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Abstract—We propose a precoder design to minimize the
codeword error rate of multiple-input multiple-output (MIMO)
systems in the presence of channel estimation errors. Our
proposed scheme only requires knowledge of the second-order
statistics of the channel, noise and the estimation errors; an
estimate of the instantaneous channel state information (CSI) is
not required. Compared to the instantaneous CSI requirement,
our assumption is more practical since obtaining an accurate CSI
is challenging if the channel fluctuates rapidly, while the channel
statistics are likely to remain unchanged for a much longer
period. Furthermore, the feedback overhead from the receiver
to the transmitter is greatly reduced. When compared to the
case without transmit precoding, our proposed design achieves a
significant improvement in error performance: (i) for a real 2 x 2
MIMO system with 4-PAM modulation and at codeword error
rate of 10~*, our proposed precoder design achieves coding gains
of up to 6 dB and (ii) for a real 4 x 4 MIMO system with BPSK
modulation and at codeword error rate of 10~*, coding gains of
up to 6.5 dB can be achieved.

Index Terms—MIMO communications, imperfect channel state
information, robust precoding, optimization

I. INTRODUCTION

The demands for data, multimedia and various other types
of services is projected to increase exponentially in the near
future. Thus, wireless communication systems will be required
to provide substantially higher data rates to a larger number of
users. Wireless communication systems with multiple transmit
and receive antennas offer significant advantages in terms
of increased data rates and reliability than those of single
antenna systems [1] [2]. There have been two main approaches
that have been proposed to utilize the benefits of multiple-
input multiple-output (MIMO) systems. These are the space-
time coding scheme which exploits diversity gain to improve
communication reliability [3] [4] and the spatial multiplexing
method (such as the Bell Laboratories Layered Space-Time
(BLAST) scheme [1], [5]) which aims at maximizing the
channel throughput. Both approaches require channel state
information (CSI) to be available at the receiver only.

If the CSI is also available at the transmitter, then joint
transceiver design is considered. Various approaches based on
different criteria has been proposed. These include the max-
imum signal-to-noise ratio (SNR) [6], maximum information
rate [7], minimum mean-squared error (MMSE) [8], and bit
error rate (BER) [9] transceiver design.

In order to benefit from the advantages of MIMO systems,
both the transmitters and receivers must obtain an accurate
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estimate of the CSI. This is a challenging task in practice,
especially for systems with large number of transmit and re-
ceiver antennas. Training-symbol based methods [10] [11] and
blind channel estimation strategies [12] [13] have been used
extensively to estimate the channel. Regardless of the channel
estimation techniques used, CSI estimation is subjected to
measurement, quantization and other sources of error.

Recent research has moved towards studying transceiver
design with imperfect CSI. These include joint channel
estimation-signal detection approach [14], transceiver design
based on sum-MMSE (SMMSE) [15] [16] and maximin
criteria [17] [18]. The aforementioned literature on transceiver
designs considered very simple error models, such as only hav-
ing upper bounds on the magnitude of the errors. However, in
practice, channel estimation errors are shown to be correlated
due to the channel correlation as well as estimation methods
which induce correlation in the errors [11] [21] [22]. Inspired
by this observation, a more rigorous correlated multivariate
Gaussian channel estimation errors was considered in the
problem formulation in [19] and [20].

In this paper, we propose a precoder design for MIMO
systems in the presence of channel estimation errors. The
objective of our design is to minimize the error probability of
the detected signal vector, given that the optimum maximum-
likelihood (ML) detector is deployed at the receiver. We
demonstrate, via numerical simulations, that significant im-
provement in error performance can be achieved. Our proposed
design does not require instantaneous CSI at the transmitter,
which leads to less feedback overhead. We assume that the
transmitter only has knowledge of the second-order statistics
of the channel, noise, and estimation errors. These are the
uncertainty attributes of the system and can be obtained from
a channel estimator [20] [23]. This assumption on statistical
CSI at the transmitter is practical since the actual channel
realization may change rapidly, and thus obtaining an accurate
CSI estimate is difficult. In contrast, the statistics of the
channel are likely to remain unchanged for a much longer
period of time. Our design can be viewed as a “semi”-offline
approach: The precoder is optimized for each set of uncertainty
attributes and is relevant regardless of whether the actual
channel realization has changed.

The remainder of this paper is organized as follows. We
describe the MIMO system with channel estimation errors in
Section II, with a comprehensive treatment of both the channel
estimation and data transmission phase. Our precoder design
for MIMO systems based on the second-order statistics of the
channel, noise, and estimation errors is proposed in Section
III. Numerical results and discussions are given in Section IV,



and our conclusions along with future research directions are
presented in Section V.

