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Minimum Cost Control of Directed Networks
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Abstract—The minimum cost control problem is one of the
most important issues in controlling complex networks. Different
from the previous works, in this paper, we consider the min-
imum cost control problem with selectable inputs by adopting
the cost function summed over both quadratic terms of system
input and system state with a weighting factor. To address such
an issue, the orthonormal-constraint-based projected gradient
method is proposed to determine the input matrix iteratively.
Convergence of the proposed algorithm is established. Extensive
simulation results are carried out to show the effectiveness of the
proposed algorithm. We also investigate what kinds of nodes are
most important for minimizing average control cost in directed
stems/circles and small networks through simulation studies. The
presented results in this paper bring meaningful physical insights
in controlling the directed networks from an energy point of view.

Index Terms—Complex networks, matrix trace optimization,
minimum cost control, orthonormal boundary condition.

I. INTRODUCTION

IN REAL LIFE, many complex systems can be mod-
eled as networks, including social networks [1], [2];

sensor networks [3], [4]; smart grid [5], [6]; economic
networks [7], [8]; gene networks [9], [10]; brain
networks [11], [12]; transportation networks [13], [14];
and so on. Controlling complex networks is one of the
most important problems, which can guarantee reliable and
efficient operations of such complex systems.
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Linear time invariant (LTI) dynamics has been widely
adopted to model various real-life network systems described
by ẋ(t) = Ax(t)+Bu(t), x(0) = x0, where A = [aij]N×N is an
adjacency matrix of the directed network and B = [bim]N×M

is the input matrix that characterizes how the nodes are con-
nected to external control sources. Generally speaking, when
the input matrix becomes selectable, there are two essential
problems in controlling an LTI network system. One of them
is to find the minimum number of external control sources M
connected to the network that can ensure the controllability of
the system [15]–[17]; the other issue is to further determine
the input matrix B as well as the input u(t) in order to drive
the system state to any predefined state with minimum control
cost when the number of control sources ensuring the system’s
controllability is given [18]. The former issue is known as the
network controllability problem and the latter one is called the
minimum cost control problem with selectable inputs.

Existing studies [15], [16], [19] have mainly focused on the
former issue and made important advances in identifying the
minimum number of external control sources, through which
the controllability of the system can be ensured as one node
is able to affect the states of other nodes due to the couplings
between the nodes. Such a control process plays an important
role in the regulation of protein expression [20], the inhibition
of undesirable social contagions [21], and the coordination of
moving robots [22].

However, it is worth pointing out that when the Gramian
matrix tends to be singular, the control cost of the network
will be prohibitively large, resulting in the network being the-
oretically controllable but practically uncontrollable [23], [24].
Therefore, in many real-world applications, an even more
important problem is how to utilize M external control sources
including the determination of their weights for minimiz-
ing the cost required in controlling the networks. There
are many applications in various real-life networks for this
problem, such as in physics [15], [16]; biology [25]; social
networks [26], [27]; brain networks [11]; and engineering [22].
For example, in the coordination of moving robots [22], how
to select the optimal leader nodes which are regarded as nodes
connected to the external control sources is quite essential to
achieve the coordination objective most efficiently. In the gene
regulatory networks [25], how external signals can be allocated
to the nodes so that the levels (e.g., protein concentration) of
all nodes can be adjusted in finite time to some values most
efficiently has been identified as a key technique.

Recently, researchers have started to consider the second
issue in the field of complex networks and have found some
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interesting heuristic results. In [23] and [24], the eigenvalue
properties of the controllability Gramian matrix have been
explored. In [24] and [28], it is pointed out that the con-
trol cost decays exponentially when the number of control
nodes increases. In [18] and [29], this problem is formulated
as a matrix-trace-based cost function under the trace boundary
constraint or orthonormal boundary constraint. However, to the
best of our knowledge, this significant yet challenging issue
still remains largely open. On the other hand, this problem is
related to the constrained input selection problems in directed
networks [28], [30]–[32] and the leader selection problem in
undirected networks [33]–[35], as they are often approached
as minimization of the control cost [36]. The external con-
trol sources could be regarded as communication/control
towers [37] or sensors/actuators [38].

