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In spite of their importan
e for understanding phonon transport phenomena in thin �lms and

poly
rystalline solids, the e�e
ts of boundary roughness s
attering on phonon spe
ularity and 
o-

heren
e are poorly understood be
ause there is no general method for predi
ting their dependen
e

on phonon momentum, frequen
y, bran
h and boundary morphology. Using the re
ently formulated

atomisti
 S-matrix method, we develop a theory of boundary roughness s
attering to determine the

mode-resolved phonon 
oheren
e and spe
ularity parameters from the s
attering amplitudes. To

illustrate the theory, we apply it to phonon s
attering in realisti
 nonsymmetri
 graphene grain

boundary (GB) models derived from atomi
 stru
ture predi
tions. The method is validated by


omparing its predi
tions with frequen
y-resolved results from latti
e dynami
s-based 
al
ulations.

We prove that in
oherent s
attering is almost perfe
tly di�usive. We show that phonon s
attering

at the graphene GB is not di�use although 
oheren
e and spe
ularity are signi�
antly redu
ed for

long-wavelength �exural a
ousti
 phonons. Our approa
h 
an be generalized to other atomisti


boundary models.

Phonon mean free path (MFP) engineering through10

boundary roughness s
attering is a widely used approa
h11

to manipulating phonon transport in low-dimensional12

materials (e.g. sili
on nanowires [1, 2℄) for thermoele
tri
13

and thermal management appli
ations [3, 4℄ as well as14

for investigations into fundamental phonon phenomena15

su
h as phonon hydrodynami
s [5℄ in layered 
rystals [6℄16

and ballisti
 phonons in graphene [7℄. In nanostru
-17

tures, the redu
ed thermal 
ondu
tivity is also attributed18

to boundary roughness s
attering [8, 9℄. Nonetheless,19

in spite of its importan
e for phonon transport, a rig-20

orous quantitative des
ription of how phonons undergo21

momentum and phase relaxation from boundary rough-22

ness s
attering still eludes us [3, 9℄, posing an obsta
le23

to the systemati
 use of stru
tural modi�
ation to 
on-24

trol the phonon MFP, while a dire
t 
hara
terization of25

the spe
ularity is very di�
ult with 
urrent experimen-26

tal te
hniques [10℄. Although there have been studies27

using phonon wavepa
kets to probe boundary s
atter-28

ing [11�15℄, their use is limited by the 
onsiderable di�-29


ulty of deriving mode-resolved re
ipro
al-spa
e informa-30

tion from real-spa
e data in addition to the substantial31


omputational 
osts.32

A major 
hallenge to understanding this me
hanism is33

our inability to predi
t a

urately for a given boundary34

model the probability of the in
ident phonon undergoing35

spe
ular s
attering, 
hara
terized by the spe
ularity pa-36

rameter P whi
h plays an important role in many bound-37

ary s
attering models [2, 16, 17℄ and should vary with38

phonon frequen
y, momentum and polarization/bran
h.39

In perfe
tly spe
ular s
attering (P = 1) as shown in40

Fig. 1(a), the in
ident bulk phonon is s
attered 
oher-41

ently by a smooth boundary into well-de�ned traje
to-42

ries while in perfe
tly di�use s
attering (P = 0) or the43

so-
alled Casimir limit as shown in Fig. 1(b), the in
om-44

ing phonon energy is redistributed uniformly over the en-45

tire spe
trum of outgoing phonon 
hannels, resulting in46

maximum momentum loss in the dire
tion parallel to the47

boundary [9℄. Another 
hallenge lies in predi
ting the48

e�e
t of boundary roughness on 
oherent and in
oher-49

ent s
attering, an unresolved issue in phonon transport50

in superlatti
es where the role of phonon interferen
e in51

thermal 
ondu
tivity is still debated [18�21℄.52

In order to address these 
hallenges, we develop in53

this paper a theory of boundary roughness s
attering,54

based on the re
ently formulated atomisti
 S-matrix55

method [22℄, to determine the mode-resolved phonon 
o-56

heren
e and spe
ularity parameters for boundary models.57

Unlike existing approa
hes [23, 24℄, our method is fully58

atomisti
, not restri
ted to long-wavelength modes, and59

distinguishes 
oherent and in
oherent s
attering [25�27℄60

by treating boundary roughness in a statisti
al manner61

analogous to the theory of multiple s
attering in disor-62

dered systems [25, 28�30℄ and 
on
eptually similar to the63

approa
h in Ref. [31℄. We apply this theory to phonon64

s
attering at the grain boundary (GB) between arm
hair-65

and zigzag-terminated graphene like in Fig. 1(
), using66

realisti
 nonsymmetri
 low-energy GB models derived67

from ab initio-based stru
ture predi
tions [32℄. We val-68

idate our method by 
omparing its predi
tions with the69

less pre
ise Zhao-Frend method [33℄ and analyze how the70


oheren
e and spe
ularity parameters vary with phonon71

frequen
y, momentum and polarization/bran
h for the72
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Figure 1. Depi
tion of (a) perfe
tly spe
ular versus (b) per-

fe
tly di�use s
attering at a boundary, and (
) the graphene

GB between arm
hair- and zigzag-edge graphene. The shape

and orientation of their respe
tive Brillouin zones are also

shown.

graphene GB.73

I. THEORY AND MODEL74

A. Grain boundary model and S matrix75

To treat phonon s
attering by the rough (32,32)|(56,0)76

graphene GB statisti
ally, we need to generate the var-77

ious possible GB 
on�gurations and their interatomi
78

for
e 
onstant (IFC) matri
es. Ea
h (32,32)|(56,0)79

graphene GB 
on�guration, whi
h 
onsists of an un-80

dulating line of pentagon-heptagon defe
t pairs like in81

Fig. 1(
), is 
onstru
ted from an 8-unit random sequen
e82

of the two lowest-energy (4,4)|(7,0) graphene GB 
on�gu-83

rations (GB-II and GB-III in Fig. 2(a)) in Ref. [32℄, with84

open-system and periodi
 boundary 
onditions in the x85

and y dire
tion, respe
tively, to yield 28 = 256 unique GB86


on�gurations. Given the large size of the GB models,87

we use the program GULP [34℄ and the empiri
al Terso�88

potential [35℄, with parameters from Ref. [36℄, to model89

the C-C interatomi
 for
es instead of more expensive ab90

initio methods and to 
ompute the IFC matri
es needed91

for the atomisti
 S-matrix 
al
ulations as des
ribed in92

Ref. [22, 37℄, with details of the GB stru
ture generation93

and optimization given in Se
. S1 of the Supplemental94

Material [38℄. The s
heme of our 
al
ulations is shown in95

Fig. 2(b).96

Using our 
ode whi
h implements the atomisti
 S-97

matrix method [22℄, we 
ompute at ea
h frequen
y ω =98

nω0, where n = 1, . . . , 25 and ω0 = 1013 rad/s, the99

unitary N(ω) × N(ω) matrix S(ω) whi
h des
ribes the100

mapping of the N(ω) in
oming bulk phonon modes to101

the N(ω) outgoing bulk phonon modes on both sides of102

the boundary, for ea
h GB 
on�guration. Details of the103
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Right lead (zigzag-edge graphene)
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Figure 2. (a) Atomisti
 stru
ture of the (4,4)|(7,0) GB-II and

GB-III interfa
es. (b) S
hemati
 of atomisti
 S-matrix 
al
u-

lation with the s
attering region 
omprising the (32,32)|(56,0)

grain boundary (GB). We generate an ensemble of 256 GB


on�gurations derived from stru
ture predi
tions. Ea
h GB


on�guration is inserted into the s
attering region between

the left and right leads and its 
orresponding S matrix is


omputed using Ref. [22℄.

