
A Statistical Sparsity-based Method for Sensor
Array Calibration

Lifan Zhao, Shen Tat Goh and Wee Siong Ng
Institute for Infocomm Research

Agency for Science, Technology and Research
Singapore

zhao lifan, stgoh, wsng@i2r.a−star.edu.sg

Abstract—In Internet-of-Things applications, direction-of-
arrival (DOA) techniques play an important role in identifying
the direction of the sources. However, the antenna array system
is difficult to be precisely calibrated in practical scenarios. In this
paper, the DOA estimation problem is considered for the antenna
array with unknown errors. In particular, the sparsity in spatial
domain is exploited, where the errors are practically assumed
to be unknown without any prior information. The proposed
algorithm can calibrate the unknown errors in the sensor array
and estimate the DOA of the sources simultaneously. Notably, the
proposed algorithm is based on a fast sparse Bayesian framework,
where the whole process can be carried out with high efficiency.
By exploiting sparsity in a statistical manner, the number of
sources is not required to be known a priori. The simulated results
can validate that the proposed method is capable of obtaining
accurate estimation with low computational complexity.
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I. INTRODUCTION

In various Internet-of-Things (IoT) applications, localiza-
tion is one of the key component in facilitating the cooperation
and interaction among different sensors. The direction-of-
Arrival (DOA) estimation technique plays an important role in
allowing the system to identify the direction and localize the
sources [1], [2]. This can become particularly important for
systems where the global positioning system is not equipped.
Sensor array based DOA estimation technique can be ap-
propriately utilized to localize the sensor node. The multiple
signal classification (MUSIC) method has been successfully
applied in various applications with proper modifications [3],
[4]. The principle of MUSIC algorithm is to estimate signal
and noise subspaces, and to project the signal in the orthogonal
complement of noise subspaces. In this manner, desirable DOA
estimation with high resolution can be obtained. However,
there are two key drawbacks of this class of algorithms. In or-
der to obtain desirable estimation accuracy, they often require
an adequate number of snapshots to obtain a good estimation
of the covariance matrix, and the number of sources should
be known a priori. In practical scenarios, it remains to be a
challenging task to obtain high resolution DOA estimation.
In more recent literature, sparsity based techniques have been
properly applied for obtaining the improved performance DOA
estimation by exploiting sparsity in the spatial domain [5].
Sparse representation based DOA estimation methods have be-
come increasingly promising, which are able to improve the ac-
curacy of estimation in various challenging scenarios. Popular
sparse representation techniques, such as the greedy approach,

`1 regularized approach and sparse Bayesian method, can be
utilized to obtain more accurate DOA estimation. Different
from the conventional approaches, the sparsity based methods
can obtain improved performances in many challenging sce-
narios such as low SNR and inadequate number of snapshots.

In practical sensor array, the antenna manifold cannot be
precisely known, and can be time-varying. Therefore, it is im-
portant to apply calibration approach to desirably compensate
the errors. Notably, there are two types of calibration, i.e., off-
line and on-line methods. For off-line methods, a known source
shall be used to calibrate the antenna array. In this paper, our
focus is on-line calibration which is more suitable for time-
varying errors. In [6], [7], the errors can be estimated analyzing
the signal and noise subspaces based on their eigen structures.
Moreover, the Toeplitz structure of the covariance matrix can
also be exploited to estimate the errors, which is proposed in
[8]. In [9], [10], the calibration algorithm is proposed based on
Bayesian framework. Inspired by our previous work [9], [10],
a new calibration algorithm with low complexity is proposed.

In this paper, a fast sparse Bayesian framework is utilized
for array calibration. In particular, the proposed approach
is able to exploit sparsity in a statistical manner. More
specifically, the proposed algorithm has low computational
complexity since it is formulated and derived in a fast sparse
Bayesian framework. This paper is structured as follows. In
Section II, the problem formulation will be introduced. In
Section III, a fast sparse Bayesian calibration algorithm for
sensor array is proposed and discussed. This is followed by
the simulated results in Section IV and conclusion in Section
V.

The notations can be summarized as follows. The real
and imagery part of a complex value can be represented by
<(·) and =(·), respectively. For a matrix A, AH and A−1

denote the conjugate and inverse of the matrix, respectively.