However, in all of the above works, the quadratic term
of system state is not considered in the cost function while
the deviation of the system state is undesired in many prac-
tical applications. In this paper, departing from works [23],
[29] and analogously from [39], we investigate the minimum
cost control problem with selectable inputs by adopting the
cost function summed over both quadratic terms of system
input and system state with a weighting factor α. Including
such a quadratic term in the cost function makes the problem
become challenging due to the difficulty of obtaining the
derivative of the cost function with respect to B. To solve
this problem, we first manage to obtain the derivative of the
quadratic term of the system state by introducing the chain rule
to matrix function differentiation. Then, an algorithm named
the orthonormal-condition-based projected gradient method
(OPGM) is proposed based on the obtained gradient infor-
mation. To guarantee the convergence property of OPGM, a
key technique is to introduce positive parameters ρk and λk

during the iteration process of OPGM. Thus, with the con-
verged solution, the input matrix is obtained and the input can
be designed. Extensive experiments are conducted so that the
effectiveness of OPGM, including the effects of the weighting
factor α, is verified. Our findings help us to better understand
how the network should be controlled at minimum control cost
when B becomes selectable.

II. PROBLEM FORMULATION

In this paper, we focus on directed networks with
N-dimensional LTI dynamics described by

ẋ(t) = Ax(t) + Bu(t), x(0) = x0. (1)

For the input matrix B = [bim]N×M , bim is nonzero if an
external control source m is connected to node i and zero oth-
erwise. Since the pairs (B, u(t)) and (kB, (1/k)u(t))(k �= 0)

serve the same function on the system, it is natural to fix the
norm of input matrix B. In fact, there are several different
kinds of matrix norms and each corresponds to a distinctive
boundary condition. In real applications, if the columns of the
input matrix B are chosen as dissimilar as possible, the redun-
dancy of the input signals can be reduced as far as possible.
Therefore, in this paper, we consider the orthonormal bound-
ary constraint, i.e., BTB = IM where IM is an M × M identity
matrix, which means all the columns of B are orthogonal to

each other. For example, when considering a case where exter-
nal control sources are restricted to one-to-one connection with
the network, the constraint BTB = IM can be easily satisfied.

With the orthonormal boundary condition, to drive the net-
worked system from an initial state x0 to the origin during the
time interval [0, tf ], the minimum cost control problem with
selectable inputs can be formulated as

min
u, B

α

∫ tf

0
‖u(t)‖2dt + (1 − α)

∫ tf

0
‖x(t)‖2dt

s.t. ẋ(t) = Ax(t) + Bu(t)

BTB = IM, (A, B) is controllable

x(t = 0) = x0 x(t = tf ) = xtf = 0 (2)

where x(t) = [xT
1 (t), . . . , xT

M(t)]T represent the state of nodes,
u(t) = [uT

1 (t), . . . , uT
M(t)]T is the external input, and 0 (vector)

denotes the origin. Here, the cost function contains two parts
with a weight parameter 0 < α ≤ 1. Note that both u(t) and B
are decision variables to be determined, where u(t) specifies
the values of inputs at each operating time and B determines
how the control sources are connected to the nodes as well as
the weights of the connections.

Assumption 1: The number of external control sources is
sufficient to ensure that (A, B) is controllable at initial time.

Remark 1: With the condition that (A, B) is controllable, M
should be greater than a lower bound value denoted as ND,
which can be determined by the maximum matching algo-
rithm in [15]. On the other hand, Sun and Motter [40] pointed
out the numerical controllability transition problem in control-
ling complex networks, which means that a small number of
key nodes is barely enough to ensure numerical controllabil-
ity. Such a failure of finding a numerical solution may not
be overcome by merely increasing the numerical precision.
Therefore, we generally set M = ND +�M to ensure control-
lability of the networks and avoid numerical controllability
transition problem.

When B is selectable, both x(t) and u(t) become functions
of B, which are denoted as x(t, B) and u(t, B), respectively.
We consider the following two optimization models for two
types of control cost, i.e., the one-time control cost and the
average control cost, respectively.

Optimization Model 1: In this optimization model, we con-
sider the one-time control cost, which refers to the cost of
driving an LTI system ẋ(t) = Ax(t) + Bu(t) from a pregiven
initial state x0 to the origin over [0 tf ]. The problem can be
formulated as

min E(B) = min α

∫ tf

0
uT(t, B)u(t, B)dt

+ (1 − α)

∫ tf

0
xT(t, B)x(t, B)dt

s.t. ẋ(t) = Ax(t) + Bu(t)

BTB = IM

x(0) = x0, x(tf ) = xtf = 0 (3)

where (A, B) are matrices such that the network is controllable
(Theorem 1), E(B) is a one-time control cost depending on B.