S-matrix 
al
ulations are given in Se
. S2 of the Sup-104

plemental Material [38℄. In the general s
attering pi
-105

ture [22, 37℄, S(ω), whi
h relates the in
oming phonon106

state Φ
in

to the outgoing phonon state Ψ
out

via the rela-107

tion Ψ
out

= S(ω)Φ
in

, en
odes the amplitude and phase108


hanges. Numeri
ally, Φ
in

and Ψ
out

, whi
h represent a109

superposition of N(ω) bulk phonon modes, are 
olumn110

ve
tors with the m-th element of Φ
in

(Ψ
out

) equal to111

the 
omplex �ux amplitude of the m-th in
oming (outgo-112

ing) phonon 
hannel and represented by [Φ
in

]m = Φ(km)113

and [Ψ
out

]m = Ψ(km) for m = 1, . . . , N(ω) with the114

momentum km and bran
h νm asso
iated with the m-115

th phonon 
hannel. We 
an thus interpret |Φ(k′)|2 and116

|Ψ(k)|2 as the intensity of the in
oming k
′
and the out-117

going k phonon �ux, respe
tively. Hen
e, the matrix118

element [S(ω)]mn = S(km,k′

n) is equal to the s
attering119

amplitude from the n-th in
oming to the m-th outgoing120

phonon 
hannel, i.e.,121


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Ψ(k1)
.
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Φ(k′

1)
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.

.

Φ(k′

N )







(1)

122

123

where {k1, . . . ,kN(ω)} and {k′

1, . . . ,k
′

N(ω)} denote the124

momenta of the outgoing and in
oming modes, respe
-125

tively.126

The evaluation of Eq. (3) requires a 
on�gurational127

ensemble of S matri
es 
omputed using the method128

des
ribed in Ref [22℄, with ea
h matrix des
ribing a129

boundary 
on�guration. For simpli
ity, we 
hoose the130

(32,32)|(56,0) graphene GB as our boundary model whi
h131
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we 
onstru
t from the two lowest-energy (4,4)|(7,0) GB132


on�gurations (GB-II and GB-III in Fig. 2(a)) in Ref. [32℄133

found using the ab initio random stru
ture sear
hing134

method [39℄. Ea
h (32,32)|(56,0) GB 
on�guration 
om-135

prises eight (4,4)|(7,0) GB's, a permutation of GB-II's136

and GB-III's, forming a 
ontinuous line of pentagon-137

heptagon defe
t pairs. This 
onstru
tion method yields138

28 = 256 unique GB 
on�gurations. We set the dire
tion139

of the phonon �ux and the GB to be parallel to the x-140

and y-axis, respe
tively and impose periodi
 boundary141


onditions in the y-dire
tion. Given the large size of the142

GB models, we use the empiri
al Terso� potential [35℄,143

with parameters from Ref. [36℄, to model the C-C inter-144

atomi
 for
es instead of more expensive ab initio meth-145

ods. The programGULP [34℄ is used to optimize ea
h GB146


on�guration and to generate its for
e-
onstant matri
es147

H
CL

, H
C

and H
CR

needed for the S-matrix 
al
ula-148

tions. We also 
ompute the for
e-
onstant matri
es H
00
L

149

and H
01
L

(H
00
R

and H
01
R

) des
ribing the arm
hair-edge150

(zigzag-edge) graphene in the left (right) lead. At ea
h151

frequen
y ω = nω0 (n = 1, . . . , 25 and ω0 = 1013 rad/s),152

we 
ompute an N(ω)×N(ω) matrix Sα(ω) for the α-th153

GB 
on�guration (α = 1, . . . , 256).154

B. S-matrix theory of boundary roughness155

s
attering156

For a nonideal boundary that 
onsists of a determin-157

isti
 part 
orresponding to the smooth boundary and a158

sto
hasti
 part des
ribing the boundary roughness, Ψ
out

159


an be partitioned into its deterministi
 and sto
hasti
160


omponents in a manner akin to the treatment of ran-161

domly s
attered wave �elds [25�27℄, i.e.,162

[Ψ
out

]m = 〈[Ψ
out

]m〉+ [δΨ
out

]m (2)

where 〈[Ψ
out

]m〉 and [δΨ
out

]m are its deterministi
 and163

sto
hasti
 
omponents, respe
tively, and 〈. . .〉 represents164

the 
on�gurational average [40℄ assuming that every 
on-165

�guration is equally probable. Similarly, the determinis-166

ti
 and sto
hasti
 
omponents of S(ω) are de�ned via the167

expression [S(ω)]mn = 〈[S(ω)]mn〉 + [δS(ω)]mn where168

〈[Ψ
out

]m〉 =
∑N

n=1〈[S(ω)]mn〉[Φin

]n and [δΨ
out

]m =169

∑N
n=1[δS(ω)]mn[Φin

]n. For any given [Φ
in

]n, the de-170

terministi
 
omponent 〈[Ψ
out

]m〉 and hen
e 〈[S(ω)]mn〉171

preserve the 
oherent amplitude and phase information172

from dire
t averaging.173

It follows from Eq. (2) that 〈[δΨ
out

]m〉 = 0, i.e., the174

amplitude �u
tuations of the outgoing phonon state av-175

erage to zero, and thus 〈[δS(ω)]mn〉 = 0. However, the176


on�gurational average of |[Ψ
out

]m|2, the probability of177

the phonon being s
attered to the m-th outgoing phonon178


hannel, is 〈|[Ψ
out

]m|2〉 = |〈[Ψ
out

]m〉|2 + 〈|[δΨ
out

]m|2〉,179

implying that the transition probability �u
tuations as-180

so
iated with boundary roughness are not ne
essarily181

zero sin
e 〈|[Ψ
out

]m|2〉 ≥ |〈[Ψ
out

]m〉|2. Hen
e, the182


on�gurational average of the transition probability is183

given by 〈|[S(ω)]mn|
2〉 = |〈[S(ω)]mn〉|

2 + 〈|[δS(ω)]mn|
2〉,184

whi
h we rewrite as [W
total

(ω)]mn = [W

oh

(ω)]mn +185

[W
in
oh

(ω)]mn where W
total

, W

oh

and W
in
oh

are the186

total, 
oherent and in
oherent transition probability ma-187

tri
es, respe
tively, with their matrix elements given by188

189

[W
total

(ω)]mn = 〈|[S(ω)]mn|
2〉 (3a)190

[W

oh

(ω)]mn = |〈[S(ω)]mn〉|
2

(3b)191

[W
in
oh

(ω)]mn = 〈|[S(ω)]mn|
2〉 − |〈[S(ω)]mn〉|

2 . (3
)192

193

[W
total

(ω)]mn represents the total transition probability194

between the n-th in
oming and the m-th outgoing 
han-195

nel while [W

oh

(ω)]mn and [W
in
oh

(ω)]mn 
orrespond to196

its 
oherent and in
oherent 
omponents.197

C. De�nition of mode-resolved phonon 
oheren
e198

and spe
ularity199

To 
hara
terize the 
oheren
e and spe
ularity of the n-200

th in
oming phonon 
hannel, we use the transition prob-201

abilities from Eq. (3) to de�ne the phonon 
oheren
e Cn202

Cn(ω) =

N(ω)
∑

m=1

[W

oh

(ω)]mn , (4)

the sum of the 
oherent transition probabilities, as its203

probability of being 
oherently s
attered. Equation (4)204

satis�es 0 < Cn ≤ 1 and 
an be interpreted as the pro-205

portion of the in
oming phonon �ux redistributed to the206

outgoing phonon 
hannels after 
oherent s
attering We207

re
all that the spe
ularity parameter is the probability208

that the in
ident phonon is s
attered into the outgoing209

phonon 
hannels asso
iated with spe
ular s
attering by210

an ideal boundary. Given that the stru
tural random-211

ness of the rough boundary results in both 
oherent and212

in
oherent s
attering, we 
an 
hara
terize the spe
ular-213

ity of ea
h type of s
attering independently. To estimate214

the spe
ularity parameter asso
iated with ea
h type of215

out-s
attering from the n-th in
oming phonon 
hannel216

at frequen
y ω, we propose a statisti
al 
hara
terization217

of the `spread' in the transition probabilities, given by218

P total

n (ω) =

√

∑N(ω)
m=1 |[W

total

(ω)]mn|2

∑N(ω)
m=1 [W total

(ω)]mn

(5a)219

P 
oh

n (ω) =

√

∑N(ω)
m=1 |[W


oh

(ω)]mn|2

∑N(ω)
m=1 [W 
oh

(ω)]mn

(5b)220

P in
oh

n (ω) =

√

∑N(ω)
m=1 |[W

in
oh

(ω)]mn|2

∑N(ω)
m=1 [W in
oh

(ω)]mn

(5
)221

222
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Figure 3. Comparison of the Zhao-Freund spe
ularity pa-

rameters pα,L (dashed lines) from Eq. (7) with the bran
h-

averaged spe
ularity parameters Pα,L (solid lines) from

Eq. (8) for α = LA (green symbols), TA (red symbols) and

ZA (blue symbols) phonons in arm
hair-edge graphene.