`p norm of a vector is defined by ‖x‖p =

(
n∑
i=1

|xi|p
)1/p

. The

multivariate real-valued normal distribution is denoted by

N (X|µ,Σ) =
1

2π|Σ|
1
2

exp(−1

2
(x− µ)

T
Σ(x− µ))

The multivariate complex-valued normal distribution is de-
noted by,

CN (X|µ,Σ) =
1

π|Σ|
exp(−(x− µ)

H
Σ(x− µ))



The Gamma distribution is denoted by,

Γ(x|a, b) =
ba

Γ(a)
xa−1e−bx

II. PROBLEM FORMULATION

Let us denote the number of linear sensor antenna as M ,
the number of snapshots as T and number of grid size is P .
In sparsity based DOA estimation, the estimation problem can
often be formulated as a linear inverse equation,

Y = AX + n (1)

where Y ∈ CM×T is the obtained measurement matrix from
the sensor array, X ∈ CP×T is sparse vector to be estimated
and n is the unknown noise. More specifically, A is the
constructed over-complete matrix which can be expressed as,

A = [a1, ...,aP ]

ai = [ejπcos(θi), ..., ejMπcos(θi)]
T

It should be noted that P is often larger than M , where
matrix A becomes an over-complete dictionary with number of
columns larger than number of rows. As discussed earlier, there
exist model mismatch in practical scenarios. For simplicity,
only phase and gain errors are considered as model mismatch
in this paper. In this scenario, the linear inverse model would
become,

Y = EAX + n (2)

where E is a diagonal matrix with the i, i-th entry representing
the unknown error from the i-th sensor. In this paper, our
objective would be to simultaneously estimate the error E
and X. More specifically, this problem will be formulated in
Bayesian framework, where it can desirably avoid parameter
tuning.

III. THE FAST ARRAY CALIBRATION METHOD

In this section, the proposed model and inference tech-
niques will be introduced. The model will be constructed in a
probabilistic manner, and the subsequent inference technique
will be derived.

A. Probabilistic Model

In sparse Bayesian method, sparsity is imposed on the
signal in a statistical manner. In the following, we will in-
troduce the probabilistic models for our problem. Assume that
the noise follows i.i.d. complex-valued Gaussian distribution.
Therefore, the likelihood of the measurements can be given as,

p(Y|x,E, β) =

T∏
i=1

CN (yi|EAxi, β
−1), (3)

p(β|a, b) = Γ(β|a, b), (4)

where yi and xi represents the i-th columns of Y and X,
respectively. The hyper-parameters a and b can often be set
to be trivial values to avoid introducing bias. In this paper, a
sparse Bayesian model is employed to impose sparsity in a
statistical manner. The first layer of model can be expressed
as,

p(X|α) =

T∏
i=1

CN (xi|0, β−1∆) (5)

where diag(α) is denoted by ∆. The parameter α is unknown.
In this model, The scale Gaussian mixture is a popular ap-
proach to induce sparsity, since the marginalized distribution
for X would follow a heavy tailed distribution, such as
Student’s t-distribution in this case, where sparsity can be
imposed [11]. In this approach, it should be noted that it
does not require parameter tuning as in the optimization based
approach. However, this approach has undesirably introduce a
matrix inversion procedure in each iteration, which has made
it computationally unattractive. Therefore, it is important to
develop fast algorithms that can avoid the matrix inversion
procedure required.

1) Estimation of α: In order to obtain an estimate of α, a
candidate α should be chosen as the one that can maximize
the marginal distribution in each iteration. The marginal log-
likelihood can be obtained by integrating β and xf , which can
be expressed as,

L(α) =

T∑
i=1

log p(yi|E,α)

=

T∑
i=1

log

∫∫
p(yi|xi, β)p(xi|α)p(β|a, b)dβdxf

= −
T∑
i=1

(N + a) · log(yHi B−1i yi + b) + log |Bi|

(6)

where Bi = I+EA∆AHEH and ∆ = diag(α). Notably, the
integrations can be calculated in closed-form solution, which
is due to model conjugacy [12]. The main idea to develop
fast algorithm depends on proper decomposition of matrix Bi,
which can be expressed as,

Bi = I +
∑
k 6=j

α−1k Ai,kA
H
i,k + α−1j Ai,jA

H
i,j

= Bi,−j + α−1j Ai,jA
H
i,j . (7)

By substituting (7) into the log-likelihood in (6), it can be
obtained as follows,

L(α) = −
T∑
i=1

(T + a) ln(yiB
−1
i,−jy

H
i + b)

+ ln
∣∣B−1i,−j∣∣− ln(1 + α−1j si,j)

+(N + a) ln(1−
q2i,j/gi,j

αj + si,j
). (8)

where si,j , qi,j and gi,j can be given as,

si,j =
αjSi,j
αj − Si,j

, Si,j = AH
i,jB

−1
i Ai,j (9)

qi,j =
αjSi,j

αj −Qi,j
, Qi,j = AH

i,jB
−1
i yi (10)

gi,j = Gi +
|Qi,j |2

αj − Si,j
, Gi,j = yHi B−1i yi + b. (11)

By setting ∂L(α)
∂αj

= 0 and assuming αj � si,j , αj is given as,

αj =
T

T∑
i=1

(N+a)|qi,j |2/gi,j−si,j
si,j(si,j−|qi,j |2/gi,j)

. (12)



When we obtain the estimation of αj , the log-likelihood xi
will be calculated. Subsequently, this will be used to determine
whether a basis will be added, deleted or re-estimated. It can
be noted that the algorithm will only cope with one basis and
one entry in xi in each iteration. The detailed derivation is
omitted here for brevity. Interested readers can find similar
details in [13].

