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Abstract—The notion of age of information (Aol) has become an important performance metric in network and control systems.
Information freshness, represented by Aol, naturally arises in the context of caching. We address optimal scheduling of cache updates
for a time-slotted system where the contents vary in size. There is limited capacity for the cache for making updates. Each content is
associated with a utility function that depends on the Aol and the time duration of absence from the cache. For this combinatorial
optimization problem, we present the following contributions. First, we provide theoretical results of problem tractability. Whereas the
problem is NP-hard, we prove solution tractability in polynomial time for a special case where all contents have the same size, by a
reformulation using network flows. Second, we derive an integer linear formulation for the problem, of which the optimal solution can be
obtained for small-scale scenarios. Next, via a mathematical reformulation, we derive a scalable optimization algorithm using repeated
column generation. In addition, the algorithm computes a bound of global optimum, that can be used to assess the performance of any
scheduling solution. Performance evaluation of large-scale scenarios demonstrates the strengths of the algorithm in comparison to a
greedy schedule. Finally, we extend the applicability of our work to cyclic scheduling.

Index Terms—age of information, caching, optimization, scheduling.
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1 INTRODUCTION

The research interest in age of information (Aol) has been rapidly
growing in the recent years. The notion of Aol has been introduced
for characterizing the freshness of information [1]. Aol is defined
as the amount of time elapsed with respect to the time stamp
of the information received in the most recent update. The Aol
grows linearly between two successive updates. For a wide range
of control and network systems, e.g., status monitoring via sensors,
Aol has become an important performance metric.

The Aol aspect arises naturally in the context of caching for
holding content items with dynamic updates [2]. Consider a local
cache for which updates of content items take place via a network
such as a backhaul link. Rather than obtaining content items via
the backhaul network, users can download them from the cache
if the content items of interest are in the cache, thus reducing
network resource consumption. Due to limited backhaul network
capacity, not all content items can be updated simultaneously to
the cache. Hence, at a time point, the performance of caching
depends on not only the cached content items, but also how old
these items are; the latter can be characterized by Aol.

We address optimal scheduling of cache updates, where the
utility of the cache is based on Aol. The system under con-
sideration is time-slotted, with a given scheduling horizon. The
content items are of different sizes. Updating the cache in a time
slot is subject to a capacity limit, constraining which content
items that can be downloaded in the same time slot. Moreover,
the cache itself has a capacity. For each content item, there is a
utility function that is monotonically decreasing in the Aol, and
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because the content items differ in popularity, the utility function is
allowed to be content-specific and time-specific. Moreover, when
adding a content, the system distinguishes between if this content
was cached in the previous time slot, or it has been absent and
for how long. The former has lower utility as the incremental
change in the content itself is smaller. For every time slot, the
optimization decision consists of the selection of the content items
to be updated in the cache, subject to the network and cache
capacity constraints. Thus the problem falls into the domain of
combinatorial optimization. The objective is to find the schedule
maximizing the total utility over the scheduling horizon.

Our work consists in the following contributions toward under-
standing and solving the outlined Aol-driven cache optimization
problem (ACOP).

e We provide theoretical results of problem tractability.
Specifically, for the special case where all contents have
the same size and no cost of absence, the global optimum
of ACOP admits polynomial-time tractability (even if the
problem remains combinatorial optimization). We estab-
lish this result via mapping the problem to a graph, and
proving that the optimal schedule is a minimum-cost flow
in the graph. For non-uniform content size, the problem is
NP-hard due to the knapsack structure.

e We derive an integer linear programming (ILP) formu-
lation for ACOP in its general form, enabling the use of
off-the-shelf optimization solvers to approach the problem.
This is particularly useful for examining the performance
of sub-optimal solutions for small-scale scenarios, for
which the global optimum is computed via ILP.

e We derive a mathematical reformulation, by considering
sequences representing the evolution of the Aol over time
for each content item. The reformulation enables a scalable
solution approach. Specifically, we present a column gen-
eration algorithm that addresses the linear programming
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(LP) version of the reformulation, by keeping only a small
subset of all possible sequences and augmenting the subset
based on the optimality condition. To obtain integrality,
we present a rounding concept based on disjunctions
rather than on fractional variables, such that column
generation is repeated for improvement after rounding.
Performance evaluation demonstrates the strengths of the
repeated column generation algorithm in comparison to a
greedy schedule. Moreover, as the algorithm provides an
optimality bound in addition to a problem solution, it is
possible to gauge performance even if the global optimum
is out of reach. Using the bound, our results show the
algorithm consistently yields near-to-optimal solutions for
large-scale problem instances.

o Finally, we discuss the extension of our results to cyclic
scheduling, i.e., the schedule is repeated in a cyclic man-
ner. In this case, the Aol values at the beginning of the
schedule are determined by the caching updates made
later in the schedule. We present adaptations, such that the
tractability analysis, the ILP formulation, and the repeated
column generation algorithm all remain applicable.

2 RELATED WORK

The notion of Aol was introduced in [1]. Generalizations to
multiple information sources have been studied in [3]. The aspect
of queue management has been introduced in [4], [5], [6]. Early
application scenarios of Aol include channel information [7] and
energy harvesting [8]. In [9], the authors address optimal update
policy for Aol, and provide conditions under which the so called
zero-wait policy is optimal. In [10], the authors have considered
Aol under a pull model, where information freshness is relevant
(only) when the users are interested in the information. For
transmission scheduling with Aol minimization, [11] considers
a system model with error probability of transmission, and [12]
proposes algorithms for multiple link scheduling with presence
of interference. We refer to [13] for a comprehensive survey of
research on Aol. Below we outline very recent developments that
demonstrate a rapidly growing interest in the topic.

One line of research has consisted in sampling, scheduling,
and updating policies for various system models that have queuing
components with Aol as the performance objective. In [14], the
scenario has multiple source-destination pairs with a common
queue, along with a scheduler. In [15], the authors have inves-
tigated optimal sampling strategies addressing Aol as well as
error in estimating the state of a Markov source. The system
model in [16] combines stochastic status updates and unreliable
links; the authors make an approximation of the Whittle index and
derive a solution algorithm thereby. The study in [17] considers an
energy-constrained server that is able to harvest energy when no
packet from the source requires service. The notion of preemption
has been addressed in [18], [19] for a single flow in a multi-
hop network with preemptive intermediate nodes, and multiple
flows such that different flows preempt each other, respectively.
The authors of [20] have proposed the use of dynamic pricing to
provide Aol-dependent incentives to sampling and transmission.
For network control systems (NCPs), [21] has addressed sampling
and scheduling, relating estimation error to Aol, and [22] has
focused on approximately optimal scheduling strategy for multi-
loop NCPs, where the centralized scheduler takes a decision based
on observed Aol.
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Another line of research arises from the introduction of Aol to
various applications and networking context. By including energy
constraints, [23] extends [12] for optimal link activation for Aol
minimization in wireless networks with interference. The study
in [24] is similar to [12] and [23] in terms of the scheduling
aspect and the presence of interference, however the system
model considers Aol for all node pairs of the network, and the
emphasis is on performance bounds. The work in [25] considers
a two-way data exchanging system, where the Aol is constrained
by the uplink transmission capability and the downlink energy
transfer capability. Application of the Aol concept in camera
networks where information from multiple cameras are correlated
has been presented in [26]. For remote sensor scenarios, [27], [28]
have studied Aol-optimal trajectory planning for unmanned aerial
vehicles (UAVs). In [29], the average Aol of data generated by an
energy harvesting sensor node is minimized.