II. SYSTEM MODEL
Consider a MIMO system given by

y=HX +1, (1)

where X = [X1,Xa, . .. ,'iN/]T denotes the complex transmitted

. . R ’ ~ ~ ~ ~ T
signal vector of dimension N’ X 1,y = [y;,¥2,---,¥p/]

denotes the received signal vector of dimension P’ x 1I;

H is the channel matrix of dimension P’ x N’; and n =

[y, Mg, .. ,ﬁp/]T denotes a vector of circularly symmetric
complex Gaussian noise, i.e n ~ CN(0,2021p/).

The complex system model in (1) can be represented

equivalently in the real domain as follows:
Re (n)
}+[ Im (i) }
)

Re (X)
} [ Im (x)
where Re(:) and Im(-) denote the real and imaginary com-
ponents, respectively. Letting y, H, x and n denote the first,
second, third and fourth terms of (2) respectively, we obtain
the equivalent real system model,

y = Hx + n. 3)

[ Re () } _ [ Re(H) —Im(H)

Im (y) Im(H) Re(H)

In this representation, the dimensionality of the system vectors
are doubled, i.e P = 2P’ and N = 2N’. For the rest of the
paper, we will work with the real domain representation.

A. Channel Estimation

One of the common methods to estimate the channel in
MIMO systems is to transmit training symbols and then
estimate the channel based on the received data and training
symbols [10] [11]. We consider a block-fading model where
the fading coefficients are constant within a coherent interval
but may vary from one coherent interval to another.

The received vector during the channel estimation phase is

Yeo = Ph + nee. @)

where h € RPVN*1 = vec (H”) denotes the MIMO channel
to be estimated, P € RM*PN denotes a matrix of training
symbols (note that M > PN so that there will be at least
as many equations as unknowns), and n.. € RM*! denotes a
vector of Gaussian noise.

We assume that both h and n. are zero-mean real Gaus-
sian vectors. Their covariance matrices, X and X,, can be
estimated via measurements [24] [25]. It is important to note
that in this setting, the Bayesian linear-model MMSE estimator
which incorporates covariance parameters far outperforms the
classical LMMSE channel estimator [26].

Using the Bayesian linear MMSE estimation, the estimate
of h is given by [23]

h =K"y,., )

The matrix K is chosen to minimize the mean-squared error
(MSE) between h and h. Therefore, we have

K* = arnginE||K(Ph+ncc) —h|% (6)

Differentiating the expression in (6) with respect to K and
setting it to zero, it can be shown that [23]

K* = %,P7 (P, P +3,) " 7
Defining the estimation error as
e=h—h, (®)

it can be shown that e is a zero-mean Gaussian vector with
the following covariance matrix [23]

S 2E[h—h?=(PTSP+3) ©)
The covariance matrix of the estimate, h is given by
25 = E Ky yeK]
= 5,PT (PS,PT 4 3,) 7 PR, (10)

The dimensions of X, and X are both PN x PN. Further-
more, by the orthogonality principle, e is uncorrelated with h.
The channel estimator described above provides the channel
estimate h and the error covariance matrix Ye.

From (9), it is observed that the error covariance matrix, 3,
may not necessarily be a scaled identity matrix, which is the
assumption of most works in literature. Assuming orthogonal
pilot symbols (i.e PTP = I) and white noise (i.e ¥, = a21),
the error covariance matrix becomes

1 -1
B = (U—QH 2111) :

n

an

Recall that the dimensions of Xy, is PN x PN, hence there
are P? blocks of N x N sub-matrices in Xy. It is worth noting
the structure of 3, in the following two cases:
(i) Transmit antennas correlation: Every N x N sub-matrix
of 3y, is a diagonal matrix.

(i) Receive antennas correlation: 3y is a block diagonal
matrix. Except for the main N x [N block diagonals of
3, all other elements are zero.

In this paper, we assume only receive antenna correlation;
a future work addresses the case with transmit antenna corre-
lation as well as full correlation.

B. System with Channel Estimation Errors

Using (3) and (8), the received signal during the data
transmission phase can be expressed as

y = Hx — Ex +n, (12)

where E is the error matrix and H is the channel estimate.
Denoting e = vec(ET) and h = vec(H”), the second-order
statistics of E and H are given by (9) and (10) respectively.
In this paper, we assume that

(1) The receiver has channel estimate H and the error

statistics Xe; and

(ii) The transmitter has knowledge of 3 and X.

