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Periodic Hamiltonian Neural Networks

Zi-Yu Khoo, Dawen Wu*, Jonathan Sze Choong Low, Stéphane Bressan

Abstract—Modeling dynamical systems is a core challenge for
science and engineering. Hamiltonian neural networks (HNNs)
are state-of-the-art models that regress the vector field of a
dynamical system under the learning bias of Hamilton’s equa-
tions. A recent observation is that embedding biases regarding
invariances of the Hamiltonian improves regression performance.
One such invariance is the periodicity of the Hamiltonian,
which improves extrapolation performance. We propose periodic
HNNs that embed periodicity within HNNs using observational,
learning, and inductive biases. An observational bias is embedded
by training the HNN on data that reflects the periodicity of
the Hamiltonian. A learning bias is embedded through the loss
function of the HNN. An inductive bias is embedded by a periodic
activation function in the HNN. We evaluate the performance of
the proposed models on interpolation and extrapolation problems
that either assume knowledge of the periods a priori or learn
the periods as parameters. We show that the proposed models
can interpolate well but are far more effective than the HNN
at extrapolating the Hamiltonian and the vector field for both
problems and can even extrapolate the vector field of the chaotic
double pendulum Hamiltonian system.

Impact Statement—The modeling of many Hamiltonian sys-
tems, such as pendulums in physics, predator-prey dynamics
in biology, particle motion in solid-state physics, and motion
of stars in astronomy, is of scientific interest for the descrip-
tive, predictive, and prescriptive analysis of dynamical systems.
Neural networks are universal function approximations that can
learn the dynamics of continuous dynamical systems, including
Hamiltonian systems. Furthermore, the neural network of a
dynamical system can be informed of its invariances to improve
its modeling. One invariance that is common in Hamiltonian
systems is periodicity. We propose several methods to embed
periodicity in neural networks. We compare their performance
on interpolating and extrapolating the dynamical system. OQur
methods can reduce the error in extrapolating the Hamiltonian
from 10 to less than 0.1 and the error in extrapolating the vector
field from 100 to less than 1.

Index Terms—Hamiltonian neural networks, dynamical sys-
tems, ordinary differential equations, physics-informed machine
learning, extrapolation

I. INTRODUCTION

ODELING dynamical systems is a core challenge for
science and engineering. The movement of a pendu-
lum, the wave function of a quantum-mechanical system, the
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movement of fluids around the wing of a plane, the weather
patterns under climate change, and the populations forming an
ecosystem are spatio-temporal behaviors of physical phenom-
ena described by dynamical systems. Hamiltonian systems [1]
are a class of dynamical systems governed by equations of
motion derived from a Hamiltonian function. For autonomous
(time-independent) Hamiltonian functions, these equations of
motion imply the conservation of the Hamiltonian function
value along an orbit of the system.

Physics-informed machine learning has emerged as a field
that embeds knowledge of the physical laws governing the
system in the learning process to solve complex problems [2],
including Hamiltonian dynamical systems. Recent advance-
ments in the modeling of Hamiltonian systems include Hamil-
tonian neural networks (HNNs) [3], [4], [5], port-HNNs [6],
reservoir computing [7], and Hamiltonian Kolmogorov-Arnold
Networks [8]. Some works also leverage Hamiltonian invari-
ances [9], [10] by using a Leapfrog integrator or requiring
the Hamiltonian to be mechanical [11] or additively separa-
ble [12]. The periodicity of a dynamical system is also an
invariance. Dierkes et al. take advantage of the periodicity of
the Hamiltonian to improve HNN performance [13]. Liu et
al. take a more generalist approach and present an activation
function to model periodic functions [14]. HNNs [4], [5] use
a learning bias [15] based on physics information regarding
Hamilton’s equations [4], [5] to aid the neural network in
converging towards solutions that adhere to physics laws [15].
They supervised-ly interpolate the vector field and the Hamil-
tonian of a dynamical system from discrete observations of
its state space or vector field and outperform their physics-
uninformed counterparts in doing so [16]. Generalizing with
neural networks by extrapolation is often impossible for non-
linear tasks, and only sometimes possible if the appropriate
non-linearities are encoded in the architecture and input rep-
resentation [17].

