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Abstract 

Ballising, involving pushing a slightly over-sized ball made of hard material through a hole, is a kind of cold working process. Apply-
ing ballising process to fastener holes produces compressive residual stress on the edge of the holes, and therefore increases the fatigue 
life of the components or structures. Quantification of the residual stress field is critical to define and precede the ballising process. In this 
article, the ballised holes are modeled as cold-expanded holes. Elastic-perfectly plastic theory is employed to analyze the holes with cold 
expansion process. For theoretical simplification, an axially symmetrical thin plate with a cold expanded hole is assumed. The elastic-
plastic boundaries and residual stress distribution surrounding the cold expanded hole are derived. With the analysis, the residual stress 
field can be obtained together with actual cold expansion process in which only the diameters of hole before and after cold expansion 
need to be measured. As it is a non-destructive method, it provides a convenient way to estimate the elastic-plastic boundaries and resid-
ual stresses of cold worked holes. The approach is later extended to the case involving two cold-worked holes. A ballised hole is looked 
upon as a cold expanded hole and therefore is investigated by the approach. Specimens ballised with different interference levels are 
investigated. The effects of interference levels and specimen size on residual stresses are studied. The overall residual stresses of plates 
with two ballised holes are obtained by superposing the residual stresses induced on a single ballised hole. The effects of distance be-
tween the centers of the two holes with different interference levels on the residual stress field are revealed.   

Keywords: Cold-working; Cold expanded holes; Ballising; Ballised holes; Residual stress; Fatigue life   
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

1. Introduction

In engineering structures, holes and bores are widely em-
ployed for many purposes such as joining or bolting two sim-
ple plates together with bolts and nuts or precision assembly--
joining several intricate parts together to form a functional 
component. In such cases, holes and bores are subjected to 
some form of load in service. Where holes are designed for 
load bearing, failure represents a critical factor in the design of 
structures and components. Where static load is concerned, 
sufficient knowledge is available to the design engineer. Of 
interest is the dynamic load acting on a hole, which causes 
failure at loads far below the yield point of the material. The 
plastic enlargement of a hole by an expanding tool is known 
as a cold-working process. With cold-working process, the 
roughness and hardness of the surface and the roundness of 
the hole can be improved. In addition, cold-working induces 
compressive residual stresses on the surface of the hole as a 
result of the interference between the hole and the expanding 

tool. Previously, Lai and Siew [1] investigated how three cold-
working processes would affect the fatigue life of holes and 
revealed that ballising with interference between 1-3.3% en-
hanced the fatigue lives by about 60-220%. Pinho et al. [2] 
showed that cold-working reduced stress intensity factors for a 
plastically deformed region for both a remotely loaded plate 
containing an open hole and a riveted joint. Matos et al. [3] 
analyzed the effect of cold-working of rivet holes on the fa-
tigue life of an aluminum alloy. Pavier et al. [4] investigated 
the effect of residual stress around cold worked holes on frac-
ture under superimposed mechanical load. All the studies 
revealed cold-working reduces stress intensity factors and 
significantly improves fatigue performance of the cold worked 
holes to that of non-cold worked holes. 

To investigate the effects on fatigue performance due to 
cold-working of holes, although a thorough understanding of 
surface quality (i.e., surface roughness and integrity) is essen-
tial for the correct specifications of the surfaces that will pro-
vide optimum properties for fatigue performance, the most 
critical factor may be the introduction of compressive residual 
stresses surrounding the holes. Hence, an understanding of the 
residual stress field of cold worked holes is necessary. This 
will be helpful in design where it is necessary to choose the 
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distance between holes for joining wide plates together. If 
reliable fatigue life estimates are to be made, it is necessary to 
characterize the residual stress field. 