Optimization Model 2: When it comes to the average control
cost, denoted by E(B), we sum all realizations of the one-
time control cost for all possible initial states x0. Then, the
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optimization model becomes

min E(B) = min α

∫ tf

0
E

{
uT(t, B)u(t, B)

}
dt

+ (1 − α)

∫ tf

0
E

{
xT(t, B)x(t, B)

}
dt

s.t. ẋ(t) = Ax(t) + Bu(t)

BTB = IM

x(tf ) = xtf = 0 (4)

where E{·} takes the expectation of the argument over all
realizations of the random initial states.

When the system is controllable, the state of the LTI
system (1) is given by

x(t, B) = eAtx(0) +
∫ t

0
eA(t−τ)Bu(ν)dν. (5)

In [41] and [42], for all 0 < α ≤ 1 as long as u(t, B) is
designed as

u(t, B) = −BTeAT(tf −t)W−1
B eAtf x0 (6)

where WB is the following Gramian matrix:

WB =
∫ tf

0
eAtBBTeAT tdt

x(tf ) = 0 can be guaranteed for any x0 and any B satisfying
that (A, B) is controllable. This is because

x
(
tf
) = eAtf x0 −

∫ tf

0
eA(tf −ν)BBTeAT(tf −ν)W−1

B eAtf x0dν

= eAtf x0 −
[∫ tf

0
eAt̃BBTeAT t̃dt̃

]
W−1

B eAtf x0

= eAtf x0 − WBW−1
B eAtf x0

= 0. (7)

Thus, as long as (A, B) is controllable, we can always design
u(t) to drive the system from an arbitrary initial state to the
origin in a fixed time interval [0, tf ]. With u(t, B) and x(t, B)

given in (5) and (6), the control cost functions E(tf , B) and
E(tf , B) are just dependent on the selection of B. In a word,
our objective is to find an optimal input matrix B subject to
the orthonormal boundary constraint so as to minimize E(B)

or E(B).

III. OPGM FOR SOLVING OPTIMIZATION PROBLEM

In this section, we will introduce an algorithm to solve the
optimization problems formulated in (3) and (4) iteratively. We
first calculate the derivative of the cost function with respect
to the input matrix B. Then, the algorithm named OPGM is
presented.

A. Derivative of the Cost Function With Respect to B

Before presenting OPGM that searches for such
a B iteratively, we need to consider the derivative
of E(B) or E(B) with respect to the input matrix
B, i.e., to obtain [(∂

∫ tf
0 uT(t, B)u(t, B)dt)/(∂B)] and

[(∂
∫ tf

0 xT(t, B)x(t, B)dt)/(∂B)], respectively.

From (6) and (7), it is seen that the system input u(t, B)

depends on B, the state transition matrix eAt and the inverse of
Gramian matrix W−1

B which is again a function of B, and that
the system state x(t, B) is a convolution of the state transition
matrix and the system input to be designed. Therefore, obtain-
ing the derivatives of the quadratic terms involving system
input and system state with respect to B is a very complicated
process. By the chain rule for matrix function differentiation,
we manage to solve the problem, which enables us to propose
the OPGM to be presented in the next section.

Lemma 1: The derivative of
∫ tf

0 uT(t, B)u(t, B)dt with
respect to B is given by

∂
∫ tf

0 uT(t, B)u(t, B)dt

∂B
= −Fu(B) · B (8)

where Fu(B) = 2
∫ tf

0 eAT tW−T
B eAt x0xT

0 eAT tW−T
B dt.

Proof: Please see the supplementary material.
An important contribution of this paper is how to obtain

[(∂
∫ tf

0 xT(t, B)x(t, B)dt)/(∂B)], which is generally more
sophisticated than obtaining [(∂

∫ tf
0 uT(t, B)u(t, B)dt)/(∂B)].

The result is given by the following lemma.
Lemma 2: The derivative of

∫ tf
0 xT(t, B)x(t, B)dt with

respect to B is given by

∂
∫ tf

0 xT(t, B)x(t, B)dt

∂B
= −Fx(B) · B (9)

where

Fx(B) = 2
∫ tf

0

∫ t

0
eAT (t−τ)x(t, B)xT

0 eAT tf W−T
B eA(tf −τ)dτdt

+ 2
∫ tf

0

∫ t

0
eAT (tf −τ)W−1

B eAtf x0xT(t, B)eA(t−τ)dτdt

− 2
∫ tf

0
eATσ W−T

B

∫ tf

0

∫ t

0
eA(tf −τ)BBT

× eAT (t−τ)x(t, B)xT
0 eAT tf dτdtW−T

B eAσ dσ

− 2
∫ tf

0
eATσ W−1

B

∫ tf

0

∫ t

0
eAtf x0xT(t, B)