The main contributions of this work are:

o We propose periodic HNNs that embed periodicity using
three modes of biases: observational bias, learning bias,
and inductive bias.

« An observational bias is embedded by training the HNN
on newly generated data that embody periodicity. A
learning bias is embedded through the loss function of the
HNN. An inductive bias is embedded by the activation
function in the HNN. Each proposed periodic HNN may
embed one or more biases.

o The proposed periodic HNNs show high performance in
four tasks. The four tasks are the interpolation and extrap-
olation of the Hamiltonians and vector fields of periodic
Hamiltonian systems, with or without the knowledge of
their periods. The code for the HNNs is available at
github.com/zykhoo/periodicNNs.


github.com/zykhoo/periodicNNs

In this paper, Sec. II presents the necessary background
on Hamiltonian and periodic Hamiltonian systems. Sec. III
introduces the proposed periodic HNNs. Sec. IV compares
the proposed HNNs against the baseline HNN in regressing
periodic Hamiltonians and vector fields. Sec. V concludes the
paper and discusses future work.

II. BACKGROUND
A. Hamiltonian Systems

A Hamiltonian system is characterized by a Hamiltonian
function, H : R2” — R where n refers to the dimensionality
of the Hamiltonian system. The input states to the Hamiltonian
function are time-dependent functions ¢ : R — R" and
p : R — R", conventionally interpreted as position and
momentum. The time derivatives ¢ := % and p = %
are governed by the following differential equations, called

Hamilton’s equations:

OH ) OH

= P=— (1)
dp dq

The vector field is the set of time derivatives for all states.
Eq. (1) implies that the Hamiltonian is conserved along

trajectories as

q

an _on . on
dt g a Op

Let z = (¢7,p")T € R?**™. For notational simplicity, we

p=0. 2

omit the superscripts and simplify it to z = (gq,p) unless
otherwise stated. Let J be the 2n x 2n matrix
0o I
J = [ I o0 ] ) €)]

where I € R™*" is the identity matrix and 0 € R™*" is the
zero matrix. Then, Eq. (1) can be written compactly as

z=J-V.H, “4)

where V., H = %—IZ.

Fig. 1. Left: Non-linear pendulum vector field (black arrows) and
Hamiltonian (heatmap). Right: Random samples (g, p, ¢, p) of the non-linear
pendulum vector field.

A classic example of a Hamiltonian system is the non-linear
pendulum. Fig. 1 (left) shows the vector field of a non-linear
pendulum in its two-dimensional phase space with states posi-
tion (angle when oscillating in a plane) and momentum (mass
multiplied by velocity) on the x-axis and y-axis respectively.

For a non-linear pendulum of unitary mass, the Hamiltonian
is the sum of kinetic and potential energy. The heatmap in
Fig. 1 (left) shows the value of the Hamiltonian in the phase
space. Fig. 1 (right) shows random samples of the same vector
field.
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B. Periodic Hamiltonian Systems

Definition 1 (Periodicity): A Hamiltonian system is called
periodic if the Hamiltonian repeats itself in any of the ¢ or
p terms after a certain period. The periodic Hamiltonian is
defined

H(z) = H(z + () 5)

where ¢ € R?*" is the period of the Hamiltonian in each ¢
and p. The Hamiltonian may be periodic along any input g
or p, and a periodic Hamiltonian has at least one non-zero
element in (. For notational simplicity, we use (; to denote
the period of the i state.