A comprehensive review of the prominent theories covering 
residual stress around a cold worked hole was presented by 
Poolsuk and Sharp [5]. The theories predicted a region of 
compressive residual stress surrounding the hole. However, all 
the investigations assumed the unloading process as elastic 
releasing, missing the information of reversed yielding. Alder 
and Dupree [6] performed an elastic-plastic finite element 
analysis of the two-dimensional stress field around a cold 
worked hole, confirming that within the characteristic residual 
stresses, a great amount of discrepancy exists between the 
exact magnitude of the stresses and the location of the elastic-
plastic boundary as reviewed by Mann and Jost [7]. Experi-
mental investigations into the exact location of the elastic-
plastic boundary were carried out by Poolsuk and Sharp [5] 
and Stanford and Link [8]. Although some discrepancies on 
the exact location of the elastic-plastic boundary were encoun-
tered, their work confirmed the existence of the elastic-plastic 
boundary. Lai et al. [9] and Oh et al. [10] adopted a successive 
cracking method introduced by Kang et al. [11] to measure the 
residual stress fields surrounding a ballised hole. This method 
should be combined with fracture mechanics and finite ele-
ment analysis to evaluate the residual stress fields, which is 
suitable for experimental investigation of residual stresses of 
cold worked holes. More recently, Liu et al. [12] investigated 
the residual stress field of cold expanded holes of an alumi-
num plate using finite element modeling and experimentally 
confirmed the fatigue performance enhancement via cold ex-
panding process. These investigations require a large number 
of experiments and numerical analysis and are not convenient 
to arriving at a general estimation of residual stresses of cold 
worked holes. 

In the present study, a detailed stress analysis of a cold-
worked hole and estimation of residual stresses surrounding 
the hole are worked out using elastic-plastic theory. With the 
analysis and actual cold-working process, only two parameters, 
the distances of hole before and after cold working, need to be 
measured to compute the residual stress field and elastic-
plastic boundaries. A ballising process is looked upon as a 
cold–working process. Based on experimental data of ballis-
ing, the residual stress field of a ballised hole is presented and 
analyzed. On the basis of the theoretical estimation of residual 
stress of a single ballised hole, the residual stress fields of 
plate with two ballised holes are investigated. The approach 
presented arrives at a convenient estimation of residual 
stresses and elastic-plastic boundaries of cold worked holes. 

2. Problem formulation and solutions

A cold-working process (schematically shown in Fig. 1) is
an interference process which involves pushing or pulling an 
oversized mandrel through an internally lubricated split sleeve. 
With the cold-working process, the wall of the cold-expanded 

hole is brought with compressive residual stresses. The resid-
ual stress field can be estimated by elastic-plastic analysis of 
the circular plate with a central hole where the surface of the 
central hole is subjected to a uniform pressure and then the 
pressure is released. In the analysis, the material is assumed as 
ideally elastic-plastic where plastic deformation satisfies Tre-
sca’s yielding criterion. 

2.1 Stresses surrounding the hole due to a uniform pressure 

Referring to a circular plate with a central hole (diameter as 
2a) where a uniform radial pressure p is applied onto the sur-
face of the hole, the pressure will probably result in elastic, 
elastic-plastic, or completely plastic deformation on the plate.  

Consider a general case in the elastic region, the radial 
stress σr and the hoop stress σθ can be obtained by Lame’s 
solution [13] as 
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where b is the outer radius of the circular plate, pe the assumed 
radial pressure acting on the elastic-plastic boundary, and rp 
the radius of the elastic-plastic boundary. 

In the plastic region (a≤ r≤ rp), where a is the initial radius 
of the central hole, the stresses can be obtained by the follow-
ing differential equation and Tresca’s yielding condition with-
out considering strain hardening effects, 

0,r r
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where σs is the yield stress of the plate material. The solutions 
are 
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At the elastic-plastic boundary, stress components obtained 
by Eqs. (1) and (2) are identical. Therefore, relationships 
among pe, p, and rp are obtained as 

Fig. 1. Schematic of cold expanding process. 
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It is obvious that when rp = a, p = σs /2(1-a2/b2) the whole 
plate will be within elastic state without plastic deformation. 
When rp = b, then p = ln(b/a), the whole plate will enter into 
plastic state. It is convenient to denote p = σs /2(1-a2/b2) as pE, 
called elastic limit while p = ln(b/a) as pP, the plastic limit. 

