llls into the domain
o € {0,1}, ¥m € M,¥n € . (19 of combinatorial qpt|m|zat|or_1. Wlthm th|s. domain, some
problems do admit polynomial-time algorithms guarantee-

In the formulation, (1a) represents the objective of mining global optimality. Classical examples of well-solved
mizing the total power. Constraints (1b) ensure that a celangombinatorial optimization problems include shortesthpat
is assigned to at most one user. Constraints (1c) model 8T, maximum matching, minimum-cost assignment, and
requirement of satisfying the rate target of the users. Nexincapacitated lot-sizing [18], [19]. Moreover, that MPCanc
inequalities (1d) connect the two sets of variables. In tHee represented by an integer formulation (Section 1) dogs n
right-hand side of (1d),PY, represents an upper boundmply its hardness either, despite the general NP-hardness
on the power of usern on channeln. It suffices to set of integer programming. Indeed, the aforementioned four
P, = (2Rm — 1)97;}1, i.e., the power required to meetproblems can all be represented by integer programming
the rate target if channel is the only channel assigned toformulations, yet they are tractable in polynomial timeu$h
userm. In (1d), z,,, acts as a switch. If,,, = 1, P,,, is without a thorough investigation, no conclusion can be made
allowed to be a value being less than or equal to the uppr the tractability of MPCA.
bound, otherwise?,,,, is forced to be zero. The above discussion highlights the significance of study-
ing the tractability of MPCA. Furthermore, for an NP-
hard problem, tractability analysis includes identifyiftghe
complexity reduces for input that is more structured than th

Our work focuses on the computational tractabilgeneral case (cf. the tractable case of TSP). For MPCA, for
ity/complexity of finding the global optimum of MPCA. example, we prove that it is in fact polynomially solvable
In this context, we do not restrict ourselves to an ey a reduction to the well-solved minimum-weight bipartite
haustive search with exponential complexity. Tractapilitmatching problem, if the power-rate function would be linea
means whether or not one shall expany polynomial-time Details of our analysis for this case are provided in the next
algorithm guaranteeing global optimality. It is known thasection (see Theorem 3).
some combinatorial optimization problems (e.g., bipartit To the best of our knowledge, no formal analysis other
matching) can be solved to global optimality with lowthan the results in [10], [11] is available. The study in [10]
complexity (i.e., in polynomial time), without resorting t formalizes the NP-hardness result with the assumption that
an exhaustive search. Hence, it is fundamentally importahe powers on all channels are given. This is equivalent-to in
to show if a given problem can be solved in polynomial tim&oducing constraints fixing the power values. By the second
without restriction to any specific solution algorithm (averemark above, the result does not answer the tractability if
if it appears exceedingly difficult at the first sight). Ouiyke these constraints are removed (that is, the original pnoble
contributions is to prove if a low complexity algorithm ca@ b with variable power). Indeed, for any linear rate function
expected for a given problem scenario. If so, we give suchag well as the problem class in Section VI, the NP-hardness
method along with proving its polynomial-time complexityproof in [10] remains valid for fixed power, but these problem
if not, we provide a NP-hardness proof, implying that nalasses with variable power are solvable in polynomial time
low-complexity algorithm can be expected regardless of hawor the analysis in [11], the proof requires unbounded power
clever algorithms can be designed, unless P=NP. growth for arbitrarily small rate increase. Specifically; the

To further motivate the investigation of tractability irew power functionf, f (n + %) is k times higher tharf (n), for
of the current literature, two remarks are noteworthy.tFirsarbitrary positive integers and k. This assumption of ill-
an NP-hard problem may become tractable by impositghaved power-rate function excludes not ofily) = 2% —1
restrictions to the structure of its input parameters (@l (the inverse of the logarithmic rate function), but also all

