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Abstract—Shape priors play an important role for object seg-
mentation in images with noise, distortion, shape deformation and
partial occlusion. However, traditional region-based formulations
often use classical level set functions, leading to complicated
implementation and expensive computational costs, especially for
image segmentation with multiple shape templates. To address
these problems, in this paper we propose a novel segmentation
formula based on the Potts model, where a reference image
may contain more than one shape prior. A periodic condition
and bounded region are used for the shape transformation, as
we describe a new algorithm for formulation that can segment
several objects simultaneously. Specifically, we focus on the use
of characteristic functions as opposed to conventional classical
level set functions for improved image processing efficiency. The
reporting of four separate experiments using different images
demonstrates the potential of the formulation and algorithm
discussed.

I. INTRODUCTION

Segmentation partitions an image into different regions to
enable the extraction and separation of objects for further
analysis. This is a well established and cited process in com-
puter vision. To achieve this, variational methods can perform
segmentation through minimization. In image processing there
are a number of variational models that deal with shape, region
and edge-based detection (e.g. [1]–[3]). However, in this paper
we specifically focus on the Potts model [4], and its application
to minimize the sum of the data fidelity, and the boundary
region of a segmented image.

A strong motivational factor for exploring the Potts model
is its ability to allow for the fast implementation of segmented
results. The Potts model is widely used in image classification
and labeling, which is a NP-hard problem when approached
in a discrete manner. Commonly, discrete problems are solved
based on nodes and edges as reported in [5] and [6]. In
comparison, we consider the Potts model from a continuous
point of view, using sub-regions and solving energy functions
numerically (see [7]–[12]).

As illustrated in Fig. 1, finding objects-of-interest can
be challenging when an image is corrupt (e.g. with a loss
of missing features), has been modified in some way (e.g.
cropped), or involves multiple objects in a complex scene.
To address these image quality issues, proposed solutions
include adding shape prior information into the segmentation
model [13], [14]. In particular, image segmentation can be
facilitated by prior knowledge, especially for high image noise
and distortion, shape deformation and occlusion.

However, while variational models with shape prior infor-
mation have been studied for a number of years [15]–[21],
there still remains the challenge of how to efficiently solve
the formulation combining the minimization problem with
shape prior information. As reported in more detail in the next
section, a number of formulation models have used classical
level set functions, which require re-initialization. This can
complicate the implementation work, especially for a multi-
phase problem with multiple shape priors. In contrast, we
use characteristic functions as opposed to classical level set
functions for improved computational processing.

The main contribution of this paper is to describe the use
of characteristic functions to connect the multi-phase Potts
model and multiple shape priors. This connection is handled
in a periodic condition and bounded region, avoiding the local
minima. A relaxation technique and log-sum term is further
used to handle the constraint of the characteristic functions
to obtain the global optimum. For large time step size and
improved computational speed, we utilize the Chambolle’s
dual algorithm. Overall, we perceive the novelty of this work
in the new formulation using the characteristic function, and
algorithm developed.

(a) Corrupt image (b) Complex scene

Fig. 1. Segmented images using the Potts model for a corrupt and complex
object scene. Deficiencies can be observed in using the model.

The remaining paper is organized as follows. We present
the related work and introduce the motivation of our new
formulation in Section II. In Section III, we then explain
the formulation incorporating the Potts model with reference
images containing one or more shape priors. In Section IV,
we set out to describe our computational process to solve
the minimization problem, which consists of splitting and
relaxation techniques, the use of a log-sum term, and the
Chambolle’s dual algorithm. Finally, we describe the exper-
imental procedures and results of our work compared to



previous methods in Section V, concluding in Section VI.

II. RELATED WORK

There are many region-based methods proposed for image
segmentation with shape priors. A significant approach is
described by Bresson et al. [19], who combines the work
of [15] and [16], to extend the shape prior technique in
the Mumford-Shah functional for multiple shape priors. In
contrast, research using single shape priors includes that of
Chan et al, [18], in which shape prior knowledge is established
using the Chan-Vese model [22], while testing on images of
a constant intensity. More recently, Overgaard et al. [21] pro-
posed a novel formulation using a continuous cut and gradient
descent for pose invariant shape prior image segmentation.

