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Abstract—Few-sample modes are easy to appear when a new1

working condition is triggered in industrial processes especially2

during the early stages of the new working mode. However,3

monitoring the early behaviour of a new mode is important4

because engineers and operators are less knowledgeable with5

such a new mode. Considering the few-sample challenge in this6

problem, a new multi-source transfer learning framework is7

proposed that leverages historical data under various operating8

conditions to enrich process monitoring over new mode data.9

In contrast to existing transfer learning-related work, a new10

unsupervised domain adaptation framework is designed. The11

historical modes as the source provide precious knowledge and12

reference to the new mode so that the features of the new mode13

are robust to noise and insufficient samples. Mathematically,14

the historical features play the role of a regularizer for the15

feature learning in the target domain. A geometrical illustration16

is given and an iterative optimization algorithm is developed17

with the convergence analysis. Except for the features guided by18

historical modes, individual features of the new mode are also19

extracted from the residual part to form a complete monitoring20

framework. Finally, the effectiveness of the proposed method is21

validated through a numerical experiment and a real industrial22

hydrocracking process.23

Index Terms—Process monitoring, multimode data, few sam-24

ples, transfer learning, common subspace25

I. INTRODUCTION26

IN modern industrial processes, process industry is con-27

stantly developing towards integration, large-scale, and28

intelligence [1], [2]. Its characteristics, including long pro-29

cess flows, numerous equipment, and complex mechanism,30

often make it difficult to apply traditional process monitor-31

ing methods, such as mechanism-based or knowledge-based32

approaches. Recently, the increasing use of distributed control33

systems and industrial internet enables access to large volumes34

of data, making data-driven process monitoring technology35

a current research topic [3]. Typically, process information36
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can be mined through historical process data upon which a 37

mathematical description of the process can be established. For 38

instance, multivariate statistical analysis methods such as prin- 39

cipal component analysis (PCA) [4] and partial least squares 40

[5] have been successfully used in operational assessment and 41

fault detection/diagnosis. 42

Recent developments of multivariate statistical process mon- 43

itoring are towards the direction of how to improve the mon- 44

itoring performance or provide additional information. The 45

structured PCA with variable correlation constraint is proposed 46

for embedding a priori knowledge and making the data-driven 47

model more interpretable [6]. Recursive correlative statistical 48

analysis by analyzing the correlation within a sliding window 49

is proposed for detecting the incipient fault [7]. Robust and 50

sparse CCA could train the data with outliers and separate 51

the noise from data well [8]. To deal with multirate sample 52

problem, Zhou et al. designed a multirate mixture probability 53

PCA for sufficiently use the collected data [9]. However, data- 54

driven methods depend on sufficient data. Otherwise, the data 55

model would lose its representative ability for the real process. 56

In a real process, the fact is that operating conditions could 57

frequently change due to various practical factors [2], such 58

as raw material fluctuations, personnel operations, instrument 59

failures, market changes, etc. The multimodal behavior has 60

become a fundamental characteristic in the historical process 61

profile. However, not all newly triggered working conditions 62

are repetition of historical modes. Especially, new working 63

conditions frequently appear in some newly built plants. 64

Moreover, practitioners generally learn less about the new 65

mode than those historical repetitive modes. Hence, anomaly 66

can occur in the initial stage of the new mode with a higher 67

risk. This stimulates a strong demand for monitoring the initial 68

stage with few samples. However, the few samples has been 69

the most challenging obstacle for monitoring the early stage 70

of a new mode. This is because the monitoring performance is 71

dependent on the extraction of process correlations. However, 72

due to noise commonly existing in industrial systems, the 73

quality of process models built by insufficient samples is really 74

poor. The noise will heavily influence the identification of 75

process correlations. 76

Few-sample learning, also known as few-shot tasks, has 77

received much attention in recent researches. Data augmen- 78

tation could be a direct idea for augmenting the training set, 79

which generally adapt the existing dataset to more generalized 80

datasets. This is achieved by simple data transformation [10] 81

or learning a generative model [11], [12]. However, data 82
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augmentation often under-performs in face of few samples83