IIl. SIGNIFICANCE OF PROBLEM TRACTABILITY



locally Lipschitz continuous functions. Recall that a (not Proof: As the proof is mathematically intricate and its
necessarily continuous) functiofiis locally Lipschitz con- length requires the use of several lemmas, we outline the
tinuous, if for anyz, there exists a small real number basic idea here and defer the details to Appendix A. The
and an arbitrarily large but constant real numtgr such proof uses a reduction from the well-known 3-satisfiability
that |f(x +€) — f(z)|] < De, that is, the growth of the (3-SAT) problem. Two groups of users are defined. At
function is bounded when the change in the input diminishesptimum, each user in the first group either uses one channel
Clearly, f is not locally Lipschitz continuous, if (n + %) of superior channel gain, or splits the rate on three inferio
increases by a factdr over f(n) for any n and arbitrarily channels, but not both. This corresponds to the true/false
large k. Hence, by the previous remark of the impact ofalue assignment in 3-SAT. We rigorously prove that the
cost function on tractability, the tractability under mavell- optimal power for this group of users is a constant, while
behaved functions calls for investigation. the optimal power for the second user group gives the correct
In discussion of complexity results of combinatorial optianswer to 3-SAT. [ ]
mization problems, the following convention of interptéia For MPCA, the solution output consists of binary variables
is often used. NP-hardness of a combinatorial problem f@or channel allocation) as well as continuous variables (f
a function class means that the problem is NP-hardator power assignment). In complexity theory of combinatorial
least onethough not necessarily all functions of the clasiptimization [17], finding the exact optimal variable vadue
On the other hand, if a problem is polynomial-time tractablis referred to as the problem'sptimization version To
for a function class, then the tractability result must hinld conclude the NP-hardness of a problem, the standard method
all functions of the class. Thus, the result in [11] impliets to consider itslecision versiorinstead of the optimization
MPCA's hardness fo€inc (but notCeoncaveOF Ciinear)- version, and to prove that the decision version is NP-
In view of the above, the significance of proving th&€omplete. By complexity theory [17], [21], an optimization
hardness of the representative logarithmic function castbe problem is NP-hard, if its decision version is NP-complete.
served from the aforementioned relatiGipear C Ceoncave C 1 herefore Appendix A addresses the decision version of
Cinc. By theory of computational complexity, an NP-hardned¥PCA. For decision problems, the solution output is a
result carries over from the left to the right in the giveiyes/no answer. For MPCA, the decision version amounts to
sequence of function types, but not in the opposite diractiodetermining the existence of a channel and power allocation
For example, if we can prove NP-hardness for one selectguch that the total power does not exceed a given value. Note
rate functionr € Ceoncave then the problem is also NP-hardthat the decision version is equivalent to the optimization
for Cinc, because the latter is more general. However, tiversion, as far as polynomial-time tractability is conen
reverse is not true — the validity of NP-hardness does notlf the decision version can be solved in polynomial time,
carry over from the right to the left. In other words, an NPthen the optimization version can be solved in polynomial
hardness result derived for a functiene Ci,c but not in time as well via bi-section search. For further details, we
Ceoncave i-€.,7 € Cinc \ Ceoncave dOES NOt prove NP-hardnesgefer to two classical books in the area [17], [21].
for functions inCeoncave Thus without further analysis, theCoroIIary 2. MPCA remains NP-hard, even if the rate

tractability for Ceoncave Femains open. Similarly, a hardnes‘?‘equirements of the users are uniform.
proof for r € Ceoncave\ Ciinear (N€Xt Section) does not tell the

complexity if the function type is restricted @near. AS wWas Proof: Follows immediately from the equal-rate values
mentioned earlier, we will rigorously prove that MPCA igised in the proof of Theorem 1. |
polynomial-time solvable fo€jnear. Earlier in this section, it was claimed that MPCA with

As is detailed in the above discussion of [11], the hardne@8BY linear rate function is tractable. Even if this case is no
result in the reference is derived for a function shape th@uch of practical interest, it is instructive in showing the
is not locally Lipschitz continuous, that is, a function iimportance of input assumption on problem tractability.

Cinc \ Ceoncave Therefore the result does not apply to Morgpeqrem 3. MPCA with linear rate function,,, (P ) =
structured/restricted function typeSc{ncave OF Ciinear). This Lyon P, Wherel,, > 0, m € M,n € N, is solvable in
observation shows the significance of our analysis in COPplynomial time. -
tributing to sharpening the tractability boundary for MPCA
Proof: Since the rate (and hence power) function is
linear, it follows that for any usern, it is optimal to allocate
IV. TRACTABILITY OF MPCA: BASE RESULTS the entire rateR,, to a single channel. Specifically, denoting

We provide the tractability results that overcome thBy Nm the channel set allocated to, the minimum power

limitations of the currently available analysis in two asfse refct|rllj_|rec: fortrateRln |st_g|ven bmléf/\/’a B/ ltm” E.‘?Ca;;e
First, we present a rigorous proof of the problem’s Np2! this structure at optimum, recuces o painng fe

hardness with the representative logarithmic rate functio” €' with) out .Of. the N ch_annells. H.e nce the.problem IS
uivalent to a minimum-weight bipartite matching problem

Second, in the next section, we extend the proof to reac % K - ¢ . t 118]) i h
much stronger result, stating that the problem remains N S0 known as minimum-cost assignment [18]) in a grap

hard even with two strong restrictions on channel allou:atioWlth node setsM U {M * L,...,N} and j\/;_t_h_e former
represents the augmentation/of by M — N artificial users.

Theorem 1. MPCA, as defined in Section Il, is NP-hard. For edge(m,n), with m € M andn € N, the cost is



Users Channels 1,..., M must contain consecutive elements in the channel
sequencd, ..., N.

Proof: As we prove the result via an augmentation of
reduction proof of in Appendix A, the details are deferred to
Appendix B. In brief, the proof is built upon introducing a
set of additional channels in the MPCA instance in Appendix
A, in a way such that, at optimum, the channels allocated to
each user are consecutive and the corresponding carginalit
is known. ]

Consider further narrowing down the problem to the case
whereN consists of\/ uniform-sized subsets of consecutive
channels, andV is a multiple of M. For this case, the
problem is tractable, as proven below.