For this system model, the signal-to-noise (SNR) ratio of
the i*" received antenna is

>l EE [H] ]
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SNR[i] =

(13)



where &, = E[x}] is the average energy of the symbols
from the j*" transmit antenna. The average received SNR of
the MIMO system is thus defined as

(14)

In a similar fashion, the signal-to-interference-plus-noise
ratio (SINR) of the i received antenna and the average SINR
of the MIMO system are respectively given by

YL, &G E[H] ]

SINR [i] = —= : (15)
> j=1&x,E [EZZ]} +on
and
1 &
SINR = Z; SINR[i]. (16)

C. Optimum ML Detection
The optimum ML detector is given by [20]

X1 = arg max log Pr (y|ﬁ, x)
xeX

.~ \T .
= arg min <10g det 3y + (y - Hx) ! (y — Hx)) ,
xeX
(17)

where
2 T e
O X B )N+ 11N, (j— 1) N+ 15N %, if 1 =75
T .
X Ye(i—1)N+1:4N,(j—1)N+1:5N X otherwise.

Yix(ig) = {
(18)

is the covariance matrix of'y, given that vector x is transmitted.
The optimum detector can be implemented in a reduced
complexity fashion (see [20] for the implementation).

III. PRECODER DESIGN FOR MIMO SYSTEMS WITH
CHANNEL ESTIMATION ERRORS

Fig. 1 shows a simplified block diagram of the system
model. A message vector v is generated from the source
and encoded through a precoder T (our proposed precoder
design will be described subsequently). It is transmitted via
the MIMO channel, H. At the receiver, the optimum ML
detector is deployed. Our objective is to design T to minimize
the worst-case pairwise codeword error probability under the
constraint of only having statistical CSI at the transmitter. We
present a description of the pairwise codeword error probabil-
ity, our problem formulation and precoder design approach in
the subsections below.

ZhrZe H ZE
Linear Precoder X Channel Y ML
vV N —0p» %
T H Detector

Fig. 1. Simplified block diagram of the system

A. Pairwise Error Probability

Let v,w € V be two distinct uncoded signal vectors, and

x = Tv and z = Tw be the codeword vectors after precoding.

Suppose z is transmitted, an upper bound on the average

probability that the optimum detector decides in favor of x
det [uX7 + (1 — p) Ex

—
2
].

{det[Lpy + 2L (1) S5} 7

where X = Ip @ x, Z = Ip @z, 3z and Xx are the
covariance matrix of y given that z and x is transmitted,
respectively and

" do 1—p ) /2
Pt e

19)

L =20 X s, - B 2 X
(20)

The upper bound (19) is valid for 0 < p < 1. The best upper
bound can be found by optimizing over x. A simpler (but not
optimal) bound can be obtained by setting pu = %

As mentioned previously, we focus on the case when there
is only receive antenna correlation. In this case, 3y, is a block
diagonal matrix and it can easily be shown from (11) that 3,
and X; are also block diagonal matrices. In addition, 3y and

respectively 3, are given by

_ [ 2 +xTAYx, ifi=g;
Entig) = { 0, otherwise, @0
and
_ [ o2 +2"AVg, ifi=j;
atig) = { 0, otherwise. (22)

where we have simplified the notation by defining AW 2

Se(io )N+ 1N (N 1ins AD s the " main N x N block
diagonal of 3.

Using (21), (22) and for p = 5, we write (19) as

1

29
Pipju=1 (2 = x)

1 1

HZJ.V:1 (XTA(i)x + o’%) ’ (ZTA(Z)Z + 03) !

ITY, (47BOd + 2x7ADx + 227A07 + 202)

» (23)

W=

whered =z—xand BY £ Sy 1 vy gy i the
i" main N x N block diagonal of X;.

B. Problem Formulation

The precoder design problem is formulated as

P(z — x)

minimize maX{WwEv:w#%
Ex.
J

subject to T (TTT) <3 @4

Jj=1
with variable T € RP*P_ The constraint in (24) restricts the
transmit power not to exceed the average transmit power of the
original signal vectors. We note that this optimization problem
is non-convex in T. In the next subsection, we describe our
design approach to overcome the nonconvexity of the problem.



We first present an equivalent formulation of the problem.
Taking logarithm of (23), we obtain

log Pp,j,—1 (Tw — Tv)
1 .
=1 Z [log (VTTTA(Z)TV + U,QL)
i=1
+log (wTTTA(i)TW + ai)}

N
1 , ,
—3 > log (dTTTB(”Td + T TT ATy
=1

+2w" T AW Tw + 203) : (25)
Let t = vec(T") and using our earlier definition that
V = Ip @ v0, we can write vV TTAOTY = (TAGY)g

where A(M) L VT‘A“’)V. Using similar definitions, AW 2
WIADW and B@Y 2 DTBOD (where D = Ip @ d7), we
re-write (25) as

frw,ry (t) = log Pubw:% (Tw — Tv)

1 , ,
=3 > [log (tTA(”)t + o—ﬁ) +log (tTA(“W)t + ai)}
i=1

-l
*MZ I

log (tTB(i’d)t 2T A4 2T AW 4 20—,%) .