because few samples are non-representative for the genuine84

features [13]. On the one hand, the data in industrial processes85

is unlike images which could be augmented by scaling, rota-86

tion, translation or noise enhancement. This actually supplies87

additional information for learning the model. In other words,88

in the population, there exists these transformed images while89

they don’t be sampled. Industrial data consist of temperature,90

flow rate, pressure and other process variables with process91

noise. In face of few sample issues, we could indeed consider92

sample generation strategies for increasing the amount of93

data. However, it is hard to evaluate whether the generated94

samples are beneficial for estimating the true data distribution.95

Especially, the virtual datapoints are generated by the collected96

samples, in which no new information is introduced. Since97

the crucial idea is how to leverage existing information into98

the few-sample task. Meta-learning resorts to the models99

trained by similar tasks and transfer the model into the new100

few-sample task [14]. Hence, it is a task-level optimization101

method such as the model-agnostic meta-Learning that seeks102

an optimal initial states from other similar tasks to drive the103

new meta-learner [15]. It needs a large number of learning104

tasks to help determine the suitable hyper-parameters and105

initialized parameters for the new task. Technically, the few106

samples make a function of fine-tuning the parameters for107

better adapting to the new task. For the industrial processes,108

preparing a large number of tasks based on historical data109

is very cost. Moreover, there is little research on the meta-110

learning-based industrial process monitoring. Domain adaption111

that could be understood as the feature-level or data-level112

knowledge transfer is more suitable to industrial process mon-113

itoring [16]. Zhang et al. [17] proposed a domain discrepancy-114

guided contrastive feature learning framework for few-shot115

fault diagnosis under varied working conditions. Moreover,116

a dual graph neural network is designed for improving the117

diagnosis precision for mechanical facilities under few-sample118

conditions [18].119

Even though there exists advanced few-shot learning meth-120

ods, some special requirements should be considered in in-121

dustrial process monitoring. Firstly, with available process122

variables, monitoring models are learned in a manner of123

unsupervision. This is actually different from most of the124

paradigm of few-sample learning or transfer learning, which125

generally implements feature alignment between the source126

domain and the target domain for improving prediction per-127

formance. Under the label guidance, the features in the source128

domain and the target domain are aligned towards the optimal129

prediction performance of the target domain. However, just130

mixing the source features and the target features is not neces-131

sarily beneficial for improving monitoring performance. There132

is no theoritical guarantee that the data in the future can be133

mapped into the trained feature space because the few samples134

cannot represent the whole distribution in the target domain.135

Even though there exists related work for unsuperivsed transfer136

learning, they are mostly based on deep learning that lack good137

interpretability for which industrial processes poses a strong138

requirement because the running safety is the fundamental139

condition in industrial systems [19]. Moreover, even though140

these methods claim an unsupervised transfer paradigm, they 141

actually still assume one of domains is supervised, or a 142

supervised task is achieved such as classification or prediction 143

[20]. Process monitoring tasks are actually different from 144

the prediction or classification. It is a totally behaviour of 145

the unsupervised learning and aims to learn data distribution 146

and the boundaries. Therefore, few-sample process monitoring 147

concerns more about how the historical knowledge can be 148

utilized and what kind of historical knowledge should be trans- 149

ferred in the situation of insufficient data. Then, orthogonal 150

projection property is also important for splitting the original 151

data space into several subspace because monitoring results in 152

each subspace can provide important anomaly information. 153

Notice the new mode can appear in the running process 154

while not all process correlations are changed and the degree 155

of change is limited because the process running observes 156

the constraints of real physical and chemical laws [21]. For 157

example, nonlinearities are common in complex industrial 158

equipment. Because the process fluctuation is generally around 159

a working point, linear model makes sense given a single 160

mode. It is easy to know the linearized parameters can be 161

different between modes while the model structures and parts 162

of parameters may be very similar. This means the new mode 163

can be different from but similar as historical data, which is 164

the base of reusing historical knowledge. Now the problem 165

is that what kind of knowledge should be leveraged into the 166

new mode. Without any prior information, the most robust 167

strategy is that selecting the features shared by nearly all 168

historical modes to transfer. Then, it is of high likelihood 169

that these common features are contained in the new mode, 170

which is like an average operation. Moreover, monitoring 171

the common subspace and the individual subspace between 172

multiple operating conditions is useful for locating the root 173

cause of failure and has become a new paradigm of process 174

monitoring. 175

In the literature, various methods have been proposed to 176

obtain common features. One group considers that the com- 177

mon score matrix can be derived by weighting the score 178

matrix of each mode [22]. In [23], the two-step multi-set basis 179

vector extraction algorithm is proposed where basis vectors are 180

constructed to describe cross-set correlation. And the other 181

group method is to derive the auxiliary common scores from 182

individual features of each mode, and then direct mapping 183

of each mode to auxiliary common features which are used 184

for common feature extraction. Thus they are also viewed as 185

two-stage methods for extracting common components [24]. 186

Additionally, there are other works that consider both com- 187

mon scores and common loadings simultaneously, e.g., tensor 188

decomposition-based methods. Zhang et al. [21] proposed a 189

canonical polyadic decomposition (CPD)-based method for 190

extracting common features. Liu et al. [25] proposed the 191

Tucker decomposition-based supervision method to calculate 192

the common features and applied in the multi-grade process. 193

In the field of tensor decomposition, CPD is more widely used 194

due to its high interpretability. Thanks to this advantage, CPD- 195

based methods have also been widely used in field of image 196

and pattern recognition [26]. 197

However, these common components are extracted and 198
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utilized for monitoring historical repetitive models rather than199