2.2 Stress release due to unloading of uniform pressure p 

Upon unloading the uniform pressure p, the released 
stresses σij' can be calculated using elastic-perfect plastic the-
ory to be dependent upon the value of p. However, the yield-
ing criterion is different from that of loading. The new yield-
ing condition is  

2 .r sθσ σ σ′ ′− =    (4) 

(a) When the stress release follows completely elastic recov-
ery, then 
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(b) When the stress release follows elastic-plastic recovery, 
then, in the elastic region 
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where pe׳ is an assumed radial pressure applied on the new 
elastic-plastic boundary, r′p for unloading. In the plastic region, 
the stress components are given as  
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Similarly, with the conditions that the stress components ob-
tained by Eqs. (6) and (7) are identical at elastic-plastic bound-
ary, the relationships among p′e, p and r′p can be written as  

2 2

2 21 , 2 ln (1 ).p p p
e s s s

r r r
p p

b a b
σ σ σ

⎛ ⎞′ ′ ′
′ = − = + −⎜ ⎟⎜ ⎟

⎝ ⎠
   (8) 

When r′p = a, then p = σs(1-a2/b2). This means the unload-
ing process completely follows elastic recovery while the 
uniform pressure is smaller than σs(1-a2/b2). Denoting p=σs(1-

a2/b2) as pE׳, pE׳ is known as the unloading elastic-plastic limit. 
During the loading process, the uniform pressure cannot ex-

ceed the plastic limit pP. When p≤ pE׳, there will be no yield-
ing upon unloading. When pE׳≤ p ≤ pP, a new plastic region 
will be formed at the unloading of the uniform pressure p, 
depending on the critical ratio b/a. Let pP=pE׳, i.e., 

( ) ( )2 2ln 1 .s sb a a bσ σ= −  (9) 

Solving Eq. (9) gives the critical ratio of approximately 2.22. 
When b/a ≥ 2.22, pE׳≤ pP. If pE׳≤ p ≤ pP, secondary yielding 
occurs within a radius between the edge of the hole and the 
unloading elastic-plastic boundary rp׳. If b/a ≤ 2.22, then pE׳≥ 
pP, there will be no secondary plastic deformation on the con-
dition of p ≤ pP. 

2.3 Solutions for residual stress field 

In general, if the stress components by loading process and 
unloading process are respectively expressed as σij and σij', 
then the residual stress components σij

R can be written as  

.R
ij ij ijσ σ σ ′= −    (10) 

When the uniform pressure p is less than the elastic limit pE, 
no plastic deformation will be produced. Upon unloading of 
the load p, the stresses will be totally released and hence no 
residual stresses will be induced. 

When p is greater than the elastic limit, plastic deformation 
will be induced within the plate. The stress components in the 
elastic region follow Eq. (1), while the stress components in 
the plastic region satisfy Eq. (2). 

On the release of p, for b/a ≤ 2.22, i.e., pP ≤ pE׳, or 
b/a ≥ 2.22, i.e., pP ≥ pE׳ and pE ≤ p ≤ pE׳, the released stress 
components follow the elastic recovery as expressed in Eq. (5). 
The residual stresses are given as  
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When b/a ≥ 2.22 and pE׳< p< pP, there will be elastic 
deformation and a newly produced plastic deformation. In the 
elastic region, the released stress components are given in Eq. 
(6), while in the plastic region, Eq. (7) is followed. The 
residual stresses are written as  
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2.4 Solutions for displacements 

To obtain the value of residual stresses σr
R and σθ

R given in 
Eqs. (11) to (14), the values of p, rp and r′p should be known. 
From elastic-plastic theory, even though the relations between 
p and rp or p and r′p have been depicted in Eqs. (3) and (8), 
one more relation is needed to evaluate the values of p, rp and 
r′p. This may be fulfilled with the aid of solutions from the 
radial displacements of the surface of the hole. 

2.4.1 Displacement at elastic region 
Under the conditions of plane stress, during the loading 

process, for partly elastic-plastic deformation, the displace-
ment in the elastic region is given by [13], 
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and 
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When rp = a, then pe = pE. No plastic deformation occurs 
during the loading process when p ≤ pE. Therefore, no residual 
stress is induced. 

