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Abstract—Multiple-input multiple-output (MIMO) orthogonal-
frequency division multiplexing (OFDM) multicasting system is
considered. For a real-time multicast MIMO-OFDM system, we
propose a non-iterative and simple linear precoding that consists
of a linear sum (LS) of the corresponding channels. Through
numerical results, we show that a minimum user rate of the
proposed LS precoding is almost identical to its performance
upper bound, which can be obtained through max-min rate
maximization.

Index Terms—Multicast, linear precoding, MIMO, OFDM.

I. I NTRODUCTION

PHYSICAL (PHY) layer multicasting is attractive when
receivers (e.g., user devices or stations) share identical

wireless networks. With full channel state information (CSI), a
transmitter (e.g., a base station or an access point) can precode
transmit signals to increase minimum user data rate and
improve the multicast communications quality in the networks.
Various multicast precoding methods have been studied i) to
maximize the minimum user rate [1]–[4] configuration, ii) to
maximize minimum signal-to-noise ratio (SNR) [5], or iii) to
minimize the maximal mean-squared error [6], typically for
single-carrier systems.

In this letter, we consider linear multicast precoding meth-
ods for multiple-input multiple-output (MIMO)multicarrier,
i.e., orthogonal-frequency division multiplexing (OFDM), sys-
tems. We design precoders to maximize the minimum rate
of selected multicast users. The ‘rate’ in this letter denotes a
sum rate across multiple subcarriers, and the problem structure
with multicarrier is coupled across the subcarriers, whichis
different from a problem of either a single-carrier system
[1] or a single-receive antenna system [3]. We investigate
various linear precoding methods, such as an optimal precod-
ing, a heuristic precoding with iterations, a simple heuristic
precoding based on a linear sum (LS) of the corresponding
channels, and multiuser (MU)-MIMO precoding that maxi-
mizes user sum rate. To determine a multicast user group
in performance evaluation of various precoding methods, a
simple user selection strategy based on a greedy search is
introduced. From numerical results, we verify that the heuristic
precoding based on an LS of channels achieves near optimal
performance with the lowest computational complexity, and
justify its potential for real-time multicast communications of
MIMO-OFDM systems.

Notation. For any vector or matrix, the superscripts ‘H ’
and ‘∗’ denote complex conjugate transposition and complex
conjugate, respectively;tr(A) represents the trace of matrix
A; ‘E’ stands for expectation of a random variable; for any
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Fig. 1. Multicast system model with three selected users among nine users,
namelyKT = 9 andKS = 3. Here, the multicast user set isS = {4, 7, 8}.

scalara, vectora, and matrixA, the notations|a|, ‖a‖, and
‖A‖F denote absolute value ofa, 2-norm ofa, and Frobenius-
norm of A, respectively;|A| denotes the cardinality of a set
A; Ia is an a-by-a identity matrix;0a,b is an a-by-b matrix
with all zero elements; and

(

a
b

)

represents the number ofb-
combinations from a set witha elements.

II. M ULTICAST MIMO-OFDM SYSTEM

We consider a downlink multicast MIMO-OFDM system
with one transmitter (Nt transmit antennas) andKT multicast
users (Nr receive antennas each), in which a common message
is sent to all the users throughN subcarriers. Since the
multicast data rate is determined by the minimum achievable
rate of the multicast users, it decreases as more users are
involved in the communications. As a result, more time slots
and larger completion time might be required to support
all multicast users. During the increased completion time,
the CSIs may become outdated, hence the performance gets
degraded. To circumvent this and to obtain multiuser diversity,
a multicast scheduler at the transmitter selects a subset ofKS

users, denoted byS, where|S| = KS and1 ≤ KS ≤ KT , to
serve in a particular time slot (see Fig. 1), based on medium
access control (MAC)-layer and PHY-layer parameters, such
as control channel capacity, user priority, delay requirement,
queue status, and channel condition. The remaining users are
scheduled similarly in subsequent scheduling time slot.