2) Estimation of E: To estimate the error matrix E, the
expected likelihood can be given as,

L(E) = −
T∑
i=1

(yi −Aµi)
H(yi −Aµi) + trace(AHAΣi)

(13)
By maximizing the expected log likelihood, the estimate for
E can be given as,

Êi,i =

T∑
j=1

[Yi·(Ãi·µj)
H

]

T∑
j=1

trace(µHÃH
i· Ãi·µ) +

M∑
k=1

trace(ÃH
i· Ãi·Σk)

(14)

where Ã represent the matrix by selecting the columns of A.
Therefore, the error matrix can be updated after the update of
X.

B. The proposed method

Based on the above derivation, the proposed algorithm can
be summarized as follows. In particular, this algorithm operates
in an greedy manner, where the computational complexity can
be reduced.

1) Algorithm initialization;
2) Update α in (12);
3) Calculate the likelihood to determine the correspond-

ing entry in α to be added, deleted or re-estimated;
4) Update the relevant basis and the corresponding X;
5) Update the error matrix in (14).

It should be noted that the update of error matrix can be
performed after a dozen of iterations for updating X. Since
in the early stage, the estimation of E can be rather inaccurate
due to inaccurate estimation of X. In addition, the E can be
updated once after several update of X, which can increase
the robustness of the algorithm.

IV. SIMULATED RESULTS

In the following, simulated results are presented, where
comparison with other methods are also given. In particular,
the rooted mean square errors (RMSEs) metric is defined as,

RMSEθ =

√(
θ̂i,j − θi,j

)2
/Mc/K (15)

where the number of Monte Carlo trails is represented by Mc.
In the following experiments, we use an uniform linear array
with M = 8 sensors, and Mc is set to be 200. Unless specified,
two sources are present which are separated by 20◦ and the
grid interval is set to 2◦.

Firstly, an example is shown in Fig. 1. In this figure, two
sources are present, which are from directions of 52◦ and 80◦,
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(a) The estimation result based on different algorithms
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(b) Zoom in view for the estimation around degree of 52◦
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(c) Zoom in view for the estimation around degree of 80◦

Fig. 1: An illustrative example of different algorithms for DOA
estimation in presence of errors
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Fig. 2: The comparison of DOA estimation for different
algorithms in terms of SNRs

respectively. It can be seen that the algorithm can obtain most
accurate estimation results. More specifically, our method can
correctly estimate the source from 80◦, while other methods
have suffered from certain errors. Although there are some
small peaks can be observed for the proposed algorithm, the
magnitudes are rather low which would not have any effects
in identifying the correct directions of sources. It should be
noted that the CPU time for the proposed algorithm is only
0.653s, which is rather fast.

Quantitatively, the proposed algorithm is also compared
with other methods in terms of SNRs. The number of snapshots
used is 150 in this experiment. In Fig. 2, it can be seen
that the algorithms in [6]–[8] are not able to obtain desirable
performance when the SNR increases. This is because that
the number of snapshots is rather small. As a result, the co-
variance cannot be accurately estimated. Compared with other
approaches, lower RMSE can be achieved by the proposed
algorithm

Finally, the proposed algorithm is compared with other
methods in terms of number of snapshots. The SNR is 6 dB
in this experiment. In Fig. 3, similar results can be observed
when the number of snapshots increases. Our algorithm again
obtains the most desirable performance, which validates the
effectiveness of the proposed algorithm.

V. CONCLUSION

Localization plays a vital role in IoT applications, where
DOA estimation is an important technique for facilitating
localization. In this paper, a new method for simultaneous array
calibration and DOA estimation is proposed. This method is
based a fast sparse Bayesian framework, where the time con-
suming matrix inversion procedure can be desirably avoided.
Moreover, the algorithm does not require to select proper
regularization parameter. In the simulated results, it can be
shown the proposed algorithm can obtain desirable estimation
accuracy in presence of error.
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Fig. 3: The comparison of DOA estimation for different
algorithms in terms of number of snapshots
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