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In spite of their importance for understanding phonon transport phenomena in thin films and
polycrystalline solids, the effects of boundary roughness scattering on phonon specularity and co-
herence are poorly understood because there is no general method for predicting their dependence
on phonon momentum, frequency, branch and boundary morphology. Using the recently formulated
atomistic S-matrix method, we develop a theory of boundary roughness scattering to determine the
mode-resolved phonon coherence and specularity parameters from the scattering amplitudes. To
illustrate the theory, we apply it to phonon scattering in realistic nonsymmetric graphene grain
boundary (GB) models derived from atomic structure predictions. The method is validated by
comparing its predictions with frequency-resolved results from lattice dynamics-based calculations.
We prove that incoherent scattering is almost perfectly diffusive. We show that phonon scattering
at the graphene GB is not diffuse although coherence and specularity are significantly reduced for

long-wavelength flexural acoustic phonons.
boundary models.

Phonon mean free path (MFP) engineering through
boundary roughness scattering is a widely used approach
to manipulating phonon transport in low-dimensional
materials (e.g. silicon nanowires [1, [2]) for thermoelectric
and thermal management applications B, @] as well as
for investigations into fundamental phonon phenomena
such as phonon hydrodynamics E] in layered crystals E]
and ballistic phonons in graphene |7]. In nanostruc-
tures, the reduced thermal conductivity is also attributed
to boundary roughness scattering E, E] Nonetheless,
in spite of its importance for phonon transport, a rig-
orous quantitative description of how phonons undergo
momentum and phase relaxation from boundary rough-
ness scattering still eludes us IB, @], posing an obstacle
to the systematic use of structural modification to con-
trol the phonon MFP, while a direct characterization of
the specularity is very difficult with current experimen-
tal techniques ||E] Although there have been studies
using phonon wavepackets to probe boundary scatter-
ing ], their use is limited by the considerable diffi-
culty of deriving mode-resolved reciprocal-space informa-
tion from real-space data in addition to the substantial
computational costs.

A major challenge to understanding this mechanism is
our inability to predict accurately for a given boundary
model the probability of the incident phonon undergoing
specular scattering, characterized by the specularity pa-
rameter P which plays an important role in many bound-
ary scattering models E, E, ﬂ] and should vary with
phonon frequency, momentum and polarization/branch.
In perfectly specular scattering (P = 1) as shown in
Fig. [(a), the incident bulk phonon is scattered coher-
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Our approach can be generalized to other atomistic

ently by a smooth boundary into well-defined trajecto-
ries while in perfectly diffuse scattering (P = 0) or the
so-called Casimir limit as shown in Fig. [I(b), the incom-
ing phonon energy is redistributed uniformly over the en-
tire spectrum of outgoing phonon channels, resulting in
maximum momentum loss in the direction parallel to the
boundary E] Another challenge lies in predicting the
effect of boundary roughness on coherent and incoher-
ent scattering, an unresolved issue in phonon transport
in superlattices where the role of phonon interference in
thermal conductivity is still debated mﬂ]

In order to address these challenges, we develop in
this paper a theory of boundary roughness scattering,
based on the recently formulated atomistic S-matrix
method @], to determine the mode-resolved phonon co-
herence and specularity parameters for boundary models.
Unlike existing approaches m, |2__4|], our method is fully
atomistic, not restricted to long-wavelength modes, and
distinguishes coherent and incoherent scattering @
by treating boundary roughness in a statistical manner
analogous to the theory of multiple scattering in disor-
dered systems m, @@] and conceptually similar to the
approach in Ref. M] We apply this theory to phonon
scattering at the grain boundary (GB) between armchair-
and zigzag-terminated graphene like in Fig. [c), using
realistic nonsymmetric low-energy GB models derived
from ab initio-based structure predictions @] We val-
idate our method by comparing its predictions with the
less precise Zhao-Frend method @] and analyze how the
coherence and specularity parameters vary with phonon
frequency, momentum and polarization/branch for the
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(a) Specular scattering (P = 1) (b) Diffuse scattering (P = 0)
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Figure 1. Depiction of (a) perfectly specular versus (b) per-
fectly diffuse scattering at a boundary, and (c) the graphene
GB between armchair- and zigzag-edge graphene. The shape
and orientation of their respective Brillouin zones are also
shown.

graphene GB.

I. THEORY AND MODEL

A. Grain boundary model and S matrix

To treat phonon scattering by the rough (32,32)|(56,0)
graphene GB statistically, we need to generate the var-
ious possible GB configurations and their interatomic
force constant (IFC) matrices. Each (32,32)|(56,0)
graphene GB configuration, which consists of an un-
dulating line of pentagon-heptagon defect pairs like in
Fig.[Mc), is constructed from an 8-unit random sequence
of the two lowest-energy (4,4)|(7,0) graphene GB configu-
rations (GB-II and GB-III in Fig. B(a)) in Ref. [32], with
open-system and periodic boundary conditions in the z
and y direction, respectively, to yield 2% = 256 unique GB
configurations. Given the large size of the GB models,
we use the program GULP @] and the empirical Tersoff
potential [35], with parameters from Ref. I@], to model
the C-C interatomic forces instead of more expensive ab
initio methods and to compute the IFC matrices needed
for the atomistic S-matrix calculations as described in
Ref. @, @], with details of the GB structure generation
and optimization given in Sec. S1 of the Supplemental
Material @] The scheme of our calculations is shown in
Fig. 2(b).

Using our code which implements the atomistic S-
matrix method m], we compute at each frequency w =
nwo, where n = 1,...,25 and wy = 10'3 rad/s, the
unitary N(w) x N(w) matrix S(w) which describes the
mapping of the N(w) incoming bulk phonon modes to
the N(w) outgoing bulk phonon modes on both sides of
the boundary, for each GB configuration. Details of the
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Figure 2. (a) Atomistic structure of the (4,4)|(7,0) GB-II and
GB-III interfaces. (b) Schematic of atomistic S-matrix calcu-
lation with the scattering region comprising the (32,32)|(56,0)
grain boundary (GB). We generate an ensemble of 256 GB
configurations derived from structure predictions. Each GB
configuration is inserted into the scattering region between
the left and right leads and its corresponding S matrix is
computed using Ref. [22].