the unseen new mode. In our paper, the target domain refers200

to the new operating conditions with few samples [27]. In201

the early stage of switching of working conditions, there202

will be a cold start problem that the amount of data is203

insufficient, which makes it difficult to build a model. Transfer204

learning can effectively guide the modeling of new operating205

conditions by excavating the domain-invariant features in206

historical multimode data. The problem of model overfitting207

caused by insufficient data is thereby alleviated [2]. Since the208

problem in this paper is a totally unsupervised learning, it209

is important figuring out what kind of historical knowledge210

should be transferred and how to transfer it. To this aim,211

we stack historical multimode data into a three-way tensor212

form beforehand. And we select CPD-based method to extract213

common features from multimodal data. Further a reasonable214

interpretation is given for the function of the common features.215

Procrustes analysis is used to align the common features of216

the source and target domains, then, the objective function is217

solved by using the Orthogonal Procrustes analysis to achieve218

knowledge transfer. Moreover, to further get the individual219

features of the target domain data, we decompose the residual220

part of the target domain to obtain the individual feature part221

and noise part of the target domain. The problem to be solved222

and the main contributions of this paper are summarized as223

follows:224

• The monitoring problem in the new mode at the early225

stage is considered rather than the historically repetitive226

working modes. In the early stage of a new mode,227

the samples collected are insufficient, which poses a228

dominant challenge on data modelling and monitoring.229

The transfer learning that leverages historical similar230

information is considered to solve such a problem.231

• For effectively transferring the historical information into232

the new mode for a monitoring task, the orthogonal233

components when extracting features of the new mode234

are guaranteed, avoiding the extraction of redundant in-235

formation. Moreover, a geometrical interpretation is given236

for why the orthogonal component extraction strategy237

is effective. Based on the geometrical interpretation, the238

suitable application scenarios are also illustrated.239

• The proposed feature extraction method is achieved by240

an iterative optimization algorithm. The convergence is241

guaranteed through algorithm analysis. Moreover, the242

model proposed is parametric so that the computational243

complexity is very low for online monitoring.244

This paper is organized as follows. Section II introduces245

the method of CPD to extract the common component and246

the strategy to transfer the common component. The solution247

procedure of the transfer learning model is given in Section248

III. The Section IV calculates the statistics and corresponding249

control limits of common part, individual part and noise part.250

The Section V verifies the effectiveness of the method with a251

numerical example and a hydrocracking example. Section VI252

concludes the paper.253

II. MULTI-SOURCE TRANSFER LEARNING 254

FORMULATION 255

In this section, we formulize the transferring learning prob- 256

lem using the multi-source historical data. To effectively com- 257

press the large-scale historical data and extract historical useful 258

information, the tensor decomposition-based CPD is firstly 259

introduced for extracting historical mode-invariant components 260

which. Then, the model to be learned for monitoring the new 261

mode, which should incorporate the historical mode-invariant 262

components, is constructed. Moreover, to avoid the informa- 263

tion redundancy for the extracted features, the orthogonality 264

constraint of features is designed and embedded into the pro- 265

posed model, which help improve the monitoring performance. 266

Since the learning for the model is totally unsupervised, it is 267

not easy to understand why the transferring is effective because 268

there is no label guidance. Therefore, a novel geometrical 269

interpretation is presented for illustrating the learning process. 270

A. Common component extraction 271

In most of industrial processes, there exists part crucial vari- 272

ables that always are maintained within the same safe scope 273

cross different kinds of working conditions. Part correlations 274

between variables are also similar under different modes. This 275

means the coming new mode will observe such constant rules. 276

To monitor such a new mode where just few samples are 277

collected in the beginning, the invariant features become so 278

valuable knowledge for judging process behavior. As a result, 279

the CPD-based shared feature extraction cross multimode data 280

is employed first to extract the common components. And 281

domain adaptation will leverage the common feature to the 282

new mode. 283

Specifically, given a multimode data X ∈ RI×J×K that 284

are three-dimensional and illustrated in Fig. 1. Here I is the 285

number of samples, J is the number of variables for each 286

mode and K is the number of modes. X can be decomposed 287

as X = Xc + Ec , where Xc and Ec are common part and 288

common residual part respectively. 289

Through the CPD-based method, the common score matrix 290

and common load matrix in the process data of multiple 291

working conditions can be obtained simultaneously. Since X 292

is a tensor, it can be decomposed as 293

X ≈
R∑

r=1

Xr =

R∑
r=1

tr ◦ pr ◦wr (1)

where the symbol ◦ is the vector outer product, R is the 294

rank of tensor, R ≤ min {IJ, IK, JK} . This approximation 295

expresses X as the sum of rank-1 tensors Xr , and tr ∈ RI , 296

pr ∈ RJ and wr ∈ RK are called as factorized vectors [21], 297

[28]. Likewise, there is 298

X ≈
R∑

r=1

Xc,r =

R∑
r=1

tc,r ◦ pc,r ◦wc,r (2)

One can see all these factors form corresponding ma- 299

trices given by Tc = [tc,1, tc,2, · · · , tc,R] ∈ RI×R, 300

Pc =
[
pc,1,pc,2, · · · ,pc,R

]
∈ RJ×R and Wc = 301

[wc,1,wc,2, · · · ,wc,R] ∈ RK×R, which can be regarded as 302
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Fig. 1: CP decomposition method.

matrix forms of common features embedded in tensor X. To303

learn these common features, we should unfold the tensor into304

matrices. Specifically, Xc can be unfolded along the mode, i.e.,305

[X[1],c,X[2],c, · · · ,X[k],c, · · · ,X[K],c]. There is306

X[k],c =

R∑
r=1

tc,rp
T
c,rw[k],c,r = TcW

(k)
c PT

c (3)

where W
(k)
c = diag

(
w[k],c

)
∈ R×R, with k = 1, 2, · · · ,K.307

Tc and Pc are the common scores and loadings, analog to308

PCA.309

Moreover, the common features should minimize the recon-310

struction errors for the original observations. Notice all the311

three matrices in (3) are unknown, alternating least squares312

(ALS) can be used to implement reconstruction error mini-313

mization, given by314 
min
Tc

∥∥∥X(1) −Tc(Wc ⊙Pc)
T
∥∥∥2
F

min
Pc

∥∥∥X(2) −Pc(Wc ⊙Tc)
T
∥∥∥2
F

min
Wc

∥∥∥X(3) −Wc(Pc ⊙Tc)
T
∥∥∥2
F

(4)

where ∥·∥2F is the Frobenius norm, ⊙ is the Khatri-Rao315

product, X(i) is the unfolding of X along three different316

dimensions.317

When the iteration converges, Tc, Pc and Wc can be318

derived as319

Tc = X(1)