Knowledge regarding periodicity may be embedded within
machine learning models as biases. Karniadakis et al. present
three modes of biasing a regression model: observational
bias, learning bias, and inductive bias [15]. Observational
biases are introduced directly through data that embody the
underlying physics, or carefully crafted data augmentation
procedures. With sufficient data to cover the input domain of a
regression task, machine learning methods have demonstrated
remarkable power in achieving accurate interpolation between
the dots [15]. Learning biases are soft constraints introduced
by appropriate loss functions, constraints and inference algo-
rithms that modulate the training phase of a machine learning
model to explicitly favor convergence towards solutions that
adhere to the underlying physics [15], [4], [5]. Inductive biases
are prior assumptions incorporated by tailored interventions
to a machine learning model architecture, so regressions are
guaranteed to implicitly and strictly satisfy a set of given
physical laws [15].

Generally, and for completeness, four distinct periodicity-
related learning tasks exist [18]. The first task involves in-
terpolation with the knowledge of the periods a priori. The
second task involves interpolation without the knowledge of
the periods a priori, where the periods are learned parameters.
The third task involves extrapolation with the knowledge of
the periods a priori. The fourth task involves extrapolation
without the knowledge of the periods a priori, where the
periods are learned parameters. We evaluate the baseline and
proposed models on all four tasks for completeness. However,
we place emphasis on the third and fourth tasks, which are
for extrapolation.

For illustration and comparative empirical evaluation of
the HNNs presented, we consider six periodic Hamiltonian
systems in Table I. The non-linear pendulum system is a
classic example of a Hamiltonian system. In practical Hamil-
tonian systems in Physics, only inputs corresponding to the
position, g, are periodic. To illustrate the potential applications
of periodic HNNs, we consider their performance on an array
of abstract Hamiltonian systems. Systems 1 to 4 are abstract
Hamiltonian systems, created to demonstrate the performance
of the baseline HNN and proposed periodic HNNs in pre-
dicting a range of Hamiltonian dynamics comprising different
functions, different dimensionalities, and periodicity along
various inputs, representative of potential practical Hamilto-
nian systems. System 4 is not periodic but has trigonometric
components. It is used to demonstrate the performance of
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TABLE 1
EQUATIONS, PERIOD ({g; , Cg2+ Cp1 > (po) AND NUMBER OF DIMENSIONS 7 IN EACH STATE OF EACH HAMILTONIAN SYSTEM.

p%+2><p§

—2Xp1 Xpa Xcos(q1 —q2)

System Equation . o1 Gaz  Gp1 Gpp T
Non-linear Pendulum  H(q1,p1) = % +1—cosq1 2 - 0 - 1
System 1 H(qi,p1) = % +1— (sin? q1) T - 0 - 1
2. 2
System 2 H(q1,q2,p1,p2) = % + 1 —sin(q1 + q2) 2r 2m 0 0 2
System 3 H(q1,p1) =singi — cospy 2T - 2 - 1
System 4 H(qi,p1) =singi X cosp1 +2 X q1+2 X p1 0 - 0 - 1
(

Double Pendulum H(q1,q2,p1,p2) =

2x (1+sin?(q1 —g3))

—2xcos(q1) —cos(qg2) 2w 2w O 0 2

the baseline HNN and proposed periodic HNNs in predicting
such non-periodic Hamiltonian dynamics. Lastly, the double
pendulum system is a classic example of a Hamiltonian
system with rich and chaotic dynamics [19]. It is strongly
sensitive to initial conditions. The non-linear pendulum system
and the double pendulum system are practical examples of
Hamiltonian systems. They are shown in Fig. 2.

e

Fig. 2. Left: The non-linear pendulum system. ¢ indicates the position of
the pendulum, with mass m. Right: The double pendulum system. g1 and g2
indicate the position of the linked pendulum bobs, with mass m1 and ma.
In Table I, m =1, m; = 1, and mo = 1.

[II. METHODOLOGY

A. The HNN Baseline

The baseline HNN (leftmost, Fig. 3), proposed in [4], [5],
is described as follows,

H(q,p;w) = H(q,p), (6)

where (¢,p) is an input state. H is a neural network with
trainable parameters w. H (¢,p;w) and H(q,p) represent the
HNN predicted Hamiltonian value and the true Hamiltonian
value, respectively.