S-matrix calculations are given in Sec. S2 of the Sup-
plemental Material @] In the general scattering pic-
ture [22, 37|, S(w), which relates the incoming phonon
state ®;, to the outgoing phonon state W, via the rela-
tion Wou = S(w)Pin, encodes the amplitude and phase
changes. Numerically, ®;,, and ¥, which represent a
superposition of N(w) bulk phonon modes, are column
vectors with the m-th element of ®;, (¥,,) equal to
the complex flux amplitude of the m-th incoming (outgo-
ing) phonon channel and represented by [®ip ] = ® (k)
and [Wouelm = Y(kn) for m = 1,..., N(w) with the
momentum k,, and branch v,, associated with the m-
th phonon channel. We can thus interpret |®(k')|? and
|W(k)|? as the intensity of the incoming k' and the out-
going k phonon flux, respectively. Hence, the matrix
element [S(w)]mn = S(km, k) is equal to the scattering
amplitude from the n-th incoming to the m-th outgoing
phonon channel, i.e.,

(k) S(k1,k7) S(k1, k) (k)
¥(ky) S(kn,ky) ... S(kn,Ky) (k)
(1)
where {k1,...,knw)} and {ki,..., kiy,} denote the

momenta of the outgoing and incoming modes, respec-
tively.

The evaluation of Eq. (B) requires a configurational
ensemble of S matrices computed using the method
described in Ref [22], with each matrix describing a
boundary configuration. For simplicity, we choose the
(32,32)|(56,0) graphene GB as our boundary model which



"
a
M4

we construct from the two lowest-energy (4,4)[(7,0) GB
configurations (GB-II and GB-III in Fig.P(a)) in Ref. [32]
found using the ab initio random structure searching
method @] Each (32,32)](56,0) GB configuration com-
prises eight (4,4)|(7,0) GB’s, a permutation of GB-II's
and GB-IIT’s, forming a continuous line of pentagon-
heptagon defect pairs. This construction method yields
28 = 256 unique GB configurations. We set the direction
of the phonon flux and the GB to be parallel to the x-
and y-axis, respectively and impose periodic boundary
conditions in the y-direction. Given the large size of the
GB models, we use the empirical Tersoff potential @],
with parameters from Ref. [36], to model the C-C inter-
atomic forces instead of more expensive ab initio meth-
ods. The program GULP @] is used to optimize each GB
configuration and to generate its force-constant matrices
Hcy,, Hc and Hcg needed for the S-matrix calcula-
tions. We also compute the force-constant matrices H{°
and HY' (HY and HY') describing the armchair-edge
(zigzag-edge) graphene in the left (right) lead. At each
frequency w = nwo (n = 1,...,25 and wy = 103 rad/s),
we compute an N(w) x N(w) matrix S, (w) for the a-th
GB configuration (o =1, ...,256).

B.

S-matrix theory of boundary roughness
scattering

For a nonideal boundary that consists of a determin-
istic part corresponding to the smooth boundary and a
stochastic part describing the boundary roughness, ¥,
can be partitioned into its deterministic and stochastic
components in a manner akin to the treatment of ran-
domly scattered wave fields mm, ie.,

[‘I’out]m = <[‘I’0ut]m> =+ [5‘I’out]m

(2)
where ([Pout)m) and [0®ou4]m are its deterministic and
stochastic components, respectively, and (...) represents
the configurational average [40] assuming that every con-
figuration is equally probable. Similarly, the determinis-
tic and stochastic components of S(w) are defined via the
expression [S(w)]mn = ([S(W)]mn) + [0S (w)]mn where
([Couim) = 3,1 {[S()]mn) [ Bialn and [Woulm
SN [08(w)]mn[®in)n. For any given [®i],, the de-
terministic component ([®,,¢]m) and hence ([S(w)]mn)
preserve the coherent amplitude and phase information
from direct averaging.

It follows from Eq. @) that ([0%out]m) = 0, i.e., the
amplitude fluctuations of the outgoing phonon state av-
erage to zero, and thus ([0S (w)]mn) = 0. However, the
configurational average of |[Woutlm|?, the probability of
the phonon being scattered to the m-th outgoing phonon
channel, is (|[[®outJm|?) = [([(Zoutlm)* + ([0 out)m|*),
implying that the transition probability fluctuations as-
sociated with boundary roughness are not necessarily

zero since (|[Woutlm|?) > [{[Wout)m)|?>. Hence, the
configurational average of the transition probability is
given by (|[S(w)]mn|?) = [([S(w)]mn)|* + (|65 (w)]mn|*),
which we rewrite as [Wiotal(W)]mn = [Weon(@W)]mn +
(Wincon(w)]mn where Wgar , Weon and Wiyeon are the
total, coherent and incoherent transition probability ma-
trices, respectively, with their matrix elements given by

[Weota (@)]mn = (|[S(@)]mnl*) (3a)
(W eon (@)lmn = [{[S(w@)]mn) (3b)
[Wincon(@)]mn = ([[S(@)]mn]*) = [{[S(@)]mn)]* - (3¢)

[W iotal (W)]mn represents the total transition probability
between the n-th incoming and the m-th outgoing chan-
nel while [Weon (w)]mn and [Wineon(w)]mn correspond to
its coherent and incoherent components.