For pE ≤ p ≤ pE׳, the loading process leads to elastic-plastic 
deformation while the unloading follows an elastic recovery. 
The recovered displacement due to the unloading process is 
given as  
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2.4.2 Displacement at plastic region 
The displacement in the plastic region can be obtained by 

considering that the volume strain εr+εθ+εz is elastic through 
the plate. The displacement is expressed as [13] 
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where c = rp is the elastic-plastic boundary, k = σs/2, 
G = E/2(1+ν) is the shear modulus. The formula above can be 
further written as  
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This solution is valid throughout the plate. At the elastic-
plastic boundary, it must coincide with that given by 

( ) ( )1 1 .r r z
ru r r r
E Eθ θ θ

νε σ νσ ν σ νσ νε+ ⎡ ⎤= = − = − − −⎣ ⎦  (20) 

For the loading process, substituting σr, σθ from Eq. (1) at 
r = rp into Eqs. (19) and (20), and using Eq. (3), leads to 
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Similarly, for the unloading process, substituting σr, σθ 
from Eq. (6) at r = r′p into Eqs. (19) and (20), by Eq. (8), leads 
to 
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2.5 Computational procedure 

To determine the residual stresses of a cold worked hole, it 
is necessary to measure the diameter of the hole before and 
after the cold-working process, and to determine the appropri-
ate equations to employ. The procedure involves some judg-
ments on the uniform pressure p produced by the cold-
working process to judge whether it has produced plastic de-
formation and whether the unloading process will induce sec-
ondary plastic deformation.  

Let a and a2 respectively denote the radius of the hole be-
fore and after the cold-working process, and a1 denote the 
radius of the expanding tool. During the cold-working proc-
ess, the radial displacement due to the loading process is as-
sumed as a1-a and that due to the unloading process is a1-a2. 
Making use of the expressions for radial displacement and the 
relationship between p and rp or r′p, the values of rp and r′p 



can be obtained, and p can then be calculated. With these 
values, the residual stresses are estimated according to Eqs. 
(11) to (14). 

2.5.1 Determination of p according to the process of elastic 
recovery 

For pE≤ p≤ pE׳, the loading process leads to elastic-plastic 
deformation and the unloading follows a completely elastic 
recovery. The recovered displacement due to unloading proc-
ess follows Eq. (17). When r = a, then u = a1-a2. With Eq. 
(17), it can be obtained that  
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2.5.2 Determination of rp according to loading process 
On the loading process no plastic deformation will be in-

duced when p≤ pE. The material will totally recover to its orig-
inal state on the exit of the load. When p≥ pE, yielding will be 
produced around the hole. Within the plastic zone, the radial 
displacement is given as Eq. (21), i.e. 
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When r = a, 
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Substituting them into Eq. (24), rp may be given as 
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From Eq. (28), rp can be calculated. With rp known, p and 
r′p can be determined as well. 

2.5.3 Determination of r′p by the unloading process 
When pE׳ ≤ p ≤ pP, the unloading process does not follow 

the elastic recovery, but a different plastic deformation is in-
duced. This plastic boundary has been defined as r′p. Within 
the plastic zone, the radial displacement is written as  
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When r = a, 
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Substituting these into Eq. (32), r′p may be written as 
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2.6 Residual stresses of two cold worked holes 

In engineering structure and components, not only are bores 
and holes used for joining purposes such as bolting two simple 
plates together with bolts and nuts, but also expanded to arrays 
of holes joining a wide plate to another that constitutes the 
body of a structure. This leads to the familiar rivet holes. In 
these cases, it is necessary to understand the overall residual 
stress fields of plate with multiple cold worked holes. One of 
the objectives in the present work is to understand the overall 
residual stress fields of plates with multiple cold worked holes. 

An array of holes may be simplified by a model of plate 
with two cold worked holes with the same size and same in-
terference. In the present investigation, the residual stress field 
of a plate with two cold worked holes is obtained by a nu-
merical superposition of the residual stress field induced by 
each single cold worked hole. We note that for an arbitrary 
point in the plate, it is not likely to superpose the residual 
stress field of each single ballised hole, as the stress compo-
nents (σr

R, σθ
R ) are in different directions for the two ballised 



holes. However, in any points in the straight line between the 
two holes, the directions of stress components for the two 
ballised holes are identical, and therefore the superposition 
method applies. It is reasonable as long as the sum of residual 
stress does not exceed the material yield stress. Consequently, 
the overall residual stress field will be affected significantly by 
two factors: the interference and the distance between the 
centers of the two holes. 