[
(Wc ⊙Pc)

T
]†

(5)
320

Pc = X(2)

[
(Wc ⊙Tc)

T
]†

(6)
321

Wc = X(3)

[
(Pc ⊙Tc)

T
]†

(7)

Following the extraction of the common features of historical322

multimode data as (5)-(7), the common features of the new323

working condition need to be transferred from the common324

features of the historical multimode data.325

B. Feature direction transfer326

When the new mode data XTD generate, to implement327

effective knowledge transfer, it is necessary to figure out328

what should be transferred. Since the focus is boosting the329

monitoring performance in the new mode, so-called feature330

alignment is not adopted because we cannot guarantee the331

samples in the coming future also follow the same distri-332

bution with the mixed features. Instead , it is approved just333

part variable correlations are changed under different running334

modes, which means shared variable correlations are crucial 335

knowledge to be leveraged. Notice X(2) is the variable-wise 336

unfolded matrix. Thus 6 is the shared variable correlations 337

observed by historical datasets. This can also be observed 338

by 3 which symbolizes the generative model that generates 339

X[k],c from TcW
(k)
c . Therefore, the common loadings Pc 340

that indicates how the variable correlates with each other are 341

suitable knowledge to be transferred. The remaining problem 342

is how to reuse Pc in the new mode. 343

Multivariate process monitoring prefers the property of 344

orthogonal subspace decomposition for detecting the anomaly 345

in different subspaces, which can revealing parts of fault 346

attributes. However, it is easy to know the procedure of 347

CPD that learns Pc does not guarantee the orthogonality. 348

Nonetheless, the orthogonality of the target domain can be 349

sought due to the focus on monitoring performance in the 350

new mode. Denote the learned common loadings as Pc,s and 351

the loading to be learned in the target domain as Pc,t. For 352

reasonable adaptation of an orthonormal matrix to a non- 353

orthonormal matrix. We need a translation-dilation-rotation 354

transformation that does not change the intrinsic correlations 355

of variables to transform an orthonormal matrix to an ordinary 356

matrix as shown in Fig. 3. Therefore, the alignment of loadings 357

between the source domain and the target domain is defined 358

as 359

argmin
ρ,Q

∥Pc,s − (ρPc,tQ+ bk)∥2F
s.t.QTQ = I

(8)

Because coordinate rotation does not change the process 360

correlations, an orthonormal matrix Q is added to allow the 361

rotation. ρ is a dilation factor to adjust the vector norm. bk 362

is the centralized translation matrix. Note that the translation 363

term can be set to zero if the subspaces of both the source and 364

target domains have been moved to the origin [29]. Therefore, 365

Pc,t, Q and ρ are three parameters to be solved. 366

Besides the alignment objective, the process structure partly 367

unveiled by the few samples in the new mode is also expected 368

to be learned. Otherwise, the negative transfer can be easily 369

triggered because the adaptation does not represent any in- 370

formation of the new mode. Thus, the whole objective of the 371

multi-source common feature transfer model is 372

argmin
Tc,t,Pc,t

∥∥∥XTD −Tc,t(Pc,tQ)
T
∥∥∥2
F
+ λ ∥Pc,s − ρPc,tQ∥2F

s.t.PT
c,tPc,t = I,QTQ = I

(9)
where Tc,t ∈ RIt×R is the score matrix of the target 373

domain model and is the balance coefficient. One can see 374

the source data do not participate in the transfer while the 375

feature direction learned by the source data is aligned. This is 376

different from most of domain adaption methods. Moreover, 377

(9) can be regarded as an Orthogonal Procrustes problem [30], 378

which will be briefly introduced in next section. Note that the 379

XTD needs normalization before optimizing (9) . 380

C. Alignment-based Regularization 381

In this subsection, we will give an illustration of the working 382

principle of the loading alignment in (9). Intrinsically, (9) 383
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Fig. 2: Geometrical illustration.