In [30] content freshness in opportunistic mobile networks
with device-to-device communications is investigated. The trade-
off between delay and data staleness has been studied in [31] for
distributed content storage systems, and in [32], [33] for vehicular
networks. In [34], a learning algorithm is proposed to minimize
cache updates in Internet-of-Things (IoT) networks subject to data
freshness. In [35], the authors have studied Aol with respect to
orthogonal multiple access (OMA) and non-orthogonal multiple
access (NOMA), and revealed that NOMA, even though allowing
for better spectral efficiency, is not always better than OMA in
terms of average Aol. Aol has also appeared as the performance
metric in using machine learning as a tool in communication
systems. In [36], online adaptive learning has been used for
addressing error probability in the context of Aol minimization.
In [37], learning is used for optimal data sampling to minimize
Aol.

n [38], [39] content caching accounting for both popularity
and Aol are studied. In [38], cache miss is minimized, and
in [39] the load of backhaul link is minimized via balancing
the Aol and cache updates. In [40], using tools from stochastic
geometry and queuing theory, random content caching with the
Aol metric is analyzed. Additional research for caching with
Aol are available in [2], [41], [42], [43]. The general problem
setup resembles the system model we consider. However, our
work has significant differences. First, it is (implicitly) assumed
in these works that the items are of uniform size. We do not
have this restriction. Second, these works derive updating policy
with respect to expected Aol, whereas our problem falls into
the domain of combinatorial optimization and we use methods
thereof. Moreover, the problems in these works are approached
by either assuming given intervals of updating the cache for each
item or a given total number of cache updates. In our work, these
entities remain optimization variables throughout the optimization
process. Finally, in these works only linear or binary Aol-cost
functions can be used, whereas our system model admits any type
of functions.

Optimizing caching for Aol applies to scenarios where content
items themselves are continuously updated. One such scenario
with this type of property is caching of user-generated content
(UGC) [44]. Another scenario, used in [2] for Aol-driven caching,
is news distribution where the news are updated continuously and
the cache is used for holding local copies.

We remark that there is a significant amount of work on time-
to-live (TTL) driven caching, in which the cached contents are
evicted based on timers [45]. For this type of caching problems,



there is some underlying assumption on the content request model
(typically Markov arrival processes). The task is to determine
a cache replacement policy, such as first-in-first-out (FIFO) and
least-recently-used (LRU) when a timer expires. Whereas FIFO
favors consistency and hence more useful for UGC, LRU leads
to a higher hit rate but the content gets outdated more easily. We
refer to [45] and the references therein for performance analysis
of TTL-based caching. As noted earlier, UGC is a scenario that
can be addressed with the Aol metric. However, our system setup,
similar to that in [2], [41], does not explicitly have individual
content requests or request arrival model. In addition, without
updates, the value of a cached content gradually degrades rather
than a hard timer. Moreover, the task in our problem is not to
derive a policy, but a full schedule specifying the updates (i.e., the
cache should be updated for which contents in each time slot) with
respect to aggregated input data of content popularity over time,
obtained via historical observations and/or prediction.

Unlike request-driven caches, publisher-driven caching [46],
[47] has the focus on users that generate and publish contents.
The key question is then which contents to add and remove after
a content is published (rather than when specific requests are
made). As publisher-driven caching concerns UGC, the contents
may become outdated quickly, and hence it is related to the
notion of Aol. In [46], the authors analyze timeline and publisher-
driving cache, and derive algorithms for workload shaping, and
admission control and pricing. In [47], the authors propose an
analytical model and a fairness-based news feed design, using real
data from a parliament election. In these works, the modeling
approach assumes specific arrival processes of content publishing
and the cache updates are mainly based on TTL. In our case we
do not assume specific stochastic content update processes and the
optimization delivers an update schedule without the use of TTL.

For UGC, one aspect is to deal with long-tailed contents (i.e.,
contents that are of long-term interest though low popularity). An
effective approach, proposed in [44], is to optimize the schedule
of distribution of such contents among geographically diverse
points of storage, to achieve significant reduction of bandwidth
costs as well as delay when a content is requested. The approach
utilizes information of social relationships (via social networks),
difference of time zones of users interested in a content, and
regularities in request patterns. The last aspect is related to cyclic
scheduling. However, different from [44], in our study the focus is
not on individual user requests or distribution cost, but Aol-driven
cache update scheduling.

In [48], the authors have considered a hierarchical caching
architecture using RAM and hard drive, and derived a cache
updating policy that is asymptotically optimal. Similar to our
scenario, the contents vary in size and hence the cache capacity
exhibits a knapsack constraint. The main differences to our work
are that [48] focuses on the asymptotic performance and the
performance metric does not involve Aol.

3 PRELIMINARIES
3.1 System Model

Consider a cache of capacity C. The content items for caching
form a set Z = {1,...,1}. Item i € T is of size s;. Time
is slotted, and the time horizon consists of a set of time slots
T ={1,...T}. In each time slot, the cache can be updated via a
backhaul communication link whose capacity is denoted by L.
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The Aol of an item in the cache is the time difference between
the current slot and the time slot in which the item was most
recently downloaded to the cache. Each time the cache is updated
for an item, the item’s Aol is zero, i.e., maximum information
freshness. The Aol then increases by one for each time slot, until
the next update. In other words, the Aol of any cached content
item is linear in time, if the content is not refreshed. The value
of holding content item ¢ cached in time slot ¢ is characterized
by a utility function f;;, that is monotonically decreasing! in Aol
a. The utility function is item-specific and time-specific to reflect,
for example, the difference in the popularity of the content items
and the variation of popularity in time. The utility value of adding
content item ¢ in time slot ¢ if the content has been absent for the
previous 7 time slots is denoted by v;¢r.

It is worth pointing out the following underlying system
assumptions before presenting the optimization problem.

e All downloads of contents (up to the backhaul link capac-
ity) for a time slot can be carried out, i.e., there is zero
download delay.

e All contents are retrieved from the same source, i.e., it is
not the case that some contents are harder to download
than others.

e All contents are ephemeral, i.e., without updating by new
downloads they become less useful as time elapses, thus
the utility monotonically decreases with Aol.

o Except for the extension to cyclic scheduling (Section 8§),
there is a finite scheduling horizon.

o The entities defined for the system model and hence the
input parameters to our optimization problem are deter-
ministic.

e Optimal scheduling of when and how to update the cache
occurs at the aggregated level of content popularity, i.e.,
optimization is not for individual content requests.

Our Aol-driven cache optimization problem, or ACOP in
short, is to determine which content items to store in each time slot
and when to do cache updates for them, such that the total utility
over the time horizon 1. .. 7T is maximized, subject to the capacity
limits of the cache and the backhaul. Later in Section 8, we will
consider the case of optimizing a cyclic schedule of cache updates.
We remark that as ACOP is a regular combinatorial optimization
problem rather than a stochastic one, its optimum is specified by
which contents are downloaded to the cache in every time slot,
rather than an update policy with random components. Thus, the
optimum is fully determined by the problem input including the
initial condition (e.g., initial Aol of the contents).

As mentioned earlier, the utility function of Aol depends on
both content and time. One example is fira = “F*a + pi.
Here p;; represents the popularity of content ¢ in time slot ¢. By
this function, if the Aol a = 0, the utility is p;. The utility
then linearly decreases in Aol, and if the Aol is as large as the
scheduling horizon 7', the value becomes ¢; that is a small positive
value set for content ¢. Another example is the nonlinear utility
function f;;, = f_;*l. As for the linear case, the utility is p;; if
a = 0. However, the utility degrades more rapidly than the linear
function in the Aol. A third example, originated from [49], is
the inverse exponential function f;;, = ea%” In our numerical
study we will use these types of utility functions. However, for the

1. The utility function is not necessarily strictly monotonically decreasing.
For a content that gets seldom updated itself, the utility function may be set to
decrease slowly in Aol.



algorithms we will use the generic form of the function for the
sake of generality.