The loss function of the baseline HNN is

f = Zi:o C}CE/€7 (7)

where ¢ € R is the coefficient of each /i, and

. 2
to = (Hlao,posw)—Ho) ®)
where ¢ is an arbitrary pinning term that ”pins” the regressed
Hamiltonian at (go,po) to one solution, Hy € R, among
several solutions that are modulo and additive constant and

reduces the search space for convergence. ¢; and {5 are given
as:

PS . 2
o= Ji-d ©

o= |- . (10)

where (j and ﬁ are the predicted time derivatives of the HNN:

Y

which can be computed by automatic differentiation using
tools such as Pytorch [20] or JAX [21] to compute the (j
and p. ¢ and ¢y are Hamilton’s equations corresponding to
(1). £y, £1, and {5 introduce biases that favor the convergence
of the HNN toward the underlying physics of the regressed
Hamiltonian. (7) defines the loss function of the HNN as a
linear combination of (8) to (10). One can assume that ¢, = 1
although additional knowledge of the system can be used to
emphasize any {j [4].

The periodic HNNs introduced in Sec. III-B, III-C, III-D
and III-E adopt the Hamiltonian learning bias of the HNN
and further embed biases regarding periodicity. They perform
the task of regressing, namely interpolating and extrapolating
the Hamiltonian and vector fields in the same way. They
empirically highlight the benefits of the proposed periodicity
bias when combined with a Hamiltonian bias, over the benefits
of solely the Hamiltonian bias, in the HNN.

B. The HNN with Observational Bias (HNN-O)

We inform the baseline HNN of periodicity via
observational bias. We triple the quantity of the input
data. Specifically, given a sample of instantaneous states
(¢,p), the sinusoidal, co-sinusoidal, and identity functions

are used to triple the quantity of data. The transformed input is
(sin(%’r X q),cos 2?” X q),q,sin(%—” xp),cos(%—” xp),p).
q q p p

This is a data augmentation, as shown in Figure 3. The
augmentation is performed directly and conveniently in the
input layer of the HNN-O. The dotted lines indicate no
trainable weights.

When the period of the Hamiltonian along each input is
known, 2% and 2* are computed from the known (, and
Cp- When 'the periéd of the Hamiltonian along each input is

unknown, QC—” and %—” are trainable parameters of the HNN-O.
q D
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Fig. 3. Leftmost: Architecture of the baseline HNN. Second from left: Proposed periodic HNN with observational bias. Second from right: Proposed periodic
HNN with learning bias. Rightmost: Proposed periodic HNN with inductive bias.

C. The HNN with Learning Bias (HNN-L)

We inform the baseline HNN of periodicity via its loss func-
tion. For a periodic Hamiltonian given in (5), the derivatives
of a periodic Hamiltonian are:

oOH oOH .
aﬁp(@;?) = TP(Q+Cq7P+Cp) =q(q,p), (12)
oOH oOH

dq dq

where ¢, € R™, (, € R”, and (¢I,¢])” = ¢. The following
equations, based on (12) and (13), are placed in the loss
function:

2

OH .
by = Ha(quqapiC:D;w)Q(va)
p
oH . 2
+ H—aq(qicq,pié“p;w)—p(q,p) (14)
éperiod :Zizockéka (15)

where ¢(g,p) and p(q,p) are the time derivatives at the state
(g,p). If the input state is not periodic, its element in ( is
set to zero. (14) simplifies to (9) and (10). £perioq is the loss
function of the periodic HNN with learning bias. It is a linear
combination of equations ¢y to ¢35 from (7) and (14).