where P 
oh

n , P in
oh

n and P total

n represent the 
oherent,223

in
oherent and total spe
ularity, respe
tively. Equa-224

tion (5) 
orresponds to the normalized se
ond mo-225

ment of the transition probabilities, satisfying 0 <226

P total

n , P 
oh

n , P in
oh

n ≤ 1, and is related to the inverse227

parti
ipation ratio used to 
hara
terize disordered eigen-228

states in Anderson lo
alization theory [41℄. The numer-229

ator in Eq. (5) 
ounts the e�e
tive number of outgoing230


hannels over whi
h the s
attered energy is distributed231

and measures how evenly it is spread a
ross the out-232

going (transmitted and re�e
ted) 
hannels in di�erent233

bran
hes. The spe
ularity parameters are related to the234


oheren
e from Eq. (4) through the 
ompa
t expression235

(P total

n )2 = C2
n(P


oh

n )2 + (1− Cn)
2(P in
oh

n )2 . (6)236

We motivate Eq. (5) from the advantages and 
onsis-237

ten
y of its asymptoti
 (N → ∞) behavior with expe
ted238

P values under well-de�ned 
onditions [9℄. In the Casimir239

(P = 0) limit where the in
oming phonon energy is dif-240

fused uniformly over all N outgoing phonon 
hannels,241

we have P total

n = N−1/2
so that limN→∞ P total

n = 0.242

For perfe
tly spe
ular re�e
tion (P = 1), there is only243

one outgoing phonon 
hannel with a transition probabil-244

ity of unity (i.e. [W
total

(ω)]mn = 1 for some m) and245

P total

n = 1 as expe
ted. For partially spe
ular s
attering246

(P = p) where there is one dominant outgoing phonon247


hannel with transition probability p and the transition248

probability to ea
h remaining 
hannel is

1−p
N−1 , we obtain249

limN→∞ P total

n = p.250

II. RESULTS AND DISCUSSION251

A. Comparison with Zhao-Freund spe
ularity252

parameter253

In addition to its 
onsisten
y under well-de�ned 
on-254

ditions, we also validate Eq. (5) by 
omparing its pre-255

di
tions to the latti
e dynami
s-based approa
h from256

Ref. [33℄ in whi
h Zhao and Freund de�ne a frequen
y-257

dependent spe
ularity parameter p(ω), whi
h la
ks258

modal resolution and we may 
onsider as the spe
ular-259

ity parameter averaged over all the modes in all phonon260

bran
hes at the frequen
y ω, based on the relative value261

of the a
tual phonon transmission to the transmission262

fun
tions predi
ted from the a
ousti
 mismat
h model263

(AMM) and di�use mismat
h model (DMM). As we264


an resolve the phonon bran
h, we generalize the Zhao-265

Freund estimate to de�ne the more pre
ise frequen
y-266

and bran
h-dependent spe
ularity parameter [33℄ for the267

left-lead α-bran
h phonons as268

pα,L(ω) =
Ξα,L(ω)− Ξ

(DMM)
α,L (ω)

Ξ
(AMM)
α,L (ω)− Ξ

(DMM)
α,L (ω)

(7)269

where α = LA (longitudinal a
ousti
), TA (transverse270

a
ousti
), ZA (�exural a
ousti
), LO (longitudinal op-271

ti
al), TO (transverse opti
al) or ZO (�exural opti
al),272

and Ξα,L, Ξ
(AMM)
α,L and Ξ

(DMM)
α,L are the transmission fun
-273

tions 
al
ulated with the atomisti
 S-matrix, AMM and274

DMM method, respe
tively, as des
ribed in Se
. S3 of275

the Supplemental Material [38℄. We also de�ne the anal-276

ogous bran
h-averaged, frequen
y-depedent total spe
u-277

larity parameter278

Pα,L(ω) =

∑N(ω)
n=1 P total

n (ω)Θ(v′x,n)δν′

n
,α

∑N(ω)
n=1 Θ(v′x,n)δν′

n
,α

, (8)279

by averaging P total

n from Eq. (5) over all the in
oming280

left-lead α-bran
h phonon 
hannels. The 
omparison be-281

tween Eqs. (7) and (8) is made over the frequen
y range282

in whi
h we have long-wavelength phonons with momen-283

tum k satisfying |k| < k

uto�

where the 
uto� momentum284

k

uto�

is set as half of the distan
e between the Γ and K-285

point in the �rst Brillouin zone (BZ).286

We observe ex
ellent agreement between P
LA,L and287

p
LA,L over the entire frequen
y range in Fig. 3. The288

agreement between P
TA,L and p

TA,L is also remarkably289

good although the two quantities diverge at higher fre-290

quen
ies, possibly be
ause of the deviation of the TA291

phonon frequen
ies from the linear dispersion impli
itly292

assumed in Ξ
(AMM)
α,L in Eq. (7) for estimating p

TA,L. The293

sensitivity of the agreement between Eqs. (7) and (8)294

to the phonon dispersion linearity is also re�e
ted in295

the poor agreement between P
ZA,L and p

ZA,L for ZA296

phonons, whi
h have a quadrati
 phonon dispersion in297
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the long-wavelength limit in graphene [42℄, although the298