indicates the feature learning in the new mode is regularized384

by the alignment of the source and the target feature directions.385

Due to few samples in the target mode, an intuition is that the386

loading adaption in 8 could make sense for anti-overfitting387

or anti-singularity. However, the model structure is simply388

linear and there exists the orthogonal constraints for Pc,t,389

which means no strong demands may be imposed on the390

feature learning. Fig. 2 reveals why such a regularization391

is indispensable in few samples and what kind of histori-392

cal knowledge is inherited by the new mode. Specifically,393

the two variables are correlated and there exists a direction394

representing the correlation. As shown in the left of Fig. 2,395

the loading directions are different but close to each other396

in the two historical modes. Using tensor decomposition in397

(6), the ’averaged’ common loadings marked in red can be398

obtained. One can see the projection on the common loadings399

can still capture the dominant process fluctuation, though the400

fluctuation extracted is not the largest variance. When it comes401

to the new mode in the right of Fig. 2, there are just four402

samples marked in solid circles collected as the new mode403

just start to run. As the running process progresses, more404

samples could be collected in the future, marked in hollow405

circles. When enough samples are available, process features406

can be learned well without using any historical information.407

However, at the early stage, these hollow circles are unknown408

and one can see the loadings learned by just few samples409

can even be orthogonal to the true loadings, which could410

completely mislead engineers to conduct a wrong conclusion.411

Instead, if the historical loadings can be aided to learn the412

features in the new mode, the false direction can be alleviated413

a lot.414

Fig. 2 also implies the probable application situations in415

industrial systems, which requires the historical modes are416

similar and the new mode is similar as the historical modes,417

as well. This can avoid the negative transfer to a great extent.418

As aforementioned, most of running modes are different in419

working points so that the variable correlations are similar.420

This characteristic renders the proposed method a suitable421

application situation. As the data scale in the new mode422

increases, just using the newly collected data could be better423

because the historical common loadings are not completely424

consistent with the genuine loadings of the new mode. Com-425

pulsory transfer will cause severe side effect and diminish the426

ability of feature learning.427

III. SOLUTION FOR THE TRANSFER LEARNING 428

MODEL 429

It is clear that (9) is a bilinear optimization problem 430

with orthonormal constraints. The optimization step of the 431

algorithm can be divided into two steps. Solve (8) and (9) 432

through Step 1 and Step 2 respectively. Specifically, use PCA 433

to initialize Pc,t and Tc,t by decomposing XTD. 434

Step 1: Update the rotation matrix Q, dilation coefficient ρ 435

given Pc,t and Tc,t. In this step, the objective is completely 436

reduced to (8). As aforementioned, (8) is a matrix trace 437

minimization problem with orthonormal constraints, which can 438

resort to Procrustes similarity analysis [31] for optimal so- 439

lution. Specifically, performing singular value decomposition 440

yields PT
c,sPc,t = UΛVT , then there is Q = VUT and 441

further ρ = trace
(
Pc,sQ

TPT
c,t

)/
trace

(
Pc,tP

T
c,t

)
. 442

Step 2: With the iterative dilation factor ρ and the coordinate 443

rotation matrix Q, it is necessary to update the common 444

loading matrix Pc,t and core matrix Tc,t in the target domain. 445

By introducing data XTD from the target domain, the recon- 446

struction loss of the common subspace is calculated. Then (9) 447

is converted to another orthogonal Procrustes problem, which 448

has the following solutions. 449

argmin
Tc,t,Pc,t

∥∥∥XTD −Tc,t(Pc,tQ)
T
∥∥∥2
F
+ λ ∥Pc,s − ρPc,tQ∥2F

⇒ argmax
Tc,t,Pc,t

trace
(
Pc,tQTT

c,tX
TD

)
+ λtrace

(
ρPc,tQPT

c,s

)
s.t.PT

c,tPc,t = I,QTQ = I
(10)

Since the optimization problem is not a joint convex problem 450

for both Pc,t and Tc,t, but is separately convex to Pc,t (while 451

holding Tc,t fixed) and convex to Tc,t (while holding Pc,t 452

fixed) [32]. Therefore, an iterative optimization method is 453

introduced to obtain the optimal values of Pc,t and Tc,t. 454

First, update Pc,t while holding Tc,t fixed. Notice (10) 455

aims to maximize the trace of the matrix Pc,tW where 456

W is QTT
c,tX

TD + λρQPT
c,s. Perform SVD on W , i.e., 457

W = UΛVT . There is further 458

argmax
Pc,t

trace
(
Pc,tUΛVT

)
= trace

(
ΛVTPc,tU

)
s.t.PT

c,tPc,t = I,QTQ = I
(11)

Since Λ is diagonal, there is 459

trace
(
ΛVTPc,tU

)
=

∑
i

Λi,i

(
VTPc,tU

)
i,i

(12)

where the subscript i, i denotes the i-th diagonal element of 460

a matrix. We can see V, Pc,t and U are all orthonormal 461

matrices. The diagonal element of their product
(
VTPc,tU

)
i,i

462

should be no more than 1, i.e., 463∑
i

Λi,i

(
VTPc,tU

)
i,i

≤
∑
i

Λi,iIi,i =
∑
i

Λi,i (13)

(13) take the equal sign if and only if VTPc,tU = I so that 464

Pc,t = VUT is the solution of (11). Finally, the loadings 465

learned are Pc,t = Pc,tQ = VUTQ. Sequentially, the score 466

matrix is updated as Tc,t = XTDPc,t while holding Pc,t 467

fixed. 468
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Fig. 3: Multi-source common feature transfer learning.

Fig. 4: MsTL fault detection flowchart for offline modeling and online fault detection.

To sum up, the proposed optimization issue is divided469

into two steps and further transform into separately convex470

problems. The algorithm will achieve a smaller objective value471

at each iteration so that the algorithm can be finally converged.472

Then the iteration termination condition can be defined by473

the maximum number of iterations or the objective evolving474

curve. The optimization procedure is shown in Algorithm 1.475

After completing the optimization steps, the common part of476

the target domain can be obtained, i.e., Xc,t = Tc,tP
T
c,t .477

IV. APPLICATION TO PROCESS MONITORING 478

The fault detection indices should be built for online moni- 479

toring after the multi-source transfer learning model is trained. 480

Notice we here pursue satisfactory knowledge transfer rather 481

than information preservation. Therefore, besides the common 482

components extracted by solving the transfer learning problem, 483

part information representing the fluctuation of the target mode 484

is contained in the individual components Ec,t and there is 485

Ec,t = XTD −Xc,t (14)
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Algorithm 1 MsTL Optimization Procedure.