For the optimal multicast user grouping, the achievable
rates of all

(

KT

KS

)

candidates of multicast groups should be
evaluated based on CSIs, which are possibly outdated yet still
tightly correlated to the actual channels. Meanwhile, multicast
precoding is jointly applied for each candidate of multicast
users to estimate the achievable data rate and to determine the
multicast group accordingly. Then, the selected userk ∈ S
updates its CSI through feedback to update the precoding.
Herein, we see another reason why the transmitter forms
multicast group with onlyKS users and why theKS is
typically much smaller thanKT . This is because the resources
for the CSI feedback are limited.

In this letter, we focus on multicast precoding design for a
given multicast user setS. Since the multicast user grouping
is a combinatorial problem, an (optimal) exhaustive strategy to
solve it could be an impairment to real-time multicast system
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implementation. Later in Section IV, we will introduce a sim-
ple greedy-based user grouping to evaluate the performance
of the designed precoders.

III. M ULTICAST L INEAR PRECODING DESIGN

Let xn ∈ CNs×1 be anNs-transmit-symbol vector through
subcarriern with Ns ≤ min{Nr, Nt} and E[xnx

H
n ] =

INs
/Ns. If there is a user who fails to recoverxn, there is an

outage in the multicast system. Hence, contrary to MU-MIMO
precoding typically designed to mitigate multiuser interfer-
ences and maximize sum rate in communications, multicast-
MIMO precoding is designed to maximize the minimum user
rate (note that there is no interference), so that we can guaran-
tee that all users recover the common messagex successfully.
In other words, the multicast performance is limited by the
minimum rate of the multicast users. We design the optimal
and suboptimal multicast precoding matrices accordingly.

A. Optimal Precoding to Maximize Minimum Rate

As discussed, multicast MIMO precoding is designed to
maximize the minimum rate, so that all users can receive
the common messagexn. Assuming that CSI is static during
each transmission slot, the multicast MIMO-OFDM precoding
design problem is formulated as follows1:

max.
{Wn}

min
k∈S

{

∑

n∈N

Rn,k

}

, s.t. ‖Wn‖2F ≤ Pn, ∀n ∈ N , (1)

whereWn ∈ C
Nt×Ns denotes the multicast precoding matrix

on subcarriern (note thatWn is common for all usersk ∈
S) with constrained powerPn, i.e., ‖Wn‖2F ≤ Pn, and the
constraint is for the transmit power constraint. In (1),Rn,k is
the achievable rate of userk through subcarriern, defined as
[7]

Rn,k = log2 det

(

INr
+

Hn,kWnW
H
n HH

n,k

N0

)

, (2)

based on anNr-dimensional received signal vector on subcar-
rier n of userk ∈ S, which is modeled as

yn,k = Hn,kWnxn + zn,k, n ∈ N , k ∈ S.
Here,Hn,k , γHn,k ∈ CNr×Nt is an updated channel matrix
of subcarriern from the transmitter to userk ∈ S; γ andHn,k

are large and small scale fading terms, respectively; andzn,k
denotes the additive Gaussian noise (AWGN) at the user with
a zero mean andE[zn,kzH

n,k] = N0INr
.

Defining Qn
△
= WnW

H
n ∈ CNt×Nt , ∀n ∈ N , and

introducing an auxiliary variablet, we recast (1) as

max.
{Qn>0}

t, s.t.
∑

n∈N

Rn,k ≥ t, ∀k ∈ S, (3a)

tr (Qn) ≤ Pn, ∀n ∈ N , (3b)

rank(Qn) = Ns, ∀n ∈ N . (3c)

1 Similar optimization structure is formulated to maximize minimum rate
of multicast system [1], [3]. However, the structure is for either a single-
carrier system [1] or a single-receive antenna system [3], which is not directly
extendable to (1).