general trend of the ZA phonon spe
ularity in
reasing299

with frequen
y is 
aptured. The 
lose agreement between300

Eqs. (7) and (8) for long-wavelength LA and TA phonons301

supports our approa
h for estimating the spe
ularity pa-302

rameters in Eq. (5).303

B. Spe
ularity and 
oheren
e of graphene phonons304

In Fig. 4, we analyze the re
ipro
al-spa
e distribu-305

tion of the phonon 
oheren
e (Cn) and the total, 
oher-306

ent and in
oherent spe
ularity parameters (P total

n , P 
oh

n307

and P in
oh

n ) for the ZA, TA and LA phonon modes over308

the entire �rst BZ in arm
hair-edge graphene, 
omputed309

from Eqs. (5) and (4) over the frequen
y range of ω = ω0310

to 25ω0 rad/s in intervals of ω0 = 1013 rad/s, using the311

method des
ribed in Ref. [22℄. The mode-resolved data312

over the entire BZ is obtained by plotting the mode-313

resolved data at ea
h frequen
y and then sweeping over314

the aforementioned frequen
y range. The 
orrespond-315

ing results for zigzag-edge graphene are omitted here but316

given in Se
. S4 of the Supplemental Material [38℄ . The317


onvergen
e of Cn and P total

n with respe
t to GB width318

is also dis
ussed in Se
. S5 of the Supplemental Mate-319

rial [38℄.320

In Fig. 4(d), we observe that Cn for ZA phonons in-321


reases as kn de
reases, suggesting that long-wavelength322

ZA phonons are more sensitive to GB roughness, against323


onventional expe
tations that boundary roughness s
at-324

ters short-wavelength phonons more strongly [9℄. In 
on-325

trast, Figs. 4(e) and (f) show that Cn for LA and TA326

phonons de
reases as kn in
reases, indi
ating that long-327

wavelength LA and TA phonons are less in
oherently328

s
attered. The trend in Fig. 4(d) is 
onsistent with the329

P total

n distribution in Figs. 4(g) to (i), whi
h show P total

n330

de
reasing for LA and TA phonons but in
reasing for ZA331

phonons as kn in
reases. We spe
ulate that this is related332

to the signi�
antly higher point-defe
t s
attering rates of333

ZA phonons in graphene [43℄. The greater GB s
atter-334

ing of ZA phonons implies that in suspended poly
rys-335

talline graphene, the in-plane LA and TA phonons play336

a more signi�
ant role in heat 
ondu
tion than the out-337

of-plane ZA phonons whi
h are said to dominate ther-338

mal transport in pristine graphene [42℄. It has also been339

proposed by So�er [14, 44℄ that the spe
ularity param-340

eter should vary anisotropi
ally as P = exp[−(2ηkx)
2],341

where η is the root-mean-square surfa
e roughness, and342

has no ky-dependen
e. However, we do not observe su
h343

anisotropy for P total

n in Figs. 4(g) to (i), indi
ating a dis-344

agreement with So�er's formula. Furthermore, in the345

long-wavelength limit, the P total

n for ZA phonons does346

not 
onverge to unity as suggested by the formula.347

C. Coherent vs. in
oherent spe
ularity parameters348

It is widely assumed [19, 23, 24℄ that 
oherent (in-349


oherent) s
attering is perfe
tly spe
ular (di�use), i.e.,350

P 
oh

n = 1 (P in
oh

n = 0), although there is no dire
t evi-351

den
e for this relationship. Underlying this assumption is352

the idea that the perfe
t interfa
e is smooth although at353

the atomisti
 level, latti
e imperfe
tions must o

ur be-354


ause of the 
rystallographi
 dis
ontinuity. Given this as-355

sumption, it follows from Eq. (6) that 
oheren
e is equiv-356

alent to spe
ularity (Cn = P total

n ). We exploit our ability357

to distinguish 
oherent from in
oherent s
attering to an-358

alyze how spe
ularity a
tually depends on 
oheren
e, by359


omparing the P 
oh

n and P in
oh

n distributions in Figs. 4(j)360

to (o). The 
orresponding P 
oh

n and P total

n distribu-361

tions generally have similar kn-dependen
e, with P 
oh

n >362

P total

n be
ause in
oherent s
attering is strongly di�use363

(P in
oh

n ≪ 1) with no signi�
ant kn-dependen
e for ZA,364

TA and LA phonons, as 
an be seen in Figs. 4(m) to365

(o), and Eq. (6) implies that P total

n < max{P 
oh

n , P in
oh

n }.366

The near uniform small value of P in
oh

n over the entire BZ367

in Figs. 4(m) to (o) also suggests that the di�use 
hara
-368

ter of in
oherent s
attering is 
aptured by Eq. (5
).369

Like in Fig. 4(g), the P 
oh

n distribution for ZA phonons370

in Fig. 4(j) is signi�
antly smaller than unity, indi
ating371

that even 
oherent s
attering is not fully spe
ular for out-372

of-plane polarized phonons. The P 
oh

n distribution for LA373

and TA phonons in Fig. 4(k) and (l) show that the 
oher-374

ent spe
ularity diverges from unity as we move away from375

the BZ 
enter. To explain the redu
ed ZA phonon spe
-376

ularity (P total

n ), we 
ompare the main s
attering tran-377

sitions for an in
oming arm
hair-edge graphene (a) ZA378

and (b) TA phonon at normal in
iden
e (ky = 0) to the379

boundary at a single frequen
y of ω = 5ω0 rad/s in Fig. 5.380

The in
oming ZA phonon is forward-s
attered to sev-381

eral outgoing 
hannels while the in
oming TA phonon382

is forward-s
attered to a single outgoing 
hannel on the383

zigzag-edge side. The distin
tive periodi
 arrangement in384

the distribution of the main outgoing ZA phonon 
han-385

nels, separated by an interval of ∆ky, is due to di�ra
-386

tion by the smooth part of the boundary whi
h has a387

periodi
ity equal to W
GB

the width of the 
onstituent388

(4,4)|(7,0) GB su
h that ∆ky = 2π/W
GB

. For a 
lear389

representation of di�ra
tion by the `smooth' boundary390

with the aforementioned transverse periodi
ity, we plot391

the equivalent s
attering transitions for the pure GB-II392

and GB-III boundaries in Se
. S6 of the Supplemental393

Material [38℄. A similar e�e
t has also been reported for394

mole
ular dynami
s simulations of symmetri
 graphene395

GB's [45℄. This di�ra
tive s
attering is seen for other ZA396

phonon 
hannels but none of the in-plane LA and TA397

phonons.398
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Figure 4. (a-
) Phonon dispersion, (d-f) 
oheren
e (Cn) and the estimated (g-i) total, (j-l) 
oherent and (m-o) in
oherent

mode-resolved spe
ularity parameters (P total

n , P 
oh

n and P in
oh

n ) for the ZA, TA and LA phonons in arm
hair-edge graphene

impinging on the grain boundary. The modes in the in
oming phonon �ux are �lled 
ir
les 
olored a

ording to their numeri
al

value while the modes in the outgoing �ux are hollow squares. The frequen
y range is ω = ω0 to 25ω0 where ω0 = 1013

rad/s, with the maximum frequen
y (ω
max

) for the ZA, TA and LA phonons equal 12ω0, 21ω0 and 25ω0, respe
tively. The

isofrequen
y 
ontours are indi
ated in intervals of ∆ω = ω0 in (d-o) using solid gray lines. The phonon dispersions in (a-
)

are indi
ated with 
olor 
ontours in intervals of ∆ω = ω0/2.

III. SUMMARY399

We have formulated an S matrix-based theory of400

boundary roughness s
attering to predi
t the mode-401

resolved 
oheren
e and spe
ularity parameters and ap-402

plied it to the (32,32)|(56,0) graphene GB. The predi
ted403

spe
ularity parameters are shown to be 
onsistent with404

those of Zhao and Freund [33℄. We �nd that phonon405

s
attering is predominantly 
oherent for graphene GB's406

although 
ontrary to expe
tations, 
oheren
e and spe
-407

ularity are lowest for long-wavelength ZA phonons be-408


ause of di�ra
tive s
attering by the GB, while the op-409

posite trend is seen for LA and TA phonons. Our results410

also demonstrate that in
oherent s
attering is mu
h more411

di�use than 
oherent s
attering and that 
oheren
e and412

spe
ularity are not ne
essarily equivalent. Given its gen-413

erality, our method 
an be applied in a straightforward414

manner to analyze phonon 
oheren
e and spe
ularity in415

other atomisti
 boundary models.416
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S1. GRAIN BOUNDARY STRUCTURE GENERATION AND OPTIMIZATION17

The original 186-atom GB-II and GB-III supercells from Ref. [1] are shown in Fig. S1(a) and each supercell has18

two (4,4)|(7,0) grain boundaries consisting of a continuous undulating line of pentagon-heptagon defect pairs that19

de�ne the interface between bulk armchair and zigzag-edge graphene. By `zigzag' or `armchair' edge, we refer to the20

arrangement of the carbon atoms in the y-direction parallel to the grain boundary (GB). To generate the larger GB21

structure in Fig. S1(b), we �rst expand GB-II and GB-III by increasing the size of the bulk armchair and zigzag-edge22

graphene region between the two interfaces, such that the distortion of the graphene bulk lattice is reduced. We then23

patch nGB = 8 of the expanded GB-II's and GB-III's up in the y-direction to generate the (32,32)|(56,0) GB structure24

in Fig. S1(b). The exact con�guration of the (32,32)|(56,0) GB depends on the number of GB-II's and GB-III's and25

the order in which they are arranged.26

We model the C-C atom interaction using the Terso� potential [2] with parameters from Lindsay and Broido [3].27