× eA(t−τ)BBTeAT (tf −τ)dτdtW−1
B eAσ dσ (10)

with

x0xT(t, B)

= x0xT
0

[
eAT t − eAT tf W−T

B

∫ t

0
eA(tf −ν)BBTeAT (t−ν)dν

]

x(t, B)xT
0

=
[

eAt −
∫ t

0
eA(t−ν)BBTeAT(tf −ν)W−1

B eAtf dν

]
x0xT

0 . (11)

Proof: Please see the supplementary material.
Lemma 3: The derivative of E(B) with respect to B is

given by

∂E(B)

∂B
= −F(B) · B

where F(B) = [αFu(B)+ (1−α)Fx(B)] with Fu(B) and Fx(B)

obtained in Lemmas 1 and 2, respectively.
Proof: This can be easily obtained from Lemmas 1

and 2.
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Remark 2: The derivatives in (8)–(11) are obtained by
taking the one-time control cost as an example for a pre-
given initial state x0. When applying the expectation function
E{.} to investigate the average control cost in Optimization
model 2, it is assumed that element of initial state x0 =
[x1(0), . . . , xN(0)]T is an identically independent distributed
variable with zero mean and variance 1. Such an assumption
holds in various applications in science and engineering since
the initial states are of different nodes. Under this assumption,
xi(0) and xj(0) are two independent random variables with
zero mean and unit variance. When all realizations of xi(0)

and xj(0) are summed together, we have E[xi(0)xj(0)] = δij

where δij = 1 if and only if i = j, otherwise, δij = 0. Thus,
E[x0xT

0 ] can be regarded as an identity matrix since

E
[
x0xT

0

] =

⎛
⎜⎜⎜⎝

E(x1(0)x1(0)) . . . E(x1(0)xN(0))

E(x2(0)x1(0)) . . . E(x2(0)xN(0))
...

...
...

E(xN(0)x1(0)) . . . E(xN(0)xN(0))

⎞
⎟⎟⎟⎠

= IN .

In Optimization model 2, the derivative of E(B) with respect
to B can be obtained using (7)–(10) by replacing x0xT

0 with
E[x0xT

0 ], which is an identity matrix with dimension N.

B. Orthonormal-Condition-Based Projected Gradient Method

Define a Stiefel manifold [43] O
N×M := {B ∈

R
N×M : BTB = IM}, which is considered as an embed-

ded submanifold of the Euclidean space R
N×M . And let

Span{B} := {X : X = BY, B ∈ O
N×M, Y ∈ R

M×M} denote
the space spanned by B. We have the following lemma.

Lemma 4: Define a projection operator given by

TB = IN − BBT (12)

which projects Z ∈ R
N×M onto a space perpendicular to the

space Span{B}, i.e., TBO
N×M := {X ∈ R

N×M : X = (IN −
BBT)Z, ∀B ∈ O

N×M, Z ∈ R
N×M} at any Z ∈ R

N×M is
perpendicular to Span{B}.

Proof: Please see the supplementary material.
With the derivative of the cost function obtained in

Lemmas 1–3 and operator defined in Lemma 4, now it is at
a position to present our OPGM. As illustrated in Fig. 1, the
main idea of OPGM is to propose a gradient descent-type
method that requires iteratively project an obtained gradient
to a Stiefel manifold O

N×M by a projection operator TB in
Lemma 4.

Denote ∇E(Bk) as the gradient of the cost function. Then
we have ∇E(Bk) = −F(Bk) · Bk where F(Bk) ∈ R

N×N . As
will be shown in the next section, to ensure the convergence
of OPGM, we introduce a parameter λk ≥ 0 in the following
terms:

F̃(Bk) = F(Bk) + λkI

∇Ẽ(Bk) = −F̃(Bk) · Bk (13)

such that F̃(Bk) is a positive definite matrix.
The detailed process of OPGM is presented as follows.

Fig. 1. Illustration of the optimization problem. The notations in this figure
are given in (13)–(15) and Theorem 1.

Step 1): Initialize B randomly as matrix B0 with a dimen-
sion N × M.