C. Definition of mode-resolved phonon coherence
and specularity

To characterize the coherence and specularity of the n-
th incoming phonon channel, we use the transition prob-
abilities from Eq. (@) to define the phonon coherence C,,

N (w)

Z [W con(@)]mn

m=1

Cn(w) (4)

the sum of the coherent transition probabilities, as its
probability of being coherently scattered. Equation ()
satisfies 0 < C,, < 1 and can be interpreted as the pro-
portion of the incoming phonon flux redistributed to the
outgoing phonon channels after coherent scattering We
recall that the specularity parameter is the probability
that the incident phonon is scattered into the outgoing
phonon channels associated with specular scattering by
an ideal boundary. Given that the structural random-
ness of the rough boundary results in both coherent and
incoherent scattering, we can characterize the specular-
ity of each type of scattering independently. To estimate
the specularity parameter associated with each type of
out-scattering from the n-th incoming phonon channel
at frequency w, we propose a statistical characterization
of the ‘spread’ in the transition probabilities, given by

J S| W ot ()]

Ptotal 5a
S W ot (@) o
ZN(W) Coh(w)]mn|2
Pcoh \/ 5b
Z ( [ coh(W)]mn ( )
N(w) w
Plncoh \/Z mcoh( ])]mn|2 (5(3)

SN f[

1nc0h( )mn
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Figure 3. Comparison of the Zhao-Freund specularity pa-
rameters po,r (dashed lines) from Eq. (@) with the branch-

averaged specularity parameters P, (solid lines) from
Eq. (8) for « = LA (green symbols), TA (red symbols) and
ZA (blue symbols) phonons in armchair-edge graphene.

where PSoh pincoh and ptotal yepresent the coherent,
incoherent and total specularity, respectively. Equa-
tion (@) corresponds to the normalized second mo-
ment of the transition probabilities, satisfying 0 <
protal peoh " pincoh <1 ©and is related to the inverse
participation ratio used to characterize disordered eigen-
states in Anderson localization theory M] The numer-
ator in Eq. (@) counts the effective number of outgoing
channels over which the scattered energy is distributed
and measures how evenly it is spread across the out-
going (transmitted and reflected) channels in different
branches. The specularity parameters are related to the
coherence from Eq. [ ) through the compact expression

(Piotal)? = C2(PER)? + (1= Co)(PR)? . (6)

We motivate Eq. (@) from the advantages and consis-
tency of its asymptotic (N — oo) behavior with expected
P values under well-defined conditions E] In the Casimir
(P = 0) limit where the incoming phonon energy is dif-
fused uniformly over all NV outgoing phonon channels,
we have Ptotal — N—1/2 5o that limy_,., PO% = 0.
For perfectly specular reflection (P = 1), there is only
one outgoing phonon channel with a transition probabil-
ity of unity (i.e. [Wiotal(w)]mn = 1 for some m) and
Ptotal — 1 as expected. For partially specular scattering
(P = p) where there is one dominant outgoing phonon
channel with transition probability p and the transition
probability to each remaining channel is %, we obtain

: total _
limy 00 PrO% = p.
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II. RESULTS AND DISCUSSION

A. Comparison with Zhao-Freund specularity
parameter

In addition to its consistency under well-defined con-
ditions, we also validate Eq. (B) by comparing its pre-
dictions to the lattice dynamics-based approach from
Ref. @] in which Zhao and Freund define a frequency-
dependent specularity parameter p(w), which lacks
modal resolution and we may consider as the specular-
ity parameter averaged over all the modes in all phonon
branches at the frequency w, based on the relative value
of the actual phonon transmission to the transmission
functions predicted from the acoustic mismatch model
(AMM) and diffuse mismatch model (DMM). As we
can resolve the phonon branch, we generalize the Zhao-
Freund estimate to define the more precise frequency-
and branch-dependent specularity parameter M] for the
left-lead a-branch phonons as

i) = —2l®) ~Z ) ™
Ot,L - —(A —_
=AM () — 2P ()

where @ = LA (longitudinal acoustic), TA (transverse
acoustic), ZA (flexural acoustic), LO (longitudinal op-
tical), TO (transverse optical) or ZO (flexural optical),
and 2,1, E&Aﬁw M and E((XD]E/I ™) are the transmission func-
tions calculated with the atomistic S-matrix, AMM and
DMM method, respectively, as described in Sec. S3 of
the Supplemental Material @] We also define the anal-
ogous branch-averaged, frequency-depedent total specu-
larity parameter

Snst! Pa ! (@)O(v) )00, 0

n=1 n

Zi:/:(q;) O (v} )00 o

) n?

ﬁa,L (w) - ’ (8)

by averaging P°*?! from Eq. (B) over all the incoming
left-lead a-branch phonon channels. The comparison be-
tween Eqgs. (@) and (§) is made over the frequency range
in which we have long-wavelength phonons with momen-
tum k satisfying |k| < kcutot where the cutoff momentum
keutofr 18 set as half of the distance between the I' and K-
point in the first Brillouin zone (BZ).

We observe excellent agreement between FLA,L and
pLa,L over the entire frequency range in Fig. Bl The
agreement between ?TA’L and pra 1, is also remarkably
good although the two quantities diverge at higher fre-
quencies, possibly because of the deviation of the TA
phonon frequencies from the linear dispersion implicitly
assumed in ESE\/IM) in Eq. (@) for estimating pra . The
sensitivity of the agreement between Eqgs. () and (8)
to the phonon dispersion linearity is also reflected in
the poor agreement between FZA,L and pzap for ZA
phonons, which have a quadratic phonon dispersion in
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the long-wavelength limit in graphene @], although the
general trend of the ZA phonon specularity increasing
with frequency is captured. The close agreement between
Eqgs. (@) and (®) for long-wavelength LA and TA phonons
supports our approach for estimating the specularity pa-
rameters in Eq. ().

B. Specularity and coherence of graphene phonons

In Fig. @, we analyze the reciprocal-space distribu-
tion of the phonon coherence (C,) and the total, coher-
ent and incoherent specularity parameters (Pgotal  peoh
and Pincoh) for the ZA, TA and LA phonon modes over
the entire first BZ in armchair-edge graphene, computed
from Eqgs. (@) and (@) over the frequency range of w = wy
to 25wp rad/s in intervals of wy = 10 rad/s, using the
method described in Ref. @] The mode-resolved data
over the entire BZ is obtained by plotting the mode-
resolved data at each frequency and then sweeping over
the aforementioned frequency range. The correspond-
ing results for zigzag-edge graphene are omitted here but
given in Sec. S4 of the Supplemental Material @] The
convergence of C, and P! with respect to GB width
is also discussed in Sec. S5 of the Supplemental Mate-
rial [38].

