
Nomenclature

∆x Length step in lattice unit
∆t Time step in lattice unit
∆m Mass in lattice unit
z Displacement

m0 Mass of oscillator
k0 Spring constant
ka Elastic damping coefficient of air
ca Viscous damping coefficient of air
b Slip length
E Energy
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Abstract
Squeezed-film damping (SFD) is a phenomenon that significantly affects the performance of 
micro-electro-mechanical systems (MEMS). The total damping force in MEMS mainly include 
the viscous damping force and elastic damping force. Quality factor (Q factor) is usually used 
to evaluate the damping in MEMS. In this work, we measure the Q factor of a resonator through 
experiments in a wide range of pressure levels. In fact, experimental characterizations of 
MEMS have some limitations because it is difficult to conduct experiments at very high vacuum 
and also hard to differentiate the damping mechanisms from the overall Q factor measurements. 
On the other hand, classical theoretical analysis of SFD is restricted to strong assumptions 
and simple geometries. In this paper, a novel numerical approach, which is based on lattice 
Boltzmann simulations, is proposed to investigate SFD in MEMS. Our method considers the 
dynamics of squeezed air flow as well as fluid-solid interactions in MEMS. It is demonstrated 
that Q factor can be directly predicted by numerical simulation, and our simulation results 
agree well with experimental data. Factors that influence SFD, such as pressure, oscillating 
amplitude, and driving frequency, are investigated separately. Furthermore, viscous damping 
and elastic damping forces are quantitatively compared based on comprehensive simulation. 
The proposed numerical approach as well as experimental characterization enables us to reveal 
the insightful physics of squeezed-film air damping in MEMS.
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L Characteristic length
P Pressure
Q Quality factor
V0 Initial velocity of oscilllator
ω0 Natural frequency

σ Squeeze number
μ Dynamic viscosity
µeff Effective dynamic viscosity
Γ Oscillation amplitude
χ Aspect ratio

1. Introduction

Micro-electro-mechanical systems (MEMS) are widely 
used in energy harvesting, aerospace, consumer electronics, 
and other applications. In the past decade, MEMS and the 
more recent nano-electro-mechanical systems (NEMS) have 
been undergoing fast development. The performance of 
MEM/NEM devices may deteriorate due to various kinds 
of damping, including intrinsic damping of mechanical 
structures, damping from surrounding gas, and so forth. 
Quality factor (Q factor) is usually used to quantify the 
damping of a device. The net Q factor can be described 
as / / / /= + + +�Q Q Q Q1 1 1 1 Nnet 1 2 , where N different
damping sources are considered. In the damping problem 
with respect to gas, pressure can be classified in three regions, 
namely viscous, molecular, and intrinsic regions [1]. The 
above three pressure regions differ in the dominant source of 
damping. In the viscous region, the gas pressure is high, and 
the interactions among gas molecules are intensive such that 
viscous effect dominates. In the molecular region, the inter-
action between gas molecules and structures are dominant 
in the damping. In the intrinsic region, the gas is in almost 
vacuum condition and thus the intrinsic damping of struc-
tures dominates the energy dissipation. It is mentioned in [2] 
that squeezed-film damping (SFD) is the dominant damping 
mechanism in most dynamic MEM devices that are not oper-
ated in vacuum. It is caused by the resistant force of gas in 
confined space, e.g. a gap. Because of miniaturization, the 
characteristic length of a device can be smaller than the mean 
free path of gas media. In such cases, SFD may be beyond the 
above-mentioned viscous region even under ambient pressure. 
Moreover, moving components in devices amplify the impor-
tance of SFD, since gas therein is more likely to be squeezed. 
Thus, it is desirable to probe the physical insights of SFD.

A lot of work has been done to investigate SFD exper-
imentally. There are mainly two approaches to determine the 
Q factor for a real device. One way is to find out the half energy 
(3 dB) band in the resonant response of a device. The Q factor 
is then obtained by dividing the resonant frequency over the 3 
dB bandwidth. Zook et al [3] measured resonant response of 
polysilicon resonant microbeams using a gain-phase analyzer. 
The test structure in their experiments was a clamped-clamped 
beam. Q factors under a wide pressure range (from molecular 
region to intrinsic region ) were reported. The same approach 
to determine Q factor experimentally can be found in [4–7].
The other approach to experimentlly estimate the Q factor is 
the free decay method. The damping coefficient (inversely 
proportional to the Q factor) can be identified from an under-
damped second-order system model. This method has been 
used to investigate SFD in [8–10]. Meanwhile, extensive

theoretical results on SFD have been reported. SFD in MEMS 
is caused by the gas flow (usually air flow) in narrow gaps 
between two moving surfaces. The Reynolds equation  is 
often considered as the governing equation  to describe the 
gas behavior. Many proposed models studying SFD are based 
on the continuum Reynolds equation, such as Andrews et al 
model [11] and Veijola’s model [12]. Some other models
that are not derived from Reynolds equations  can be found 
as Christian’s method [13], Bao et al model [14], etc. These
models consider the kinetic energy exchange between gas 
molecules and solid structures. Readers may refer to [2, 4, 15] 
for more information about the theoretical research progress 
on SFD.