Relaxing (3) by dropping the rank condition (3c) allows
us to efficiently solve it through a convex optimization, e.g.,
a primal-dual interior point method [8], [9], and to obtain a
performance upper bound for (1). Note that the upper bound
solution is the exact solution of (1) whenNt = Nr = Ns.
Despite the optimality, solving (3) may incur high complexity
when there are many scheduled users and subcarriers, which
hinders its applications for real-time systems. Thus, we con-
sider heuristic methods to circumvent the high complexity
issue.

B. Heuristic Precoding Based on Iterations

To resolve the complexity issue of (3), we consider a lower
bound of the original objective function in (1) as

min
k∈S

{

∑

n∈N

Rn,k

}

≥ N min
k∈S

min
n∈N

Rn,k. (4)

The structure of the lower bound in (4) inspires us to maximize
the matrix determinant inRn,k across generally users and
subcarriers, which is interpreted as the precoding intendsto
maximize per-user and per-subcarrier achievable rate.

For the caseNr > Ns, we consider post processing at a
receiver withUn,k = [uk,1 · · ·uk,Ns

]H ∈ CNs×Nr , uk,m is a
left singular vector corresponding to themth largest singular
value ofHn,k [10]. If Ns = Nr, without loss of generality
(w.l.o.g.), we can set the post processing matrix to beINs

.
Therefore, the optimal precoding matrix to maximize the lower
bound in (4), i.e., the individual rate of userk of subcarrier
n, is derived as follows:

Wn =
1

∑

j σk,j
Vn,kΓk , βkVn,kΓk, (5)

whereVn,k is a right singular matrix corresponding to the
non-zero singular valuesσk,j of effective channel matrix
Un,kHn,k; Γk ∈ RNs×Ns is a diagonal power control matrix
following water-filling strategy over the non-zero singular
value σk,j ; and βk is power normalization according to the
effective channel gain, i.e.,

∑

j σk,j .
Assuming equal-power control for simplicity, i.e.,Γk =

√

Pn/NsINs
in (5), we devise an iterative method that updates

a precoding matrix across userk for givenn as follows. For
the initial iteration withi = 1, we setα(0) = 0 and W

(0)
n

is a zero matrix. For theith iteration (i > 0), we update
the precoding matrix asW (i)

n = α(i−1)W
(i−1)
n + βkVn,k,

where α(i−1) is a normalization factor in the previous it-
eration, andk = arg mink∈S‖Un,kHn,kW

(i−1)
n ‖F . Then,

we updateα(i) = ‖W (i)
n ‖F /

√
Pn, normalize the precoding

to fulfill the power constraint asW (i)
n = W

(i)
n /α(i), and

perform iterations. In each iteration, the precoding matrix
is updated partially with an optimal precoding for userk
who has the weakest effective channel gain or SNR. Hence,
after iterations (typically, less than5, and at most100),
all the effective channel gains are eventually increased and
balanced to one another, namely‖Un,1Hn,1W

(∞)
n ‖F ≃ · · · ≃

‖Un,|S|Hn,|S|W
(∞)
n ‖F , resulting in the increase of lower

bound in (4). The algorithm is summarized in Algorithm 1.
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Algorithm 1 : Iterative Multicast Precoding Design

1. For subcarriern = {1, . . . , N}
2. Initialization: initial weightα0 = 0, initial precoding ma-

trix W
(0)
n = 0Nt,Ns

, and maximum number of iterations
imax

3. for i = 1 : imax do
4. find a userk who has the weakest effective channel

gain, s.t.k = argmink∈S‖Un,kHn,k‖F if i = 0, and
otherwise,k = argmink∈S‖Un,kHn,kW

(i−1)
n ‖F

5. compute the right singular matrix and singular values
of selected user’s effective channel matrixUn,kHn,k,
namely,Vn,k and{σk,1, . . . , σk,Ns