Input: Target domain data XTD, common loadings Pc,s in
source domain, maximum number of iterations l

Output: Common loadings matrix Pc,t, score matrix Tc,t in
target domain

1: Initialization: use PCA to initialize Pc,t and Tc,t by
decomposing XTD;

2: for i = 1, 2..., l do
3: // Step 1
4: PT

c,sPc,t = UΛVT ;
5: Update the rotation matrix: Q = VUT ;
6: Update the dilation coefficient:

ρ = trace
(
Pc,sQ

TPT
c,t

)/
trace

(
Pc,tP

T
c,t

)
;

7: // Step 2
8: QTT

c,tX
TD + λρQPT

c,s = UΛVT

9: Update the common loadings: Pc,t = VUTQ
10: Update the score matrix: Tc,t = XTDPc,t

11: end for

In this case, the detection indices can be designed in the486

common component subspace and the individual component487

subspace, respectively.488

Through PCA, it is easy to decompose Ec,t into the prin-489

cipal component subspace and the residual subspace, respec-490

tively, given by491

Ec,t = Xi,t +Ei,t = Ti,tP
T
i,t +Ei,t (15)

In this case, cross validation and cumulative percentage vari-492

ance (CPV) can be utilized to calculate the number of principal493

components of each mode [22].494

A sample from new target domain arrives, the common495

score is496

tnew,c,t = PT
c,txnew,t (16)

Correspondingly, the residual part of xnew,t is enew,c,t =497 (
I−Pc,t,newP

T
c,t,new

)
xnew,t. Similarly, for individual com-498

ponents, there are499

tnew,i,t = PT
i,tenew,c,t (17)

500

enew,i,t =
(
I−Pi,tP

T
i,t

)
enew,c,t (18)

The Hotelling’s T 2 statistic to measure the variations in the501

common subspace and the principal component subspace of502

individual subspace is constructed as follows503

T 2
new,c = tTnew,c,t

(
1

It − 1
TT

c,tTc,t

)†

tnew,c,t (19)

504

T 2
new,i = tTnew,i,t

(
1

It − 1
TT

i,tTi,t

)†

tnew,i,t (20)

Given the confidence level α, the control limit of the505

Hotelling’s T 2 statistics is easy to defined, referring to [33].506

The squared prediction error (SPE) statistic of individual507

subspace reflects the influence of the noise in residual subspace508

SPE = ∥enew,i,t∥2 (21)

When the calculated statistics are less than the correspond-509

ing control limits, it indicates a normal condition; otherwise,510

TABLE I: Description of the fault in numerical example

Fault No. Fault type Fault description

Fault 1 Slope drift fault 1st observation variable change by
0.005 (i− 500)

Fault 2 Step fault 2nd observation variable step
change by 3.

Fault 3 Multiplicative fault

The element in the third column
of the fourth row of the projec-
tion matrix changes from 0.2134 to
0.5134.

Fault 4 Slope drift fault 4st observation variable change by
0.005 (i− 500)

Fault 5 Step fault 3nd observation variable step
change by 2.

Fault 6 Multiplicative fault

The element in the first column
of the fifth row of the projection
matrix changes from 0.5678 to -
0.8423.

there is an anomaly case. Fig. 4 shows the process of offline 511

modeling and online monitoring in this paper. 512

V. CASE STUDY 513

A numerical case and an actual hydrocracking process are 514

applied in this section to demonstrate the effectiveness of the 515

proposed method. 516

A. Numerical case 517

A five-variable numerical example can be constructed by 518

the following equation, 519
xs,1

xs,2

xs,3

xs,4

xs,5

 =


0.3723 −0.1893 0.4790
0.9080 0.2954 −0.6489
0.5842 0.3490 0.6745
0.7328 −0.4389 0.2134
0.5678 −0.1321 0.7882


 ss,1

ss,2
ss,3

+


es,1
es,2
es,3
es,4
es,5


(22)

where we assume each variable xs,i is sampled from a 520

mixture of three Gaussian distributions ss,1 ∼ N (0, 1), 521

ss,2 ∼ N (1, 1), and ss,3 ∼ N (2, 1) plus a white noise 522

es,i with mean of zero and standard deviations of 0.01. Then 523

the first source domain data xs is exactly collected with Eq. 524

(22). The second source domain and target domain data are 525

created via merely changing the generation of second variable, 526

respectively, while keeping the remaining ones. That is, 527

xs,2 = −0.9080ss,1 + 0.2954ss,2 − 0.6489ss,3+es,2 (23)
528

xt,2 = −0.9080ss,1 + 0.2954ss,2+0.6489ss,3+et,2 (24)

Each of the two source domains is with a total of 1000 sam- 529

ples. The target domain is under the condition of few samples, 530

only 20 samples. The common components of historical multi- 531

working conditions are constructed through the data of the 532

source domain, which can be transferred to the few samples 533

working conditions of the target domain. For PCA, sparse 534

PCA [34] and SPCA-SI [35], the two principal components 535

are retained. The value of the common principal subspace of 536

CnI-PCA [22], CPD [21] and the proposed method is also set 537

to two for fair comparison, the coefficient matrix λ is 0.2 by 538

trial and error. In every case, the confidence level of 5% was 539

used to calculate the control limit. 540

To test the efficiency of the proposed method, six faults, 541

including three types, are introduced under target domain 542
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TABLE II: Monitoring results of numerical example

Fault No. MsTL method SPCA-SI CPD-based method CnI-PCA Sparse PCA PCA
T 2
c T 2

i SPEi T 2 SPE T 2
c T 2

i SPEi T 2
c T 2

i SPEi T 2 SPE T 2 SPE
Normal 2.0 0.8 1.8 4.6 8.0 1.8 1.4 3.6 3.8 4.6 1.2 4.0 1.2 1.8 1.8