Step 2): At iteration k, calculate the gradients ∇E(Bk) based
on Lemmas 1 and 2. Then obtain B̂k+1 by the
following gradient descent iteration:

B̂k+1 = Bk + 
B̂k

= Bk + η · 
Bk

= Bk − η · (
IN − BkBT

k

) · ∇Ẽ(Bk)

= Bk − η · TBk∇Ẽ(Bk) (14)

where η is a chosen step size, 
B̂k = η · 
Bk,

Bk = −TBk · ∇Ẽ(Bk).

Step 3): Normalize B̂k+1 by

Bk+1 =

√√√√√ tr
(

B̂T
k+1B̂k+1

)

tr
(

B̂T
k+1B̂k+1B̂T

k+1B̂k+1

) · B̂k+1. (15)

Step 4): Update k to k+1 until certain criterion is satisfied,
i.e., max iteration number.

Remark 3: Define a norm function as

N(B) = tr
((

BTB − IM
)T(

BTB − IM
))

. (16)

In each iteration, let Bk+1 = ρk · B̂k+1 and minimize N(Bk+1)

through solving [(∂N(ρk · B̂k+1))/(∂ρk)] = 0, which gives

4ρ3
k tr

(
B̂T

k+1B̂k+1B̂T
k+1B̂k+1

)
− 4ρktr

(
B̂T

k+1B̂k+1

)
= 0. (17)

Then we obtain

ρk =
√√√√ tr(B̂T

k+1B̂k+1)

tr(B̂T
k+1B̂k+1B̂T

k+1B̂k+1)

in (15).
Assumption 2: The initial B0 ∈ R

N×M is a full rank matrix
and satisfies N(B0) < 1.

Remark 4: Suppose that ND is the number of unmatched
nodes using maximum matching, a method for guaranteeing
the structural controllability of directed networks [15]. Since
each element of the initial input matrix B0 can be a random
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value, it is easy to meet Assumption 2, which requires that
the rank of matrix B0 is not less than ND, i.e., rank(B0) =
M ≥ ND. With Assumption 1, it is easy to obtain (A, B0) is
controllable. Also N(B0) < 1 implies that B0 is a full rank
matrix, more detailed explanation is illustrated in Theorem 1.

Remark 5: As stated in Section I, one main technique used
in this paper is that we introduce the parameter λk during
the iteration process of OPGM to assure its convergence. The
function of parameter λk here is similar to the idea of the
Levenberg–Marquardt stabilization, also known as the damped
least-squares [44], [45] method, which is generally used to
solve nonlinear least squares problems. In the next section,
we shall analyze the convergence of OPGM and show that
E(Bk) converges to E(B∗) as k → ∞ for a sufficiently small
step size η, with B∗ having orthonormal columns. Once the
solution of input matrix B is obtained by OPGM, the input
can be easily designed by (6).

Lemma 5: For the norm function N(B) where the B ∈
R

N×M is of full column rank, ∇N(Bk) = 0 implies that
N(Bk) = 0, i.e., BT

k Bk = IM .
Proof: Please see the supplementary material.

IV. CONVERGENCE PROOF

An immediate problem is how to establish the convergence
of OPGM. This is a tricky problem as I − BkBT

k is not a strict
projection operator unless when the orthonormal boundary
condition BT

k Bk = IM can be guaranteed. However, as dis-
cussed in Remark 4, it is generally impossible to get a matrix
with orthonormal columns by just multiplying a matrix with
nonorthonormal columns with a scalar. Here, we prove the
convergence of OPGM with the help of the following lemmas.

Lemma 6: Given a finite x̄ ≥ 0, for every ε > 0, there exists
η > 0, such that |(1 + η · x̄)−(1/2) − (1 − (1/2)η · x̄)| < ε.

Proof: The result is obtained by just applying the Taylor
expansion and thus the details are omitted.

Lemma 7: For all B ∈ R
N×M and B �= 0,

[(tr2(BTB))/(tr(BTBBTB))] ≤ M.

Proof: Please see the supplementary material.
Lemma 8: For the symmetric matrices X, Y ∈ R

N×N and
random matrices U ∈ R

M×N, Z ∈ R
N×M , it can be obtained

that tr(UXYZ) = tr(UYXZ), as long as ZU is symmetric [46].
Proof: Please see the supplementary material.
Theorem 1: Suppose λk is selected as a positive parameter

such that F̃(Bk) in (14) is positive definite. Then for a ran-
domly chosen B0 ∈ R

N×M satisfying Assumptions 1 and 2,
the proposed OPGM in (13)–(15) with a sufficiently small η

ensures that: 1) E(Bk) is nonincreasing; 2) all (A, Bk) are con-
trollable; and 3) E(Bk) converges to E(B∗) as k → ∞, where
B∗ is a matrix having orthonormal columns.