}
6. computeβ = 1/

∑j=Ns

j=1 σk,j

7. update precoding matrix:
W

(i)
n = α(i−1)W

(i−1)
n + βkVn,k

8. update weighting factor:α(i) = ‖W (i)
n ‖F /

√
Pn

9. normalize the precoding matrix:W (i)
n = W

(i)
n /α(i)

10. end for

C. Heuristic Precoding Based on Linear Sum of Channels

For a real-time scheduling of an OFDM system, how-
ever, the iterative approach still requires complexity-intensive
computation withO(imaxN

3
t ). Hence, we fix the number of

iterations byKS and update the precoding for usersk =
1, . . . ,KS , sequentially. The resultant precoder is represented
by a linear sum (LS) of the precoders of all users as

W LS
n = α

∑

k∈S

βkVn,k, ∀n ∈ N ; (6)

thus, it can be interpreted as a non-iterative method. In (6), α
is a normalization constant to fulfill‖W LS

n ‖2F = Pn.
Proposition 1: In terms of minimum user data rate, the LS

precodingW LS
n in (6) is asymptotically optimal as the total

number of usersKT and SNR increases.
Proof: For the initial intended userk and fixedN , the

probability that there exist users whose channels are identical
to the userk increases asKT increases. It other words,
transmitter can find a multicast user setS such thatHn,k ≈
Hn,k′ , ∀n ∈ N , k′ ∈ S, with high probability asKT → ∞.
In this case, the objective function in (1) is independent ofuser
k, and it becomes an individual rate maximization problem for
each subcarrier. Thus, the equality holds in (4) andβkVn,kΓk

in (5) becomes the optimal precoding matrix structure of
subcarriern. Furthermore, as SNR increases the optimal water-
filling power allocation control asymptotically approaches a
uniform power allocation strategy, i.e.,Γk =

√

Pn/NsINs
,

[11]. Consequently, the optimal precoding matrix approaches
W LS

n =
√

Pn/NsVn,k in (6).
Proposition 2: WhenNr = 1, the linear sum precoding in

(6) is simplified town,LS ∈ CNt×1 that is derived as

wLS
n = α

∑

k∈S

h∗
n,k

‖hn,k‖2
, ∀n ∈ N , (7)

wherehn,k is Nt-by-1 channel vector.
Proof: Using the fact that there is no receive processing

andhn,k=σk,1v
∗
n,k, whereσk,1 andvn,k are a singular value

and a corresponding singular vector ofhn,k, respectively, we
directly derive the under multiple-input single-output (MISO)
precoding vector from (6) as

wLS
n = α

∑

k∈S

βkvn,k = α
∑

k∈S

h∗
n,k

σ2
k,1

= α
∑

k∈S

h∗
n,k

‖hn,k‖2
.

This completes the proof.
Proposition 2 provides further simple structure of a linear

multicast precoding for MISO-OFDM systems with the com-
putational complexityO(Nt). Note that (7) is not immediately
obtained from (6).

D. Benchmark: Precoding to Maximize Sum Rate

For comparison, instead of the maximization of a minimum
user rate in (1), we design a precoder that maximizes a sum
rate of all users. The sum rate maximization is typically
considered in MU-MIMO precoding design as follows:

max.
{Wn}

∑

k∈S

∑

n∈N

Rn,k, s.t. ‖Wn‖2F ≤ Pn, ∀n ∈ N , (8)

As with the procedure in optimal multicast precoding design
in Section III-A, (8) is reformulated to

max.
{Qn>0}

t, s.t.
∑

k∈S

∑

n∈N

Rn,k ≥ t, (3b) and (3c). (9)

After relaxing the rank constraint (3c), we obtain the MU-
MIMO precoding that gives us the upper bound of MU-MIMO
precoding in (8). However, the optimal MU-MIMO precoding
may cause highly unbalanced rates among users, resulting in
possibly high outage in multicast communications.