It is noted that both experimental and theoretical approaches 
have their limitations. The experiments usually measure the 
overall damping effect of a device, which means contributions 
of different damping mechanisms can hardly be differentiated. 
Furthermore, measurements of MEMS under high vacuum 
conditions are nontrivial. On the other hand, some assump-
tions are usually made in the derivation of theoretical models, 
including the rigid plate assumption, small structural displace-
ments, small pressure variations, and so forth [16]. These 
limitations motivate the use of numerical simulation in study 
of SFD. Due to the small size, gas flow in MEMS is usu-
ally beyond the continuum flow regime, instead, it belongs 
to transition even free molecular flow regimes [17]. Since 
the continuum assumption is not satisfied, traditional CFD 
approaches that solve continuum Navier–Stokes equations lose 
their prediction accuracy [18]. There are some alternative 
numerical approaches, including molecular dynamics (MD) 
and direct simulation Monte Carlo (DSMC). The authors of 
[19] studied SFD of micro-resonators using a one-dimensional 
MD approach. Elastic collisions were considered between gas 
molecules and solid structures. Furthermore, no intermolecular 
collisions were taken into account. The motion of a representa-
tive molecule was tracked from the time it enters the squeezed 
air gap to the time it leaves the gap. Then the total number of 
molecules that interact with solid structures during one oscilla-
tion cycle was estimated, which was then used to approximate 
the overall damping effect. Q factor in [19] was evaluated in a 
way that is similar to Bao et al model. Some relevant papers 
using MD to study SFD can be found as [20, 21], etc. Some 
other papers study SFD by DSMC, e.g. [22, 23]. The imple-
mentation of DSMC is stochastic, which is different from 
the MD approach that adopts a deterministic way to simu-
late gas behavior. The fluidic properties are then obtained by 
performing ensemble averaging. DSMC is usually computa-
tionally expensive and with intrinsic noise in data [24]. A large 
number of molecules and stochastic realizations are required to 
minimize the noise effects in simulations. Moreover, DSMC is 



not ideal for simulating dynamic systems. As a summary, the 
original versions of MD and DSMC are both computationally 
expensive, which prevents its widespread use in device level 
analysis. Simplified MD or DSMC algorithms reduce the com-
putational burden at the expense of accuracy. Also, it is noticed 
that most of the relevant results are based on simple structures 
such as parallel plates.

Recently, the lattice Boltzmann method (LBM), which is 
derived from the kinetic theory of gases, has drawn attention 
in the study of damping phenomenon [25]. LBM is known as a 
discrete solver of the Boltzmann equation, which is now widely 
used in the simulations of complex flows [26]. It is parallelizable 
due to the localized computation. Similar to MD, the imple-
mentation of LBM is deterministic, which makes it possible to 
simulate gas dynamics. The fluidic nodes are latticed in LBM 
simulations. However, a node therein does not represent one 
molecule in practice, instead, it represents a group of molecules. 
In other words, not the motion of every molecule is tracked, 
but the average behavior of many molecules. Hence, it is more 
computationally efficient than MD and DSMC. Furthermore, 
intermolecular collisions are considered in simulations, which 
are usually ignored by many MD or DSMC approaches in the 
study of SFD. When the gas gap is squeezed, molecules therein 
may have a higher chance to collide with each other since the 
gas is compressed. These intermolecular collisions could also 
lead to the dissipation of energy. All these merits motivate us 
to introduce LBM in studying SFD in MEMS. We aim to pro-
vide an efficient device-level numerical approach. In this paper, 
we exper imentally measure the Q factor of a resonator in a 
wide range of pressure levels. Numerical studies are carried 
out based on the same structure of the resonator. To simulate 
the movement of the rotor, immersed boundary method [27] is 
employed in LBM simulations. The simulation results, more 
specifically, Q factors under various pressures, are then com-
pared with our experimental data. We further investigate SFD of 
a general comb-shaped structure using the immersed-boundary 
LBM (IB-LBM) approach. As a parametric study, different 
operating conditions, such as oscillation amplitude, driving fre-
quency, are considered. With the help of IB-LBM, we are able 
to gain deeper insight into the various SFD mechanisms. It also 
enables us to discover distributed and non-linear phenomena 
that may hardly be captured by current experimental and theor-
etical approaches.

2. Proposed modeling methodology

A general method is proposed in this paper to investigate 
SFD, which is not restricted to simple geometries such as 
parallel plates. This section mainly introduces the modeling 
methodology, while the subsequent section presents the SFD 
experiments and model validation.

The problem of SFD consists of two coupled parts: the 
mechanical structure and the surrounding fluid flow. The 
mechanical structure indicates the boundary for the fluid flow. 
Meanwhile, the fluid flow imposes the damping force on the 
mechanical structure. Since SFD is intrinsically caused by 
the gas flow, a simplified mechanical part is considered in our 

study. Specifically, for the movable component of a mechan-
ical structure, its movement is described as a second-order 
oscillation. Without air damping (e.g. vacuum condition), the 
oscillation amplitude keeps constant. Nevertheless, the part 
accounting for fluid flow should be carefully addressed. As 
we mentioned, transition flow, even free molecular flow, are 
usually common in MEMS. Thus large slippage could occur 
at the fluid-solid interface, which further affects the damping 
force imposed to the mechanical structure. The detailed mod-
eling accounting for mechanical structure and fluid flow are 
discussed separately as follows.