Commonly, the above works use a classical level set func-
tion φ (usually taken as the signed distance function [23],
with φ ≥ 0 inside, and φ ≤ 0 outside a given object). The
corresponding indicator uses a Heaviside function, H(φ), with
a level set function satisfying |∇φ| = 1. This requires re-
initialization of φ in each iteration.

In addition, a rather complicated computation is required
when dealing with multi-phase shape priors. For example, for
m = 4 phases [23], the level set functions φ1 and φ2 are used
to represent four regions: {φ1 > 0, φ2 > 0}, {φ1 > 0, φ2 <
0}, {φ1 < 0, φ2 > 0}, {φ1 < 0, φ2 < 0}. As these functions
are coupled, the non-differentiability involved can cause severe
numerical difficulties to solve them efficiently [24]. In contrast,
we propose the use of characteristic functions to represent the
edge of objects, and address the incorporation of a multi-phase
model with reference images containing multiple shape priors.
Advantageously, the characteristic function does not need re-
initialization, and can segment multiple objects simultaneous-
ly.

Further, it should be noted that the recent works of Safar
and Yang [25] and Kihara et al. [26] have both applied deep
learning approaches for object segmentation of shape priors,
by applying training phases to learn related features. In con-
trast, we focus on a template-based formulation expressed in a
reference image, avoiding the requirement for the supervised
learning of objects.

III. OUR OPTIMIZATION FORMULATION

In this section, we demonstrate how to link the Potts
model and the shape prior knowledge through characteristic
functions. First, we present the Potts model, which can be
formulated as follows: Assume I : Ω→ R is the input image
and the sub-regions {Ωi} form a non-overlapping partition of
Ω. The minimization problem is written as

min
{Ωi}mi=1

{
E
(
Γ
)

:= λ
m∑
i=1

∫
Ωi

fi(x) dx+
m∑
i=1

|∂Ωi|
}
,

subject to ∪mi=1 Ωi = Ω with Ωk ∩ Ωl = ∅, ∀k 6= l,

(1)

where λ > 0,Γ = ∪mi=1∂Ωi and {fi}mi=1 are the data
fidelity terms used to enforce the criteria for classification
and labeling. We choose fi = |I − ci|2 or fi = |I − ci| for

the region-based segmentation, and {ci} for the optimal mean
values.

The characteristic function of Ωi is given by

χi(x) =

{
1, if x ∈ Ωi,

0, if x ∈ Ω \ Ωi.
(2)

Subsequently, the model (1) can be formulated as

min
{Ωi}mi=1

{
λ

m∑
i=1

∫
Ω

fi(x)χi(x)dx+
m∑
i=1

|∂Ωi|
}
. (3)

Next, we use characteristic functions to link a reference
image with a segmented object through transformation. To
illustrate, suppose the indicator function of the segmented
object is ψ, and the corresponding shape prior in a reference
image is ψ0, they are both related by (a, b, r, θ) as follows:

ψ =ψ0(x∗, y∗). (4)

where

x∗ = er(x cos θ + y sin θ) + a;

y∗ = er(−x sin θ + y cos θ) + b.
(5)

a, b, θ, r are the parameters of the shift, rotation and scale of
a shape prior in a reference image. Note that:
(1) We choose to use er instead of r as mentioned in [18],

and [27], because it is complicated and time consuming
to handle the constraint r > 0.

(2) We assume the whole domain Ω is a periodic bound-
ary condition, and all the parameters are bounded,
i.e., when the image size is Nx × Ny, then a ∈
[−Nx,Nx], b ∈ [−Ny,Ny], θ ∈ [−π, π] and r ∈
[− log(min(Nx,Ny)), log(min(Nx,Ny))]. This restric-
tion makes the computation bounded, and avoids the local
minimum.

Hence, if there are k(< m) shape priors ψ = {ψ1, · · · , ψk}
in a given reference image, the minimization problem incor-
porating the Potts model is written as:

min
ψ,χ

{
E(ψ,χ) =

m∑
i=1

(
λ

∫
Ω

fiχi dx

+ |∂Ωi|
)

+ α
k∑
j=1

∫
Ω

|χj − ψj |2dx
}
.