In Fig. @(d), we observe that C,, for ZA phonons in-
creases as k,, decreases, suggesting that long-wavelength
ZA phonons are more sensitive to GB roughness, against
conventional expectations that boundary roughness scat-
ters short-wavelength phonons more strongly E] In con-
trast, Figs. dle) and (f) show that C, for LA and TA
phonons decreases as k,, increases, indicating that long-
wavelength LA and TA phonons are less incoherently
scattered. The trend in Fig. @ld) is consistent with the
Ptotal distribution in Figs. d(g) to (i), which show Ptotal
decreasing for LA and TA phonons but increasing for ZA
phonons as k,, increases. We speculate that this is related
to the significantly higher point-defect scattering rates of
ZA phonons in graphene ] The greater GB scatter-
ing of ZA phonons implies that in suspended polycrys-
talline graphene, the in-plane LA and TA phonons play
a more significant role in heat conduction than the out-
of-plane ZA phonons which are sald to dominate ther-
mal transport in pristine graphene ] It has also been
proposed by Soffer m i] that the specularity param-
eter should vary anisotropically as P = exp[—(2nk.)?],
where 7 is the root-mean-square surface roughness, and
has no k,-dependence. However, we do not observe such
anisotropy for Pt in Figs. H(g) to (i), indicating a dis-
agreement with Soffer’s formula. Furthermore, in the
long-wavelength limit, the P!l for ZA phonons does
not converge to unity as suggested by the formula.
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C. Coherent vs. incoherent specularity parameters

It is widely assumed [19, 23, 24] that coherent (in-
coherent) scattering is perfectly specular (diffuse), i.e.,
Peoh — 1 (pincoh — () although there is no direct evi-
dence for this relationship. Underlying this assumption is
the idea that the perfect interface is smooth although at
the atomistic level, lattice imperfections must occur be-
cause of the crystallographic discontinuity. Given this as-
sumption, it follows from Eq. () that coherence is equiv-
alent to specularity (C, = P°%). We exploit our ability
to distinguish coherent from incoherent scattering to an-
alyze how specularity actually depends on coherence, by
comparing the PS°" and P! distributions in Figs. Ej)
to (0). The corresponding P and Pt distribu-
tions generally have similar k,-dependence, with PS" >
Ptotal hecause incoherent scattering is strongly diffuse
(Pincoh « 1) with no significant k,-dependence for ZA,
TA and LA phonons, as can be seen in Figs. d(m) to
(0), and Eq. (@) implies that Ptotal < max{peoh pincohy
The near uniform small value of Pi*°® over the entire BZ
in Figs. M(m) to (o) also suggests that the diffuse charac-
ter of incoherent scattering is captured by Eq. (&d).

Like in Fig.M(g), the PS°" distribution for ZA phonons
in Fig. [j) is significantly smaller than unity, indicating
that even coherent scattering is not fully specular for out-
of-plane polarized phonons. The P! distribution for LA
and TA phonons in Fig. l(k) and (1) show that the coher-
ent specularity diverges from unity as we move away from
the BZ center. To explain the reduced ZA phonon spec-
ularity (Pt°'3), we compare the main scattering tran-
sitions for an incoming armchair-edge graphene (a) ZA
and (b) TA phonon at normal incidence (k, = 0) to the
boundary at a single frequency of w = 5wy rad/s in Fig.[Bl
The incoming ZA phonon is forward-scattered to sev-
eral outgoing channels while the incoming TA phonon
is forward-scattered to a single outgoing channel on the
zigzag-edge side. The distinctive periodic arrangement in
the distribution of the main outgoing ZA phonon chan-
nels, separated by an interval of Ak,, is due to diffrac-
tion by the smooth part of the boundary which has a
periodicity equal to Wgp the width of the constituent
(4,4)|(7,0) GB such that Ak, = 27/Wgs. For a clear
representation of diffraction by the ‘smooth’ boundary
with the aforementioned transverse periodicity, we plot
the equivalent scattering transitions for the pure GB-II
and GB-III boundaries in Sec. S6 of the Supplemental
Material @] A similar effect has also been reported for
molecular dynamics simulations of symmetric graphene
GB’s @] This diffractive scattering is seen for other ZA
phonon channels but none of the in-plane LA and TA
phonons.
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Figure 4. (a-c) Phonon dispersion, (d-f) coherence (C,) and the estimated (g-i) total, (j-1) coherent and (m-o) incoherent
mode-resolved specularity parameters (P°%®! PSR and PR for the ZA, TA and LA phonons in armchair-edge graphene
impinging on the grain boundary. The modes in the incoming phonon flux are filled circles colored according to their numerical
value while the modes in the outgoing flux are hollow squares. The frequency range is w = wo to 25wo where wy = 10%?
rad/s, with the maximum frequency (wmax) for the ZA, TA and LA phonons equal 12wp, 21w and 25wo, respectively. The
isofrequency contours are indicated in intervals of Aw = wp in (d-o) using solid gray lines. The phonon dispersions in (a-c)

are indicated with color contours in intervals of Aw = wo / 2.

III. SUMMARY

We have formulated an S matrix-based theory of
boundary roughness scattering to predict the mode-
resolved coherence and specularity parameters and ap-
plied it to the (32,32)|(56,0) graphene GB. The predicted
specularity parameters are shown to be consistent with
those of Zhao and Freund [33]. We find that phonon
scattering is predominantly coherent for graphene GB’s
although contrary to expectations, coherence and spec-
ularity are lowest for long-wavelength ZA phonons be-
cause of diffractive scattering by the GB, while the op-
posite trend is seen for LA and TA phonons. Our results
also demonstrate that incoherent scattering is much more
diffuse than coherent scattering and that coherence and
specularity are not necessarily equivalent. Given its gen-
erality, our method can be applied in a straightforward
manner to analyze phonon coherence and specularity in
other atomistic boundary models.
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17 S1. GRAIN BOUNDARY STRUCTURE GENERATION AND OPTIMIZATION

1s  The original 186-atom GB-II and GB-III supercells from Ref. [I] are shown in Fig. [SI{a) and each supercell has
10 two (4,4)|(7,0) grain boundaries consisting of a continuous undulating line of pentagon-heptagon defect pairs that
20 define the interface between bulk armchair and zigzag-edge graphene. By ‘zigzag’ or ‘armchair’ edge, we refer to the
21 arrangement of the carbon atoms in the y-direction parallel to the grain boundary (GB). To generate the larger GB
22 structure in Fig. b), we first expand GB-II and GB-III by increasing the size of the bulk armchair and zigzag-edge
23 graphene region between the two interfaces, such that the distortion of the graphene bulk lattice is reduced. We then
2e patch ngp = 8 of the expanded GB-II’s and GB-III’s up in the y-direction to generate the (32,32)|(56,0) GB structure
2s in Fig. [ST[b). The exact configuration of the (32,32)[(56,0) GB depends on the number of GB-II's and GB-III’s and
26 the order in which they are arranged.