Proof: Please see the supplementary material.
Remark 6: The computational complexity of each

iteration of OPGM mainly depends on the calculation of
[(∂E(B))/(∂B)], which involves matrix multiplication and
matrix inverse. Thus, the computational complexity of
OPGM is O(N3). Additionally, note that for the nonconvex
optimization problem (2) or (3), the introduced algorithm
OPGM, like any other optimization method with a reasonably

low complexity, can only guarantee the convergence to a local
minimum. However, based on our extensive implementation
of OPGM starting with different initial B0, an interesting
observation is that the solutions of different rounds of
implementation typically lead to nearly the same control cost.
Whether the solution found by a single round implementation
of OPGM is steadily close to the global optimum requests
further careful studies.

V. SIMULATION EXAMPLES

In this section, we start with illustrating the effectiveness
of OPGM. We present some numerical results and analysis in
minimizing the one-time control cost on a directed stem in
Section V-A. Additionally, we show some interesting results
for selecting key nodes by considering the average control
cost in a directed stem, a directed circle, and a small random
network as well. Unless otherwise specified, we implement
OPGM with a randomly given B0 matrix.

A. Effect of α for Control Cost

Denoting that Eu(tf , B) = ∫ tf
0 uT(t, B) u(t, B)dt and

Ex(tf , B) = ∫ tf
0 xT(t, B)x(t, B)dt, we have

E
(
tf , B

) = αEu
(
tf , B

) + (1 − α)Ex
(
tf , B

)
.

Note that the cost function E(tf , B) contains both quadratic
terms of system input u(tf , B) and system state x(tf , B), which
are summed with a weighting factor α. Therefore, the weight-
ing factor α changes the weight Eu(tf , B) involving u(t)
and Ex(tf , B) involving x(t) simultaneously. It is interesting
to study how the weighting factor α affects Eu(tf , B) and
Ex(tf , B) separately.

In the following experiments, we denote the node set of the
network as {node 1, . . . , node i, . . . , node N}. Particularly, we
consider the network with M control inputs as a directed stem,
i.e., there exists a link from node i − 1 to node i except for
the first node. This implies that all nodes are accessible nodes
except for the first one. By letting aij = 1 if there is a link
from node i to j, the adjacency matrix A is given by

A =

⎛
⎜⎜⎜⎜⎜⎝

0 0 · · · 0 0
1 0 · · · 0 0
0 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 0

⎞
⎟⎟⎟⎟⎟⎠

. (18)

We first take α = 0.01, α = 0.5, and α = 1 as examples
when N = 4 and M = 2. The initials x0 and B0 are chosen to
be the same for these three values of α. Fig. 2 shows the vari-
ations of control cost and inputs with iterations for α = 0.01,
α = 0.5, and α = 1, respectively. Clearly, with iterations, the
total control cost E(tf , B) converges to its minimum, which is
consistent with Theorem 1. It is also noted that both Ex(tf , B)

and Eu(tf , B) with the converged input matrix B∗ are signifi-
cantly less than their initial values. In Fig. 2(a), it is observed
that the cost Eu(tf , B) is still decreasing although its weight
is sufficient small in the cost function. Similar behavior can
be observed in Fig. 2(c) where Ex(tf , B) also decreases with
iterations although its weight equals 0, i.e., 1 − α = 0.
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(a) (b) (c)

Fig. 2. Illustration for convergence of OPGM with different α. Control cost with iterations when (a) α = 0.01, (b) α = 0.5, and (c) α = 1.

Fig. 3 represents the comparison between the results
obtained by OPGM with their initials. It can be seen that,
in Fig. 3(a), the final inputs u(t, B∗) obtained by OPGM are
much smoother compared with initial inputs u(t, B0), indicat-
ing that the input energy cost of Eu(tf , B∗) is much lower than
its initial value Eu(tf , B0). The same conclusion can be drawn
for the system states, from Fig. 3(b).