Fig. 1: An illustration of reduction of MPCA with linear rate
function to minimum-weight bipartite matching fd«/ = 2
(with user three as a dummy user) aNd= 3.
Theorem 5. If N is divisible by M, and it is re-
stricted to allocate exactly% consecutive channels to

R../lmn- All edges adjacent to artificial users have zero coslach user, then MPCA is tractable with time complexity
An illustration of the transformation fod/ = 2 and N = 3 ﬁ (max {Ms MN})

is provided in Fig. 1. By construction, the size of the grap
is of O (N?). Because minimum-weight bipartite matching ~ Proof: We prove the result by a polynomial-time trans-
is polynomial-time solvable, the theorem follows. m formation to the well-solved matching problem in a bipartit

) graph. For the problem setting in question, channel pantiti
Remark: In light of Theorem 1, Corollary 2, and Theorem 3 unique — theM subsets created by the partition are
we remark on the significance of assumption of input Of ... N/MY},{N/M+1,...,2N/M}, ..., {N—N/M+
tractability, by revisitin_g the result pr_ovided in [10]. lh_is 1,...,N}, each containingV/M channels. The bipartite
reference, the result is proven for fixed power, that is, trbq,aph has2M nodes representing the users and the subsets
power of each channel is part of problem input. Undeft channels. For each pair of the two node groups, say user
this condition, [10] provides an elegant hardness proof of,3 4nq channel subsét, there is an edge of which the cost
reduction from the number partitioning problem, by settingq,ais the power of meeting the user rate using the channels
_spe_cmc power valu_es on the channels. As long as POWRM 5. This cost is computed IO (%) time (by single-
is fixed, a line-by-line copy of the proof in [10] remains,ser rate allocation). The complexity of computing all the
valid even if the underlying MPCA rate function is Ilnearedge costs is hend@(M N). Maximum-weighted matching
A similar observation applies to the tractable problemslag, 5 bipartite graph of nodes andE edges is solved in
that will be detailed in Section VI. In conclusion, for the, (V2log V + VE) time [18]. In our case, the second term
original MPCA problem having power allocation as part of dominating, giving a time complexity ap (M3), which

the output (for which the key assumption of [10] does NQompletes the proof. ™
apply), our analysis provides new insights in the tracigbil  theorem 5 provides a generalization of the trivial case of
rather than contradicting the previous resulis. M = N. For M = N, solving MPCA amounts to finding

an optimal matching with complexity) (1/3). Moreover,
V. TRACTABILITY WITH RESTRICTIONS ONCHANNEL from the proof, it follows that the analysis generalizes to
ALLOCATION any rate function irfi,c, except that the complexity of single-
use rate allocation has to be accounted for accordingly. The

Consider imposing jointly two restrictions to channeppservation yields the following corollary.
allocation. First, the number of channels to be allocated to

each user is given. Tractability under this restriction fs g-orollary 6. The time required for computing the op-
significance to the two-phase OFDMA resource allocatidfnum to the MPCA problem class in Theorem 5 is of
(see [1]) that determines the number of channels per ué&n(max{_MvaQ_T (30)}). whereT' (27) denotes the time
in phase one, followed by channel allocation in phase twBPMPplexity of optimal rate allocation of a single user ¢h
The second restriction is the use of consecutive channélgannels.

that is, the channels of every user must be consecutive

in the sequenceé, ..., N; this channel-adjacency constraint VI. A TRACTABLE PROBLEM CLASS

has been considered in, for example, [20]. We prove that
MPCA remains NP-hard even with these two seeminglx
strong restrictions, although there is a special case #dmit !
polynomial-time tractability.

Denote by K a (possibly large) fixed positive integer
dependent of\f or N. Let K = {1,2,---, K}. Consider
MPCA in which the channels can be partitioned into (at
most) K groups, such that within each channel group, the
Theorem 4. MPCA remains NP-hard, even if the numbechannel gains are uniform for every user, but remain non-
of channels allocated to each user, i.e., the cardinality afiform over the users. That is, from a user’'s perspective,
Nopym = 1,..., M, is given in the input, andV,,,m = the problem is characterized By groups of channels rather



than distinct channels. Thus, we can writé = | J, . N,  of O (N2 + M?). As there aren rows, the time complexity
such that for any channel € A, the channel gain dependss of O (MN2 + M3). However, becausé/ < N, the
only on the user indexn, i.e., g, = gm- EqQuivalently, second term can be discarded, Ieadin@tQMNQ) as the
the rate functions belong to the subclass that satisfy = overall complexity result. The last entry computeg;(V),
rm,n € Ny, k € K,m € M. Note that the channel gives the optimal allocation of th&¥ channels to thé/ users
groups may vary in size, and the channel gain still diffe@nd hence solvesMPCA. In parallel, the solution is stored
by users within each group. In the sequel, we refer to tle a second matrix of same size. Solution recording clearly
problem class ag{-MPCA. The problem class is justifiedhas lower complexity tharO (MN2), and the theorem
by scenarios withi distinct bands and channel difference igollows. [ ]
overwhelmingly contributed by the separation of the bandsIn the following theorem, we generalize the dynamic pro-
in the spectrum, whereas the subcarriers with each band gramming concept to any positive intege€r The generalized
considered invariant for each user. algorithms are able to solvE-MPCA to global optimality.