We note that (5) necessarily but not sufficiently implies (12)
and (13). Therefore, (12) and (13) do not sufficiently imply
periodicity. However, they are preferably placed in the loss
function over (5). This is because they incorporate periodicity
well in practice, as ¢ and p from (12) and (13) respectively
are already used to train the HNN, but H is not. The resulting
HNN-L with learning bias (second from right, Fig. 3) favors
convergence towards an HNN that is periodic. When the period
of the Hamiltonian along each input is known, /3 is computed
from the known ¢, and (. When the period of the Hamiltonian
along each input is unknown, /3 is computed using (, and (,,
which are trainable parameters of the HNN-L.

D. The HNN with Inductive Bias (HNN-I)

We inform the baseline HNN of periodicity via its archi-
tecture. A periodic activation function is used. The proposed
HNN-I (rightmost, Fig. 3) is described as follows,

o(z;a) =x+ 1 sin?(azx), (16)

a

where a = mfﬂ% corresponds to the period of the states of the

Hamiltonian. When the period of the Hamiltonian along each
input is known, a is computed from the known periods. When
the period of the Hamiltonian along each input is unknown, a
is a trainable parameter of the HNN-L

E. The HNN with Multiple Biases

As seen from Sec. III-B, III-C and III-D, different biases
can be individually embedded into a HNN. The biases can
be further combined to constrain a system to be periodic.
Multiple biases regarding the periodicity of a Hamiltonian
to be regressed can be embedded into a neural network
simultaneously.

Pairwise combinations of the observational, learning, and
inductive biases are first considered. There are three pairwise
combinations of biases. The HNN-OL combines observational
and learning biases, resulting in a periodic HNN with periodic
training data and a loss function given by (15). The HNN-
LI combines the learning and inductive biases, resulting in a
periodic HNN with a loss function given by (15) and a periodic
activation function. The third HNN-OI combines observational
and inductive biases, resulting in a periodic HNN with periodic
training data and a periodic activation function.

Lastly, the HNN-OLI combines observational, learning, and
inductive biases, resulting in a periodic HNN with periodic
training data, a loss function given by (15), and a periodic
activation function.

IV. EXPERIMENTS

The task is to interpolate or extrapolate the Hamiltonian
following (6) and the vector field following (11). We compare
the performance of the baseline HNN and the proposed
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periodic HNNs on the task, for the six periodic Hamiltonian
systems shown in Table I.
We use the following two evaluation metrics.

o For the interpolation and extrapolation of the Hamilto-
nian:

K
Ey = Il(kz—l (H(Qk,pk;w) - H(qupk))2a

a7

where H (qk, pr;w) is the predicted Hamiltonian by the
HNN, H (g, pr) is the true Hamiltonian, and K is the
size of a test batch. A smaller Ep is better.

« For the interpolation and extrapolation of the vector field:

K A . 2 A . 2
1 I Gk — el B+ 1150 — pell3
By = & ; x 100%, (18)

V1dkl5 + 1pel3

where (jk and ﬁk are the predicted time derivatives, and
qr, and py are the corresponding true derivatives. K is
the size of a test batch. A smaller Fy is better.

The data used for the experiments is generated follow-
ing the recent work of Khoo et al. on Hamiltonian neu-
ral networks [12]. Training data comprising 512 samples
of (q,p,q,p) are generated uniformly at random within the
sampling domain for each Hamiltonian system. The sampling
domains are shown in Table II. The sampling domains are
the same for the interpolation and extrapolation tasks. 20% of
training data is set aside as validation data for validation-based
early stopping [22]. For the interpolation task, the test data set
comprises 10" evenly spaced samples of (g, p, ¢, p) within the
sampling domain. For the extrapolation task, the test data set
comprises 202" evenly spaced samples of (g, p, ¢, 1), extended
by one period along all periodic inputs.

The general experimental setup for all HNNs in all exper-
iments is as follows. All HNNs are designed with an input
layer with width 2 x n, two hidden layers with width shown
in Table. II, and one output layer with width one. They use
a softplus activation. For training, a batch size of 80 is used,
with an Adam optimizer [23], with a learning rate shown in
Table II. All experiments are repeated for 5 random seeds. All
HNNSs are trained in Pytorch. The complete code and data
are available at github.com/zykhoo/periodicNNs.