Fig. 4 shows the effect of α ∈ [0.1, 1] on designed input
u(t, B∗) and system state x(t, B∗). Note that when α is decreas-
ing, the weight of the input energy in the objective function
is also decreasing such that the fluctuation of input is gener-
ated. A heavier penalty imposed on the transient state results
in a much smoother state trajectory, demonstrated in Fig. 4(b).
These two figures directly demonstrate the effectiveness of our
proposed algorithm. To further investigate how the two parts
of the cost function vary with the weight factor α, we take
N = 3, M = 1 and N = 4, M = 2 as examples and run
the algorithm for different values of α for ten times indepen-
dently with randomly initialized B0. The results are shown
in Fig. 5. The average costs of ten experiments for differ-
ent α are summarized in Tables I and II. From these tables
and figures, it is observed that with α increasing, the mini-
mum energy cost Ex(tf , B∗) obtained by OPGM is increasing
while the minimum energy Eu(tf , B∗) is decreasing as shown
in Fig. 5. We can also see that usually the value of Eu(tf , B)

is much larger than Ex(tf , B). If this is the case, E(tf , B) is
generally an increasing function of α. Similarly, for the case
that Eu(tf , B) is much smaller than Ex(tf , B), E(tf , B) becomes
a decreasing function of α.

B. Control Cost in Erdős-Rényi and Scale-Free Networks

In this section, we perform simulations in Erdős–Rényi
(ER) and scale-free (SF) networks to further validate the
effectiveness of OPGM, where SF networks are generated by
Barabási–Albert model. Note that the generated ER and SF
networks have the same size N = 75 and the same mean
degree 〈k〉 = 10. The numbers of external inputs are also the
same M = 30. We summarize the results obtained by OPGM
in Table III. It is observed that as α increases, Ex(tf , B∗)
increases while the input energy Eu(tf , B∗) decreases. Clearly,
Eu(tf , B∗) is 1 to 2 orders lower than its initial value Eu(tf , B0).
From Table III, it can be concluded that the minimum con-
trol cost of SF networks is higher than ER networks of the

(a)

(b)

Fig. 3. System inputs and states when α = 0.5. (a) Comparison between
system inputs u(t, B∗) with their initials u(t, B0). (b) Comparison between
system states x(t, B∗) with their initials x(t, B0).

same mean degree, size, and external inputs. This suggests
that SF networks are generally more difficult to control than
ER networks.
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(a)

(b)

Fig. 4. Effect of α on designed inputs and network states. (a) Comparison
of system inputs u(t, B∗) with different α. (b) Comparison of system states
x(t, B∗) with different α.

C. Key Nodes Selection in Directed Networks

Note that B∗ requires many nodes to be connected to
each external control source, which may not yield a practical
solution for large-size networks. A practical and interesting
problem, therefore, is to find the solution under the constraint
that only a small set of nodes can be directly connected to
the external control sources. For the lowest connection com-
plexity of input matrix, each external control source is only
connected to a single node. To make this possible, we consider
determining the nodes that are most important when minimiz-
ing an average control cost of directed stems/circles and small
networks. We term these nodes as the key nodes. A formal
definition will be presented below (20) in this section and
we feel that the characteristics of these key nodes may be of
importance for the future research in large networks.

We can always apply OPGM to minimize the average con-
trol cost defined in (3), and B∗ can be obtained by employing

(a)

(b)

Fig. 5. Control costs for different values of α. (a) M = 1, N = 3.
(b) M = 2, N = 4.

OPGM. Note that an element of link weight B∗
ij is a real

number, and its absolute value |B∗
ij| actually evaluates the

importance of the connection from the jth control source to
node i. We define an importance index vector

r = [r1 · · · ri · · · rN] =
[
q1 · · · qi · · · qN

]
max(q1, . . . , qi, . . . , qN)

(19)

where

qi =
∑

j

|B∗
ij|, j = 1, . . . , N (20)

and we have max{ri} = 1. Then, the importance index of
node i reflects the relative importance of this node in achieving
the minimum cost. We define a key node set which contains
the first M nodes with the largest importance index values
after implementing OPGM. The corresponding input matrix,
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TABLE I
CONTROL COST WHEN M = 1, N = 3 FOR DIFFERENT α

TABLE II
CONTROL COST WHEN M = 2, N = 4 FOR DIFFERENT α

TABLE III
CONTROL COST IN ER AND SF NETWORKS

Fig. 6. Key nodes in a directed stem. The key nodes found by OPGM equally
divide the stem to achieve the minimum control cost. The highlighted node
connected to an external source (“star”) is a key node.

denoted as Bkeynodes, can be easily constructed as follows:

Bkeynodes
ij =

{
1 if node i is connected with control source j
0 otherwise.