2.1. Second-order oscillation model for mechanical 
structures

Without loss of generality, a structure with two parallel plates 
is considered. One plate is oscillating, so called the oscillator, 
while the other plate is stationary. Besides, assume that the 
fluid surrounding the oscillator is air. Define the displace-
ment of the oscillator from its equilibrium position as z. The 
following second-order differential equation  describes the 
oscillator movement,

+ = −m
z

t
k z F F

d

d
,0

2

2 0 d a (1)

where m0 is the mass of oscillator, k0 is the ‘spring stiffness’, Fd

is the external driving force, and Fa is the damping force caused 
by air. The force Fa is crucial in the problem of SFD, which is 
generally nonlinear. The nonlinearities of Fa brings more dif-
ficulties in the theoretical analyses of SFD. Langlois solved the 
linearized Reynolds equation  [28] and found the theoretical 
solution of Fa for parallel plates. In this case, Fa consists of 
two parts, namely viscous and elastic damping forces. A simple 
representation of the damping force is then given by

= +F c z k z˙ ,a a a (2)

where ca and ka are coefficients for viscous and elastic 
damping forces, respectively. A dimensionless number quali-
tatively comparing these two damping mechanisms is called 
the squeeze number σ, which is derived from the Reynolds 

equation. The squeeze number is defined as σ = µωL

Ph

12 2

a 0
, 

where L is the characteristic length of the plate, h0 denotes 
the distance between two parallel plates, Pa and μ are the air 
pressure and dynamic viscosity, respectively. There exists a 
cut-off squeeze number σc corresponding to the case where the 
viscous damping force equals the elastic damping force. For 
σ σ< c the viscous damping is dominant, while for σ σ> c the 
elastic damping is dominant [15].

When there is no external driven force, i.e. =F 0d , the 
oscillator movement can be represented by

( ) ( )ω φ= +γ−z t A te sin ,h
t

h0 (3)

where ω0 is the natural frequency, /( )γ = c m2a 0 , Ah and φh are
parameters depending on the intrinsic properties of the oscil-
lator as well as the initial conditions. The steady state will be 
z(t)  =  0 as →∞t . In this damped oscillation, the Q factor can
be determined from its definition, that is



π= ×
∆

Q
E

E
2 ,s

 (4)

where Es and ∆E are the energy stored and energy dissipated 
per cycle, respectively. As mentioned in the introduction sec-
tion, the Q factor can also be experimentally measured as

=
∆

Q
f

f
,r

 (5)

where fr is the resonant frequency and ∆f  is the half-power 
bandwidth. When the damping force Fa is described as (2), the 
equation (5) can be further derived as [2]

( )ω
= =

+
≈Q

m

c

m k k

c

m k

c
.0 0

a

0 0 a

a

0 0

a
 (6)

In summary, the damping force Fa plays a crucial role in SFD. 
However, Fa in practical applications is generally nonlinear. 
The slippage of air flow also increases the difficulty in deter-
mining the force Fa. Hence, simulating the air flow in MEMS 
is considered in our study to obtained Fa.

2.2. Immersed-boundary lattice Boltzmann model for 
fluid flow

In this paper, an immersed-boundary lattice Boltzmann 
method is used to capture the squeezed air flow. The meth-
odology has been introduced in our previous work [29] as 
well as in the supplementary material of this paper. Here we 
improve it in several ways for the systematic study of SFD. To 
simulate high Knudsen number flows in MEMS, the following 
effective viscosity is employed [30]

µ
ξ
µ=
Π6

.eff (7)

Here μ is the dynamic viscosity, /( )ξ π= K2 n , and Π is a
flow-rate coefficient given by

ξ α
π ξ

α

α ξ
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exp 5

8.77
,

( )( ) ( / )

(8)

where α is the tangential momentum accommodation coeffi-
cient. It was mentioned that the approximation is not sensitive 
to the choice of α [30]. Specifically, the relative error of the 
approximation is less than 1% for all values of α satisfying 

⩽ ⩽α0 1. In our study α = 0.6 is considered.
The slippage of air flow at different surfaces is quantified 

as follows. Suppose that the solid object, e.g. the oscillator, 
has a velocity U. Denote ns as the unit vector normal to the 
surface of the solid object. Then, a no-penetration condition 
can be imposed for the fluid velocity Uf, namely,

⋅ = ⋅U n U n .f s s (9)

Since the slippage occurs in the direction that is tangential to 
the surface, it is required that

⋅ = ⋅⊥ ⊥rU n U n .f s slip s (10)

In the above equation  ⊥ns  represents the unit vector that is
tangential to the surface, and rslip is a parameter that repre-
sents the level of slippage. Specifically, =r 1slip  and =r 0slip  
correspond to non-slip and full-slip boundary conditions, 
respectively. The value of rslip in the simulations is determined 
by the slip length b. Based on results reported in [31], we find 
that the slip length can be estimated as

[ ( )]µ= − κb L ln ,r (11)

where L is the characteristic length, /µ µ µ=r eff , and κ is a
constant. With equation (11), we are able to estimate the slip 
length b. The parameter rslip is then obtained through its cali-
bration with b. In the simulations for high vacuum conditions, 
rslip is found to be inversely dependent on b.

In the implementation of IB-LBM, the fluid-solid interac-
tion force is obtained by the momentum exchange method 
[29]. Specifically, the momentum changes of the fluidic nodes 
located at the solid surface are recorded to calculate the force. 
The damping force Fa is then obtained by summing up all these 
forces and applying the Newton’s third law. The acceleration
of the oscillator is subsequently determined by equation (1), 
from which the oscillator displacement is updated.

3. Experimental characterization and model
validation

The IB-LBM approach presented in the previous section can 
be applied to various MEMS devices. In this section, we 
focus on a vacuum monitoring resonator as a case study. 
Its design, fabrication and characterization are conducted 
using the MEMS motion-sensing platform of Institute of 
Microelectronics—A*STAR (Singapore) [32]. The Q factor
under different pressure levels is measured to validate our 
numerical methodology. In our numerical model, the simu-
lated resonator structure is extracted from a magnetometer 
design.