_ Consider1-MPCA. The problem structure is signif_icgntly—rheorem 8. Global optimum ofic-MPCA can be computed
smplgr than the genera_l case. Namely, the optlmlzau%@, dynamic programming i (MNzx) time.
decision is no longer which, but how many channels each

user should use. It follows that, for any subset of users Proof: Let N; = [Nj[,j = 1,..., K. For the first
M’ C M, the optimum allocation of. channels (with, > m users, denote by, (hi,...,hk) the optimum power
|M’|) among the users i’ is independent of the channelof allocating i; channels of group, wherg; < Nj, j =
allocation of the remaining users. ThudVIPCA exhibits an 1,..., K. Denote bypk**) the power for usem, if it is
optimal substructure, i.e., a part of optimal solution iscal allocatedk; channels of channel groupj =1,..., K. We
optimal for that part of the problem. The observation leadstroduce the convention thpﬁg""’o) = oo for convenience.
to a dynamic programming line of argument for problemBy enumerating usern’s allocation of channels of the

solving. As proven below, the solution strategy guarante@S groups, we obtain the following recursion formula for

optimality in polynomial time. em(hiy .. hi).
Theorem 7. Global optimum ofi-MPCA can be computed .
by dynamic programming i) (M N?) time. cm(hy,... hi) = s € {0smin{hy N M1} =1 K

3
Proof: Consider the partial problem of optimally allo- {pﬁ,’?""””‘) +emo1(hy —ki,... hg — kK)} ®

cating h channels to the users ifl,...,m} with b > m, ] ] ]

andec,,(h) the corresponding optimum power. Clearly, at the Extending the algorithm in the proof of Theorem 7,

optimum of this subproblem, the number of channels of usile_corresponding matrix fork-MPCA has dlr;rgensmn

m is an integer in the seftl,2,...,h—m+ 1}. (The upper M I1;=1 . x N7, which does not exceed (MN¥). To

boundh—m-+1 corresponds to having.—1 channels left for COMpute an entry, there are no more tAKN™ ) calcu-

the otherm — 1 users.) Allocatings € {1,2,...,h—m+1} lations (including addition and comparison) using (E). For

channels to usem, the power equalg®, + ¢,,_1(h — k), each calculation, the time required to comppﬁél""’ x)

where p* denotes the power of usen with k channels. is lineaf in K. Since K is a constant, this computation

This gives the following recursive formula for computingloes not add to the complexity. These observations lead

the Opt|ma| number of channels for user to the overall CompleXity ofO (MNQK) Fina”y, entry
e (N1,...,N¥) is clearly the optimum td{-MPCA. The

em(h) = min {ph +em1(h=k)} (2 proof is complete by observing that, similar 1BMPCA,
o recording the channel allocation solution does not form the
We arrange the values,,(h) for m = 1,...,M and computational bottleneck. -
h=1,...,NinanM x N matrix. Entries corresponding  ajgorithm 1 provides a description of the dynamic pro-
to infeasible solutions are c_alled invalid, and their vaIE_Aee gramming algorithm for 1-MPCA. The adaptation fo-
denoted byoo. In the matrix,c.,(h) = oo for all entries \pcAa s straightforward. The input consists df, N, the

whereh < m, orh > N — M + m. We compute the valid target rate vectoR = (R, ..., Rx), the channel gain
entries as follows. For the first row, computing the entriggscior g = (g1,...,gu), and power matrixQ, where
c1(1),...,c1(N — M +1) in the given order are straightfor- R

Qlm, k) = (2%" —1)9;1, m=1,...,Mk=1,...,N.
The “oc”-symbol denotes a large power value that is guaran-
are calculated i)(1) time form = 1,. .., M. The bulk of teed to be non-optimal for any user; we can use for example

Ry _ —1 j i i i -
the computation calculates the remaining entries row by roglvJr (2 1).9m n algonthm_|mplementqt|on. In the out
starting from row two. For rown, the computations follow put, (M, N) is the optimal objective function value. Tige

the orderc,,(m + 1) em(N — M +m). Each of these matrix contains the solution, namely( M, N) is the optimal

entries is calculated using formula (2). For the valid erstri number of cha:jqnels forbuséfr[, S(Sj}é_ 11’ N_di(MI;tN))k'.s
of a row, the total number of comparisons that are used ft(ne corresponding humber for user — 1, and backlracking

computir?g the next row i$+---+N—M-+1. Hence t_he 2This result follows by directly applying the single-useterassignment
complexity for computing rown for anym = 2,..., M, iS to K channel groups, where the channels in each group have umiain.

ward, and each entry requiré€¥(1) computing time. Next,
entriesc,,(m), i.e., one channel per user for the finstusers,



Algorithm 1 Dynamic programming algorithm for 1-MPCA. Algorithm 2 Algorithm for identifying how many channel

Input: M, N, R, g, Q groups are created by partitionidg, such that within each
Ouput: C and$S (two matrices of sizel/ x N) channel group the gain is uniform for every individual user.
1. for m=1:M do Input: M, N, g
2. fork=1:N do Ouput: K € [1, N]
3 C(m, k) + o0 LYV« N
4:  end for 2: E+ 0
5. end for 3: forny =1: N do
6: for m=1:M do 4. fornpo=1:N do
7. C(m,m) < Q(m,1) 5: s« true
8: end for 6: m<+ 1
9 fork=1:N—-M+1do 7 repeat
10 C(1,k) « Q(m,k) 8: if g(m,n1) # g(m,ny) then
11: end for 9: s < false
12: for m =2 : M do 10: end if
132 fork=m+1:N—-M-+mdo 11: m+—m-+1
14: C(m, k) < minp=1, . g—m+1(Q(m,h) 12: until s = false orm =M
15: +C(m—1,h —k)) 13 if s = true then
16: S(m, k) « argming=1,... g—m+1 (Q(m, h) 14: E=E8U(ni,n2)
17 +C(m—1,k—h)) 15: end if
18: end for 16: end for
19: end for 17: end for
20: return C, S 18: G+ (V,€)