Remark 1. Our system model is not necessarily restricted to
caching scenarios. For example, consider a system monitoring
a number of remote sites, for which the information generated
differ in size. The amount of information that can be sent to the
monitoring center is constrained by the network bandwidth, and
the task is optimal scheduling of updates to address Aol as well
as information absence. This setup corresponds to ACOP without
the cache capacity constraint. [

Remark 2. The above system model has no downloading costs for
adding contents to the cache or refreshing contents in the cache.
However, the system model can be easily adapted to accommodate
a downloading cost that naturally grows linearly in content size.
Namely, the utility of zero Aol of a content can be reduced by
subtracting the downloading cost of this content, as the Aol is zero
if and only if the cache is updated for the content. Thus the aspect
of downloading cost is easily addressed by updating the problem
input data. The reason of not explicitly including downloading
cost is that our focus is on content-centric performance metric,
i.e., having as many contents as possible and keeping them as
fresh as possible. [

We end the system model by a mathematical model of ACOP.
We use binary variable x;;, that equals one if the Aol of item ¢ in
time slot ¢ is a, otherwise the variable equals zero. Note that index
a is up to t — 1, because the Aol in slot ¢ can never exceed ¢t — 1.
Also, ;10 = 1 means item ¢ is added to the cache or updated
in the cache in time slot {. Binary variable y;; is used to indicate
if item ¢ is in the cache in time slot ¢ or not. Moreover, binary
variable z;;; equals one if item ¢ is added to the cache in time slot
t and the item has been absent from the cache in the previous 7

consecutive time slots.
t—1 t—1
max Y (zf n z) (1
zy.2e{01} =77 \ a0 =1
1 YitTi(t—1)(a—1) (1 — i) = 1
St Tita = { 0 Otherwise ’
iteZ,teT\{lla=1,....t—1 (lb)
ot hetr (1= yir) w0 = 1
wr 0 Otherwise ’
ieZ,te T\{1},7=1,...,t—1 (lo)
> sy <CteT (1d)
i€l
Z S;Tit0 < L,t cT (le)
i€l

The objective function (1a) is to maximize the overall utility.
As stated by (1b), x;, = 1 for a > 1 if and only if three
conditions hold: item ¢ is in the cache (y;; = 1), it has Aol a — 1
in the time slot ¢ — 1 (z;(;—1)(a—1) = 1), and it is not downloaded
again in ¢ (x;;0 = 0). The definition of z;;, in (lc) follows a
similar rational, i.e., item ¢ is added to the cache in ¢ but not in
the previous 7 time slots. The next two constraints state cache and
backhaul capacity limits, respectively.

The system model and the optimization formulation essentially
deal with offline caching scheduling. To address more dynamic
scenarios, scheduling that is reactive to changes in the set of
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contents as well as their popularities becomes relevant. One
approach of reactive scheduling is to embed our optimization
problem into a rolling horizon scheme. With rolling horizon, the
scheduling process optimizes the schedule based on the current
knowledge of contents and their popularities, but the optimized
schedule is only executed partially, i.e., for some number of time
slots. A new optimization problem is then solved accounting for
dynamic updates in the input.

3.2 Greedy Solution

For a combinatorial problem, a simple and greedy strategy typi-
cally serves as a reference solution. For ACOP, a greedy solution
is to maximize the total utility of each time slot by simply
considering the utilities of the individual items if they are added
to the cache or become updated in the cache. This solution for a
generic time slot ¢ is given in Algorithm 1.

Algorithm 1 Greedy solution for a generic time slot
Input: 7, s;,i € Z, current cache H, current Aol a;,7 € Z,
current duration of absence b;,7 ¢ H
Output: H
LD L L Lir— C =Y cpsiH <0
2: whileZ' # ) and L' > 0 do
3 i < argmax;c7(fio + Vitr;)

4 I« TI'\ {i*}

5. ifi* € H and s;~ < L’ then

6: Update cache item i* € H

7: H —H Ui

8: L+« L — Si*

9: else

10 if r + zie?—l\?—t’ s; > s;+ and s; < L' then
11: while r < s;+ do

12: i < argmin; ey 3y fita,
13: H<—H\

14: T 4T+ Sy

15: H <+ HU{i*}

16: H «— H U {i*}

17: =T — S

18: L'« L' — s;«

In the algorithm, 7' is the candidate set of items for caching,
r is the residual cache capacity, and H’ is used to keep track
on those items that are currently in the cache and selected for
update. The item ¢*, if added or updated in the cache, leading to
the maximum utility, is selected and then removed from Z’. If 7* is
in the cache, it gets updated and recorded in H’. Otherwise, if the
remaining download capacity admits and there will be sufficient
residual capacity by removing cached items except those in H’,
the algorithm removes items in ascending order of their utility
values with respect to the current Aol, followed by adding item
1*. The process ends when the candidate set Z' becomes empty.

4 PROBLEM COMPLEXITY ANALYSIS
4.1 NP-Hardness

ACORP is in the domain of combinatorial optimization. As the ca-
pacity limits of the cache and the backhaul link imply constraints
of knapsack type, it is not surprising that ACOP is NP-hard in
general, with a proof based on the binary knapsack problem. This
result is formalized below.



Theorem 1. ACOP is NP-hard.

Proof: Consider a knapsack problem with /N items and
knapsack capacity B. Denote the value and weight of item ¢ by v;
and w;, respectively. We construct an ACOP instance by setting
T =1 (ie., single time slot), I = N, L = C = B, and s; =
w;,t = 1,..., 1. The utility of having items is defined such that
fito = v, = 1,...,1, and the utility of adding contents are
not needed as there is one single slot. Downloading a content item
to the cache amounts to selecting the corresponding item in the
knapsack problem. Obviously, the optimal solution maximizing
the total utility of the cache leads to the optimum of the knapsack
problem, and the result follows. O

4.2 A Tractable Case

Next, we consider a special case of ACOP where the items are of
uniform size and the utility of each item ¢ is fully determined by
the Aol along time (i.e., v;z = O for any ¢ and 7). We denote this
case by ACOP,. Due to uniform size, both cache and backhaul
capacities can be expressed in the number of items. Even though
the problem is still combinatorial along the time dimension, we
prove it is tractable, i.e., the global optimum can be computed
in polynomial time. The key is to transform the problem into
a minimum-cost flow problem [50] in a specifically constructed
graph.

In the following, we assume that the backhaul capacity con-
straint, stating that the number of items downloaded in a time
slot is upper bounded by L, is non-redundant with respect to the
cache capacity C. In particular, the backhaul capacity constraint
is always active, and hence we assume L < C. Moreover, the
download capacity L is always fully used, because making cache
updates always leads to better or equal utility (or lower or equal
cost for the minimum-cost flow problem).

4.2.1

In optimization, a network flow problem is defined in a (directed)
graph of a set of nodes and a set of arcs (i.e., directed links). A
node is called a source if it has some amount of flow to be sent,
and a sink if it has to receive some amount of flow. The amount
of flow to be sent from or received by a node is typically an
integer. Each arc has a cost that is linearly growing in the amount
of flow put on the arc. Moreover, an arc has an upper bound and
sometimes a lower bound on the flow on this arc. The task is to
find a flow pattern, to route the flows from the sources to the sinks,
such that the total flow cost is minimum, subject to the upper and
lower bounds of the arc flows. For a mathematical representation
and solution algorithms, please see [50].

The graph we construct for proving the tractability of ACOP,
is illustrated in Fig. 1. For clarity, we illustrate the construction
for two items and the first two time slots. The construction of the
remaining time slots follows the same pattern. There is one source
node, ng, and one sink node nr. The source node generates [
flow units to be sent to the sink through the network.