2z We model the C-C atom interaction using the Tersoff potential [2] with parameters from Lindsay and Broido [3].
2s In bulk graphene, this potential minimizes the C-C bond length to 1.44A. Because the zigzag edge is slightly wider
20 than the armchair edge by about one percent, we use this value to fix the width of the GB as L, = 139.55A as
s0 this results in the minimized average C-C bond length of 1.44A and 1.45A in bulk zigzag-edge and armchair-edge
a1 graphene, respectively. The slightly longer C-C bond length in armchair-edge graphene is due to the one percent
32 lateral strain in the y-direction. The code GULP [4] is used to optimize the atomic positions in the GB structure.
33 The supercell is allowed to relax only in the z-direction or perpendicular to the GB to obtain the optimized value of
sa L, the length of the supercell in the z-direction. Periodic boundary conditions are imposed in the x and y-direction.
35 In the scattering region bounded by dashed lines in Fig. b), the C-C bond lengths vary between 1.39A and 1.49A
36 after minimization.

sz After minimization, the force constants corresponding to the atoms in the scattering region are computed in GULP
38 and then post-processed to yield the interatomic force constant (IFC) matrix describing the scattering region,

Ky Ko
39 Kc=| Ko K11 Kp2 (S1)
Ky Ko

20 where the submatrix K,,, describes the coupling between subregions n and m in Fig. b). Subregions 0 and 2
represent the bulk-like edges of the scattering region and connect the scattering region to bulk armchair- and zigzag-
a2 edge graphene while subregion 1 corresponds to the center of the scattering region. We also extract the matrices
e K and Kb (KXY and K%') which describe the coupling within and between layers, as shown in Fig. (c), in
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Figure S1. (a) Atomic structure of the original GB-II and GB-III supercells with (4,4)/(7,0) graphene grain boundaries, taken
from Ref. [I]. (b) Example of a (32,32)|(56,0) grain boundary constructed from GB-II and GB-III. The scattering region is
enclosed in green dashed lines and divided into three subregions, 0 to 2, with 0 and 2 corresponding to the edges coupled to
the bulk. (c¢) Atomic structure of bulk armchair- and zigzag-edge graphene, comprising layers arrayed in the z-direction, with
periodic boundary conditions in the z-direction. The red atoms correspond to one layer.

22 armchair-edge (zigzag-edge) graphene. The block-tridiagonal IFC matrix for the entire scattering system is

45

46

47

I{%P 1(%1
(KIHt | Ko Ko
K= K,y Ki; Ky
Ky Ky | Ky
01yf
(Kg) Ky
which we rewrite as
K{’ K,
K= Kcr Kc Kcr

00
I(gR‘ I(R
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Figure S2. Phonon frequency w as a function of the wave vector k in the first BZ for the ZA, TA and LA phonons in (a-c)
armchair-edge and (d-f) zigzag-edge graphene. The phonon frequency w is colored according to the color bar scale (in meV).

where K¢y, (Kcr ) represents the coupling between the scattering region and the left (right) lead and is derived
from K} (K. To satisfy the acoustic sum rule required from translational invariance, we recalculate the diagonal
elements of K to satisfy [Kl; = —>_,;[K];;. Finally, the mass-normalized force-constant matrices H 0 Y HY,

H %1, Hc¢y,, Ho and Hcg are obtained from the IFC matrices by dividing each matrix by m, the atomic mass of
carbon.

Figure shows the phonon dispersion (w vs. k) for the ZA, TA and LA phonons in armchair and zigzag-edge
graphene computed from their IFC matrices. The dispersion is nearly isotropic at low frequencies and small k but
becomes highly anisotropic near the Brillouin zone edges. From Fig.[S2[a) to (c), we note that the slight tensile strain
in armchair-edge graphene has no significant effect on its ZA, TA and LA phonon dispersions which have near-sixfold
syminetry.

S2. S-MATRIX CALCULATION METHODOLOGY

In this section, we give the explicit details of the S matrix calculations which are based on Ref. [5] and developed from
the well-known Atomistic Green’s Function method [6]. The Green’s function of the scattering region in Fig. b) is
given by

th(w) = [(w2 +i0")I — He — I (w) — ER(w)rl

where 3y (w) = HcoLgi®® (WH}, and Zg(w) = HgRgf{}er(w)HgR are the self-energies associated with the left
(i.e. bulk armchair-edge graphene) and right (i.e. bulk zigzag-edge graphene) leads, respectively, with the left and
right-lead retarded surface Green’s functions given by

ret

gL,—

gt () = [(@* +i0M)Ty — HY — (HY)igiet () HY] (53a)

ret

git (W) = [(W? +i07)Ix — HY' — Hy git"y (w)(HR)' ™ (S3b)

I, I1, and Iy are identity matrices of the same size as Hc, H 20 and H %0, respectively. In addition, we can also
define

915 (W) = [(w* +i0") Iy — HY? — HY i (W) (HY)' ™ (S3c)
gi— (W) = [(w?* +i0")Ir — HY' — (Hy) g (w)HY] ™", (S3d)
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g (W) = gi*" (w)' and &'y (w) = gi¢*, (w)T. The retarded surface Green’s functions in Eq. can be computed
using established numerical methods [7] and taking advantage of the transverse translational symmetry [3].
Given Eq. , we define the Bloch matrices (Fiet/adv(f) and th/adv(+)):

Fiet/adv(_)_l _ giiitjadegl

th/adv(_’_) _ gret/adellio

R,+
and their associated eigenmode matrices (Uiet/adv(—) and U;ft/adv(—i—)):
Fiet/adV(_)flU!'Let/adV(_) — Uiet/adV(_)Aiet/adV(_)fl (S4a)
FrRet/adv(+)U;§t/adV(+) — UrRet/adV(_i_)A;et/adV(_"_) (S4b)

along with the eigenvelocity matrices (VrLet/ Yy and V;ft/ ()