In bulk graphene, this potential minimizes the C-C bond length to 1.44Å. Because the zigzag edge is slightly wider28

than the armchair edge by about one percent, we use this value to �x the width of the GB as Ly = 139.55Å as29

this results in the minimized average C-C bond length of 1.44Å and 1.45Å in bulk zigzag-edge and armchair-edge30

graphene, respectively. The slightly longer C-C bond length in armchair-edge graphene is due to the one percent31

lateral strain in the y-direction. The code GULP [4] is used to optimize the atomic positions in the GB structure.32

The supercell is allowed to relax only in the x-direction or perpendicular to the GB to obtain the optimized value of33

Lx, the length of the supercell in the x-direction. Periodic boundary conditions are imposed in the x and y-direction.34

In the scattering region bounded by dashed lines in Fig. S1(b), the C-C bond lengths vary between 1.39Å and 1.49Å35

after minimization.36

After minimization, the force constants corresponding to the atoms in the scattering region are computed in GULP37

and then post-processed to yield the interatomic force constant (IFC) matrix describing the scattering region,38

KC =

 K00 K01

K10 K11 K12

K21 K22

 (S1)39

where the submatrix Knm describes the coupling between subregions n and m in Fig. S1(b). Subregions 0 and 240

represent the bulk-like edges of the scattering region and connect the scattering region to bulk armchair- and zigzag-41

edge graphene while subregion 1 corresponds to the center of the scattering region. We also extract the matrices42

K00
L and K01

L (K00
R and K01

R ) which describe the coupling within and between layers, as shown in Fig. S1(c), in43
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x

y

(32,32)|(56,0) grain boundary
Armchair
edge

Zigzag
edge

(a) (b) (c)

GB-II

GB-III

Ly

Lx

0 21

Figure S1. (a) Atomic structure of the original GB-II and GB-III supercells with (4,4)/(7,0) graphene grain boundaries, taken
from Ref. [1]. (b) Example of a (32,32)|(56,0) grain boundary constructed from GB-II and GB-III. The scattering region is
enclosed in green dashed lines and divided into three subregions, 0 to 2, with 0 and 2 corresponding to the edges coupled to
the bulk. (c) Atomic structure of bulk armchair- and zigzag-edge graphene, comprising layers arrayed in the x-direction, with
periodic boundary conditions in the x-direction. The red atoms correspond to one layer.

armchair-edge (zigzag-edge) graphene. The block-tridiagonal IFC matrix for the entire scattering system is44

K =



. . .
. . .

. . . K00
L K01

L

(K01
L )† K00 K01

K10 K11 K12

K21 K22 K01
R

(K01
R )† K00

R

. . .
. . .

. . .


, (S2)45

which we rewrite as46

K =



. . .
. . .

. . . K00
L K†CL

KCL KC KCR

K†CR K00
R

. . .
. . .

. . .


47
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Figure S2. Phonon frequency ω as a function of the wave vector k in the �rst BZ for the ZA, TA and LA phonons in (a-c)
armchair-edge and (d-f) zigzag-edge graphene. The phonon frequency ω is colored according to the color bar scale (in meV).

where KCL (KCR ) represents the coupling between the scattering region and the left (right) lead and is derived48

from K01
L (K01

R ). To satisfy the acoustic sum rule required from translational invariance, we recalculate the diagonal49

elements of K to satisfy [K]ii = −
∑
j 6=i[K]ij . Finally, the mass-normalized force-constant matrices H00

L , H01
L , H00

R ,50

H01
R , HCL, HC and HCR are obtained from the IFC matrices by dividing each matrix by m, the atomic mass of51

carbon.52

Figure S2 shows the phonon dispersion (ω vs. k) for the ZA, TA and LA phonons in armchair and zigzag-edge53

graphene computed from their IFC matrices. The dispersion is nearly isotropic at low frequencies and small k but54

becomes highly anisotropic near the Brillouin zone edges. From Fig. S2(a) to (c), we note that the slight tensile strain55

in armchair-edge graphene has no signi�cant e�ect on its ZA, TA and LA phonon dispersions which have near-sixfold56

symmetry.57

S2. S-MATRIX CALCULATION METHODOLOGY58

In this section, we give the explicit details of the S matrix calculations which are based on Ref. [5] and developed from59

the well-known Atomistic Green's Function method [6]. The Green's function of the scattering region in Fig. S1(b) is60

given by61

Gret
C (ω) = [(ω2 + i0+)I −HC −ΣL(ω)−ΣR(ω)]−162

where ΣL(ω) = HCLg
ret
L,−(ω)H†CL and ΣR(ω) = HCRg

ret
R,+(ω)H†CR are the self-energies associated with the left63

(i.e. bulk armchair-edge graphene) and right (i.e. bulk zigzag-edge graphene) leads, respectively, with the left and64

right-lead retarded surface Green's functions given by65

gretL,−(ω) = [(ω2 + i0+)IL −H00
L − (H01

L )†gretL,−(ω)H01
L ]−1 (S3a)66

67

gretR,+(ω) = [(ω2 + i0+)IR −H00
R −H01

R gretR,+(ω)(H01
R )†]−1 . (S3b)68

I, IL and IR are identity matrices of the same size as HC, H
00
L and H00

R , respectively. In addition, we can also69

de�ne70

gretL,+(ω) = [(ω2 + i0+)IL −H00
L −H01

L gretL,+(ω)(H01
L )†]−1 , (S3c)71

72

gretR,−(ω) = [(ω2 + i0+)IR −H00
R − (H01

R )†gretR,−(ω)H01
R ]−1 , (S3d)73
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gadvL,−(ω) = gretL,−(ω)† and gadvR,+(ω) = gretR,+(ω)†. The retarded surface Green's functions in Eq. (S3) can be computed74

using established numerical methods [7] and taking advantage of the transverse translational symmetry [5].75

Given Eq. (S3), we de�ne the Bloch matrices (F ret/adv
L (−) and F

ret/adv
R (+)):76

F
ret/adv
L (−)−1 = g

ret/adv
L,− H01

L77

78

F
ret/adv
R (+) = g

ret/adv
R,+ H10

R79

and their associated eigenmode matrices (U ret/adv
L (−) and U

ret/adv
R (+)):80

F
ret/adv
L (−)−1U

ret/adv
L (−) = U

ret/adv
L (−)Λ

ret/adv
L (−)−1 (S4a)81

82

F
ret/adv
R (+)U

ret/adv
R (+) = U

ret/adv
R (+)Λ

ret/adv
R (+) (S4b)83

along with the eigenvelocity matrices (V ret/adv
L (−) and V

ret/adv
R (+)):84

V
ret/adv
L (−) = − iaL

2ω
[U

ret/adv
L (−)]†H10

L [g
ret/adv
L,− − (g

ret/adv
L,− )†]H01

L U
ret/adv
L (−) (S5a)85

86

V
ret/adv
R (+) =

iaR
2ω

[U
ret/adv
R (+)]†H01

R [g
ret/adv
R,+ − (g

ret/adv
R,+ )†]H10

R U
ret/adv
R (+) (S5b)87

Dropping the subscipts and superscripts, we can write the eigenmode matrices in Eq. (S4) as88

U = (u(k1),u(k2), . . . ,u(kN )) (S6)89

where u(kn) is a column vector corresponding to the phonon eigenmode with wave vector kn which is real for90

bulk phonon modes and complex for evanescent modes. The wave vector kn is determined using the zone-unfolding91

procedure described in Ref. [5] and is also identi�ed according to its polarization/branch. We may regard each column92

vector of Uadv
L (−) [U ret

L (−)] as an incoming (outgoing) left-lead phonon mode describing the atomic displacements in93

the bulk layer immediately left of subregion 0 in Fig. S1(b) and likewise each column vector of Uadv
R (+) [U ret

R (+)] as94

an incoming (outgoing) right-lead phonon mode describing the atomic displacements in the bulk layer immediately95

right of subregion 2 in Fig. S1(a). Although there are N column vectors on the righthand side of Eq. (S6), only a96

subset of them correspond to bulk phonon modes, with the number of bulk phonon modes dependent on the frequency.97