The underlying rationale is as follows. There are three types of
nodes. First, for each item ¢ and time slot £, node o, represents
that item ¢ is in the cache in slot ¢ with Aol a. Second, nodes

Graph Construction

ng,t = 1,...,T — 1 act as the collection points for all items
except those to be kept in the cache in time slot ¢. Third, nodes
my,t =0,...,T — 1, are collection points for items to be added

or updated in the cache.
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Each arc of the graph is associated with tuple (c, [, u), where
c is the cost per flow unit, and [ and u are the lower and upper
bounds of the arc flow, respectively. These values are shown in
the figure, however not for the arcs entering the nodes n;,t =
1,...,T due to lack of space. For these arcs, the tuple is (0,0, 1).
Moreover, we do not show explicitly the tuples for some arcs
of time slot two for the sake of clarity; the tuple values of any
such arc are the same as for the corresponding arc in the previous
time slot. We remark that in the graph construction, the costs,
representing the negative values of utility, are all associated with
arcs. The network nodes do not have any cost value.

Let us consider the first time slot with any integer flow
solution. The I flow units leaving source ng have to either enter
mg or nj. Note that the maximum number of units entering
myo has upper bound L, allowing at most L items to be added
or updated. Node mg has an arc of capacity one to node ;19
of item ¢, ¢ = 1,...,1. Having a flow of one unit on the arc
corresponds to putting item 4 in the cache, generating utility f;10
that is equivalent to an amount of — f;19 in cost minimization.
There will be L such items as it is optimal to fully use the backhaul
capacity. The flow units from 1 to n; correspond to the items not
cached in time slot one. Note the flow lower bound of arc (g, 71)
is I — C, meaning that at least I — C' flow units must enter node
ni, i.e., at least I — C' items are outside the cache.

For a generic time slot ¢ and item ¢, if one unit of flow enters
node 4, then the flow has two choices by graph construction.
Either it goes to node ;(s11)(at1). Tepresenting that item ¢
remains in the cache, with Aol a + 1 for the next time slot and
the corresponding utility, or it has to be sent to the collection node
n¢+1. The latter case represents that the item is removed from the
cache, and, from n;y;, the unit flow either enters v;(;11)0 Vvia
node myy1 (i.e., item % is downloaded again to the cache with Aol
zero), or it enters collection node 142 meaning that item ¢ stays
outside the cache.

Remark 3. In Fig. 1, some of the nodes (and hence also their
adjacent arcs) are redundant. For example, no flow will enter
nodes o192 and o193, because the Aol will never attain two or
three in time slot two. These nodes are however kept in the figure
to better reflect the general structure of graph construction. [

4.2.2 Tractability Analysis

Lemma 2. The optimal solution to ACOP, corresponds to an
integer flow solution for the constructed graph with equivalent
objective function value.

Proof: See Appendix A. O

Lemma 3. The optimal integer flow solution in the constructed
graph corresponds to a solution of ACOP, with equivalent objec-
tive function value.

Proof: See Appendix B. O
Theorem 4. ACOP,, is tractable with polynomial-time complexity.

Proof: The maximum possible Aol of any item in the
cache is bounded by the number of time slots 7. Hence the size
of the constructed graph is polynomial in I and 7. Moreover,
the graph is clearly acyclic. For minimum-cost flow problems
with integer input, there is an optimal solution in which the arc
flows are integers, and there are (strong) polynomial algorithms
for the problem including that with negative costs in an acyclic



time slot 1

time slot 2

Fig. 1. An illustration of the network flow problem corresponding to ACOP,.

graph [50]. These facts, together with Lemmas 2-3, establish the
theorem. O

Remark 4. For minimum-cost flow problems, the corresponding
integer linear optimization formulation has a constraint matrix
that is always totally unimodular [50, Chapter 11]. Consequently,
solving the linear relaxation, which is tractable in polynomial
time, will yield the integer optimum. Note that for minimum-
cost flow, there are specialized polynomial-time algorithms [50,
Chapter 10] that run faster than solving it as a generic linear
program. It is also interesting to note that the notion of total
unimodularity is generally useful for proving tractability. In [51],
for example, the authors used this notion to prove the tractability
of a special case of another caching optimization problem that is
NP-hard in general.

Remark 5. For combinatorial optimization problems, tractable
problem sub-classes are often identified by proving that a greedy
solution leads to optimum. For ACOP,, however, the greedy
solution in Section 3.1 remains sub-optimal. This is due to item-
specific utility function and backhaul capacity. Consider a simple
example of two items. Both are of size one. The capacity values are
C = 2 and L = 1. For item one, the utility function f1;0 = 2k
(with k > 1) for any t and f1;a = 0 for a > 1 and any t. For
item two, far, = k for a < t', where t' is a positive integer, and
fata = 0 for a > t' + 1. The greedy solution would cache and
update item one in all time slots. Thus for T = t', the total utility
is 2kt’. The optimal solution is to cache item two in time slot one.
Then, item one is added and kept updated in the next t' — 1 time
slots. This gives a total utility of kt' +2k(t' — 1) = 3kt’ — 2k. As
a result, the greedy solution becomes highly sub-optimal for large
t'. Thus the notion of network flows is necessary for arriving at
the conclusion of the tractability of ACOP,. O

5 INTEGER LINEAR FORMULATION

We derive an integer linear programming (ILP) formulation for
ACOP. This leads to a solution approach of using an off-the-
shelf optimization solver (e.g., [52]). Even though the approach
does not scale, it can be used to obtain the optimum of small-
size problem instances, for the purpose of performance evaluation

of other algorithms. The ILP formulation is given below. In the
formulation, we reuse the binary variables defined for (1).

t—1 t—1
max Z Z ( Z fitaTita + Z Uitrzitr> (2a)
=y2e{00} 57 (e \azo r=1
t—1
SUY @ja =y, i €L, tET (2b)
a=0
Tita > Yit + Tit—1)(a—1) — Tito — 1,
ieZ,teT\{1},a=1,...,t—1 (2¢)
Ti(t—1)(a—1) = Tita;
ieT,teT\{1a=1,....t—1 d)
t—1
Z Zitr = Tit0,1 €L, € T (2e)
7=0
Zitr <1 — Yik,
1eZteT,r=1,....,t—1Lk=t—7,...,t—1
(26
(1d), (le).

The objective function (2a) is the same as in (1). By (2b), if
item ¢ is cached in a time slot ¢, i.e., y;+ = 1, then exactly one of
the binary variables representing the possible Aol values is one,
otherwise these binary variables have to be zeros. Inequality (2c)
states that if item ¢ is cached with Aol @ — 1 in time slot £ — 1,
then for time slot ¢, the Aol becomes a (represented by x;¢, = 1),
unless it gets refreshed (represented by z;;9 = 1) or the item is no
longer in the cache (represented by y;; = 0). By (2d), if item i is
cached with Aol a > 1, it must have Aol a—1 in the previous time
slot. Constraints (2e) and (2f) together have the effect that z;¢, can
be one only if the item is added or refreshed in time slot ¢ and it
has been absent in the previous 7 slots where 7 € {0,...,t —1}.

6 REPEATED COLUMN GENERATION ALGORITHM

For efficient solution of ACOP, we propose an algorithm based
on repeated column generation. Column generation is an efficient



method for solving large-scale linear programs with the following
two structural properties [53]. First, there are exponentially many
columns (i.e., variables), hence including all is not practically
feasible and the method deals with only a small subset of them.
Second, identifying new columns that improve the objective func-
tion value can be performed by solving an auxiliary problem,
named the pricing problem or sometimes the subproblem. This
enables successive addition of new and promising columns until
optimality is reached.