19: K <« TarjanG)
20: return K

in this manner in descending order of users leads to the

complete optimum solution. Note that the complexity of .
O (MN?) originate from Lines 12-19 in the algorithmadd edggni,n2) to G. Doing so for all unordered channel
description pairs has time complexity) (M N?). Next, note that the

equivalence relation of channels is transitive, i.enqif= no
and ny = ns, thenn; = ns. Hence channels that are

Remark: The polynomial-time tractability of x-MPCA e€quivalent for all users form a clique & whereas channels
holds only if K is not dependent od/ or N. In fact, the thatdifferin gain for at least one user are not connectel in
general setting of MPCA is equivalent tv-MPCA, i.e., Consequently the number of strongly connected components
N channel groups with single channel each. The dynaniit ¢ equals the number of channel groups, each of which
programming algorithm remains applicable féf = N. contains channels being equivalent for any user. Identfyi
From Theorem 3, however, the algorithm corresponds #€e number of strongly connected components requires no

enumerating the solution space, and the running time More thanO (N?) time for G. Therefore the bottleneck lies
exponential ] in the O (M N?) complexity of obtaining the graph, and the

. . theorem follows. ]
Having concluded the tractability dk-MPCA, a natural

question to ask next is whether or not the identification of |n Algorithm 2, the procedure of identifying the value
the problem class is tractable as well. Theorem 9 states tgatx in K-MPCA is presented in algorithmic form. After
this is indeed the case. constructing graply, the well-known Tarjan’s algorithm of

Theorem 9. RecognizingKk-MPCA can be performed in graph search [23] is called (at Line 19) to return the number

O(MN) time for K = 1, and in O (J\/[NQ) time for any of strongly connected components @f This gives the cor-
K>9 ’ rect number of channel groups. Tée( M/ N2) complexity of

the algorithm originates from the for-loops starting atésn
Proof: For K = 1, identifying the problem class simply 3 and 4, and the repeat-construction starting at Line 7.

amounts to verifying, for each user, whether or not a#emark: The tractability results of this section are not

TZZ d]: tgrlﬁge(ljf Jz\jlfr)eti(r:reﬂ::(e)nfalr:zt g?érsl;ulihléog{nm:d?'ater%stricted to the specific rate/power function defined in the
we construct a graplg. The pra hy has\ .nodes _eac’:h section of system model. The problem class remains tractabl
. grapfty. grap . ; (although the overall complexity may grow) for any function
representing a channel . Consider two arbitrary channels: ™ . 4 e
in Cinc, as long as the function admits polynomial-time rate
ni,ne € N,n; # na. If the two channels have the same . )
’ . allocation of single uset.]
gain for each of the users, i.&mn, = gmn,, YMm € M,
we denote it byn; = no. Checking whether or not this We end the section by providing results of evaluating

is the case runs obviously i@(M) time. If ny = ny, we a previously proposed heuristic algorithm ACG [1], using



TABLE I: Optimality gap (%) of the ACG heuristic [1] for gyactly three literals. A literal is either a variable or its

K-MPCA with K'=2 and 3. negation. The output is a yes/no answer to whether or not
2_MPCA 3-MPCA there is an assignment of boolean values to the variables,

(M,N) = (3,8) 9.29 10.15 such that all the clauges become true. Denotevpynd
(M, N) = (20, 50) 33.73 36.52 w the numbers of variables and clauses, respectively. For

any binary variablez, its negation is denoted by. For

the proof, we consider 3-SAT where each variable and its
instances ofi-MPCA with K=2 and 3. The polynomial- N€gation together appear at most 4 times in the clauses. Note
time computational complexity of our dynamic programmin§at 3-SAT remains NP-complete with this restriction [22].

orem 8. We consider a small-scale system willi, N) = 2 appears in at least one clause, and the same holds for
(3,8) and a large-scale system with/, N') = (20, 50). Uni- its negationz, because otherwise the optimal value of the
form target rates are used, wit,, = 1,¥m = 1,..., ). Variable becomes known, and the variable can be discarded.

The results are summarized in Table I. Each of the valuE€nce the total number of occurrences of each literal in the
in the table represents the average performance over RigHSes is between one and three.
instances. We construct an MPCA instance withl = 2v + w and
From the results in Table I, one observes that the heurisfic = 7v + w. We categorize the users and channels into
leads to an optimality gap ranging approximately from 69%roups, and, for convenience, name t_he_groups based on their
to 38%, for K-MPCA that is solved to global optimum roles in the proof. The users consistan literal users andy
in polynomial time. The gap exists for both the small anglause users. The channels are composed by three groups:
large systems. Moreover, the gap has a small but noticeaiPer-channel$y literal channels, and auxiliary channels.
increase wherk goes from 2 to 3, and becomes significantlyf he rate targeft,, = 1.0,Ym e M. .
higher when the pr0b|em size grows. Thus genera|-purposé3-r0b|em redUC-tlon |.S |”U-Strated In Flg 2. For each blnary
heuristic may not be able to utilize the structure of theariablez, three identical literal channels, denoted hy:'
polynomial-time tractable problem class. These obsemati and =", are defined. A similar construction is done for
clarify the significance of our theoretical analysis of itien For this group of six literal channels, one super-channel

fying tractable problem classes of MPCA. is defined. We introduce two literal users for the seven
channels. One user has channel gairon the three literal
VIl. CONCLUSIONS channelsz, 2/, andz”, and the other, complementary literal

ser has channel gaig; on the remaining three literal

hannels. Both users have channel gainon the super-

hannel. See Fig. 2a. Next, recall that each literal appears
most three times in the clauses in the 3-SAT instance.
the proof, for any binary variable appearing: times in