Viet/adv(_) _ —%[Uiet/adv(—)wH]{O [giitjadv . (gﬁt,/adv)T]HglUiet/adv(—) (S5a)
ngt/adv(_” _ %[Ugt/ad\z(_i_)]TH%l [gg,t_i/_adv o (ggL/_adV)T]H%{OU;:t/adV(_F) (S5b)

Dropping the subscipts and superscripts, we can write the eigenmode matrices in Eq. as
U = (u(k1),u(kz2), ..., u(kn)) (S6)

where u(k,) is a column vector corresponding to the phonon eigenmode with wave vector k, which is real for
bulk phonon modes and complex for evanescent modes. The wave vector k,, is determined using the zone-unfolding
procedure described in Ref. [5] and is also identified according to its polarization /branch. We may regard each column
vector of U (=) |U®(—)| as an incoming (outgoing) left-lead phonon mode describing the atomic displacements in
the bulk layer immediately left of subregion 0 in Fig. b) and likewise each column vector of UXY (4) [Us'(4)] as
an incoming (outgoing) right-lead phonon mode describing the atomic displacements in the bulk layer immediately
right of subregion 2 in Fig. (a). Although there are N column vectors on the righthand side of Eq. , only a
subset of them correspond to bulk phonon modes, with the number of bulk phonon modes dependent on the frequency.

In the rest of this section, we reserve the symbols p,, and p/, (where n = 1,..., N, (w) and Np,(w) is the number
of outgoing or incoming phonon modes at frequency w) for the wave vectors of the outgoing and incoming left-lead
bulk phonons, respectively, and g,, and g, (where m = 1,..., Ng(w) and Ng(w) is the number of outgoing or
incoming right-lead phonon modes at frequency w) for the wave vectors of the outgoing and incoming right-lead bulk
phonons, respectively. The incoming bulk phonon modes are denoted with a / superscript while the outgoing ones are
not. At each frequency w, we have a set of outcoming left-lead phonons associated with the wave vectors U (w) =
{py,-.. ,pNL(w)}. The number of elements as well as the composition of this set depends on w. So, at another frequency
W' # w, we have a different set of left-lead phonons Uf®*(w') = {py,... PNy (wy) and its wave vectors are usually
different to those of U(w) unless the phonons belong to different polarization branches. Therefore, at each frequency
w, we have two sets of wave vectors U2 (w) = {p],... s Py (o} and URY (w) = {q/, ... s @xp (o)} @ssOciated with the

incoming left- and right-lead phonons, respectively, and another two sets of wave vectors U{* (w) = {P1,- .-, Py ()}
and U (w) = {q4, ..., q Ny ()} associated with the outgoing left- and right-lead phonons, respectively.
Given Egs. and , the transmission and reflection matrices are:

21w

\/CLRTL[Vift(+)]1/2[U%et(+)]‘lG%eﬁ O™ () VN (12 (S7a)

tRL (w) =

21w

A/ a1, aR

tLr(w) = [VE (20T ()] GIRIUEY (0T VEY ()] (S7b)

i (w) = %[Viet(—)]”Q[Ui"t(—)]_1(G£et — QU HIUL ()T Vi ()] (S7¢)
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where

21w
TRR (w) = —

aRr

Gi'(w) = grR6f+(W) +9Rr.+

QL(w) = (W? +i0")IL — HY® — (HY)T g (w)HY' — H

G (@) = gitt () + gih

G = gity

Gifh () = gitt

(W) HreGE (W) HopLgi® (w)

(W) HrcGE' (w)Hergl 'y (w)

ret

01 _ret
L 9L+

ViU )G~ QROITE™ (1)1 VA (4] (s7d)

(W) HicGE" (W) Hergh: (w)

(W) HreGE' (w)Hcrghi'y (w)

(w)(HT

Qr(w) = (W +i0)Ix — Hy' — (Hy) g (w)Hy — Hy g}, (w) (Hy)'

We obtain the reduced transmission and reflection matrices gy, tLr, 71, and Trg from Eq. (S7) by eliminating their
matrix columns and rows associated with the evanescent modes. The matrix tgy, is an Nr x N1, matrix of the form:

tr1, =

S(qn,.PL) ---

S(qlvpll)

S(q1, P, )

S(qng > Py,

(S9)

where S(q,,, p.,,) is the complex scattering amplitude between the incoming left-lead p/,, phonon mode and the outgoing
134 right-lead g,, phonon mode. Similarly, we have

Equations 1} are combined to yield the overall Ng x Ng scattering matrix:

S(p1,ph) S(p1,P,)
TLL = . (S].O)
S(pNLapll) S(pNLal)?\/'L)
S(p1,4) S(P1, any)
S(pNLaqll) S(pNLaqGVR)
S(q1,q") S(qy,dl,)
TRR = : . : (812)
S(Ang,q1) -+ SNy )
S(p1,p1) S(p,Py,) | S, q)) S(p1,dn,)
S(pNL’pll) S(pNL’p%[L) S(pNL’q/l) S(pNyq/NR) (813)
S(qq,p") S(q1,P.) | S(a1,91) S(q1,q'y;,)
S@ng>P1) - S(@ng:Phy) | S(@ngs 1) -+ S(@ng s @)
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satisfisfying the unitary condition
S(w)S(w)" = S(w)'S(w) = Is

where Ng = Np, + Ni and Ig is the Ng x Ng scattering matrix. Equation (S13) can be expressed as:

S(ky,k}) ... S(k:l,krﬁ\,s)
Sw) = : :
S(stvkll) S(stkaVS)
where we have combined the left and right-lead wave vectors such that for n =1,..., Ng,
k. — JPn , n < NL
" qn—NL 9 NL <n S NS )

Given Eq. (S13), we define the transition probability matrix W (w)