3.1. Experimental setup and test results

In order to characterize the behavior of the resonator in 
vacuum, the mechanical response is electrically measured 
in a vacuum chamber under different pressure levels. The 
Q factor of the resonator in our study is extracted from the 
obtained mechanical response within 5 mTorr to 7.5 Torr 
pressure range. For this experiment Cascade PMV200 manual 
vacuum probe is used to control the ambient vacuum level 
of the chamber. At each vacuum level, magnitude and phase 
response of the resonator is measured to find the resonant fre-
quency, 3 dB bandwidth and Q factor.

Figure 1 shows the connection diagram of the test setup for 
Q factor extraction of resonator at different vacuum levels. A 
DC voltage is applied to the rotor of the resonator to generate 
and amplify the electrostatic force and an AC signal is applied to 
one of the stators to drive the resonator. The generated electro-
static force to drive the resonator is given in following equation,



[ ( ) ( )]ω ω=
∂
∂

− ⋅ +F
C

x
V V V t V t

1

2
2 sin sin ,ES DC

2
DC AC AC

2 2 (12)

where /∂ ∂C x is the capacitive sensitivity of the driving elec-
trodes, VDC is the applied DC voltage and VAC is the applied 
AC voltage. The capacitive sensitivity term ( /∂ ∂C x) is inten-
tionally designed as high as possible in order to detect the 
smallest Q factor changes with pressure. The generated elec-
trostatic force is composed of three components at different 
frequencies as shown in equation  (12), where the first term 
in the bracket represents the DC term. The second and the 
third terms represent the first and second harmonic terms, 
respectively. The DC component of the electrostatic force 
creates an electrostatic negative spring effect on top of the 
existing mechanical springs, which decreases the resonance 
frequency of the resonator from its designed value (12.5 kHz). 
In order to make a proper Q factor analysis, the applied DC 
voltage (VDC) should be kept constant throughout the charac-
terization. The second harmonic component of the generated 
force has minimal effect on the actual driving force, and can 
be neglected due to the bandpass filter characteristic of the 
resonator. The first harmonic component is the actual driving 
force for the resonator. The rotor oscillation in response to the 
applied driving force is picked up from stator 2 and compared 
with the voltage applied to stator 1. This comparison is done 
using a dynamic signal analyser to obtain the magnitude and 
phase response of the resonator within the frequency range 
of interest. Q factor of the resonator at each vacuum level is 
calculated according to equation  (5) by using the measured 
resonance frequency and bandwidth values. Table 1 shows the 
Q factors at different pressure levels as well as other measured 
quantities.

Figure 2 gives the structure diagram of the rotor in the reso-
nator, which consists of 240 beams. Each beam is moveable in 
the Y direction. In such a way, air gaps between rotor beams and 
stator beams are squeezed, and damping occurs. Some detailed 
specifications are as follows. The beam length is 98.5 μm.  
Its dimension in the Z direction is 30 μm. And the total mass 

is × −1.889 10 8 kg, which is obtained from the MEMS CAD 
tool CoventorWare. Note that the experiments mentioned above 
only measure the overall damping effect. To reveal the com-
plicated damping mechanism in SFD, IB-LBM simulations are 
conducted based on the experimental resonator structure.

3.2. IB-LBM simulations

Three-dimensional simulations based on real structures are usu-
ally computationally expensive, which is not ideal for device 
level investigation. In our simulations, we simplify the structure 
to a two-dimensional (X-Y plane) as shown in figure 3. The black 
and red parts in figure 3 are the rotor and stator, respectively. 
There is a small gap between the beams of the stator and rotator. 
At the equilibrium position, the gap distance is 1 μm, which 

Figure 1. The experimental methodology for Q factor extraction of the resonator at different vacuum levels.

Table 1. Measured resonance frequency and 3 dB bandwidth values 
collected at different pressure levels.

Pressure 
(Torr)

Resonance 
freq. (HZ)

3 dB 
BW Q factor AC Volt.

DC 
Volt.

5.7 10 3× − 11 199.93 0.96 11 666.59 0.25 10 3× − 1.50

7.5 10 3× − 11 200.11 1.32 8484.93 0.25 10 3× − 1.50

9.4 10 3× − 11 200.26 1.71 6549.86 0.25 10 3× − 1.50

1.9 10 2× − 11 200.53 3.39 3303.99 0.50 10 3× − 1.50

3.8 10 2× − 11 200.41 6.56 1708.68 2.00 10 3× − 1.50

5.6 10 2× − 11 201.10 9.60 1166.48 2.00 10 3× − 1.50

7.5 10 2× − 11 202.77 11.39 983.99 2.00 10 3× − 1.50

1.9 10 1× − 11 198.20 29.50 379.60 1.50 10 2× − 1.50

4.1 10 1× − 11 200.13 59.25 189.03 1.50 10 2× − 1.50

6.0 10 1× − 11 197.13 81.38 137.60 1.50 10 2× − 1.50

9.0 10 1× − 11 206.25 105.00 106.73 1.50 10 2× − 1.50

1.9 100× 11 216.25 236.25 47.48 3.00 10 2× − 1.50

4.1 100× 11 142.50 610.00 18.27 5.00 10 1× − 1.50

5.6 100× 11 128.75 847.50 13.13 6.00 10 1× − 1.50

7.5 100× 11 075.00 1145.00 9.67 6.00 10 1× − 1.50



also serves as the characteristic dimension of the structure. The 
two-dimensional structure is periodic in the Y direction. In our 
numerical study, we focus on a unit cell of the structure, and 
then apply the periodic boundary condition in the Y direction. 
For the Z direction that is perpendicular to the simulation plane, 
it is treated as ∆x in length with periodic boundary condition, 
where ∆x is the space resolution of the lattices. That is to say, 
the two-dimensional simulation considers one single unit ∆x of 
the infinite length in the Z dimension. In our simulations, the 
space resolution ∆x is chosen as 0.25 μm, and the time step ∆t 
is × −2.9463 10 10 s. Furthermore, the mass in lattice unit, i.e. 
∆m, is chosen as × −8.0617 10 21 kg. The mass of a unit cell is 