Utal in the clauses, with < ¢t < 3, the occurrences are

eepresented by anyelements in{z, 2/, 2"} in any order. A

We have considered the OFDMA resource allocation pro
lem of minimizing the total power of channel allocation, sQ
as to satisfy some rate constraints. Although it has be
known that assuming the most general (and ill-behave
increasing rate functions leads to NP-hard problems, we h
shown that the same conclusion holds even if we restrict t

class to increasing and concave rate functions. Integdgtin similar representation is performed for the negatiorFor

the problem admits a polynomial-time solution if the rat%ach clause, we introduce one clause user with gaim the

furltr:]tlo? 'Sd an |ntcrleas:jng Itlnegr funcutohn. tHerf[CE’.l.FrO%r?%%annels corresponding to the original literals in the stau
in the fundamental understanding on the tractabriity o r\ﬁ addition, one auxiliary channel is defined per clause user

problem is made in the following sense: we have sharper\?[ﬂh channel gaing,. See Fig. 2b. We sef, — -1
the boundary of tractability to between increasing concave Ja- S f':o: tﬂce _use'r_

— Ya __
i ing li i i = 09wt01r 9 T 26 T 20wt0D) O
gnd increasing |_|near rate functions. Finally, we hqve al élannel combinations other than those specified, the channe
identified specific cases when the problem remains NP-

. B . ._gainisg. = % For each user, we refer to the four channels
hard, or admits polynomial-time solutions, under vario w

D N L L ith gain higher tharg. as valid channels, and the other
restrictions. Our contributions provide justification tbet 9 9 e

L 7v + w — 4 channels with gaig. as invalid channels. From
heuristic approaches that were undertaken for MPCA, anfle construction, clearly the re;duction is polynomial.

at the same time, lead to new insights in problem structureWe provide several lemmas characterizing the optimum
that heuris.tics.do n_ot utilize, namely scenarios th".’u dOiadrPo the MPCA instance. The first three lemmas use the
global optimality with low computational complexity. following optimality conditions of single-user rate all®n
(e.g., [2]). First, for any user, the derivatives of the powe
APPENDIXA function, evaluated at the allocated rates, are equal on all
PROOF OFTHEOREM 1 channels with positive rates. Second, for channels not,used
There is no doubt that MPCA is in NP. The NP+the function derivatives at zero rate are strictly highemth
hardness proof uses a polynomial-time reduction from thiose of the used channels. Fpfzr) = QIT—l wherez is
3-satisfiability (3-SAT) problem that is NP-complete [24)]. the rate allocated ang is the channel gain, the derivative
3-SAT instance consists in a number of boolean variableg(z) = 1n(2)%,
and a set of clauses each consisting of a disjunction of



An example of a clause

A Super-channel ‘\

() Clause user

Literal channels Auxiliary channel
(a) Users and channels for a variable. (b) User and channels for a clause.

Fig. 2: An illustration of problem reduction.

Lemma 10. There is an optimum allocation in which noandw > 1 lead tol“q@ > 21In(2), and the result followsm

user is allocated any invalid channel. i , )
Lemma 12. If a literal user is not allocated its super-channel

Proof: Suppose that at optimum a clause usei in the optimal solution, then the user is allocated all theeth
is allocated at least one invalid channel. Assume is |iteral channels
also allocated any valid channel, then the invalid channels
carry zero rate, because putting the entire rate of 1.0 on Proof: By the assumption of the lemma and Lemma 10,
the auxiliary channel, the function derivative is at modhe literal userin question is allocated one, two, or akbénof
In(2) - 2 = 2In(2)(0.9w + 0.1), whereas the function its literal channels, with total powefi = -, f> = 2- 2=,
derivative for any invalid channel, at zero rate,lif2) - andf; = 3- 2V respectively. Note that, in the latter two
53w > 21In(2)(0.9w + 0.1). Thus the invalid channels cancases, it is ogﬁmal to split the rate evenly because of the
be eliminated from the allocation ofi;. Assume now the identical gain values. Clearlys < fo < f.

auxiliary channel is allocated to another user, s@y. By  \ve prove that cases one and two are not optimal. Suppose
construction, the auxiliary channel of, is invalid for ma.  that, at optimum, the literal user is allocated two of the
Consider re-allocating any invalid channel of, to m2, jiteral channels. Then the remaining literal channel isduse
and allocating the auxiliary channel to,. Clearly, the total o carry a strictly positive amount of flow of a clause user.
power will not increase. At this stage, the remaining indaliconsider modifying the solution by allocating all the three
channels allocated tan, carry zero flow. Repeating the|iteral channels to the literal user, and letting the clauser
argument, we obtain an optimal allocation in which no clausge the auxiliary channel only. The power saving for the

user is allocated any invalid channel. literal user is exactlys — f3 > 204 > gi, whereas the power

i it i g1
Letn, be any literal user and suppose it is allocated Of ease for the clause user is less tr?}anThis contradicts

or more invalid channels at optimum.qf; is allocated any the optimality assumption. Hence case two is not optimal.
of its four valid channels, the function derivative at raté 1 Since fi — f» > fa — f, a similar argument applies to case

is a’g mo§t1n(2) -52(0.9w+0.1) < In(2) - 53w, and therefore one. and the result follows. n
the invalid channels carry zero rate and can be removed fror’rw‘3 . . .