1 4.6 53.4 89.0 3.6 79.2 2.8 29.0 63.2 5.4 1.4 73.8 9.2 56.8 5.0 57.2
2 25.6 1.0 100.0 2.8 54.2 0.8 11.8 81.2 6.8 2.0 46.2 23.2 52.6 25.0 46.4
3 21.4 0.4 88.4 76.0 82.2 2.4 18.0 55.8 39.4 68.2 73.0 19.8 26.2 25.2 22.4
4 17.6 24.0 86.2 16.8 65.0 6.6 41.8 47.6 5.8 7.0 65.4 24.8 64.0 17.6 63.4
5 13.6 79.8 97.4 2.6 74.4 14.4 24.0 86.2 3.0 2.2 59.2 15.2 79.8 4.0 78.8
6 10.4 20.0 82.6 10.4 52.0 4.4 12.0 62.2 5.6 6.4 54.4 9.2 50.0 10.0 49.6

(a) (b)

(c)

Fig. 5: (a)Raw data; (b)Common subspace; (c)Individual
subspace.

working conditions, as indicated in Table I. The test data543

are identically distributed with target mode, which has 1000544

samples, and faults occur in 500th sample point.545

Moreover, the traditional process monitoring methods in-546

cluding PCA and sparse PCA are built using the same 20547

samples in target domain only. The multimode process mon-548

itoring methods including CnI-PCA, CPD-based method and549

SPCA-SI are built using 20 samples in each source domain550

and 20 samples in target domain. The performance of four551

methods shown in Table II. In Fig. 5, the data distribution552

of source domain 1, source domain 2, target domain and553

fault 1 are shown, with original data subspace, common and554

individual subspace being extracted by the proposed method.555

It can be seen from Fig. 5(b) that the data distribution of556

the target domain is close to that of fault 1 in the common557

subspace, while in the individual subspace Fig. 5(c), the data558

distribution of the target domain and fault 1 can be clearly559

distinguished, this means that fault 1 is better monitored in560

individual subspace. Fig. 6 shows the monitoring performance561

with the fault 1. It can be seen that in fault 1, the MsTL562

method achieves a better monitoring effect on the individual563

subspace T 2
i and SPEi, which is consistent with the previous564

analysis.565

From Table II, the proposed MsTL method has the best566

monitoring effectiveness. The proposed method obtains the567

(a) (b)

(c) (d)

(e) (f)

Fig. 6: (a)PCA; (b)Sparse PCA; (c)CnI-PCA; (d)CPD-based
method; (e)SPCA-SI; (f)MsTL method.

TABLE III: Mode description of hydrocracking process

Mode No. Mode description
Mode 1 Variation in the characteristics of crude oil
Mode 2 Feed variation
Mode 3 Diesel catalytic conversion

common subspace under the new working condition by fusing 568

the prior knowledge of the common components of the histor- 569

ical multiple working conditions. When the training data set 570

is small, the monitoring effectiveness decreases because the 571

PCA and sparse PCA models cannot fully utilize the data in 572

the source domain, and it is difficult to build an accurate model 573

only based on the target domain data of few samples. Similarly, 574

the CnI-PCA, CPD-based method and SPCA-SI model in few 575

samples, and their modeling abilities are affected by the data 576

samples, which cannot reflect the common and individual 577
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TABLE IV: Monitoring results of hydrocracking process

Fault No. MsTL method SPCA-SI CPD-based method CnI-PCA Sparse PCA PCA
T 2
c T 2

i SPEi T 2 SPE T 2
c T 2

i SPEi T 2
c T 2

i SPEi T 2 SPE T 2 SPE
Normal 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

1 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
2 66.7 100.0 45.3 79.2 56.9 44.6 45.9 71.6 83.3 86.1 79.2 69.3 45.3 65.3 46.7
3 98.7 100.0 10.7 57.3 16 0.0 9.3 72.0 66.7 1.3 21.3 56.0 14.0 30.7 6.8

Fig. 7: The sensitivity analysis for the number of samples.

feature of the multimode domain, so their monitoring results578

are worse than the methods proposed in this paper. At the same579

time, the monitoring effect of sparse PCA is better than that of580

PCA, because sparse PCA modifies the principal components581

with more zero weightings, which makes the model more582

suitable for small sample data modeling.583

In fault 6, the sensitivity analysis is performed on the584

number of samples from the target domain, as shown in Fig.585

7. Let the number of samples change from 10 to 100, the586

fault detection rates are improved for all methods. From the587

perspective of fault detection performance saturation, both588

PCA and sparse PCA show significant improvements in fault589

detection rates as the number of samples increases. Because590

their modeling fully depends on the size of the training set of591

the target domain, the fault detection performance is still not592

saturated until the sample number is 100. Compared with PCA593

and sparse PCA, the CnI-PCA and the CPD-based method594

utilize training data not only from the target domain, but also595

from the source domain. The prior knowledge of the source596

domain is extracted by decomposing the data space of the597

source domain and the target domain into common subspace598

and individual subspace, so the fault detection performance599

reaches saturation when the number of target domain samples600

is 50. Unlike the CnI-PCA and the CPD-based method, the601

successive historical modes of the source domain are learned602

in a sequential fashion by the SPCA-SI, whose fault detection603

performance reaches saturation when the sample is 50. The604

proposed method introduces transfer learning to more fully605

fuse the historical data of the source domain to model the new606

data of the target domain, so the fault detection performance607

reaches saturation when the sample is 30. In summary, com-608

pared with other comparison methods, the proposed approach609

exhibits the best modeling ability and monitoring performance610

on the target domain dataset with few samples. The sensitivity611

analysis for the number of samples verified the effectiveness612

of the proposed method. 613

B. Hydrocracking process 614

Fig. 8: An industrial hydrocracking process technology flow
diagram.