×8.136 107 ∆m, and the spring constant k0 is ×1.2547 103 in 
lattice unit. It is noted that for finer resolutions of time and space, 
the computational cost becomes higher but the improvement of 
prediction accuracy is not apparent. The proposed method is 
able to simulate the air behavior as shown in figure 4. In this 
demonstration, the small horizontal gap is squeezed from 1 μm 
to 0.718 μm. It is observed from the flow field that air moves out 
of the narrow, horizontal gap into the wide, inclined gap.

To determine the Q factor, an initial velocity is set to the 
rotor beam (the oscillator). The displacement of the beam 
is shown in figure  5. Since energy dissipates because of 

damping, the oscillation amplitude decreases. Note that the 
oscillation amplitude is related to the energy stored in the 
structure. Specifically, the energy stored in cycle t is

( )= + ΓE k k
1

2
,t t0 a

2 (13)

where Γt is the amplitude in cycle t. By evaluating the decay of 
amplitudes, the damping caused by surrounding air is quanti-
fied. The following equation is derived from equation (4) to 
compute the Q factor,

/

π
=
− Γ Γ+

Q
2

1
.

t n n
2 2t

 (14)

In the above expression, Γ+t n is the amplitude when n cycles 
are completed after the tth one. Multiple cycles are introduced 
in the above equation to reduce the quantification uncertainty 
of the energy dissipated per cycle.

In order to compare the Q factors obtained from simulations 
and experiments, the number of unit cells as well as the dimen-
sion in the Z direction should be taken into account in the 
analysis. The prediction of Q factor based on two-dimensional 
simulation is discussed below. We denote the mass and viscous 
damping coefficient of a two-dimensional unit cell as m0 and 

Figure 2. 3D model of the rotor part in the resonator.

Figure 3. Geometry of the resonator in two-dimensional simulations: black (left) is the stator and red (right) is the rotor.



ca,0, respectively. Furthermore, in the following discussion we 
denote the Q factors of a two-dimensional unit cell and of the 
actual 3D structure as Q2d, and Q3d, respectively.

The influence of the unit cell number is discussed first. 
Since we have 240 unit cells, the total mass grows up to 
240m0. The unit cells are parallelly connected dampers since 
they share the displacement. By increasing the number of unit 
cells, the total damping coefficient becomes c240 a,0. Now 
we consider the dimension of Z-direction, that is ×30 4 ∆x,  
(30 μm) in total. One straightforward effect is the total mass 
of the 3D beam structure, which is modified as × m240 120 0. 
For the viscous damping coefficient of a rectangular plate, the 
following relationship is satisfied [15].

β∝c AL ,a
2 (15)

where L denotes the characteristic length of a plate and A is 
the area of the plate where SFD occurs, and β is a function 
of the aspect ratio /χ = l lls , ls and ll are the lengths of the
short and long edges of a two-dimensional rectangular plate, 
respectively. The dependence of β and the aspect ratio can be 
inferred from figure 8 in [15]. For a unit cell of the actual struc-
ture, ( ) ( )= × ∆ × × ∆A x x98.5 4 30 4 , = × ∆L x30 4 , and
β = 0.808 because /χ = 30 98.5. As a comparison, for the
two-dimensional unit cell, ( ) ( )= × ∆ × ∆A x x98.5 4 1 ,

= × ∆L x98.5 4 , and β = 1 since χ = 0. Now the damping 
coefficient of the whole 3D rotor structure can be corrected as

( )

( )

( ) ( )
( ) ( )

β

β
= ⋅ ⋅
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× × × ×
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According to equation (6), the Q factor of a two-dimensional 
unit cell is

≈Q
m k

c
.2d

0 0

a,0
 (17)

Then the Q factor of the actual 3D rotor structure is estimated as

≈
×

=Q
m k

c
Q

240 120

2158.6
0.0786 .3d

0 0

a,0
2d (18)

Q factors in the pressure range 1 mTorr to 1 Torr are calculated 
using the proposed IB-LBM simulations. The comparison of the 
simulation results and the experimental data is shown in figure 6. 
The results agree well with each other in general. Some small 

Figure 4. A capture of velocity field in IB-lBM simulations: pressure is 1000 mTorr, the rotor is moving downward, the distance of the 
small gap between rotor and stator beams is 0.718 μm, the length of an arrow is proportional to its speed. (The aspect ratio is stretched for 
display.)

Figure 5. The displacement of the oscillator after an excitation of initial velocity 0.02 x t/∆ ∆ .



mismatches are mainly due to the end effects of the real struc-
ture, which are not included in our numerical study. It is noticed 
that the experimental method cannot measure the Q factor under 
very low pressure, i.e. less than 5 mTorr, due to equipment limi-
tations. The proposed IB-LBM approach, however, can simulate 
high vacuum conditions, which is a complement to the current 
experimental method.

Both simulations and experiments show that the Q factor and 
the pressure value have a linear relationship in logarithmic scale. 
This is also reported in the energy transfer models [13] and [14], 
where Q factor is mentioned to be inversely proportional to 
pressure. The linear relationship of Q factor and pressure in log-
arithmic scale holds for small amplitude oscillations. When the 
oscillation amplitude is large, the nonlinear effect becomes more 
noticeable. The resonator structure presented in this section is 
not ideal for the study of amplitude effects, since the distance 
between the stator and rotor is very small (1 μm). We conduct 
such a study on a comb structure having a much larger gap.