, ) . y Lemmas 11-12, at optimum, a literal user will use
m1's allocation. Assume therefore all four valid channels are

. . either the super-channel only, or all the three literal cteds
allocated to other users. Consider any literal channeh of . . . .
L o Hence, for any literal in the 3-SAT instance, either none
and suppose it is allocated to uses. For ms, this literal

or all of the corresponding three literal channels become

channel is an invalid one. Swapping the allocation of t . .

X : . ocked for the clause users. Consequently, there is a @niqu

literal channel and any invalid channel currently allodatie . : ) )
apping between a true/false variable assignment in the

my, the total power will not grow, and the remaining invali -SAT instance and the availability of literal channels to

channels allocated ta; can be released. The lemma foIIow§ . .

from applying the procedure repeatedly he cIausg users in th(_e MPCA instance. The total power
' consumption of all the literal users equals exaetly 78v -

Lemma 11. If a literal user is allocated its super-channel in(2'/3 — 1)(0.9w + 0.1) at optimum. In the remainder of

the optimal solution, then none of the three literal chasnethe proof, we concentrate on the power consumption of the

is allocated to the same user. clause users.

Proof: Putting the entire rate of 1.0 on the supeemma 13. If every clause user is allocated at least one
channel, the derivative value ﬁg@)- For any literal chan- of the three literal channels corresponding to the literals
nel, the derivative at zero rate&%gg—). Thatg, = m the clause in the 3-SAT instance, then the total power for all
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clause users is at most. remains. Therefore the optimum to the problem relaxation
provides the correct answer to the 3-SAT instance.

By Lemma 12, in the optimum of the relaxed problem,
each literal user is either allocated its three consecutive
literal channels, or the super-channel. In the latter case,
modify the solution by allocating the two dummy channels
Lemma 14. If at least one clause user is not allocated angccompanying the super-channel, without changing thé tota
of its three literal channels, the total power for all clausgower. After the modification, the allocation satisfies the
users is strictly higher tham. cardinality requirement and restriction of using consieut

) . channels for all literal users, and the theorem follows.
Proof: By the assumption, at least one clause user is

allocated the auxiliary channel only, with power. Each

of the otherw — 1 clause users is allocated at most four ACKNOWLEDGMENTS

channels. Assuming the availability of all four channelslan The work of the first author has been supported by the

setting g, = g. leads to an under-estimation of the powegyedish Research Council, the Linkdping-Lund Excellence

consumption. The under-estimation has a total power genter in Information Technology (ELLIIT), and CENIIT

Aw -1 I 4 - = 4(w - 1)(2Y/* = 1) + (0.9w +0.1)  of Linképing University. The authors would like to thank

>0.4w - 0.4+ 09w + 0.1 = 1.3w — 0.3 > w. B the anonymous reviewers for their valuable comments and
By Lemmas 13-14, the optimum power for the clausguggestions.

users is at mostv if and only if the answer is yes to the
3-SAT instance. Thus the recognition version of MPCA is
NP-complete, and its optimization version is NP-hard.

Proof: Allocating the entire rate of 1.0 to one literal
channel gives a power consumption 6?;—1 = 1 for the
clause user. As there ate clause users, the lemma follows

REFERENCES

[1] D. Kivanc, G. Li, and H. Liu, “Computationally efficientamdwidth
allocation and power control for OFDMAJEEE Trans. Wireless
APPENDIXB Commun, vol. 2, no. 6, pp. 11501158, Nov. 2003.
PROOF OFTHEOREM 4 [2] A. Feiten, R. Mathar, and M. Reyer. “Rate and power allioca for
. . multiuser OFDM: an effective heuristic verified by branetdébound,”
In the proof (.)f Theorem 1, a 3-SAT |n§tance1Wa_r|ables IEEE Trans. Wireless Commurvol. 7, no.1, pp. 60-64, Jan. 2008.
andw clauses is reduced to an MPCA instance withw  [3] C.Y. Wong, R. S. Cheng, K. B. Letaief, and R. D. Murch, “Nuser

users and7v + w channels, such that no user will be OFDM with adaptive subcarrier, bit, and power allocatiofEEE J.

. Sel. Areas Communvol. 17, no. 10, pp. 1747-1758, Oct. 1999.
allocated more than three channels at optimum. We make M W. Rhee and J. M. Cioffi, “Increase in capacity of multit€eFDM

augmentation by addingv channels, which we refer to as system using dynamic subchannel allocation,” Rroc. IEEE Veh.
dummy channels. The channel gain of the dummy channels Technol. Conf. (VTC)Tokyo, Japan, May 2000, pp. 1085-1089.