Wk Ky) ... W(kiKy,)
W (w) = SR (S14)
W(kNS,k:’l) VV(k:NS7 /Ns)

where each matrix element of W (w) is equal to the absolute square of the corresponding matrix element of S(w), e.g.
Wk, k;,) =[Sk, k)2

m

S3. DEFINITION OF BRANCH-RESOLVED TRANSMISSION FUNCTIONS

The left-lead phonon a-branch transmission function is the sum of the transition probabilities between the incoming
left-lead a-branch phonon channels and all the possible outgoing right-lead phonon channels, i.e.,

N(w) N(w)

Z Z U;,n)g("}w,m)‘sun,a (S15)

n=1 m=1

where v, and vy, (v, and v,) are respectively the z-direction group velocity and branch index of the left-lead
incoming p/, phonon (right-lead outgoing g,,, phonon). Similarly

NL Nr

2 W) =303 1™ (@ P) P00 0 (S16)

n=1m=1

and

—(DMM Na,L(W)Na,R(W)

Ex,L )(w) _ ', ) (S17)
Nop(w)+ Nagr(w)

are the corresponding transmission functions in the AMM and DMM, respectively, and |t(A1\/ﬂ\/I)(qm,p;l)|2 is the
transition probability between the left-lead incoming p/, phonon and the right-lead outgoing g,, phonon, given by

/
AMM)( 2 4UI7m’Ux,n

t QD) =T 2
‘ m n)| (Uat,m +U;:,n)2

Amn (S18)

where Ay = 4.9, 5-p., Ovpn v - The Apyy, term in Eq. (S18) is only nonzero when the incoming and outgoing phonon
channels share the same transverse phonon momentum (g - q,, = ¥ - p},) and branch index (v, = v/,), and describes
how the energy from an incoming left-lead phonon channel can only be transmitted to an outgoing right-lead phonon
channel of the same transverse momentum and branch index in the long-wavelength limit. We may regard Eq. as
a generalization of the transmission probability for acoustic waves at an ideal boundary [§] with no mode conversion,
an assumption justified by the near-identical acoustic impedance of armchair- and zigzag-edge graphene in the long-
wavelength limit.
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Figure S3. (a-c) Phonon dispersion, (d-f) coherence (C,) and the estimated (g-i) total, (j-1) coherent and (m-o) incoherent
mode-resolved specularity parameters (P2°%! Pt and Pinch) for the ZA, TA and LA phonons in zigzag-edge graphene
impinging on the grain boundary. The modes in the incoming phonon flux are filled circles colored according to their numerical
value while the modes in the outgoing flux are hollow squares. The frequency range is w = wo to 25wy where wy = 103
rad/s, with the maximum frequency (wmax) for the ZA, TA and LA phonons equal 12wy, 22wy and 25w, respectively. The
isofrequency contours are indicated in intervals of Aw = wp in (d-o) using solid gray lines. The phonon dispersions in (a-c)
are indicated with color contours in intervals of Aw = wo/2.

In Eq. , N, 1, is the number of incoming left-lead a-branch phonon channels at frequency w while NQ,L (NQ’R)
is the number of incoming left-lead (right-lead) phonon channels that are polarized (in-plane or out-of-plane) similarly
to the a-branch phonons. For instance, NzA’L = NZO’L = Nza 1 + Nzo1 and NLA,L = NTA’L = NLO’L = NTO,L =
Npan + Nran + Noon + Nro because the ZA and ZO phonons are out-of-plane polarized while the LA, TA, LO
and TO phonons are in-plane polarized. The form of Eq. is motivated by the fact that the GB preserves the
out-of-plane reflection symmetry which prevents the mixing of in-plane and out-of-plane phonon channels.

S4. SIMULATION RESULTS FOR ZIGZAG-EDGE GRAPHENE

Figure shows the k,,-dependent phonon coherence (C,,) and specularity parameters (Po%l pcoh and pincoh) for
incoming flexural (ZA), transverse (TA) and longitudinal (LA) acoustic phonons from bulk zigzag-edge graphene at
w = nwy where wy = 103 rad/s and n = 1,...,25. The dependence on polarization and wave vector are similar to
those of the phonons in armchair-edge graphene. Figure shows the frequency (w) dependence of C,,, Ptotal pcoh
and PPc°b for the same phonons in both armchair- and zigzag-edge graphene.

S5. CONVERGENCE OF SIMULATION RESULTS FOR PHONON COHERENCE, TOTAL
SPECULARITY AND TRANSMISSION

We test the convergence of our results with respect to L, the size of cross-sectional width of the GB by repeating the
same set of calculations for progressively wider GB’s. We compute the phonon coherence (C,) and total specularity
parameters (Pt°t21) for the (16,16)](28,0), (24,24)|(42,0) and (32,32)|(56,0) GB’s with 69.78A (ngp = 4), 104.67A (6)
and L, = 139.55A (ngp = 8), respectively. Like the (32,32)|(56,0) GB, the (16,16)|(28,0) GB is generated from a mix
of GB-II’s and GB-III’s but with ngpg = 4 instead of ngg = 8§, i.e., it comprises fewer number of GB-II’s and GB-IIIs.
Similarly, the (24,24)|(42,0) GB corresponds to ngg = 6. The GB structures are first optimized and the interatomic
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Figure S4. Frequency dependence of the (a-c) phonon coherence (C,) and the estimated (d-f) total, (g-i) coherent and
(j-1) incoherent mode-resolved specularity parameters (Pot2l pPcoh and Pincob) for the flexural (ZA), transverse (TA) and
longitudinal (LA) acoustic phonons in armchair-edge (blue triangles) and zigzag-edge (red triangles) graphene. The black solid
circles in (d-1) represent the specularity in the Casimir limit where Pt = peoh — pincoh — N (,)=1/2 and N(w) is the total
number of phonon channels at frequency w.

forces are computed like in Sec. For the smaller GB’s, there are fewer possible boundary configurations. Hence,
the configuration average (...) for the (16,16)|(28,0) GB requires averaging over 2* = 16 boundary configurations
while that for the (24,24)|(42,0) GB requires averaging over 2¢ = 64 boundary configurations.