4. Parametric study of a comb-shaped structure

In this section, we consider a more general two-dimensional 
comb-shaped structure (e.g. in [33]) as illustrated in figure 7, 
where both oscillating and stationary beams are included. The 
space resolution ∆x, time step ∆t, and ∆m are set as the same 
as those in the study of resonator. At the equilibrium condition, 
the distance between the oscillating and stationary beams is 
8∆x. Note that aside from the oscillation amplitude, SFD is also 
affected by the driving frequency of an external driving force. 
In the following, we will investigate different factors that affect 
SFD, including oscillation amplitude and driving frequency, 
and also compare different damping mechanisms in SFD. As in 
the resonator study, one unit cell with periodic boundary condi-
tion is employed in the two-dimensional IB-LBM simulations.

4.1. Amplitude effect

The influence of oscillation amplitude is studied first. To 
this end, the initial velocity in the excitation is adjusted 

to change the amplitude of oscillation. For example, when 
the air pressure is 1000 mTorr and the initial velocity 
V0 is /∆ ∆x t0.02 , the amplitude of oscillation in the first
cycle is 5.2∆x as observed in the simulation, denote as 
Γ = ∆x5.21 . For a smaller initial velocity, Γ1 is also smaller. 
The influence of amplitude effect on the Q factor is shown 
in figure  8. It is observed that the amplitude or equiva-
lently initial velocity affects the slope of Q-P relationship 
in logarithmic scale. When the amplitude is small enough, 
the Q-P curve is almost the same. However, appreciable 
difference is observed when the amplitude becomes much 
larger. Moreover, the difference is more significant at 
lower pres sure. In our simulations, when the air pressure 
is 1 mTorr, the Q factor corresponding to a large ampl itude 
( /= ∆ ∆V x t0.020 ) decreases by 15.4% compared with a
small-amplitude case ( /= ∆ ∆V x t0.00020 ).

It is noticed that the amplitude effect was also studied in 
[19] using MD simulation. The structure employed in their 
study consists of two parallel beams (a substrate and an oscil-
lator). The dissipated energy per cycle with respect to various 
oscillation amplitudes and pressure levels was reported in 
[19]. For fair comparison, the parallel-beam structure is simu-
lated using the IB-LBM approach. Here the beam lengths are 
both 25 μm, and the gap distance between the beams is 2 μm. 
Two different pressure levels are considered, i.e. 2580 mTorr 
and 258 mTorr. The corresponding Knudsen number Kn are 10 
and 100, respectively. The dissipated energy is obtained by the 
following equation

∫∆ =E F v td ,
cycle

a b (19)

where vb is the velocity of the oscillating beam. The ratio 
of gap distance to oscillation amplitude used in our simula-
tion ranges from 2 to 100. The comparison between IB-LBM 
and MD is given in figure 9. The IB-LBM results agree very 
well with the MD ones. They both reveal that the dissipated 
energy grows rapidly as the oscillation ampl itude increases. It 
is worth mentioning that IB-LBM has the distinct advantage 
over MD of being able to simulate devices with complicated 
geometries.

Figure 6. Q factor of the resonator under different pressure levels: black dots are the experimental data, the red solid line with the Q factor 
predicted by two-dimensional IB-LBM simulations.



Figure 7. Geometry of a comb structure: black (right) beams keep stationary, red (left) ones denote the oscillator. The region within the 
dot–dash lines is the simulation domain.

Figure 8. The influence of pressure and amplitude on the Q factor: red solid line: initial velocity V x t0.00020 /= ∆ ∆ ; Blue dashed line:
V x t0.0020 /= ∆ ∆ ; Green dot–dash line: V x t0.020 /= ∆ ∆ .

Figure 9. Dissipated energy per cycle in various oscillation conditions: triangle and square markers denote the results reported in [19]; 
solid and dashed lines represent the IB-LBM simulations; the dissipated energy has a dimensionless form (compare with the case that 
K 100n =  and the amplitude is 1/100 of the gap distance).



4.2. Different damping mechanisms in SFD

Since the damping force in IB-LBM is obtained via 
momentum exchange method, the coefficients in a damping 
force model such as equation (2) can be extracted from simu-
lation results. We mainly consider equation (2) in our study of 
different damping mechanisms in SFD. It is worth mentioning 
that this model matches well with simulation results even for 
large amplitude oscillations, which implies that higher order 
terms are almost negligible if any. However, the damping 
coefficients therein are different with respect to different 
operating conditions, e.g. pressure, oscillation amplitude. The 
damping coefficients ca and ka in the model can be identi-
fied by traditional parameter identification methods based on 
the damping force obtained in simulations. Here we provide 
another approach. Take the case that P  =  1000 mTorr and 

/= ∆ ∆V x t0.0020  as an example. The evolutions of force-
velocity and force-displacement curves are shown in figure 10, 
where the force is in lattice unit (LU). By estimating the slopes 
of the red dash lines shown in figure 10, ca and ka can be identi-
fied from subgraphs (a) and (b), respectively. The two extreme 
points (A1 and B1) of red dash line in subgraph (a), correspond 
to the positions with the largest viscous damping and smallest 
elastic damping. Similarly, the two points (A2 and B2) in sub-
graph (b) correspond to the positions with the smallest viscous 
damping and largest elastic damping. From figure 10, ca and 
ka are identified as − × −7.6141 10 1 and × −1.1122 10 3 respec-
tively, both of which are in lattice units. Correspondingly, the 
total damping force is described as

= − × + ×− −F z z7.6141 10 ˙ 1.1122 10 .a
1 3 (20)

In figure 11, the force Fa computed with equation (20) is com-
pared with simulation results. It is observed that the numerical 
expression (20) can predict the total force precisely, except for the 
beginning period during which the movement of air is initialized.