In the rest of this section, we reserve the symbols pn and p′n (where n = 1, . . . , NL(ω) and NL(ω) is the number98

of outgoing or incoming phonon modes at frequency ω) for the wave vectors of the outgoing and incoming left-lead99

bulk phonons, respectively, and qm and q′m (where m = 1, . . . , NR(ω) and NR(ω) is the number of outgoing or100

incoming right-lead phonon modes at frequency ω) for the wave vectors of the outgoing and incoming right-lead bulk101

phonons, respectively. The incoming bulk phonon modes are denoted with a ′ superscript while the outgoing ones are102

not. At each frequency ω, we have a set of outcoming left-lead phonons associated with the wave vectors U retL (ω) =103

{p1, . . . ,pNL(ω)}. The number of elements as well as the composition of this set depends on ω. So, at another frequency104

ω′ 6= ω, we have a di�erent set of left-lead phonons U retL (ω′) = {p1, . . . ,pNL(ω′)} and its wave vectors are usually105

di�erent to those of U(ω) unless the phonons belong to di�erent polarization branches. Therefore, at each frequency106

ω, we have two sets of wave vectors UadvL (ω) = {p′1, . . . ,p′NL(ω)} and U
adv
R (ω) = {q′1, . . . , q′NR(ω)} associated with the107

incoming left- and right-lead phonons, respectively, and another two sets of wave vectors U retL (ω) = {p1, . . . ,pNL(ω)}108

and U retR (ω) = {q1, . . . , qNR(ω)} associated with the outgoing left- and right-lead phonons, respectively.109

Given Eqs. (S4) and (S5), the transmission and re�ection matrices are:110

tRL(ω) =
2iω
√
aRaL

[V ret
R (+)]1/2[U ret

R (+)]−1Gret
RL[Uadv

L (−)†]−1[V adv
L (−)]1/2 (S7a)111

112

tLR(ω) =
2iω
√
aLaR

[V ret
L (−)]1/2[U ret

L (−)]−1Gret
LR[Uadv

R (+)†]−1[V adv
R (+)]1/2 (S7b)113

114

rLL(ω) =
2iω

aL
[V ret

L (−)]1/2[U ret
L (−)]−1(Gret

L −Q−1L )[Uadv
L (−)†]−1[V adv

L (−)]1/2 (S7c)115
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116

rRR(ω) =
2iω

aR
[V ret

R (+)]1/2[U ret
R (+)]−1(Gret

R −Q−1R )[Uadv
R (+)†]−1[V adv

R (+)]1/2 (S7d)117

where118

Gret
RL(ω) = gretR,+(ω)HRCG

ret
C (ω)HCLg

ret
L,−(ω)119

120

Gret
LR(ω) = gretL,−(ω)HLCG

ret
C (ω)HCRg

ret
R,+(ω)121

122

Gret
L (ω) = gretL,−(ω) + gretL,−(ω)HLCG

ret
C (ω)HCLg

ret
L,−(ω)123

124

Gret
R (ω) = gretR,+(ω) + gretR,+(ω)HRCG

ret
C (ω)HCRg

ret
R,+(ω)125

126

QL(ω) = (ω2 + i0+)IL −H00
L − (H01

L )†gretL,−(ω)H01
L −H01

L gretL,+(ω)(H01
L )†127

128

QR(ω) = (ω2 + i0+)IR −H00
R − (H01

R )†gretR,−(ω)H01
R −H01

R gretR,+(ω)(H01
R )†129

We obtain the reduced transmission and re�ection matrices tRL, tLR, rLL and rRR from Eq. (S7) by eliminating their130

matrix columns and rows associated with the evanescent modes. The matrix tRL is an NR ×NL matrix of the form:131

tRL =

 S(q1,p
′
1) . . . S(q1,p

′
NL

)
...

. . .
...

S(qNR ,p
′
1) . . . S(qNR ,p

′
NL

)

 (S9)132

where S(qn,p
′
m) is the complex scattering amplitude between the incoming left-lead p′m phonon mode and the outgoing133

right-lead qn phonon mode. Similarly, we have134

rLL =

 S(p1,p
′
1) . . . S(p1,p

′
NL

)
...

. . .
...

S(pNL ,p
′
1) . . . S(pNL ,p

′
NL

)

 (S10)135

136

tLR =

 S(p1, q
′
1) . . . S(p1, q

′
NR

)
...

. . .
...

S(pNL , q
′
1) . . . S(pNL , q

′
NR

)

 (S11)137

138

rRR =

 S(q1, q
′
1) . . . S(q1, q

′
NL

)
...

. . .
...

S(qNR , q
′
1) . . . S(qNL , q

′
NL

)

 (S12)139

Equations (S9)-(S12) are combined to yield the overall NS ×NS scattering matrix:140

S(ω) =

(
rLL tLR
tRL rRR

)
=



S(p1,p
′
1) . . . S(p1,p

′
NL

)
...

. . .
...

S(pNL ,p
′
1) . . . S(pNL ,p

′
NL

)

S(p1, q
′
1) . . . S(p1, q

′
NR

)
...

. . .
...

S(pNL , q
′
1) . . . S(pNL , q

′
NR

)

S(q1,p
′
1) . . . S(q1,p

′
NL

)
...

. . .
...

S(qNR ,p
′
1) . . . S(qNR ,p

′
NL

)

S(q1, q
′
1) . . . S(q1, q

′
NR

)
...

. . .
...

S(qNR , q
′
1) . . . S(qNL , q

′
NR

)


, (S13)141
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satis�sfying the unitary condition142

S(ω)S(ω)† = S(ω)†S(ω) = IS143

where NS = NL +NR and IS is the NS ×NS scattering matrix. Equation (S13) can be expressed as:144

S(ω) =

 S(k1,k
′
1) . . . S(k1,k

′
NS

)
...

. . .
...

S(kNS ,k
′
1) . . . S(kNS ,k

′
NS

)

145

where we have combined the left and right-lead wave vectors such that for n = 1, . . . , NS,146

kn =

{
pn , n ≤ NL

qn−NL , NL < n ≤ NS

.147

Given Eq. (S13), we de�ne the transition probability matrix W (ω)148

W (ω) =

 W (k1,k
′
1) . . . W (k1,k

′
NS

)
...

. . .
...

W (kNS ,k
′
1) . . . W (kNS ,k

′
NS

)

 (S14)149

where each matrix element of W (ω) is equal to the absolute square of the corresponding matrix element of S(ω), e.g.150

W (kn,k
′
m) = |S(kn,k

′
m)|2.151

S3. DEFINITION OF BRANCH-RESOLVED TRANSMISSION FUNCTIONS152

The left-lead phonon α-branch transmission function is the sum of the transition probabilities between the incoming153

left-lead α-branch phonon channels and all the possible outgoing right-lead phonon channels, i.e.,154

Ξα,L(ω) =

N(ω)∑
n=1

N(ω)∑
m=1

[W (ω)]mnΘ(v′x,n)Θ(vx,m)δνn,α (S15)155

where vx,m and νm (v′x,n and ν′n) are respectively the x-direction group velocity and branch index of the left-lead156

incoming p′n phonon (right-lead outgoing qm phonon). Similarly157

Ξ
(AMM)
α,L (ω) =

NL∑
n=1

NR∑
m=1

|t(AMM)
RL (qm,p

′
n)|2δν′

n,α
(S16)158

and159

Ξ
(DMM)
α,L (ω) =

Nα,L(ω)Nα,R(ω)

Nα,L(ω) +Nα,R(ω)
. (S17)160

are the corresponding transmission functions in the AMM and DMM, respectively, and |t(AMM)
RL (qm,p