In all experiments, unless stated otherwise, all HNNs are
trained until convergence. In our context, convergence is
defined when the validation loss does not decrease for 4,000
epochs. This is to find an optimal bias-variance trade-off.

In experiments where the periods are not known a priori,
they are trainable parameters. The period of every input is
ignorantly initialized to 2w, even for inputs that may not be
periodic. For the HNN-O, the input is multiplied by g—: =
1 before transformation by the sinusoidal and co-sinusoidal
functions. For the HNN-L, the ¢, and ¢, are 27 in the loss
function. For the HNN-I, the activation function uses a = 1.
The periods are updated during training.

Similar to the recent works on HNNs [6], [12], [8], we
present only the proposed model and the various ablated
HNNSs. In [6], Desai et al. presented their model (Port Hamil-
tonian Neural Networks) and compared it against the HNN

and a time-dependent HNN which removes their proposed
architecture. In [12], Khoo et al. presented their model (Sepa-
rable Hamiltonian Neural Networks) and compared it against
the HNN and various separable HNNs with individual biases
for additive separability. In [8], Shukla et al. compared their
proposed model (Hamiltonian Chebyshev-KAN) against only
the HNN. Our work is most similar to [12], therefore, we
decided to present our model (periodic Hamiltonian neural
network) and compare it against the HNN and various periodic
HNNs with individual biases for periodicity.

Sections IV-A and I'V-B present the results for interpolating
the Hamiltonian and vector field with and without a priori
knowledge of the periods respectively. Sections IV-C and IV-D
present the results for extrapolating the Hamiltonian and vector
field with and without a priori knowledge of the periods
respectively.

A. Interpolating with Knowledge of the Period

This subsection focuses on the interpolation task with a
priori knowledge of the period. We report Ep, Ey, and
training time taken until convergence in seconds for all the
HNNs in Fig. 4. Generally, from Figure 4, the HNN-OL
is the HNN of choice in interpolating the vector field and
Hamiltonian. It consistently performs well on all systems.

It is also observed that the baseline HNN performs well, and
individual biases are insufficient to outperform the baseline.
However, combination biases, especially in the HNN-OL are
synergistic. The HNN-OL consistently outperforms the base-
line HNN in interpolating the vector field and Hamiltonian.
Furthermore, the HNN-OL requires a relatively lower training
time for most systems except the double pendulum and System
2. The biases of the HNN-OL enable the loss to fall quickly
during training. In summary, the HNN-OL is the model of
choice for interpolating Hamiltonians with a priori knowledge
of their periods.

B. Interpolating without Knowledge of the Period

This subsection focuses on the interpolation task without
a priori knowledge of the period. We report Ep, Ey, and
training time taken until convergence for all the HNNs in
Fig. 5. Generally, from Figure 5, the HNN-OL and HNN-IO
are the HNN of choice in interpolating the vector field and
Hamiltonian.

It is also observed that the baseline HNN performs well, and
individual biases are insufficient to outperform the baseline,
although combination biases are synergistic. However, the
HNN-LI that combines inductive and learning biases performs
extremely poorly as the inductive bias hinders the learning of
the period along each input. Both the HNN-OL and HNN-10
have low Ep and Fy and require less time to train. They
are the models of choice for interpolating Hamiltonians with
a priori knowledge of their periods.