6.1 Problem Reformulation

Applying column generation to ACOP is based on a reformulation.
In the reformulation, a column of any item is a vector representing
the caching and updating decisions of the item over all time slots.
We denote by £; the index set of all possible such vectors for
item 4. For each column ¢ € L;, there is a tuple (i, u;te) for
every time slot ¢. Both elements are binary. Specifically, a column
is represented by [(b;1s, uire), (bize, wize), - - -, (biTe, uire)] in
which b;s¢ and wu;y are one if and only if item ¢ is cached and
updated in the cache, respectively, in time slot . Note that there
are exactly three possible outcomes of the tuple values: (0,0),
(1,0), and (1,1). As a result, the cardinality of set £; is bounded
by 37

Because a column £ fully specifies the caching and updating
solution, the associated Aol values as well as the time of being
absent from the cache over time are known for any given column.
Hence, the overall utility of column ¢ for item 4, denoted by f;p,
can be computed.

The problem reformulation uses a binary variable ;. for each
item ¢ € 7 and column £ € L. This variable is one if column ¢ is
selected for item ¢, and zero otherwise. The reformulation is given
below.

max Z Z fieXae (3a)
x €L LeL
st. Y xiu=1,4i€T (3b)
el
D> biwsixu <C, teT (3c)
€L LEL
D> wiwsixi <L, teT (3d)
€L el
Xie €{0,1}, i €L, L€ L; (3e)

In (3), (3b) states that exactly one column (i.e., caching
and updating solution) has to be selected for every item. The
next two constraints formulate the cache and backhaul capacity,
respectively. Note that both (3) and (2) are valid optimization
formulations of ACOP. However they differ in structure.

6.2 Column Generation

The structure of (3) can be exploited by using column genera-
tion [53]. The underlying principle originates from the well-known
simplex method for linear programming (LP). In every iteration
of this method, the variables are partitioned into basic variables
with positive values (except for the case of degeneracy), and non-
basic variables that are zeros. The method updates this partition of
variables from one iteration to another. The update is based on the
so called reduced cost that in turn is dependent on the values of
dual variables associated with the constraints.
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Some linear programs, such as (3), are too large in the number
of variables, so not all of them can be considered explicitly.
However, at optimum, most of the variables will be non-basic with
value zero. Note that a variable with value zero has the same effect
as not having the variable present at all. Column generation utilizes
this fact by excluding a large portion of the variables (i.e., treating
them as non-basic ones). In each iteration, if any of these shall
become a basic variable, it becomes included in the problem. The
difference to the regular simplex method is that, since the reduced
cost cannot be directly computed for the excluded variables, an
auxiliary optimization problem needs to be solved in order to find
one such variable that needs to be included for improvement.

Consider the linear programming counterpart of (3), where
(3e) is replaced by the relaxation 0 < ;0 < 1,4 € Z,¢ € L.
Moreover, for each item ¢, a small subset E; C L; is used and
successively augmented to approach optimality. Initially, £} can be
as small as a singleton, containing only the column representing
not caching the item at all. One iteration of column generation
solves the following LP, referred to as the restricted master
problem (RMP) because L is a subset of £;.

max Y > fuxie (4a)
X Getiec
st. Y xi=1i€Zl (4b)
el
D>  biwsixie <C, te€T (40)
i€Z tel),
D> wisixie <L, t€T (4d)
i€Z tel)
0<xu<l i€ leCL] (4e)

At the optimum of (4), denote by A} (i € Z), 7} (t € T), and
wy (t € T) the corresponding optimal dual variable values of (4b),
(4c), and (4d), respectively. For any item ¢, the LP reduced cost of
column £ equals fip —Aj =, biteSiTf — D cq UiteSipty . We
are interested in knowing if there exists any column with a positive
reduced cost (among those in £; \ £} for item 7). If so, adding the
column to (4) shall improve the objective function value. This can
be accomplished by finding the column of maximum reduced cost
for each item. Clearly, the resulting optimization task decomposes
by item.

Recall that any column /¢ is characterized by a vector of tu-
ples of binary values [(b;1¢, ui1¢), (bize, Wize), - - -, (bire, wire)].
Finding the column of maximum reduced cost amounts to setting
binary values of the tuples, such that the corresponding reduced
cost is maximized. These values represent the update and caching
decisions of one item, and hence we can use the variable def-
initions in Section 5. The subproblem for a generic item 7 is
formulated below in (5).

There are clear similarities between (5) and (2), as both
concern optimizing caching and updating decisions. However, they
differ in several significant aspects. First, (5) deals with a single
item. Second, the cache and backhaul capacities are not present
in (5) because these are addressed in (3). Finally, the objective
function (5a) contains the dual variables as the purpose is to
maximize the reduced cost. Note that dual variable A} is a constant
for item ¢ and hence it is not explicitly included in (5a).

Subproblem (5) is an integer linear problem. As illustrated in
Fig. 2, it can be transformed into a shortest path problem that is
polynomial-time solvable. Note that the dual variables appear as



part of the arc costs in the graph. In the figure, notation x; is the
sum of dual variables 7} and py.

t—1 t—1
E fitaxita+§ Vitr Zitr | —
T=1

(SP;) qf =max 3

teT \a=0
S Z(W:yit + i Tito) (5a)
teT
t—1
S.t. Z Titqa = Yit, T € T (5b)
a=0
Tita 2 Yit + Ti(t—1)(a—1) — Tito — 1,
ieZ,teT\{1l},a=1,...,t—1 (5¢)
Zi(t—1)(a—1) = Tita;
teT\{l},a=1,...,t—1 (5d)
t—1
(5e)

> zitr = a0, t €T
=0

Zit‘rg]-fyika
teT,7=1,...,t—1Lk=t—7,...,t —1 (50

l‘itaE{O,l},tET,(I:O,...,t—l (Sg)
yir €{0,1}, t €T (5h)
zitr €{0,1}, t €T, 7=0,...,t -1 (5i)

Theorem 5. The shortest path from node ng to nr gives the
optimal solution of (5).

Proof: To establish the theorem, we show that there is a
one-to-one mapping between a path from node n¢ to node nr in
Fig. 2 and a sequence of caching decisions of a generic item ¢. In
the figure, the a-nodes of a time slot represent caching the item
with different Aol values. For example, a path entering node «;31
corresponds to caching the content item in time slot 3 with Aol 1.
The (-nodes are introduced to represent that the item is outside
the cache and to keep track on how long time it has been absent
from the cache. For example, a path entering ;32 means the item
is not cached in time slot 3 with a duration of two time slots (i.e.,
time slots 2 and 3).

To see the one-to-one mapping, we first observe that the graph
in Fig. 2 is acyclic, and by its construction, a path from ng to nr
will have to pass exactly one arc between the two sets of nodes
connecting two consecutive time slots ¢ and ¢ + 1. There are four
types of such arcs.

1)  An arc from an «-node of time slot ¢ to some «-node of
time slot ¢ 4+ 1 corresponds to having the content in both
time slots. For a genetic a-node a4, there are two pos-
sible arcs by graph construction, connected to ;410
and (¢ 41)(at1)> respectively The former represents to
update the cache by refreshing the content, and the cost
is — fi(e+1)0 + Sikii1 = —fierryo + 8i(Tig + pin)-
This value is the negation of the objective coefficients of
having ;;11)0 = 1 in the subproblem. The latter arc
means to continue caching the content without update,
and the arc cost equals that in the objective function (5a)
for xi(t+1)(a+1) =1.

2) Anarc from a S-node to an c-node corresponds to adding
the item (that has been absent from the cache for at least
one time slot) to the cache. By graph construction, for
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node (3, there is only one such arc (Bitr, i(t41)0)-
i.e., the Aol of the item in the next time slot is zero.
The cost value is —fit41)0 — Vier1)r + Sifiyr =
—fitt+1)0 — Vigg+1)r + Si(Tiyy + pypq). This is the
negation of the corresponding utility in the subproblem
and the only difference to the above case is the utility
term v;(;41)r of adding item to the cache after being
absent for 7 time slots.

3) An arc from an a-node to a [-node corresponds to
removing a currently cached content item. For node av;¢4,
there is only one such arc (tq, Bi(¢+1)1), i.€., in the
next time slot the item is absent from the cache with a
duration of one time slot. The arc cost is zero because
there is no utility of having the item outside the cache in
the next time slot.