=1

(26)

Since logarithm is a monotonic increasing function, (24)
can equivalently be formulated as

minimize T

subject to  frwry (t) <7, YWw,veW :w#v
T N &
tt S Zj:l ng

(27)
with variables 7 € R and t € RP”.

C. First-Order Approximation Approach

Unfortunately, (27) is still a non-convex program. We pro-
pose using an iterative optimization approach to find a locally-
optimal solution of (27) based on the first-order approximation
of the function frw ry(t). In iteration k, we approximate the
function frw 1y (t) around its previous feasible point (k=1
Note that frw 1y (t) can be linearized at a point s as

Frwry () = frway (8) + Vit (5) (E—s),  (28)

where, in our case,

N
2>
2

=1

N
i=1

T A o2

Al

VfTw.,TV = tTA(i;V)t + 0-721

Bt 240 ¢ 4 240
tTBODt 1+ 2T AV 4 2T AVt 4 252
(29)

Using (28) and (29), the optimization problem in the k'"
iteration is
minimize T
subject to  frw,Tv (t(kfl)) =+

V frw,1v (t(k_l))T (t—t*= D)y <rVwveV:
D et <V e 1< i< P
) c N &
t(k‘)Tt(k') < Zj:l ng
(30)

with variables 7 € R and t*) € RP’. In (30), t*=1 s the
solution obtained in the previous iteration. In addition, the
second constraint is the trust region constraint and ¢ is known
as the radius of the trust region. We summarize our proposed
approach in Algorithm I below.

Algorithm 1 Proposed precoder design for MIMO systems
with channel estimation errors

1: Input: N, P, trust region width ¢, initial feasible point t(°),
max. no. of iterations k,,x, tolerance 7.

2 k<1

3: while & < kpay and [[tF) — tF=D )12 > 5 do

4:  Compute V fry 1y using (29).

5 Use Vfrwr1v and previous estimate t*=1 to solve
optimization problem (30).

6: k<« k+1.

7: end while
8: Output: (k).

IV. NUMERICAL RESULTS AND DISCUSSION

In this section, we present some numerical simulation results
for different system parameters. In all the simulations, we set
¥, = oI and use orthogonal pilot symbols (i.e PP = I)
for channel estimation. For receive antenna correlation, in
each of the main sub-blocks of Xy, the model Xy ;) =
cal’™=l| 0 < o < 1, is used. This covariance matrix model
is frequently used in the literature (see [11], [21], [22], and
references therein). Thus, the error covariance ¥, is given by
(11). The definitions of SNR and SINR are given by (14) and
(16), respectively.

A. 2 x 2 MIMO system

In the first set of numerical simulations, we consider a
2 x 2 real MIMO system with 4-PAM modulation (i.e V =
{-3,-1,1,3}).

1) Convergence of the proposed iterative optimization:

First, we study the convergence properties of the proposed
iterative optimization method. The top graph in Fig. 2 depicts
the evolution of the objective function value with the number
of iterations. The bottom graph in Fig. 2 shows the the
logarithm of the Euclidean distance of the difference of the es-
timates versus the number of iterations, i.e log |[t(¥) —t(F=1)| |2,
This is a measure of the variation of the estimates across
consecutive iterations (smaller value indicates smaller vari-
ation and vice versa). Two observations are made from the
top graph: (i) The trust region radius needs to be sufficiently

wW#£V



small in order for convergence to occur. In this example, the
objective function values converges for e = 0.001,0.05 and
0.01. This is mathematically intuitive because the linearization
model (28) is only “locally” accurate, and (ii) a smaller trust
region radius will require more iterations for convergence
and vice versa. Furthermore, the amplitude of the fluctuations
about the steady state value is also smaller for smaller trust
region radius.

It is observed from the bottom graph of Fig. 2 that
smaller trust region radius also leads to smaller variation
across consecutive estimates; for ¢ = 0.001,0.005 and 0.01,
|[t*) — ¢+=D|12 = 10713, 10710 and 1073 respectively.