IV. PERFORMANCECOMPARISON AND DISCUSSION

We evaluate the minimum user data rate scaled by the
system bandwidth asmink{∆

∑

n∈N Rn,k}, where ∆ =
20 MHz/|N | is a subcarrier spacing, and observe its cu-
mulative density function (CDF). We compare various linear
precoding methods, which are listed as follows:

(i) Max.MinR: upper bound of (1) given in (3)
(ii) Max.MinR.SC: upper bound of (1) per subcarrier (SC)
(iii) Heuristic-Itr: Alg. 1 with 10 iterations, i.e.,imax = 10
(iv) Heuristic-LS: the simplest precoding in (6) and (7)
(v) Max.SumR: upper bound of (9)
(vi) No.Precoding: Wn=

√

Pn/Ns

[

INs

0Nt−Ns,Ns

]

, ∀n ∈ N
(vii) Random.Precoding: No.Precoding with its non-zero

elements of complex random variables
For simulation, we assume that scheduler knowsHn,k.

Noting that all the precoders are designed based on in-
stantaneous CSI, i.e., deterministic channel coefficients, we
use a channel D model (N = 52 data subcarriers of64
subcarriers) in IEEE 802.11n wireless local area network [12]
with E(‖Hn,k‖2F ) = Nt, for the realization ofHn,k. For
MISO case, we setNt = 4, Nr = 1, andNs = 1, while for
MIMO case, we setNt = 4, Nr = 2, andNs = 2. Large
scale fadingγ is generated to conform uniform distribution
of a link SNR between10 dB and45 dB. Precisely, the link
SNR is defined asSNR , 10 log10(NtPnγ

2/N0) dB, where
we set, w.l.o.g.,Pn = 1, ∀n, andN0 = 1 in our simulation.
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Fig. 2. CDFs of minimum user data rate of selected three usersamong30
users, namely,KT = 30 andKS = 3, whenN = 52.

As discussed in Section II, user grouping is computationally
intensive. For simple user grouping, we assume that the sched-
uler determines a userk randomly2, forms a multicast group
as S = {k1}, and selects remaining(KS − 1) users based
on a greedy manner, such that selected users’ channels are
similar to one another as much as possible. For the remaining
(KS − 1) user selection, the transmitter uses a similarity
criterion3 and forms the multicast user set by repeating the
following procedure until|S| = KS :

S = S ∪ arg max
k′∈{1,...,KT },k′ /∈S

{

∑

n∈N

∥

∥Hn,k HH
n,k′

∥

∥

2

F

}

. (10)

In Fig. 2, the CDFs of minimum user data rate are evaluated,
in which a transmitter selects a group of three users from
30 users for multicasting, namely,KT = 30 and KS = 3.
The Random.Precoding achieves very similar performance
to No.Precoding since the random precoder does not guaran-
tee the throughput increase of any predetermined multicast
user. TheMax.MinR.SC outperformsRandom.Precoding
and No.Precoding, yet it falls far short of the performance
bound.

Though the optimal multicast precodingMax.MinRate
achieves the performance bound, its enormous complexity
is prohibitive to real-time multicast systems. The iterative
Heuristic-Itr and non-iterativeHeuristic-LS achieve almost
identical performance to the optimalMax.MinRate, espe-
cially, at the low-rate data regime which is the regime of
interest for the system performance. Herein, it should be
emphasized again that the proposedHeuristic-LS requires
the least computational complexity compared to the other
precoding methods as it does require neither iterations nor

2In practice, a scheduler typically selects a userk1 based on MAC-layer
parameters.