(6)

IV. MINIMIZATION ALGORITHM

In having introduced the formulation (6), we now present
the minimization algorithm. In order to solve the minimization
problem with two unknown variables (ψ,χ), we use a splitting
technique [12], [28] to identify the minimizer:
(a). Fixing χ, we search for ψ such that:

min
ψ

{ k∑
j=1

∫
Ω

|χj − ψj |2dx
}
, (7)



(b). Fixing ψ, we search for χ such that:

min
χ

{ m∑
i=1

(
λ

∫
Ω

fiχidx+ |∂Ωi|
)

+ α
k∑
j=1

∫
Ω

|χj − ψj |2dx
}
,

(8)

where χ = (χ1, χ2, · · · , χm) with

χi ∈ {0, 1},
m∑
i=1

χi ≡ 1.

A. Minimization with respect to ψ

First, we deal with equation (7), the gradient descent flow
for aj , bj , rj , θj(1 ≤ j ≤ k) are given as:

∂aj
∂t

=

∫
Ω

(χj − ψj) ψjx dx,

∂bj
∂t

=

∫
Ω

(χj − ψj) ψjy dx,

∂rj
∂t

=

∫
Ω

(χj − ψj)
(
ψjxe

rj (x cos θj + y sin θj)

+ ψjye
rj (−x sin θj + y cos θj)

)
dx,

∂θj
∂t

=

∫
Ω

(χj − ψj)
(
ψjx e

rj (−x sin θj + y cos θj)

+ ψjye
rj (−x cos θj − y sin θj)

)
dx,

(9)

where ψ = {ψ1, · · · , ψk} is expressed as (4), and ψjx =
∂ψj

∂x

and ψjy =
∂ψj

∂y .

B. Minimization with respect to χ

Second, we consider the optimization problem (8) with
respect to χ. In order to handle the difficulty of non-
differentiability of the length term, we change (8) from a
primal to primal-dual formulation using the definition of the
total variation [23]:

TV (u) =

∫
Ω

|∇u| = sup
p∈S

∫
Ω

udivp dx, (10)

with

S :=
{
p = (p1, p2) ∈ C1

c (Ω;R2) : |p| ≤ 1, ∀x ∈ Ω
}
,

where |p| =
√
p2

1 + p2
2. Consequently, the minimization

problem (8) can be re-written as:

min
χ

max
~p∈S

{ m∑
i=1

(
λ

∫
Ω

fiχidx+

∫
Ω

χi divpidx
)

+
k∑
j=1

α

∫
Ω

|χj − ψj |2dx
}
,

(11)

where ~p = {p1, · · · ,pm} and S = Sm.
Note, as the third term of (11) is not linear, it cannot be

represented as a Potts-type model [12], [28] with known ψ.

Specifically, knowing the ψ, equation is not convex due to
the constraint of χi to be {0, 1}, makes it difficult to present
an efficient algorithm. Therefore, we present a relaxation
technique for {χi}mi=1 in the first, relaxing the constraint from
{0,1} into an interval [0, 1]. Thus, we can reformulate (11)
into

min
χ

max
~p∈S

{ m∑
i=1

(
λ

∫
Ω

fiχidx+ ε

∫
Ω

χi logχidx

+

∫
Ω

χi divpidx
)

+
k∑
j=1

α

∫
Ω

|χj − ψj |2dx
}
,

(12)

where ε is very small. As such, the log-sum term can be
thought of as a penalization term of the constraint {χi}mi=1.

The Euler-Lagragian equation leads to the expression of the
primal variables χi based on the dual variables pi as in [12]:

divpi + λfi + ε logχi + ε+ 2α(χi − ψi) = 0; 1 ≤ i ≤ k,
divpi + λfi + ε logχi + ε = 0; k + 1 ≤ i ≤ m.

χi ∈ [0, 1],
m∑
i=1

χi = 1.

(13)
Hence the expression of χ can be given as follows:

χi =


exp
(
− divpi+λfi+2α(χi−ψi)

ε

)
s

, 1 ≤ i ≤ k;

exp
(
− divpi+λfi

ε

)
s

, k + 1 ≤ i ≤ m,

(14)

where

s =

k∑
i=1

exp
(
− divpi + λfi + 2α(χi − ψi)

ε

)
+

m∑
j=k+1

exp
(
−

divpj + λfj

ε

)
.