. : [5] M. Bohge, J. Gross, A. Wolisz, and M. Meyer, “Dynamic rasme
equalsg. (defined in the proof of Theorem 1) for all users.™ . - i h i oFpMm systems: An overview of cross-layer opsation

After the augmentation, there is a total @f + w channels, principles and techniquesiEEE Network Mag.vol. 21, no 1, pp. 53—
organized in three blocks. The sequence of channels is as 59. Jan. 2007.

: : : [6] S. Sadr, A. Anpalagan, and K. Raahemifar, “Radio respalbcation
follows. The first block haslv channels, including the algorithms for the downlink of multiuser OFDM communicatio

super-channels and tii& dummy channels, in a sequence  systems’IEEE Commun. Surveys & Tutorialsol. 11, no. 3, pp.
of v chunks of3 channels each. Each chunk is composed bi,ﬂ 92-106, Third Quarter 2009.

_ K. Seong, M. Mohseni, and J. M. Cioffi, “Optimal resourd®eation
one super channel and two dummy channels. The next blo for OFDMA downlink systems,” inProc. IEEE International Sympo-

has the6v literal channels, withy chunks having channels sium on Infor. Theory (ISIT)Seattle, USA, Sep. 2006. pp. 1394-1398.
each. Every chunk corresponds to a binary variabie the [8] T. Liu, C. Yang, and L.-L. Yang, "A low-complexity subader-power

_ ; T ; allocation scheme for frequency-division multiple-acscesystems,”
3-SAT instance, and the six literal channels appear in the IEEE Trans. Wireless Communcol. 5. no. 5, pp. 15711576, May

orderz, 2, 2", 2,2 and 2. The third block contains the 2010.
auxiliary channels. Consider the resulting MPCA instancé?] Y. B. Lin, T. H. Chiu, and Y. T. Su, “Optimal and near-optitresource

; i ; allocation algorithms for OFDMA networksEEE Trans. Wireless
with the restriction that, for the literal and clause users, Commun, vol. 8, no. 8, pp. 40664077, Aug. 2009,

respectively, the numbers _ (_)f channels allocat_ed per U$Ry] J. Gross and M. Bohge, “Dynamic mechanisms in OFDM esslsys-
are three and one. In addition, channel allocation must be tems: a survey on mathematical and system engineeringiloatians,”
consecutive in the given sequence. Technical ReportTKN-06-001, Technische University of Berlin, 2006.

. . .Bll] P.-H. Huang, Y. Gai, B. Krishnamachari, and A. Sridimaré&ubcarrier
To prove the hardness result, consider first a relaxation” ajiocation in multiuser OFDM systems: complexity and appr-

of the problem, in which the two restrictions of channel bility” in Proc. IEEE Wireless Commun. Network Conf. (WCNC)
allocation are ignored for the literal users. For this ration, Sydney, Australia, Apr. 2010.

o . . 2] J. A. C. Bingham, “Multicarrier modulation for data fremission: an
it is clear that Lemmas 10-12 remain valid. By Lemma 18 idea whose time has comeEEE Commun. Mag.vol. 28, no. 5, pp.

and the signal-channel restriction of the clause user$, efic 5-14, May 1990.

these users will be allocated one of the four valid channel$3] G. J. Foschini and Z. Miljanic, “A simple distributed tanomous
power control algorithm and its convergencdEEE Trans. Veh.

Obviously,_t_he optimum _is to allocate one literal channel,  Technol, vol. 42, no. 4, pp. 641-646, 1993.

or the auxiliary channel if all the three literal channels ani14] R. Yates, “A framework for uplink power control in celar radio

allocated to literal users. Thus, as long as at least omallite _ Systems/IEEE J. Sel. Areas Communol. 13, no. 7, 1995.
h i ilable t | th It of Le 5] J. Zander, “Performance of optimum transmitter powentml in

channel s avallable 1o every clause user, the result of Lem cellular radio systems,"|EEE Trans. Veh. Technolvol. 41, no. 1,

13 holds. In addition, the validity of Lemma 14 obviously  pp. 57-62, 1992.



[16]

[17]
(18]

[19]
[20]
[21]
[22]

[23]

R. E. Burkard, V. G. Deineko, R. van Dal, J. A. A. van dere¥eand
G. J. Woeginger. “Well-solvable special cases of the tiagedalesman

problem: a survey,’SIAM Reviewvol. 40, no. 3, pp. 496-546, Sep.

1998.

C. PapadimitriouComputational ComplexityAddison Wesley, 1994.
R. K. Ahuja, T. L. Magnanti, and J. B. OrlilNetwork Flows: Theory,
Algorithms, and ApplicationsPrentice-Hall, 1993.

L. A. Wolsey, Integer ProgrammingJohn Wiley & Sons, 1998.

I. C.Wong, O. Oteri, and W. McCoy, “Optimal resourceoathtion in
uplink SC-FDMA systems,IEEE Trans. Wireless. Commurvol. 8,
pp. 2161-2165, May 2009.

M. R. Garey and D. S. Johnsd@pmputers and Intractability: A Guide
to the Theory of NP-Completene$s. H. Freeman, 1979.

C. A. Tovey, “A simplified NP-complete satisfiability @blem,” Dis-
crete Applied Mathemati¢csrol. 8, no.1 pp. 85-89, Apr. 1984.

R. E. Tarjan, “Depth-first search and linear graph atpars”, SIAM
Journal on Computingol. 1, pp. 146-160, 1972.

11