In petrochemical production, hydrocracking reaction is a 615

very representative process. The hydrocracking process used in 616

this paper is carried out from an actual chemical plant. Fig. 8 617

shows the hydrocracking process flow diagram. Hydrocrack- 618

ing is a petroleum secondary processing method. It mostly 619

turns substandard crude oil into alternative clean and effi- 620

cient petroleum fuels using chemical processes (hydrofining, 621

hydrocracking) and physical reactions (gas-liquid separation, 622

product fractionation). The hydrocracking and hydrofining 623

process is used to remove the non-hydrocarbon compounds 624

in the feedstock. Hydrocracking is mainly to convert large 625

molecules into small molecules through cracking reaction, 626

so as to further reduce the content of hydrogen, sulfur and 627

nitrogen in the feedstock, and obtain products after catalytic 628

reforming, including heavy naphtha, diesel or jet fuel. After the 629

hydrocracking reaction, the reaction effluent is separated by 630

high- and low-pressure separator. According to the principle of 631

different boiling points of different components, hydrocracking 632

products are fractionated and separated to obtain light liquefied 633

gas, heavy naphtha, kerosene and diesel oil. At the same time, 634

due to the different feed requirements from different processes 635

and the production of different products, hydrocracking needs 636

to change the production process frequently to meet the 637

needs of production of different products, which leads to 638

hydrocracking is a production process with multiple working 639

conditions. 640

In this study, 188 process variables for the hydrocracking 641

process were chosen. The process data is gathered from 642

industrial historians at 5-minute intervals. Table III shows the 643

selection of three operating modes: variation in the charac- 644

teristics of crude oil, feed fluctuation, and diesel catalytic 645

conversion. In the test set, there are 108, 120, and 92 samples 646

in working conditions 1, 2, and 3, respectively, and the fault 647
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occurs at the 38th, 48th, and 17th sample points respectively.648

There are 181 sample points in each source domain in the649

training set, but only 30 sample points in the target domain,650

and the target domain is in a few samples environment. To651

evaluate the effectiveness of the proposed monitoring method,652

the monitoring model is built using PCA, sparse PCA, CnI-653

PCA, CPD-based method and SPCA-SI for comparison. The654

PCA and sparse PCA are built using the same 30 samples655

in target domain only. The CnI-PCA, CPD-based method and656

SPCA-SI are built using 30 samples in each source domain657

and 30 samples in target domain.658

For PCA, sparse PCA and SPCA-SI, the number of principle659

components is set to 15 to cover 85% of the sum of eigenvalues660

of the covariance matrix. For CnI-PCA and CPD-basd method,661

the dimensionality of common subspace and individual sub-662

space is set to 15, and the value of the common principal663

subspace of the proposed method is also set to 15 for fair664

comparison, the coefficient matrix λ is 0.1 by trial and error.665

In every case, the confidence level of 5% was used to calculate666

the control limit.667

Fig. 9 depicts the data distribution of the source domains668

1, 2, and 3 as well as fault 3, with original data subspace,669

common and individual subspace are extracted by proposed670

method. And from Fig. 9, the fault data and target domain671

data are well differentiated in both the common subspace672

and the individual subspace, which is consistent with the673

monitoring effect of the proposed method demonstrated in Fig.674

10(f). Table IV’s performance of the six approaches reveals675

that the proposed method outperforms them all. The proposed676

method obtains the common subspace of the target domain677

by incorporating the common components in the source do-678

main as a priori knowledge. Therefore, it still achieves good679

monitoring performance on the target domain dataset with680

few samples, which indicates that the common subspace of681

the target domain effectively integrates the prior knowledge682

of the common subspace of the source domain. For PCA683

and sparse PCA, the monitoring performance is poor in the684

case of few samples.Similarly, the CnI-PCA and CPD-based685

method model in few samples, and their modeling abilities are686

affected by few data samples. Although SPAC-SI is a few-687

sample method, it may forget the knowledge learned from688

the historical modes, so it is no more effective than the689

proposed method. As for the sparse PCA, if there are much690

more variables than samples, the sparse method gets modified691

PCs with some possibly zero weightings, and the monitoring692

effectiveness is better than traditional PCA.693

VI. CONCLUSIONS694

In this paper, a MsTL method is proposed to transfer695

the common components of historical multimode as prior696

knowledge to the few-samples mode in the target domain. It697

solves the problem that the modeling ability declines due to698

insufficient data at the early stage of the new domain. The699

optimal transformation of matching new mode features with700

common features is achieved without changing the internal701

association of new modalities. We verify the effectiveness of702

the MsTL method through a numerical example and a real-703

world hydrocracking case. In future work, we will further704

(a) (b)

(c)

Fig. 9: (a)Raw data; (b)Common subspace; (c)Individual
subspace.

(a) (b)

(c) (d)

(e) (f)

Fig. 10: (a)PCA; (b)Sparse PCA; (c)CnI-PCA; (d)CPD-based
method; (e)SPCA-SI; (f)MsTL method.
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exploit this problem under nonlinear situations at the data level705

and complex dynamic characteristics at the process level.706
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