For fixed χ, the dual variable ~p = (p1, · · · ,pm) satisfies

∇χi + |∇χi|pi = 0, 1 ≤ i ≤ m. (15)

We can solve (15) through the iterative semi-implicit Cham-
bolle’s dual scheme [29]. More precisely, the iteration can be
formulated as:

pn+1
i − pni

τ
= −∇χni − |∇χni |pn+1

i ,

⇒ pn+1
i =

pni − τ∇χni
1 + τ |∇χni |

,

where τ is the time step size, and pni is the approximation at
t = nτ.

In the next section, we describe the algorithm developed.

Algorithm
1. Initialization: set χ0,ψ0, ~p0 = 0 and choose ε, τ, λ, α >

0;
2. For n = 0, 1, · · ·



(i) Compute a, b, r,θ by (9) to get ψ;
(ii) Compute χn by (14) with

fi = |ci − I|2.

(iii) Compute ~pn+1 by

pn+1
i =

pni − τ∇χni
1 + τ |∇χni |

, 1 ≤ i ≤ m;

3. Endfor till some stopping rule meets.
4. Thresholding step: Set χ = χn+1 and define

χk =

{
1, k = arg maxi=1,··· ,m χi,

0, otherwise,

for 1 ≤ k ≤ m.

Note that:
• It is essential to present the thresholding step after the

implementation, given the relaxation of χi from {0, 1}
into [0, 1] in the first.

• The use of the log-sum term is applicable and leads to
a closed-form solution of primal variables χ, making the
computation easy and fast.

• Chambolle’s dual algorithm allows for a large time step
size, making the computation of dual variables efficient.

V. EXPERIMENTAL RESULTS

To evaluate the performance results of our proposed formu-
lation, we tested on a number of different images, across four
separate experiments. The segmented results are marked in
red. Precision and recall measurements were used to identify
the amount of true positive pixels in a segmented and fore-
ground image, while performance times were used to test the
efficiency of the algorithm developed. For consistency, all the
experiments were run on Matlab, using a PC with an Intel 3.2
GHz dual processor, 4GB of RAM, and a Windows 7 OS.

In the first experiment, we compared our segmentation
approach to the Bresson method [19] (the code and images can
be downloaded from https://github.com/xbresson/old codes/
find/master). The Bresson method is a relevant and comparable
variational method, given its ability to handle multiple shape
priors. Here we tested on two types of elliptical shape images
with different noise levels. One of the images is occluded
by a vertical bar (Fig. 2(a) and Fig. 2(d)), while the other
has a partial elliptic cut (Fig. 2(g) and Fig. 2(j)). For each
image, a shape template is provided, as described in the
first column of Fig. 2 (marked as green). Here we take
ε = 0.1, τ = 0.1, λ = 5×10−5, α = 5×102. The computation
results are reported in Table I. In summary, the results indicate
that our approach performs considerably faster, and provides
better segmentation when addressing image noise than the
Bresson method.

In the second experiment, we compared our approach with
both the Bresson [19] and Overgaard methods [21] on a more
complicated image scene. Three different reference images
were tested, each containing one shape prior (image source

(a) Original image (b) Bresson method (c) Our approach

(d) Original image (e) Bresson method (f) Our approach

(g) Original image (h) Bresson method (i) Our approach

(j) Original image (k) Bresson method (l) Our approach

Fig. 2. Comparison of the Bresson method with our segmentation
approach.

TABLE I
COMPARISON RESULTS WITH THE BRESSON METHOD.

Fig. 2(a) Time (secs) Precision Recall
Bresson 66.97 0.9721 0. 9862

Our approach 4.43 0.9772 0.9875
Fig. 2(d) Time (secs) Precision Recall
Bresson 140.76 1 0.7159

Our approach 6.29 0.9798 0.9729
Fig. 2(g) Time (secs) Precision Recall
Bresson 90.31 0.9968 0.9005

Our approach 4.83 0.9969 0.9221
Fig. 2(j) Time (secs) Precision Recall
Bresson 180.25 0.5920 1

Our approach 7.10 0.9909 0.9177

[14]). To increase the number of parameters, the object shape
in the reference images varied in size, angle and position.
Overall, our formulation obtained good segmentation results
(see Fig. 3), which we attribute to the bounded and periodic
condition used by the transformation and relaxation tech-
niques. In contrast, the algorithms proposed in [19] and [21]
were found to have difficulty segmenting the same images, as
results fell in the local minimum.