Based on Sections IV-A and IV-B, the HNN-OL is the HNN
of choice in interpolating the vector field and Hamiltonian.
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TABLE I
CONFIGURATION OF EXPERIMENTS. qu 5 qu s Qpl , AND Qp2 ARE THE DOMAINS OF ¢ AND p RESPECTIVELY. THE LAST FOUR COLUMNS SHOW THE
WIDTH AND TOTAL PARAMETERS FOR THE VARIOUS HNNS FOR EXPERIMENTS WHERE THE PERIODS ARE KNOWN. IN EXPERIMENTS WHERE THE
PERIODS ARE UNKNOWN, THEY ARE ADDITIONAL TRAINABLE PARAMETERS. FOR ALL EXPERIMENTS, BY DESIGN, THE NUMBER OF PARAMETERS FOR
THE HNN-O IS SLIGHTLY LESS THAN THE NUMBER OF PARAMETERS FOR THE BASELINE HNN, HNN-L, AND HNN-I.

HNN, HNN-L, HNN-I HNN-O

Experiment Qqp Qqgo Qpy Qpo Learning rate Width  Params Width  Params
Non-linear Pendulum —27, 27 - —1.2,1.2 - 0.001 16 337 11 332
System 1 —27, 27 - —1.2,1.2 - 0.001 16 337 14 323
System 2 —2m, 27 [—2m, 27] —1.2,1.2 [-1.2,1.2] 0.001 32 1249 28 1205
System 3 —2m, 27 - —1.2,1.2 - 0.001 16 337 14 323
System 4 —2m, 27 - —1.2,1.2 - 0.001 16 337 14 323
Double Pendulum —2m, 27 [—2m7, 27] —1.2,1.2 [-1.2,1.2] 0.001 32 1249 28 1205
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Fig. 4. Performance on the interpolation task with knowledge of the periods for the baseline HNN, the 3 proposed periodic HNNs with one bias each
(HNN-O, HNN-L, HNN-I), the 3 proposed periodic HNNs with two biases each (HNN-OL, HNN-LI, HNN-IO) and the proposed periodic HNN with all
biases (HNN-OLI). Left: Er and standard error. Center: Ey, and standard error. Right: Time taken until convergence in seconds and standard error. All
graphs are logarithm-scaled for ease of visualization.

10°

10!

HNN  HNN-O HNN-L HNN-I HNN-OL HNN-LI HNN-1O HNN-OLI HNN  HNN-O HNN-L HNN-I HNN-OL HNN-LI HNN-1O HNN-OLI HNN  HNN-O HNN-L HNN-I HNN-OL HNN-LI HNN-IO HNN-OLI
== Non-linear Pendulum == Systeml = System?2 == System3 = System4 Double Pendulum

Fig. 5. Performance on the interpolation task without knowledge of the periods for the baseline HNN, the 3 proposed periodic HNNs with one bias each
(HNN-O, HNN-L, HNN-I), the 3 proposed periodic HNNs with two biases each (HNN-OL, HNN-LI, HNN-IO) and the proposed periodic HNN with all
biases (HNN-OLI). Left: Ef and standard error. Center: Ey, and standard error. Right: Time taken until convergence in seconds and standard error.All graphs
are logarithm-scaled for ease of visualization.

C. Extrapolating with Knowledge of the Period magnitude of 10° and 10% on extrapolating the Hamiltonian
and vector field respectively for the non-linear pendulum. The
HNN-OL even performs well for System 4, which is not
periodic.

This subsection focuses on the extrapolation task with a
priori knowledge of the period.

We report Ep, Ey, and training time taken until conver-
gence for all the HNNs in Fig. 6. Generally, the periodic
HNNs outperform the baseline. The best-performing model
is the HNN-OL, which combines observational and learning
biases. The observational and learning biases are synergistic,
and extrapolate the vector field and Hamiltonian well for var-
ious Hamiltonian systems with more dimensions and multiple
periodicities. The HNN-OL outperforms the baseline by a Generally, the proposed periodic HNNs converge quickly.

Of notable interest are the results for the double pendulum.
The HNN is not able to extrapolate the Hamiltonian and vector
field of the double pendulum system, denoted by the black
star in the plots for Fy and Ey . It returns NaN. Conversely,
the HNN-OL performs the best in extrapolating the double
pendulum.