—&=0001--¢=0005¢=001--£=0025 0 ¢=0.05]

Objective function value
8
o
o
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o
o
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o
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o
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o,
o
o
o

-0 | | I | I | | | |
0 10 20 30 40 50 60 70 80 90 100
Iteration

tog( || t*0—t*"D %)

Iteration

Fig. 2. Convergence of the objective function value and optimization variable

2) Constellation points after optimized precoding:

Next, we present the results for the optimized signal constel-
lation set after precoding. Since 4-PAM modulation is used,
there is a total of 42 = 16 signal vectors in the original
constellation set. This is illustrated in a 2-dimensional diagram
on the left graph of Fig. 3. The horizontal axis shows the
first element of the signal vector (corresponding to the first
transmit antenna) and the vertical axis shows the second
element (corresponding to the second transmit antenna). The
right graph in Fig. 3 illustrates the signal constellation set after
optimized precoding. It is observed that the constellation set
is altered in order to achieve a better error performance.

Constellation points before precoding Constellation points after precoding

3 x x x x 3] 54
o
2 2 oo
1 x x * x 1 o ©
3 3 o
B B oo
1 x x x x 1 o (@)
= 2| o <
-3 x x x x 3] o
o
5 5 3 =+ s 3 3
Anteana 1 Anttna 1
Fig. 3. 2 x 2 MIMO: Constellation points before and after precoding

3) Error probability performance:

In the third part of this set of simulations, we compare
the codeword error probability performance for the same
system configuration. For comparison purposes, the following
precoder and detector setups are considered: (i) No precoding

at the transmitter with Euclidean distance detection ||y — Hx||?
at the receiver, (ii) No precoding at the transmitter with
optimum detection (17) at the receiver, (iii) Proposed precoder
at the transmitter with Euclidean distance detection ||y — Hx||2
at the receiver, and (iv) Proposed precoder at the transmitter
with optimum detection (17) at the receiver.

These different setups are considered in order to illustrate
the incremental benefits of each scheme. Fig. 4 illustrates the
codeword error rate versus SINR performance. It is observed
from Fig. 4 that the lowest error probability is attained using
our proposed precoder in conjunction with optimum detection.
It is intuitive since the proposed precoder was designed
based on the optimum detection at the receiver. Therefore,
a mismatched detector (in this case, Euclidean distance based
detector) will lead to degradation in error performance. Fig.
4 shows that substantial improvement in error probability can
be attained: At a codeword error rate of 10~%, our proposed
precoder achieves coding gains of 4.5 to 6 dB over the
scenarios without transmit precoding.

codeword error rate

10"°t-[-B-No Precoding with Optimum Detection
-O-No Precoding with Euclidean Distance Detection
~-Proposed Precoding with Optimum Detection
-9 Proposed Precoding with Euclidean Distance Detection
T T T d

0 5 10 15

20
SINR

Fig. 4. 2 x 2 MIMO system with channel estimation errors: Average SER
vs SINR for the different setups

B. 4 x 4 MIMO system

In the second set of numerical simulations, we present the
error probability results for a 4 x 4 MIMO system with BPSK
modulation, i.e V = {—1,1}.

Figs. 5 and 6 illustrate the codeword error probability
versus SINR and SNR, respectively. In Fig. 6, the power
of the channel estimation errors is set to be 5 times of the
channel power. Both figures show that the most significant
improvement in error probability performance is achieved with
our proposed precoder design. It is observed from Fig. 5 that
at codeword error rate of 10~%, significant coding gains of 5.5
to 6.5 dB can be achieved by using our proposed precoder.

Figs. 5 and 6 also show that if no precoder is used,
then there is noticeable benefit in using optimum detection
over Euclidean distance detection. On the other hand, if our
proposed precoder is used at the transmitter, then the benefit of
using the optimum detector over Euclidean distance decoding
is minimal. It is worth noting that error floors are observed in
Fig. 6. This is because as SNR increases, the system becomes
“interference-limited”. The “interference” in this scenario is
induced by the presence of channel estimation errors.
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Fig. 5. 4 x 4 MIMO system with channel estimation errors: Average SER
vs SINR for the different setups
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Fig. 6. 4 x 4 MIMO system with channel estimation errors: Average SER
vs SNR for the different setups

V. CONCLUSION

In practical communication systems, parameter estimation
is often erroneous due to imperfect measurement, quantization,
and other sources of error. In this paper, we propose a
precoder design for error rate minimization in MIMO systems
with channel estimation errors. We assume that the receiver
knows the instantaneous estimate and the statistics of the
channel, while the transmitter only has the knowledge of its
statistics. Our design therefore does not require instantaneous
CSI feedback, which leads to considerable savings in commu-
nication resources. We show, via numerical simulations, that
our proposed precoder design leads to significant improvement
in error performance. Future studies will consider precoder
design with a more general assumption on the detector.
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