4)  Finally, an arc from a S-node to another S-node corre-
sponds to keeping the content outside the cache. Note
that for any (B-node, say [;:r, there is only such arc,
leading to ﬁi(tJrl)(-,—Jrl), that is, if the content item has
been outside the cache in time slot ¢ for 7 time slots and
it remains outside the cache in the next time slot £+ 1, the
duration of absence is 7 + 1. The arc cost is again zero
because this action gives zero utility in the subproblem.

In addition to the above, any path has to use one of the arcs
connecting the nodes defined for time slot 7' to node nr; these
arcs all have cost \; as the reduced cost has a constant utility term
of —AL

By the analysis, there is a one-to-one mapping between the
paths in the graph and the subproblem solutions, and the shortest
path problem (or the longest path problem if we do not take
the negation of the values) from ng to np gives the optimal
subproblem solution. The theorem then follows from that the
graph is acyclic and its size is polynomial in instance size. O

Remark 6. Suppose a partial decision is taken such that an item
shall not be cached in some particular time slot. This amounts to
simply deleting all arcs entering the a-nodes for that time slot.
Conversely, requiring that the item is cached in a time slot corre-
sponds to removing all arcs entering the B-nodes of the time slot.
Moreover, accounting for adding or refreshing the content in a
particular time slot corresponds to removing the arcs except those
entering the a-node of Aol zero. Thus solving the subproblem can
easily accommodate partial decisions. This observation is useful
for attaining an integer solution (Section 6.3). [

Column generation for ACOP is summarized in Algorithm 2.
Applying Algorithm 2, the optimal objective function value is the
LP optimum of (3) and is therefore an upper bound of the global
optimum of ACOP. This upper bound is very useful to gauge the
performance of any suboptimal solution, because the deviation
from the global optimum is bounded by that to the upper bound.

6.3 Attaining Solution Integrality

The solution by Algorithm 2 may be fractional. A naive rounding
algorithm would pick some fractional y-variable of some item
1 and round it either up to one or down to zero, depending on
the value. This way of rounding is rather aggressive, however,
because the caching and updating decisions over all time slots
become fixed if a variable is set to be one, and there would be no
opportunity to make any further decision for item .



time slot 1 time slot 2

time slot 7'

time slot 3

Fig. 2. The graph for which finding the shortest path gives the optimum of (5).

Algorithm 2 Column generation
Imput: Z, 7, s;,1 € Z, C, L, fia, @ € Z,t € T,a € T,
vt €Lt €T, TET
Output: x*
1: Initialize £;,1 € T
2: Stop < False
3: while Stop = False do
4:  Solve (4) to obtain optimum x* and dual optimum

(A, 7%, p1*)
5:  Stop < True
6: fori=1,...,1do
7: Solve (5)
8: if g — A7 > 0 then
9: Stop < False
10: Add the column corresponding to g; to L

We consider performing rounding more gracefully. The idea is
to make a rounding decision for one item and one time slot at a
time. Given the optimum LP solution x* via column generation,
we define (cf. variables used in formulation (2) in Section 5) w;s =
> eerr bitexGy and ri = 37, oo witeX;,- These entities can be
interpreted as the likelihood of caching and updating item 7 in time
slot ¢, respectively. Note that for item %, there may be multiple (and
factional) y*-variables contributing to the values of w;; and ;4.
The following theorem states that, to attain an integer solution for
(4), it is sufficient that w;; and 14, ¢ € Z,t € T, become integer.

Theorem 6. X is integer if and only if r and w are integer.

Proof: The necessity is obvious by the definition of r and
w. For sufficiency, assume  and w are integer. Suppose Xx*
is fractional, and assume more specifically 0 < x;, < 1. By
(4b), there must exist at least another -variable for item ¢ that
has fractional value. Let £; denote the column index set of the
fractional x-variables of item 4. Because there are no identical
columns in c;, there must exist some time slot ¢, for which £; can
be partitioned into two sets, E? and ﬁll ,such that by = 0,4 € 2?
and by = 1,0 € Ell , and none of the two sets is empty. Thus
Wi = Zéeﬁ; buxi, = Zéeﬁi buexi, < 1, contradicting that
w;¢ 1s integer. The same argument applies to 7, and the theorem
follows. O

By the above result, rounding can be performed on r and
w, instead of x*. This amounts to considering disjunctions,
i.e., a partition of the y-variables into two subsets rather than
considering a single x-variable (cf. the proof of Theorem 6), and
resembles the use of disjunctions in branch-and-bound in solving
integer programs [54]. Hence we use the term disjunction-based
rounding (DR) to refer to the rounding concept.

After performing DR, column generation is applied again. This
is because additional columns may be needed to reach the LP
optimum given the constraint imposed by rounding. For example,
setting w;; = 0 means to exclude columns {¢ € L; : by =
1} and since the current E; is a small subset of £;, some new
column ¢ ¢ L with b;zp = 0 may improve the objective function.
This yields the repeated column generation algorithm, or RCGA
in short.

Note that, after a DR operation, both (4) and the subproblem
of column generation have to comply with the rounding decision.
Namely, if w;z = 0 by DR, then {¢ € L} : b;zy = 1} are removed
from (4). If w;y = 1, then {¢ € L] : bjzy = 0} are removed
from (4). Similar updates apply for DR on 7. The subproblem
graph is updated accordingly as well (see Remark 6).

6.4 Algorithm Flow

The algorithm flow has the following key components.

e In each major iteration, column generation is used to solve
the linear programming version of (3) in which some of the
caching and updating decisions (represented by w and 7)
are made. To this end, column generation iterates between
the RMP (4) and the subproblem (5) until optimality is
reached.

e After a major iteration, based on the values of w and 7, the
items and time slots that have integer values will be fixed.
Next, one content item ¢ and time slot ¢ with fractional
value is selected, for which the value of either w;; or r;
is set to be one or zero.

o Next, the algorithm removes the columns in RMP that are
not compatible with the rounding decision, and makes the
corresponding restriction to the subproblem. The process
then repeats until an integer solution is obtained.

The details of DR is presented in Algorithm 3. In the algo-
rithm, symbol <— and symbol & both represent the assignment of



a value to an entity. The difference is that with the latter symbol =,
the assignment value will be kept in all subsequent algorithm
steps, with the purpose of making the algorithm easier to follow.
Algorithm 3 uses two subroutines presented in Algorithms 4 and 5.

Algorithm 4 calculates 7 and w (Lines 1-2), and makes fixing
decisions of  and y in the subproblem (Lines 3 and 5), and
discards non-complying columns from the RMP (Lines 4 and 6).
Lines 7-10 calculate the remaining spare backhaul and cache
capacities, denoted by L’ and C', respectively. Finally,
Lines 11 and 12 compute the number of fractional elements of
7 and w, denoted by £ and 7, respectively. The values of £ and 7
are returned to Algorithm 3.

If both £ and 7 equal zero, the current solution is integer by
Theorem 6. Otherwise, one DR is applied for r if £ > 0 (Lines 3-
13). If 7 is integer but 7 > 0, DR is applied to a fractional element
of w (Lines 15-27).

More specifically, Line 3 finds the fractional element of 7
being closest to zero, and the corresponding item and time slot.
These entities are denoted by r, ¢, and ¢, respectively. The corre-
sponding entities in examining the fractional element of 7 that is
closest to one (Line 4) are denoted by 7, i, and £, respectively. If
r < 7, DR fixes 4 to be zero by Line 6. Furthermore, the non-
complying columns are discarded from £; by Line 7. If r > 7,
the algorithm checks whether or not there is enough remaining
backhaul capacity to download item 7. If the answer is positive,
Z370 1s fixed to be one in SP; by Line 9, and the non-complying
columns are deleted from £; by Line 10. If the remaining capacity
does not permit to download i, 27z, is fixed to be zero by Line 12
and the non-complying columns will be discarded from E% by
Line 13. DR based on w is similar to that for r, and the details
are presented in Lines 15-27.