3As a selection criterion, we can use chordal or Frobenius distance between
two channel matricesA and B. Since we observe there is no severe
performance gap among the different metrics in omitted numerical results,
we use the Frobenius norm in (10) for its lowest complexity.

solving optimization problem. Furthermore, there is signifi-
cant performance improvement: for a MISO (MIMO) case
when R ≤ 110 Mbps (R ≤ 210 Mbps), Heuristic-
LS improves minimum user rate by about42.3 Mbps and
7.8 Mbps (51.5 Mbps and 11.4 Mbps) compared toRan-
dom.Precoding andMax.SumRate, respectively, which are
about 61.4% and 7.6% (32.4% and 5.7%) improvement.
The performance improvement from the designed multicast
precoding depends on system configurations, such asNt, Nt,
Ns, KS, andKT , and CSI accuracy.

V. CONCLUSION

In this letter, we have designed various linear precoding
methods for multicast multiple-input multiple-output (MIMO)
orthogonal-frequency division multiplexing (OFDM) systems.
We have proposed a simple-yet-effective multicast linear pre-
coding based on a linear sum of effective channels of the
multicast users, and justified its near optimality in terms
of throughput through simulation. Further analysis for error
and throughout performance of the proposed linear precoding
remains as interesting future work.

REFERENCES

[1] N. Jindal and Z.-Q. Luo, “Capacity limits of multiple antenna multicast,”
in Proc. IEEE Int. Symp. Inf. Theory (ISIT), Seattle, WA, USA, Jul. 2006,
pp. 1841–1845.

[2] N. D. Sidiropoulos, T. N. Davidson, and Z.-Q. Luo, “Transmit beam-
forming for physical-layer multicasting,”IEEE Trans. Signal Process.,
vol. 54, pp. 2239–2251, Jun. 2006.

[3] I. H. Kim, D. J. Love, and S. Y. Park, “Optimal and successive
approaches to signal design for multiple antenna physical layer mul-
ticasting,” IEEE Trans. Commun., vol. 59, pp. 2316–2327, Aug. 2011.

[4] H. Zhu, N. Prasad, and S. Rangarajan, “Precoder design for physical
layer multicasting,” IEEE Trans. Signal Process., vol. 60, pp. 5932–
5947, Nov. 2012.

[5] E. Chiu and V. Lau, “Precoding design for multi-antenna multicast
broadcast services with limited feedback,”IEEE Syst. J., vol. 4, pp.
550–560, Dec. 2010.

[6] M. R. A. Khandaker and Y. Rong, “Precoding design for MIMOrelay
multicasting,” IEEE Trans. Wireless Commun., vol. 12, pp. 3544–3555,
Jul. 2013.

[7] T. M. Cover and J. A. Thomas,Elements of information theory, 2nd ed.
New Jersey: John Wiley & Sons, 2006.

[8] S. Boyd and L. Vandenberghe,Convex Optimization, 1st ed. New York,:
Cambridge University Press, 2004.

[9] M. Grant and S. Boyd, “CVX: Matlab software for disciplined convex
programming, version 2.1,” http://cvxr.com/cvx, Mar. 2014.

[10] J. Joung, E. Y. Kim, S. H. Lim, Y.-U. Jang, W.-Y. Shin, S.-Y. Chung,
J. Chun, and Y. H. Lee, “Capacity evaluation of various multiuser MIMO
schemes in downlink cellular environments,” inProc. IEEE Int. Symp.
on Personal, Indoor and Mobile Radio Commun. (PIMRC), Helsinki,
Finland, Sep. 2006.

[11] C. Oestges and B. Clerckx,MIMO Wireless Communications: From
Real-World Propagation to Space-Time Code Design, Elsevier, 2010.

[12] TGn channel models for IEEE 802.11 WLANs, NY, USA, IEEE 802.11
TGn channel model special committee Std. IEEE 802.11-03/940r4.

http://cvxr.com/cvx

	Introduction
	Multicast MIMO-OFDM System
	Multicast Linear Precoding Design
	Optimal Precoding to Maximize Minimum Rate
	Heuristic Precoding Based on Iterations
	Heuristic Precoding Based on Linear Sum of Channels
	Benchmark: Precoding to Maximize Sum Rate

	Performance Comparison And Discussion
	Conclusion
	References