′
n)|2 is the161

transition probability between the left-lead incoming p′n phonon and the right-lead outgoing qm phonon, given by162

|t(AMM)
RL (qm,p

′
n)|2 =

4vx,mv
′
x,n

(vx,m + v′x,n)2
∆mn , (S18)163

where ∆mn = δŷ·qm,ŷ·p′
n
δνm,ν′

n
. The ∆mn term in Eq. (S18) is only nonzero when the incoming and outgoing phonon164

channels share the same transverse phonon momentum (ŷ · qm = ŷ · p′n) and branch index (νm = ν′n), and describes165

how the energy from an incoming left-lead phonon channel can only be transmitted to an outgoing right-lead phonon166

channel of the same transverse momentum and branch index in the long-wavelength limit. We may regard Eq. (S18) as167

a generalization of the transmission probability for acoustic waves at an ideal boundary [8] with no mode conversion,168

an assumption justi�ed by the near-identical acoustic impedance of armchair- and zigzag-edge graphene in the long-169

wavelength limit.170
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Figure S3. (a-c) Phonon dispersion, (d-f) coherence (Cn) and the estimated (g-i) total, (j-l) coherent and (m-o) incoherent
mode-resolved specularity parameters (P total

n , P coh
n and P incoh

n ) for the ZA, TA and LA phonons in zigzag-edge graphene
impinging on the grain boundary. The modes in the incoming phonon �ux are �lled circles colored according to their numerical
value while the modes in the outgoing �ux are hollow squares. The frequency range is ω = ω0 to 25ω0 where ω0 = 1013

rad/s, with the maximum frequency (ωmax) for the ZA, TA and LA phonons equal 12ω0, 22ω0 and 25ω0, respectively. The
isofrequency contours are indicated in intervals of ∆ω = ω0 in (d-o) using solid gray lines. The phonon dispersions in (a-c)
are indicated with color contours in intervals of ∆ω = ω0/2.

In Eq. (S17), Nα,L is the number of incoming left-lead α-branch phonon channels at frequency ω while Nα,L (Nα,R)171

is the number of incoming left-lead (right-lead) phonon channels that are polarized (in-plane or out-of-plane) similarly172

to the α-branch phonons. For instance, NZA,L = NZO,L = NZA,L +NZO,L and NLA,L = NTA,L = NLO,L = NTO,L =173

NLA,L +NTA,L +NLO,L +NTO,L because the ZA and ZO phonons are out-of-plane polarized while the LA, TA, LO174

and TO phonons are in-plane polarized. The form of Eq. (S17) is motivated by the fact that the GB preserves the175

out-of-plane re�ection symmetry which prevents the mixing of in-plane and out-of-plane phonon channels.176

S4. SIMULATION RESULTS FOR ZIGZAG-EDGE GRAPHENE177

Figure S3 shows the kn-dependent phonon coherence (Cn) and specularity parameters (P total
n , P coh

n and P incoh
n ) for178

incoming �exural (ZA), transverse (TA) and longitudinal (LA) acoustic phonons from bulk zigzag-edge graphene at179

ω = nω0 where ω0 = 1013 rad/s and n = 1, . . . , 25. The dependence on polarization and wave vector are similar to180

those of the phonons in armchair-edge graphene. Figure S4 shows the frequency (ω) dependence of Cn, P total
n , P coh

n181

and P incoh
n for the same phonons in both armchair- and zigzag-edge graphene.182

S5. CONVERGENCE OF SIMULATION RESULTS FOR PHONON COHERENCE, TOTAL183

SPECULARITY AND TRANSMISSION184

We test the convergence of our results with respect to Ly the size of cross-sectional width of the GB by repeating the185

same set of calculations for progressively wider GB's. We compute the phonon coherence (Cn) and total specularity186

parameters (P total
n ) for the (16,16)|(28,0), (24,24)|(42,0) and (32,32)|(56,0) GB's with 69.78Å (nGB = 4), 104.67Å (6)187

and Ly = 139.55Å (nGB = 8), respectively. Like the (32,32)|(56,0) GB, the (16,16)|(28,0) GB is generated from a mix188

of GB-II's and GB-III's but with nGB = 4 instead of nGB = 8, i.e., it comprises fewer number of GB-II's and GB-III's.189

Similarly, the (24,24)|(42,0) GB corresponds to nGB = 6. The GB structures are �rst optimized and the interatomic190
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Figure S4. Frequency dependence of the (a-c) phonon coherence (Cn) and the estimated (d-f) total, (g-i) coherent and
(j-l) incoherent mode-resolved specularity parameters (P total

n , P coh
n and P incoh

n ) for the �exural (ZA), transverse (TA) and
longitudinal (LA) acoustic phonons in armchair-edge (blue triangles) and zigzag-edge (red triangles) graphene. The black solid

circles in (d-l) represent the specularity in the Casimir limit where P total
n = P coh

n = P incoh
n = N(ω)−1/2 and N(ω) is the total

number of phonon channels at frequency ω.

forces are computed like in Sec. S1. For the smaller GB's, there are fewer possible boundary con�gurations. Hence,191

the con�guration average 〈. . .〉 for the (16,16)|(28,0) GB requires averaging over 24 = 16 boundary con�gurations192

while that for the (24,24)|(42,0) GB requires averaging over 26 = 64 boundary con�gurations.193

Figure S5 shows the mode-resolved coherence parameter (Cn) distribution in reciprocal space for di�erent phonon194

polarizations and grain boundary widths in armchair-edge graphene over the frequency range of ω = ω0 to 25ω0 rad/s195

where ω0 = 1013 rad/s is the frequency step size. To understand the e�ect of Ly on the coherence, we compare the ZA196

phonon coherence parameter shown in Figs. S5(a), (d) and (g). As the GB width Ly increases, the number of incident197

phonon modes becomes larger and distribution of phonon modes in the BZ becomes denser because the spacing in the198

ky direction is inversely proportional to Ly. Nonetheless, the Brillouin zone distribution of Cnin Fig. S5(a) is similar199

to that of Figs. S5(d) and (g), indicating that the mode-resolved coherence parameters converge as Ly increases. We200

also observe a similar convergence for the TA [Figs. S5(b), (e) and (h)] and LA [Figs. S5(c), (f) and (i)] phonons .201

We also compare the frequency-dependent average coherence parameter in Fig. S6 in which the average is taken202

over all the isofrequency phonon modes of the speci�ed polarization. Figures S6(a), (d) and (g) show the results for203

the ZA phonons. We �nd that the average frequency-dependent coherence parameter does not change signi�cantly for204

the ZA phonons as Ly increases, supporting our analysis of the convergence of the mode-resolved coherence parameter205

in Fig. S5. A similar convergence trend is likewise observed for the TA [Figs. S5(b), (e) and (h)] and LA [Figs. S5(c),206

(f) and (i)] phonons.207

In addition to the coherence parameter, we also analyze the convergence of the mode-resolved and the frequency-208

dependent average total specularity parameter (P total
n ) with respect to the grain boundary width (Ly). Figure S7209

shows the mode-resolved total specularity parameter (P total
n ) distribution in reciprocal space for di�erent phonon210

polarizations and GB widths in armchair-edge graphene while Fig. S8 shows the frequency-dependent average total211

specularity parameter. As with our analysis of the convergence of the coherence parameters, we �nd that the total212

specularity parameters (P total
n ) exhibit a similar convergence with respect to Ly. We also compare the phonon213
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Figure S5. Comparison of the phonon mode-resolved coherence (Cn) at the (a-c) (16,16)|(28,0), (d-f) (24,24)|(42,0) and (g-i)
(32,32)|(56,0) grain boundary for the �exural (ZA), transverse (TA) and longitudinal (LA) acoustic phonons in armchair-edge
graphene impinging on the grain boundary. The modes in the incoming phonon �ux are �lled circles colored according to their
numerical value while the modes in the outgoing �ux are hollow squares. The frequency range is ω = ω0 to 25ω0 rad/s where
ω0 = 1013 rad/s is the frequency step size. The maximum plotted frequency for the ZA, TA and LA phonons are 12ω0, 21ω0

and 25ω0, respectively.