As the next step, the algorithm calls Algorithm 5 to update
the remaining spare backhaul and cache capacity limits (Lines 2-
5). Thereafter, Algorithm 5 examines if any content item has a
larger size than what can be admitted by the capacity limit in
any time slot. For any such item and time slot, the corresponding
variable is fixed to zero, and the non-complying columns are
discarded (Lines 6-13).

6.5 Algorithm Summary

The framework of RCGA is shown in Algorithm 6 that iterates
between CGA and DR. As there are [ items and 7" time slots, and
at least one element of & and y becomes fixed in value in each
iteration, Algorithm 6 terminates in at most I x 7T iterations.

We remark that Algorithm 6 is deterministic. That is, the al-
gorithm will return a solution specifying fully the cached contents
and updates in every time slot.

7 PERFORMANCE RESULTS

In this section, we present performance evaluation results of
RCGA and the greedy algorithm (GA). We consider ACOP in-
stances of both small and large sizes. For the former, we compare
the utility achieved by RCGA and GA to the global optimum
obtained from solving ILP (2). For ILP, we use Gurobi opti-
mizer [52]. By using global optimum as the reference, we obtain
accurate evaluation in terms of the (relative) deviation from the
optimum, referred to as the optimality gap. For large-size ACOP
instances, it is computationally difficult to obtain global optimum.
Instead, we use the upper bound derived from the first iteration of
RCGA as the reference value. This is a valid comparison because
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Algorithm 3 DR Algorithm

1: Run Algorithm 4 and obtain £ and 7
2 if € > 0 then
» (r,t,4) « min{ry|ri > 0and ry < 1}

o ieTteT

e« (7,t,1) < min{1 — ry|rie > 0and 7y < 1}
€L, teT

s if (r < 7) then

6: Tti0 = 0 in SPl

7 Xit ZOiful;ﬂ:LEEﬁ_;

5. elseif (s; < L) then

o: Zi0 & 1in SP;

10: X &= 0ifuzz, =0, € L‘,é

1 else

12: Ziz0 & 0in SP;

13: Xie =0ifuzpp =1, £ € L

14 else if n > 0 then

15: yit =1inSP;ifwiy =1,i€Z,t €T

6 Xie =0in RMPif by =0,i € Z,t € T, L € L]
1 (w,1,4) < min{wg|w; > 0 and wi < 1}

i€ teT
i (@,1,t) + min{l — wi|wi > 0 and wy < 1}
i€eT,teT
. if (w < w) then
20: yit & 0 in SP;
21 Xie = 0if by =1,¢0 € Lﬁi
2 elseif (s; < C') then
2: y;z &= 11in SP;
24: Xie &= 0if b;gg =0,/¢¢ ,C%
s else
26: Y7z &= 0 in SP;
27: yie =0if by = 1, £ € L

5. Run Algorithm 5

Algorithm 4 Retriving fractional values

1. Compute » = {r;,i € Z,t € T}, where 7y = ZZEQ Wite X5
2 Compute w = {wi, i € Z,t € T}, where w;s = deﬁi biteX e
2 xio &= landye &= 1inSPyifrie=1,i€eZ,teT
4 Xie =0inRMPif uye = 0,5 € Z,t € T,£ € L]
s: Tito &= 0and y;+ &= 0in SP; if wiy = 0,71 € Z,t € T
o Xie =0inRMPifby = 1,i € I,t € T,{ € L]
7. I’ < {i € Z|zito is fixed to one}
s " + {i € T|y is fixed to one}
9: Cl — C — Eiel’ Si
o L'+ L— Zier/' S;
i & < cardinality{rs|r;s > 0 and 7 < 1}

ieT,ieT
. n < cardinality{w;¢|w;; > 0 and w;; < 1}

IETHET

N

Algorithm 5 Removal of non-compatible columns

. fort =1 to T do

2 I' <+ {i € I|zso is fixed to one}
s I" + {i € I|yi is fixed to one}
4: c’ (—C—Ziez, Si

5: L'+ L - Ziel” Ss

e forieI\Z do

7: if s; > L' then
8: zit0 £ 0 in SP;
9 Xie =0inRMP ifusy = 1,4 € L]

10: for: € I\IN do

1: if s; > C’ then

12: yit &= 01in SP;

13: Xie =0 in RMP if bit(’. = 1, l e ﬁ;




Algorithm 6 Framework of RCGA

1. STOP - 0
while (STOP= 0) do
Apply Algorithm 2 to obtain x* subject to DR decisions made
if (x* is an integer solution) then
STOP «+ 1
else
Apply Algorithm 3

ol

the deviation with respect to the global optimum does not exceed
the deviation from the upper bound. We will see that, numerically,
using the upper bound remains accurate in gauging the optimality
gap.

We use content-specific and time-specific utility functions
based on the literature [9], [49], [55]. Specifically, for each content
one of the following functions is randomly selected (cf. the
example functions given in Section 3.1): fita = “ZF*a + pit,
fita = 2%, and fiza = Zop. By the first function, the utility
decreases linearly in the Aol variable a, in the latter two cases
(inverse function and inverse exponential function) the utility
decreases non-linearly in the Aol. The functions are made content-
specific by varying parameter €; and popularity p;;. We remark
that the performance in terms of optimality and solution time
remains largely the same if only one type of function is used
for all contents. The use of multiple functions is to show that the
algorithm works in general with diverse functions.

A target application of ACOP is caching at network edge. The
cached contents could be local copies of a database, or popular
video clips stored at a base station, etc. Such applications are
studied in [56], [57], and in [2] from an Aol perspective. We
set the instance parameters similar to those in the references. The
number of content items is up to 100 (see [2]) with sizes generated
in interval [1, 10]. The number of time slots is set to 24, each with
length of one hour [56]. The cache and backhaul capacities are
setto C' = 0.5) ;7 5, and L = p) ;. 5; respectively, where
parameter p steers the backhaul capacity in relation to the total
size of content items. Parameter v;¢, is set to be fizo for 7 = 1
and grows linearly in 7. We will vary parameters I, T, and p
to study their impact on the overall utility. The instances as well
as the code used for the experiments are made available on the
web [58].

7.1 Algorithm Performance in Utility

Figs. 3-5 and Figs. 6-8 show the performance results for the small-
size and large-size problem instances, respectively. In Figs. 3-
5, the magenta line represents the global optimum computed
using ILP (2). In Figs. 6-8 the black line represents the upper
bound. In all figures, the green and blue lines represent the utility
achieved by RCGA and GA, respectively. Overall, RCGA delivers
close-to-optimal solutions (with a few percent of deviation from
optimum). For GA, the deviation from optimality is significantly
larger. Moreover, it can be seen that, the results for small-size
problem instances are consistent with those for larger problem
size. Thus we will mainly discuss the results for small-size
problem instances, even though we will also comment on the
difference when the instance size grows.

Fig. 3 shows the impact of the number of content items on
utility. Apparently, the overall utility increases with the number of
items. This is because when there are more content items, there
are more opportunities to exploit the item-specific utility values
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in optimizing the cache. However GA is less capable of doing
so in comparison to RCGA, as the optimality gap of RCGA is
consistently around 3% only, whereas the optimality gap of GA is
about 13%.

The overall utility will obviously increase for a longer caching
time horizon. This is seen in Fig. 4. RCGA and GA offer solutions
that are approximately 2% and 12% from global optimality for
values of T from 8 to 12. These optimality gap values are quite
constant over 7', and the reason is that extending the time has little
structural effect on ACOP.