In the third experiment, we tested our approach on a distort-



(a) Original image (b) Bresson (c) Overgaard (d) Our approach

(e) Original image (f) Bresson (g) Overgaard (h) Our approach

(i) Original image (j) Bresson (k) Overgaard (l) Our approach

Fig. 3. Segmentation results that compare with the Bresson and Overgaard
methods. Column 1: original images with shape templates (marked as green);
column 2: segmented results of the Bresson method; column 3: segmented
results of the Overgaard method; column 4: segmented results from our
approach.

ed image with missing shape features using a reference image
containing four shape priors. These shape priors were obtained
from thresholding (image source [13]). This experiment is
different to the previous work of [14], [18] and [21], who
only tested on single shape priors. As illustrated in Fig. 4,
we again compared our approach with the Bresson method,
in supporting multiple shape priors [19]. In this experiment,
there are four sub-regions to be detected. For the Bresson
method, we chose to use two levels of set functions φ1

and φ2 to represent the sub-regions as Heaviside functions:
H(φ1)H(φ2), (1 − H(φ1))H(φ2), H(φ1)(1 − H(φ2)), (1 −
H(φ1))(1−H(φ2)) with H(φ1) and H(φ2). Image distortion
(Fig. 4(d)) was generated by adding Gaussian noise with a
zero mean and a variance of d = 0.2. The computational time
and evaluation results are presented in Table II. Overall, we
observed that our algorithm is robust to noise, and can segment
images with multiple shape priors more efficiently than the
Bresson method.

TABLE II
COMPARISON RESULTS WITH THE BRESSON METHOD.

Fig. 4(a) Fig. 4(d)
Bresson Our approach Bresson Our approach

Time (secs) 329.52 8.45 429.76 9.85
Precision 0.8226 0.8232 0.7893 0.7860

Recall 0.8222 0.8233 0.7952 0.8006

In the fourth and final experiment, for a real-world appli-
cation, we tested on a private set of 168 medical computed
tomography (CT) images with 24 ground truth images. In
this experiment, the liver needs to be extracted from the
observed image, making this a challenging task, given the
organ’s low contrast and non-linear features. In Fig. 5 we

(a) Original image (b) Bresson method (c) Our approach

(d) Original image (e) Bresson method (f) Our approach

Fig. 4. Segmentation results for multiple shape priors with different noise
levels. Column 1: original images with shape templates (marked as green);
column 2: segmented results of the Bresson method; column 3: segmented
results of our approach.

present the original image with a shape template (marked as
green), segmented results (marked as red), and the ground truth
(marked as blue). The average precision and recall for the liver
detection were 0.9331 and 0.9526, demonstrating promising
results.

(a) Original (b) Our approach (c) Ground truth

(d) Original (e) Our approach (f) Ground truth

Fig. 5. Segmentation results of the medical CT images. Column 1: original
images with shape templates; column 2: segmented results of our approach;
column 3: the ground truth.

VI. CONCLUSION

In this paper, we propose a new formulation incorporating
the multi-phase Potts model with multiple shape priors in a
reference image. We used characteristic functions instead of
classical level set functions to represent the transformation
between objects-of-interest, and their corresponding shape
priors. We also use the periodic condition and bounded region
to avoid the local minima. An efficient algorithm for this for-
mulation is proposed using splitting and relaxation techniques,
while a log-sum term is combined with the Chambolle’s dual
algorithm to reduce the need for complicated manipulations.



Advantageously, our experimental results demonstrate the a-
bility to deal with image noise, with good performance times.
To substantiate these results further, future work aims to test
on more real-world use cases to determine the applicability of
our work on different types of images and datasets. Likewise,
we will test the robustness of our approach to determine the
number of shape priors that can be efficiently handled by our
algorithm.
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