KHOO et al.: PERIODIC HAMILTONIAN NEURAL NETWORKS

HNN  HNN-O HNN-L HNN-I HNN-OL HNN-LI' HNN-IO HNN-OLI HNN
=== Non-linear Pendulum

== Systeml

Fig. 6.
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However, in the case of the double pendulum, the HNN-OL
takes a significantly longer time to converge as compared to
the baseline. This is because the loss during training does
not plateau like the baseline HNN. Instead, the biases in
the HNN-OL allow it to search for a more optimal solution
in the solution space. The loss continues to fall over many
epochs, and the HNN-OL converges to an optimal and more
generalizable solution that is agreeable to extrapolation. As
the loss continues to fall over many epochs, the training time
of the proposed periodic HNN is longer.

D. Extrapolating without Knowledge of the Period

This subsection focuses on the extrapolation task without
a priori knowledge of the period. We report Ep, Ey, and
training time taken until convergence for all the HNNs in
Fig. 7. Generally, the periodic HNNs outperform the baseline.
The best-performing model is the HNN-OL, which combines
observational and learning biases. The observational and learn-
ing biases are synergistic, and extrapolate the vector field
and Hamiltonian well for various Hamiltonian systems with
more dimensions and multiple periodicities. The HNN-OL
outperforms the baseline by a magnitude of 10° and 10? on
extrapolating the Hamiltonian and vector field respectively for
the non-linear pendulum.

Generally, the observational and inductive biases do not
depend much on the knowledge of the periods to extrapolate
the Hamiltonian system. The performance of the HNN-O and
HNN-I do not worsen significantly, and even improve slightly
from the previous experiment with a priori knowledge of
the periods. As the periods are trainable parameters, HNN-
O and HNN-I have more flexibility in modeling the Hamil-
tonian system. The HNN-L depends heavily on knowledge
of the periods, and sometimes learns the wrong periods
during training, resulting in poor extrapolation. Nonetheless,
the best-performing model is the HNN-OL. The combination
of observational and learning biases helps the HNN-OL to find
the correct periods for its loss function and extrapolate better.

It is also observed that while the HNN cannot extrapolate
the double pendulum Hamiltonian system, the HNN-OL can

significantly improve the extrapolation even without knowl-
edge of its periods.

V. CONCLUSION

We propose periodic HNNs that embed periodicity using
three modes of biases: observational bias, learning bias, and
inductive bias. An observational bias is embedded by training
the HNN on newly generated data that embody periodicity.
A learning bias is embedded through the loss function of
the HNN. An inductive bias is embedded by the activation
function in the HNN. Each proposed periodic HNN may
embed one or more biases. We experimentally compare the
performance of the proposed periodic HNNs against a baseline
HNN on four tasks of interpolating and extrapolating peri-
odic Hamiltonians and their vector fields, with and without
a priori knowledge of their periods. The proposed periodic
HNNs can outperform the baseline HNN in interpolating and
extrapolating vector fields and Hamiltonians from a variety
of Hamiltonian systems. In particular, they show high perfor-
mance in extrapolation by leveraging the periodicity property
of the Hamiltonian systems. The HNN-OL is the best as it
significantly outperforms the baseline in all tasks. The results
apply for a variety of Hamiltonian systems, including the
chaotic double pendulum system.

As machine learning develops in the context of traditional
science and engineering fields, we highlight several specific
areas that are ripe for exploration, including extensions to other
properties, improvements in scalability and generalization, and
explainability:

o Embedding other physical properties: Other important
physical properties such as symmetry, additive separa-
bility, multiplicative separability, and continuity can be
embedded in neural networks to improve model accuracy
and interpretability across a wider range of physical
systems.

o Scalability to complex and high-dimensional systems:
Although the current approach has been demonstrated on
the chaotic double pendulum, other application specific
real-world systems may feature higher dimensionality and
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are logarithm-scaled for ease of visualization.
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