Fig. 5 shows the impact of p on utility. Larger p means
higher backhaul capacity and thus higher utility as well. There
is a saturation effect, however, as when p approaches 0.5 (which
corresponds to the cache capacity), the backhaul capacity hardly
constrains the performance. For the lowest p-value of 0.1, both
algorithms have an optimality gap of 20%, and in fact GA gives
slightly better result. The increase in optimality gaps of both
algorithms shows that ACOP becomes noticeably harder if very
few content items can be updated per time slot.

The results in Figs. 6-8 follow a similar trend as the first three
performance figures. Interestingly, for large-size ACOP instances,
RCGA delivers better performance, as the achieved utility by
RCGA virtually overlaps with the upper bound. We believe this is
an effect of the knapsack structure of ACOP. When the number
of content items is small, even few sub-optimal caching and
updating decisions made by RCGA have noticeable impact on the
overall sub-optimality. This is less an issue with many content
items. GA, however, has a worse performance for larger-size
problem instances. The observation demonstrates the strength of
RCGA over the simple greedy schedule. Finally, our performance
evaluation using the upper bound is accurate, because the global
optimum is between the utility by RCGA and the upper bound that
are almost overlapping.

7.2 Additional Results

In Table 1, we report the running times of solving the ILP (2) and
RCGA, as well as the optimality gap values, for three groups of
instances that differ in the number of contents  and the number of
time slots 1". For ILP (2), we set a time limit of 50, 100, and 300
seconds, for the easy, medium, and hard instances, respectively.
The optimality gap of ILP is the one reported by the Gurobi
optimizer; this value is positive if the running time hits the time
limit. For RCGA, the optimality gap is that to the upper bound
(hence the true deviation to global optimum may be smaller). For
each combination of I and T, the table reports the average results
of five instances.

From the table, we observe that for easy instances, computing
the global optimum via ILP is feasible in terms of time. For these
instances, RCGA has significantly lower computing time though
there is a small optimality gap. For medium and hard instances,
global optimum is beyond reach, as the solver hits the time limit
with large optimality gap except for one instance. From the gap
values, using the solver as a heuristic for finding good solutions
does not appear to be a viable approach. RCGA, on the other hand,
is able to deliver close-to-optimal solutions with 1% or smaller
optimality gap in much less time. Another observation from these
results is that the difficulty of problem solving with respect to
problem size originates mainly from the number of time slots 7'
rather than the number of content items 1.

Fig. 9 shows the progress of solving ILP (2) using Gurobi
optimizer for a representative instance with I = 100 and 7" =
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Table 1: Average solution time and optimality gap.

ILP RCGA
Class I T gap (%) time (s) gap (%) time (8)
50 6 0.00 2.88 1.24 0.82
75 6 0.00 4.23 0.92 0.91
Easy 100 6 0.00 6.49 1.55 0.95
50 9 0.00 23.94 1.31 2.79
75 9 0.00 31.93 0.84 3.65
100 9 0.00 49.51 0.73 5.05
50 12 0.00 85.00 0.24 6.96
75 12 0.20 100.00 0.44 8.06
Medium 100 12 7.13 100.00 0.55 11.43
50 18 33.30 100.00 1.00 22.40
75 18 33.92 100.00 0.58 28.01
100 18 34.09 100.00 0.56 37.41
50 24 63.26 300.00 0.72 63.25
75 24 74.24 300.00 0.64 82.32
Hard 100 24 79.70 300.00 0.40 99.36
50 30 103.82 300.00 0.75 154.16
75 30 109.74 300.00 0.63 186.29
100 30 115.12 300.00 0.70 201.36
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18. The two curves show the best bound and incumbent (best-
known integer solution) over time. The gap between the two is
over 100% at the beginning, and drops to approximately 30%
within one minute. The solver makes then small progress in more
than 10 minutes. By the end of 15 minutes, the gap is reduced to
6%. It is observed, however, that the solver finds a good integer
solution in about 100 seconds, and the difficulty is to improve the
bound. For the same instance, RCGA has a running time of about
30 seconds and an optimality gap of 0.46% that is better than the
final gap in the figure.

For column generation, a classic approach to obtain an integer
solution is to solve the integer version of the problem with the
restriction to those variables generated in the column generation
process. We have carried out additional tests and comparisons
based on this approach. It turns out that solving the result-
ing integer problem remains very challenging in solution time.
However, if we allow pre-mature termination by an optimality
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Fig. 9. An illustration of the progress of solving ILP.

tolerance of a couple of percent, the Gurobi optimizer is able
to complete the solution process much faster, and in many cases
it leads to comparable solutions but less time in comparison to
RCGA. There are however a couple of disadvantages of such an
approach, namely theoretically it has exponential solution time,
and a suitable tolerance parameter is not known a priori hence it
requires parameter tuning.

Another variation of the algorithm is randomized rounding.
We have done some computational tests in which the fractional
variable for rounding is selected randomly, and then rounded to
zero or one depending on the fractional value. The tests show that
such a scheme leads to similar computing time, but slightly worse
performance in terms of utility.

8 EXTENSION TO CYCLIC SCHEDULE

Suppose the caching and updating schedule is cyclic. Namely, the
schedule repeats itself for every T" time slots. Hence the Aol of an
item in time slot one depends on the scheduling decisions made
for the item in later time slots. In this section, we discuss applying
our results and algorithmic notions to cyclic schedule.

The NP-hardness of cyclic scheduling clearly remains, as the
proof of Theorem 1 applies directly. The tractability stated in
Theorem 4 can be generalized to cyclic schedule based on the
notion of flow circulation, which refers to a flow pattern satisfying
flow balance at every node of a graph without source or destination
nodes. We modify the network graph (in Fig. 1) such that the last
node np coincides with the first node ng. Moreover, each node
ng, 4 =1,...,T — 1 is split into two nodes n; and n} connected
by a single arc (n;, n}) of tuple (0, I, I), i.e., there will be exactly
I flow units on this arc for every time slot. Finding the optimal
cyclic schedule corresponds then to solving the minimum-cost
circulation flow problem for which the optimum can be computed
in polynomial time (e.g., [59]).

Adapting the ILP formulation in Section 5 to cyclic scheduling
is easy; this amounts to adding an additional constraint of type
(2d) to connect together time slots 1 and 7'. The reformulation
(3) and our algorithm RCGA remain applicable. The difference
from acyclic schedule lies in the subproblem. Namely, instead of
finding a shortest path with graph construction shown in Fig. 2,
the subproblem consists in finding minimum cost circulation in a
modified graph as discussed above.

Finally, we remark that the underlying rationale of the greedy
solution in Section 3.2 does not appear very logical for a cyclic
schedule. The greedy algorithm works slot by slot, and, for each
slot, the algorithm uses the Aol values of the previous slot as input.
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With cyclic scheduling, this input is not available as it depends on
the whole scheduling solution. Nevertheless, the greedy acyclic
schedule is still a valid solution to be used as a cyclic schedule,
though the true utility values need to be evaluated afterward.

9 CONCLUSIONS

We have considered the optimization problem of time-dynamic
caching where the performance metric is age-centric. Our work
has led to findings in problem complexity. In addition, column
generation offers an effective approach for problem solving in
terms of obtaining close-to-optimal solutions. As another conclud-
ing remark, we believe our results and algorithm admit extensions
to a couple of other related performance functions. An example
is the minimization of average Aol. Moreover, we remark that
a key problem structure is the knapsack constraint due to cache
capacity, and for the regular knapsack problem there exist good
approximations including a fully polynomial-time approximation
scheme [60]. Hence an interesting direction of research is to
investigate if good approximation algorithms of the problem can
be derived. Finally, we remark that column generation can be
embedded into a branch-and-bound algorithm (or more commonly
known as branch-and-price in the context of column generation).
An effective implementation of the algorithm constitutes an exten-
sion of the current work.
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