Now we are ready to compare the viscous damping and 
elastic damping. Define η as the ratio of the viscous and elastic 
damping forces, that is

η
ω

= =
c z

k z

c

k

˙
,a

a

a

a
 (21)

where ω equals the natural frequency in our case. Recall that 
the squeeze number σ also reflects the the dominant damping 
mechanism. It relates to η as follows. The viscous damping 
coefficient ca and elastic damping coefficient ka of a rectan-
gular plate [34] are

( )
( ) [( ) / ] 

∑
σ
π ω

χ
χ σ π

=
+
+ +
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m n

mn m n
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m n
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According to the definition of η, it is derived that

η
π ζ
σ

= .
2

 (24)

The parameter ζ is defined as

 
( )

( ) [( ) / ]

  ( ) [( ) / ]

ζ=
∑

∑

χ
χ σ π

χ σ π

+
+ +

+ +

.
m n

m n

mn m n

m n mn m n

, odd

, odd
1

2 2

2 2 2 2 2 2 4

2 2 2 2 2 2 4

 (25)

The numerator of RHS in equation  (24) equals the cut-off 
squeeze number [34], that is σ π ζ=c

2 . Thus, η is inversely 
proportional to the squeeze number by

η
σ
σ

= .c
 (26)

In the special case that viscous damping force equals 
elastic damping force, one has σ σ= c and η = 1.

The ratio η under various pressure levels with small ampl-
itude of oscillation is illustrated in figure 12. In our simulation, 
the viscous damping force is greater than the elastic damping 
force for pressure between 1 and 1000 mTorr. At a higher 
pressure level, the ratio η is also higher, which implies that the 
viscous damping force plays a more important role under high 
pressure conditions. We also investigate η for larger-amplitude 
oscillations. The results are shown as the blue dashed line in 
figure 12. For oscillations with large amplitudes, both viscous 
and elastic damping forces increase. However, the viscous 
damping force increases faster than the elastic damping force, 
which is due to the nonlinear effect caused by large ampl-
itudes [35].

In the above analysis, η compares the amplitude of various 
damping forces. Although the elastic damping force cannot be 
ignored (compared with viscous damping force) with respect 
to the force amplitude, it has minor influence on the overall Q 
factor. The reason is that the work done by the elastic damping 
force is ignorable in a full cycle of oscillation. This is in line 
with equation  (6), which implies that the elastic damping 
coefficient is ignored.

4.3. Driving frequency

Up until now, we have only considered SFD without an 
external driving force and thus the mechanical structure oscil-
lates at its natural frequency. When the oscillator is driven by 
an external force such as the one described by equation (12), 
the analyses become different. Consider a sinusoidal external 
force, i.e. ( )ω=F F tsind 0 . Then the movement of oscillator is
described by the equation below [36]

( ) ( ) ( )ω φ ω φ= + + −γ−z t A t A te sin cos ,h
t

h h s s (27)

where As and φs are the steady-state amplitude and phase lag, 
respectively, and are determined as

( )ω ω ω
=

⋅ − +
A

F

m c
s

0

2
0
2 2 2

a
2 2 (28)

and

⎛
⎝
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1 a

0 a
2 (29)



Figure 11. Total force obtained through different methods: Red solid line: simulations; Blue dash line: numerical estimation using 
equation (20).

Figure 12. The ratio of viscous damping force and elastic damping force under different pressure levels: red solid line represents the 
oscillation with small amplitude (excited by V x t0.0020 /= ∆ ∆ ); Blue dashed line represents the oscillation with large amplitude (excited by
V x t0.020 /= ∆ ∆ ).

Figure 10. The evolution of force-velocity and force-displacement curves: the pressure is 1000 mTorr, and the initial velocity of the 
oscillator is 0.002 x t/∆ ∆ .



respectively [36]. Note that in equation (27), the first term of 
RHS represents the transient movement of the oscillator. In our 
investigation of SFD, we just consider the steady state, that is

( ) ( )ω φ= −z t A tsin .s s s (30)

However, given the signal of an external driving force, it is not 
easy to theoretically predict the steady-state oscillations (30), 
since the viscous damping coefficient ca in equations (28) and 
(29) is intrinsically nonlinear. In the following, we will pro-
vide a numerical approach to look into the Q factor as well as 
the nonlinearity of ca with respect to the driving frequency. At 
the steady state, the energy stored in the cycle keeps constant, 
that is ( ) /ωm A 2s

2 . Thus, the work done by the external force
equals the dissipated energy, which is

( )

( ) ( )
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θ θ φ θ
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π
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d
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2
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According to the definition (4), the Q factor is

( ) /

( ) ( ) ( )∫
π

ω

θ θ φ θ

ω
φ

= ×
−

=πQ
m A

A F

mA

F
2

2

sin cos d sin
.s

2

0

2
s 0 s

s
2
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Based on the above equation, the Q factor can be estimated 
if As and φs are known. However, obtaining As and φs directly 
from numerical simulations may require heavy computational 
load, since the oscillator needs a long time to reach the steady 
state. Alternatively, parameter identification methods can be 
considered to identify all the parameters in equation  (27) 
(including As and φs), since the oscillator displacement is 
obtained from simulations. The Q factor under pressure of 
1000 mTorr is simulated for different driving frequencies, as 
shown in figure 13 where a smooth curve is fitted based on 
the simulation results. The Q factor tends to increase with the 
driving frequency, though some ringing is noticed.