Figure shows the mode-resolved coherence parameter (C,) distribution in reciprocal space for different phonon
polarizations and grain boundary widths in armchair-edge graphene over the frequency range of w = wy to 25wy rad/s
where wy = 10' rad /s is the frequency step size. To understand the effect of L, on the coherence, we compare the ZA
phonon coherence parameter shown in Figs.|S5(a), (d) and (g). As the GB width L, increases, the number of incident
phonon modes becomes larger and distribution of phonon modes in the BZ becomes denser because the spacing in the
k, direction is inversely proportional to L,. Nonetheless, the Brillouin zone distribution of C,in Fig. a) is similar
to that of Figs. (d) and (g), indicating that the mode-resolved coherence parameters converge as L, increases. We
also observe a similar convergence for the TA [Figs. [S5[b), (e) and (h)] and LA [Figs. [S5(c), (f) and (i)| phonons .

We also compare the frequency-dependent average coherence parameter in Fig. [S6] in which the average is taken
over all the isofrequency phonon modes of the specified polarization. Figures [S6(a), (d) and (g) show the results for
the ZA phonons. We find that the average frequency-dependent coherence parameter does not change significantly for
the ZA phonons as L, increases, supporting our analysis of the convergence of the mode-resolved coherence parameter
in Fig. A similar convergence trend is likewise observed for the TA [Figs.[S5(b), (e) and (h)] and LA [Figs. [S5]c),
(f) and (i)] phonons.

In addition to the coherence parameter, we also analyze the convergence of the mode-resolved and the frequency-
dependent average total specularity parameter (Pt°2!) with respect to the grain boundary width (L,). Figure
shows the mode-resolved total specularity parameter (P°**!) distribution in reciprocal space for different phonon
polarizations and GB widths in armchair-edge graphene while Fig. shows the frequency-dependent average total
specularity parameter. As with our analysis of the convergence of the coherence parameters, we find that the total
specularity parameters (Pt°ta!) exhibit a similar convergence with respect to L,. We also compare the phonon
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Figure S5. Comparison of the phonon mode-resolved coherence (C,) at the (a-c) (16,16)|(28,0), (d-f) (24,24)|(42,0) and (g-i)
(32,32)|(56,0) grain boundary for the flexural (ZA), transverse (TA) and longitudinal (LA) acoustic phonons in armchair-edge
graphene impinging on the grain boundary. The modes in the incoming phonon flux are filled circles colored according to their
numerical value while the modes in the outgoing flux are hollow squares. The frequency range is w = wo to 25wo rad/s where
wo = 10'3 rad/s is the frequency step size. The maximum plotted frequency for the ZA, TA and LA phonons are 12w, 21w
and 25wo, respectively.

transmission per unit width Z(w) in Fig. for different L,’s and find that there are no significant changes in the
transmission spectrum as L, increases.

S6. ZA AND TA PHONON SCATTERING AT PURE GB-II AND GB-III INTERFACE

We compare the main scattering transitions for an incoming armchair-edge graphene (a) ZA and (b) TA phonon
at normal incidence (k, = 0) to the boundary at w = 5w rad/s in Fig. for (a,b) a GB-II only and (c,d) a GB-III
only (32,32)|(56,0) grain boundary.
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Figure S8. Comparison of the frequency dependence of the average phonon mode-resolved total specularity (P:°*?) at the (a-c)
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Figure S9. Comparison of the phonon transmission function per unit width =(w) at the (16,16)|(28,0) GB (blue circles),
(24,24)|(42,0) GB (green squares) and (32,32)|(56,0) GB (red diamonds).



14

oOutgoing  Incoming ... Scattering
GB-lI only channel channel transition
(a) 45 ‘ ArmcHair-edge|  [Zigzag-édge s
10f 410
o 0 ° =
S =
% Of < 10 <
s 3
< gL 1ol 5 >
0.8]
-10F 26 1-10
0.4]
151 B L 0.2] 15
L L L L L 0.0
-20 -10 0 10 20 -20 -10 0 10 20
GBIl only ky (109 m™) Ky (10° m")
(b) 15F ‘ " ArmcRair-edge] [Zigzag-édge l1s
10 b0 ® o, B F oy 410
~  5F B F +5
‘_E o o \;x f "0 {
o o { @/ i 0.977 ﬁ"’ } 1o 3
2
< L s 3
< gl TA il L 1ogml_5 =
%, . ga S0y za oo 22
-10- R 1 F S h-10
0.4
_157 L L L 1 L L L gi _15
-20 -10 0 10 20 -20 -10 0 10 20
ky (10°m™") ky (109 m™)
GB-lll only
(c) 4s- ‘ ArmcHair-edge|  [Zigzag-édge s
10 b0 ® o, B F 410
~ 5F Is
A o O <>
£ 0o =
e o %@LAE} 10
< o 3
< gL TA 1.0 -5 =
o 0.8]
00
-10- s oo -10
-15- R 02 415
| | | 1 1 0.0
-20 -10 0 10 20 -20 -10 0 10 20
GB-Ill only ky (109 m™) Ky (10° m")
(d) 50 ‘ " ArmcRair-edge]  [Zigzag-édge l1s
107 000 o o DE‘D N [ DDD Og 710
—~ 5F B F +5
‘_E o o5, . o0 T
@ o § E/ in 0.987 ﬁp % 1o 5;
hat '5% %\%ﬂlﬁ% 3
2% 2% ,
< gL TA 4 L TA 1opml_5 >
o 0.8
o oo g
10l o e i L o ZA o° 08 _19
0.4]
-151- 4 F 0% J-15
| | | | | 0.0
-20 -10 0 10 20 -20 -10 0 10 20
ke (109m™) ky (10° m™)

Figure S10. Main scattering transitions for an incoming (a, ¢) ZA and (b, d) TA phonon, labeled V¥;,, at normal incidence to
the grain boundary from the armchair-edge graphene on the left at w = 5 x 10" rad/s for a (32,32)|(56,0) GB with constructed
from (a, b) GB-II’s and another from (c, d) GB-III’'s. The bulk LA, TA and ZA phonon channels on the armchair-edge (left
subpanel) and zigzag-edge (right subpanel) graphene side are displayed within their respective first Brillouin zones. The color
scales indicate the transition probability for the dominant outgoing channels, with the transitions indicated by dotted lines and
transition probabilities written in Italic font.
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