A closer examination on what kinds of nodes are selected
as the key nodes in directed stem/circle becomes possible. For
example, consider a directed stem with N = 20 and M = 5
and a directed circle with N = 30 and M = 6. In both cases,
OPGM starts with a randomly chosen B0 that ensures the
controllability of the network. At the beginning, the nodes
corresponding to the M largest importance indexes ri using
B0 are randomly distributed in both the stem and circle as
shown in the first subgraph of Figs. 6 and 7, respectively.
After employing OPGM, we select M key nodes based on
the converged B∗. For a directed stem in Fig. 6, the nodes
denoted as {1, 5, 9, 13, 17} are selected as the key nodes. It is
observed that these M (M = 5) nodes divide the elementary
stem equally. For a directed circle, the same phenomena can
also be observed, but the selected key node set is not unique.
Any set that divides the circle equally could be possible. For
example, both {1, 6, 11, 16, 21, 26} and {5, 10, 15, 20, 25, 30}

Fig. 7. Key nodes in a directed circle. The highlighted node connected to
an external source (star) is a key node. Similar to the results observed in a
stem, the key nodes found by OPGM also equally divide the circle. The only
difference is that the key node set that equally divide the circle is not unique.
For example, both sets {1, 6, 11, 16, 21, 26} and {5, 10, 15, 20, 25, 30} can be
located as key node set when implementing OPGM.

are possible to be selected as key node sets. Thus, we conclude
that key nodes tend to divide an elementary stem/circle equally
for a fixed M when implementing OPGM. This observation is
of great significance as it may lead to heuristic algorithms for
locating the key nodes in large networks.

Since the formulated optimization problem in (3) or (4)
is not convex, the key node set selected by OPGM may
not be unique. In Fig. 8, taking a small random network
(N = 30, M = 8) as an example, we implement OPGM in
one experiment and the selected key nodes are colored red.
Although such a key node set may be different in different
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TABLE IV
AVERAGE CONTROL COST CONSUMED IN VARIOUS

REAL-LIFE NETWORKS

Fig. 8. Illustration of the selected key nodes in a small random network in
one experiment (selected key nodes are indicated by highlighted nodes).

rounds of implementation, our proposed OPGM definitely gen-
erates one set of key nodes with satisfactory performance. In
addition, the controllability of (A, Bkeynodes) can be normally
satisfied for a relatively large M.

In Table IV, we select the key node set on different kinds
of real-life networks with minimum control cost. The exter-
nal inputs are directly connected to several nodes such that
the states of all nodes are controllable due to the couplings
between the nodes. The network states are variables to be
controlled and for different types of networks, the states have
different physical meanings. For example, in circuit networks,
we want to control the current. In the social networks, we hope
to change people’s opinion such that the network-wide agree-
ment is achieved. For food Web networks, the conservation
of biomass is desired in an ecosystem. As seen in Table IV,
compared with a random B0 which is usually a dense matrix,
the average control cost can be generally reduced by up to
2–4 orders of magnitude in various real-life networks.

D. Discussion

Note that the input u(t, B) is an approximate solution to the
optimization problem (3) or (4). However, through extensive
simulations, the evident influences of weighting factor α on
both system inputs and states are shown. On the other hand,
this paper is designed by open-loop control strategy. As men-
tioned in Section I, it is much more difficult in designing the
closed-loop optimal control scheme in complex networks due
to the involved Riccati equation. In our future work, we will
address issues related to the closed-loop control.

VI. CONCLUSION

In this paper, we address an outstanding issue in controlling
complex networks where the input information of LTI systems

is incomplete. The main contributions of this paper are sum-
marized as follows. First, we formulate an optimization model
for the optimal control of LTI systems, where the input matrix
is selectable instead of pregiven. The optimization model is
to minimize a matrix-based cost function under orthonormal
boundary constraint, and the cost function is a weighted com-
bination of both quadratic terms of system input and state.
Second, we obtain the derivative of a sophisticated matrix-
trace-based cost function with respect to the input matrix.
An OPGM is developed, and its convergence is proven. With
the obtained solution of the input matrix B∗, the input can
be designed. Through simulation studies, we also investigate
what kind of nodes is most important for minimizing an aver-
age control cost in directed stems/circles and small networks.
It shows that the key nodes tend to divide the elementary
stem and circle equally. This observation may lead to some
heuristic algorithms to locate the key nodes in large networks.
Our results help to gain a better understanding of controlling
LTI directed networks with selectable input matrices from an
energy point of view.
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