On the other hand, ( )φsin s  in equation (32) can be repre-
sented as the following equation since we have equation (29)

( )
( ) ( )

φ
ω

ω ω
=

+ + −

c

c k k m
sin .s

a

a
2

0 a
2 2 (33)

Substituting the above expression into equation  (32), the Q 
factor can be reformulated in a concise form

ω
=Q

m

c
.0

a
 (34)

The above equation yields that the Q factor relies on the vis-
cous damping force only. In other words, the elastic damping 
force does not contribute to the overall damping effect. This 
can be explained by examining the work done by the elastic 
damping force. Let ka be the elastic damping coefficient at 
steady state. Then the elastic damping force is described as

( ) ( )ω φ= −F t k A tsin .es a s s (35)

And the work done by the force Fes in one cycle is

( )
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Now we consider the viscous damping coefficient ca. From 
equation (34) one has

ω
=c

m

Q
.a

0
 (37)

Hence, ca can be evaluated from the Q factor. Based on the 
results shown in figure 13., the relationship between steady-
state viscous damping coefficient and driving frequency is 
obtained, which is given in figure 14. Note that the damping 
coefficient in figure 14 is the normalized as /( )ω=∗c c ma a 0 0 .
Clearly, the damping coefficient exhibits a strong nonlinearity 
as function of the driving frequency. However, it has a trend to 
saturate to a near-steady value at very high frequencies (about 
100 times the natural frequency of the mechanical element). 
In our case, the near-steady value of ∗ca is 0.045. As a result,
the Q factor can be approximated as

ω
ω

=Q
0.045

.
0

 (38)

The prediction of the Q factor using equation (38) is plotted in 
figure 15. The approximation matches the trend of the simula-
tion data, but smooth out the ringing.

On the other hand, the amplitude of viscous damping force 
that causes damping can be estimated as

ω=F c A .vis a s (39)

By substituting equation (37) into the above equation, one gets

ω
ω= ⋅F

m

Q
A .vis

0
s (40)

The results are plotted in figure 16 where ringing is observed. 
To find out the reason, we calculate the amplitude of viscous 
damping force with constant damping coefficient, that is 
=∗c 0.045a . As shown in figure 16, the rings are also filtered

when ca is considered as constant. The dependence on viscous 
damping force and frequency was studied in [12], where the 
ringing was also reported. The fluctuation of viscous damping 
coefficient is attributed to the inertial effect in the gas flow [12].

The simulation results in this section  are summarized as 
follows. The Q factors for driving frequencies that are close 
to the natural frequency ω0 are relatively small. For driving 
frequencies that are much larger than ω0, the corresponding 
Q factors are relatively large. The frequency response of 
the viscous damping coefficient stabilizes to a near-constant 
value at very high frequencies. At few intermediate frequen-
cies, ringing is observed in both the Q factor and amplitude of 
the viscous damping force. Furthermore, a maximum Q factor 
is observed at one intermediate driving frequency (around 

/ω ω = 200  in this case). This maximum value provides an
estimate of the optimal frequency at which the MEMS devices 
should be driven to achieve high sensitivity.



Figure 14. The viscous damping coefficient of steady-state oscillation under different driving frequency: ca
∗ in the plot is the normalized 

damping coefficient defined as c ma 0 0/( )ω .

Figure 15. Q factors obtained from IB-LBM simulations versus the prediction by the equation (38).

Figure 13. The Q factors at different driving frequencies: the pressure is 1000 mTorr and 0ω  denotes the natural frequency. The dots are the 
simulation data, and the solid line is the fitted curve.



5. Conclusion

In this paper, we have demonstrated the capability of IB-LBM 
in simulating squeezed-film air damping in comb-shaped MEM 
devices. It is shown that Q factor can be estimated from our 
direct numerical simulations using the time-domain, free-decay 
method. These predictions are in good agreement with the exper-
imental data, which is obtained by systematically measuring 
the Q factor of a resonator under different pressure levels. It is 
demonstrated that two-dimensional IB-LBM simulations can 
predict the Q factor of the resonator precisely. With the validated 
IB-LBM approach, we have conducted parametric studies of 
SFD in comb-shaped structures under various operating condi-
tions of pressure, oscillation amplitude, and driving frequency. 
Based on these studies we have observed  the following. Q factor 
and pressure are linearly dependent in logarithmic scale, where 
the slope can be affected by the oscillation amplitude. Such ampl-
itude effect is more prominent at low pressure. Furthermore, the 
viscous and elastic damping forces are compared quanti tatively 
through simulation studies. When the oscillation amplitude is 
increased at constant pressure level, the viscous damping force is 
found to grow faster than the elastic damping force. For the case 
when the oscillator is driven by an external driving force, the vis-
cous damping coefficient has a trend to saturate at a near-constant 
value for very high driving frequencies. Resonance in the viscous 
damping coefficient are noticed. Their frequencies may be used 
to maximize the high Q factors and achieve higher response sen-
sitivity of the MEMS devices. In all cases, the energy dissipation 
of SFD is dominated by the viscous damping.

The proposed IB-LBM approach is a valuable tool for the 
systematic characterization of air damping problems in MEMS 
or NEMS devices, especially those such as gyroscopes, mag-
netometers and energy harvesters, where high vacuum levels 
are needed for high-performance operation. Our current work 
is focused on using IB-LBM for evaluating the temperature 
impact on the performance of MEMS devices.
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