transmission per unit width Ξ(ω) in Fig. S9 for di�erent Ly's and �nd that there are no signi�cant changes in the214

transmission spectrum as Ly increases.215

S6. ZA AND TA PHONON SCATTERING AT PURE GB-II AND GB-III INTERFACE216

We compare the main scattering transitions for an incoming armchair-edge graphene (a) ZA and (b) TA phonon217

at normal incidence (ky = 0) to the boundary at ω = 5ω0 rad/s in Fig. S10 for (a,b) a GB-II only and (c,d) a GB-III218

only (32,32)|(56,0) grain boundary.219

[1] G. Schusteritsch and C. J. Pickard, Phys. Rev. B 90, 35424 (2014).220

[2] J. Terso�, Phys. Rev. Lett. 61, 2879 (1988).221

[3] L. Lindsay and D. A. Broido, Phys. Rev. B 81, 205441 (2010).222

[4] J. D. Gale and A. L. Rohl, Mol. Simul. 29, 291 (2003).223

[5] Z.-Y. Ong, Phys. Rev. B 98, 195301 (2018).224

http://dx.doi.org/10.1103/PhysRevB.90.035424
http://dx.doi.org/10.1103/PhysRevLett.61.2879
http://dx.doi.org/10.1103/PhysRevB.81.205441
http://dx.doi.org/10.1080/0892702031000104887
http://dx.doi.org/10.1103/PhysRevB.98.195301


11

0 50 100 150 200
0

0.2

0.4

0.6

0.8

C
o
h
e
re

n
c
e

ω (meV)

1

0 50 100 150 200
0

0.2

0.4

0.6

0.8

C
o
h
e
re

n
c
e

ω (meV)

1

0 50 100 150 200
0

0.2

0.4

0.6

0.8

C
o
h
e
re

n
c
e

ω (meV)

1

0 50 100 150 200
0

0.2

0.4

0.6

0.8

ω (meV)

1

0 50 100 150 200
0

0.2

0.4

0.6

0.8

ω (meV)

1

0 50 100 150 200
0

0.2

0.4

0.6

0.8

ω (meV)

1

0 50 100 150 200
0

0.2

0.4

0.6

0.8

ω (meV)

1

0 50 100 150 200
0

0.2

0.4

0.6

0.8

ω (meV)

1

0 50 100 150 200
0

0.2

0.4

0.6

0.8

ω (meV)

1

Armchair

Zigzag

Armchair

Zigzag

Armchair

Zigzag

Armchair

Zigzag

Armchair

Zigzag

Armchair

Zigzag

Armchair

Zigzag

Armchair

Zigzag

Armchair

Zigzag

(a) ZA (d) ZA (g) ZA

(b) TA (e) TA (h) TA

(c) LA (f) LA (i) LA

(16,16)|(28,0) GB (24,24)|(42,0) GB (32,32)|(56,0) GB

Figure S6. Comparison of the frequency dependence of the average phonon mode-resolved coherence (Cn) at the (a-c)
(16,16)|(28,0), (d-f) (24,24)|(42,0) and (g-i) (32,32)|(56,0) grain boundary for the �exural (ZA), transverse (TA) and lon-
gitudinal (LA) acoustic phonons in armchair-edge (blue triangles) and zigzag-edge (red triangles) graphene. At each frequency,
the average is taken from the mean of all the isofrequency modes and the error bar is computed from the standard deviation.

[6] Z.-Y. Ong, J. Appl. Phys 124, 151101 (2018).225

[7] J.-S. Wang, J. Wang, and J. T. Lü, Eur. Phys. J. B 62, 381 (2008).226

[8] G. Chen, Nanoscale energy transport and conversion: a parallel treatment of electrons, molecules, phonons, and photons227

(Oxford University Press, New York, 2005).228

http://dx.doi.org/10.1063/1.5048234
http://dx.doi.org/10.1140/epjb/e2008-00195-8


12

−20 −10 0 10 20

kx (109 m-1)

−15

−10

−5

0

5

10

15

k
y
 (

1
0

9
 m

-1
)

(a) ZA

−20 −10 0 10 20

kx (109 m-1)

−15

−10

−5

0

5

10

15

k
y
 (

1
0

9
 m

-1
)

(b) TA

0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.2

0.4

0.6

0.8

1.0

−20 −10 0 10 20

kx (109 m-1)

−15

−10

−5

0

5

10

15

k
y
 (

1
0

9
 m

-1
)

(c) LA

−20 −10 0 10 20

kx (109 m-1)

−15

−10

−5

0

5

10

15

k
y
 (

1
0

9
 m

-1
)

(d) ZA

−20 −10 0 10 20

kx (109 m-1)

−15

−10

−5

0

5

10

15

k
y
 (

1
0

9
 m

-1
)

(e) TA

−20 −10 0 10 20

kx (109 m-1)

0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.2

0.4

0.6

0.8

1.0

−15

−10

−5

0

5

10

15

k
y
 (

1
0

9
 m

-1
)

(f) LA

−20 −10 0 10 20

kx (109 m-1)

−15

−10

−5

0

5

10

15

k
y
 (

1
0

9
 m

-1
)

(g) ZA

−20 −10 0 10 20

kx (109 m-1)

−15

−10

−5

0

5

10

15

k
y
 (

1
0

9
 m

-1
)

(h) TA

0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.2

0.4

0.6

0.8

1.0

−20 −10 0 10 20

kx (109 m-1)

−15

−10

−5

0

5

10

15

k
y
 (

1
0

9
 m

-1
)

(i) LA

ωmax = 25ω0

ωmin = ω0

ωmax = 21ω0

ωmin = ω0

ωmax = 12ω0

ωmin = ω0

ωmax = 25ω0

ωmin = ω0

ωmax = 21ω0

ωmin = ω0

ωmax = 12ω0

ωmin = ω0

ωmax = 25ω0

ωmin = ω0

ωmax = 21ω0

ωmin = ω0

ωmax = 12ω0

ωmin = ω0

(16,16)|(28,0) GB (24,24)|(42,0) GB (32,32)|(56,0) GB

Figure S7. Comparison of the phonon mode-resolved specularity parameter (P total
n ) at the (a-c) (16,16)|(28,0), (d-f)

(24,24)|(42,0) and (g-i) (32,32)|(56,0) grain boundary for the �exural (ZA), transverse (TA) and longitudinal (LA) acous-
tic phonons in armchair-edge graphene impinging on the grain boundary. The modes in the incoming phonon �ux are �lled
circles colored according to their numerical value while the modes in the outgoing �ux are hollow squares. The frequency range
is ω = ω0 to 25ω0 rad/s where ω0 = 1013 rad/s is the frequency step size. The maximum plotted frequency for the ZA, TA and
LA phonons are 12ω0, 21ω0 and 25ω0, respectively.
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Figure S8. Comparison of the frequency dependence of the average phonon mode-resolved total specularity (P total
n ) at the (a-c)

(16,16)|(28,0), (d-f) (24,24)|(42,0) and (g-i) (32,32)|(56,0) grain boundary for the �exural (ZA), transverse (TA) and longitu-
dinal (LA) acoustic phonons in armchair-edge (blue triangles) and zigzag-edge (red triangles) graphene. At each frequency, the
average is taken from the mean of all the isofrequency modes and the error bar is computed from the standard deviation.
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Figure S9. Comparison of the phonon transmission function per unit width Ξ(ω) at the (16,16)|(28,0) GB (blue circles),
(24,24)|(42,0) GB (green squares) and (32,32)|(56,0) GB (red diamonds).
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Figure S10. Main scattering transitions for an incoming (a, c) ZA and (b, d) TA phonon, labeled Ψin, at normal incidence to
the grain boundary from the armchair-edge graphene on the left at ω = 5×1013 rad/s for a (32,32)|(56,0) GB with constructed
from (a, b) GB-II's and another from (c, d) GB-III's. The bulk LA, TA and ZA phonon channels on the armchair-edge (left
subpanel) and zigzag-edge (right subpanel) graphene side are displayed within their respective �rst Brillouin zones. The color
scales indicate the transition probability for the dominant outgoing channels, with the transitions indicated by dotted lines and
transition probabilities written in Italic font.
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