Let point A be on the straight line between the centers of the 
two neighboring holes as shown in Fig. 2. Dist. stands for the 
distance between the centers of the two holes. r and r′ are the 
radial distances of point A to the centers of the left hole and 
right hole respectively. Assuming that residual stresses in-
duced by each cold worked hole are not affected by cold-
working of the other hole, Eqs. (11)-(14) can be used to calcu-
late the residual stress field induced by the cold worked hole 
on the left (SL) and those induced by cold worked hole on the 
right (SR) at this point. The total residual stress due to the two 
cold worked holes at point A would be 

.L RS S S= + (40)

3. Residual stresses of ballised holes

3.1 Ballising process 

Ballising is a finishing process that involves pushing a har-
dened spherical ball through a slightly under-sized hole with-

out rotation, as shown in Fig. 3. The ballising process is 
looked upon as a cold working process, and thus the ball is 
looked upon as the expanding tool. Several specimens of ma-
terial ASS760B steel rectangle plate, with the dimension 
200×76×6 mm and the initial central holes close to 19.00 mm, 
are shown in Fig. 4. The material properties of the ballised 
specimen are listed in Table 1. It is noted that the theoretical 
analysis has been derived on the assumption of circular plate 
with central hole, whereas the specimens in the actual experi-
mental work are rectangular plates with central holes. This 
may produce some discrepancy between the theoretically eva-
luated and the actual stress states. The dimensions of the spe-
cimen are chosen in accordance with previous work done by 
Oh et al. [10] so that comparison could be made. Theoretical 
calculations of the elastic-plastic boundary are carried out to 
ascertain the width of the test plate. In the computation, a ball 
diameter of 19.05 mm (3/4 inch) is chosen as a1 while half 
width of the plate is set as b, the outer radius of the assumed 
circular plate. The interference between the ball and the hole is 
defined as 

100% .ball diameter initial holediameterI
initial holediameter

−
= ×  (41) 

Based on experimental data of the ballising process, Table 2 
shows the diameters before and after ballising for three speci-
mens and the calculated interferences. The effects of interfer-
ence level and specimen size on residual stresses are studied. 
The overall residual stresses of plate with two ballised holes 
are obtained by numerically superposing the residual stresses 
induced on single ballised hole. The distance between the 
centers of the two holes is varied in the computation for dif-
ferent interference levels. 

Table 2. Diameters of holes before and after the ballising process. 

No. of 
specimen

Diameter before 
ballising (mm) 

Diameter after 
ballising (mm) 

Interference 
(%) 

1 18.77 19.00 1.492

2 18.72 18.99 1.763

3 18.44 18.91 3.308

Fig. 4. The designed specimen used for ballising process. 

Table 1. Material properties of ballised specimen. 

Condition Hardness Young’s 
modulus 

Poisson 
ratio 

Yield 
stress 

Unannealed 210 1.83×105 
(MPa) 0.193 340-350 

(MPa) 

Fig. 2. Two cold worked holes. 

Fig. 3. A schematic of ballising process. 



3.2 Results and discussion 

3.2.1 Residual stresses of single ballised hole 
The residual stresses of a ballised hole, with interference le-

vels of 1.49, 1.76 and 3.31%, are shown in Fig. 5, where b 
equals 4a (the outer radius of the plate is four-times the radius 
of the hole). The residual radial stresses are always compres-
sive, zero at the edge of the hole, reach a minimum value 
(maximum compression) between the edge of the hole and the 
elastic-plastic boundary and then return to zero. The maxi-
mum compressive stresses can be observed to increase with 
increasing interference level.  

For the residual hoop stresses, it can be seen that the extent 
of the plastic deformation during expansion characterizes the 
residual stress distribution. The maximum tensile hoop stress 
occurs at the elastic-plastic boundary. At low level of interfer-
ence, the maximum residual compressive hoop stress occurs at 
the edge of the hole. With increasing level of interference, the 
maximum compressive hoop stress tends to move progres-
sively away from the edge of the hole. More accurately, the 
maximum compressive stress occurs at the unloading elastic-
plastic boundary r′p. 

From the present computed results, r′p begins to form when 
the interference level is between 1.49% and 1.76%. The resid-
ual hoop stresses at the edge of the hole always remain the 
same irrespective of the different interference levels and their 
values equal the compressive yielding stress (-σs) of the mate-
rial. The maximum compressive hoop stress also remains 
constant at the unloading elastic-plastic boundary but is dis-
placed slightly further away from edge of the hole as de-
scribed by Eqs. (13) and (14).  

Figs. 6 and 7 show the computed residual stress of ballised 
holes with different outer radius of the circular plate for the 
interference levels of 1.49% and 3.31%, respectively. The 
effects of the outer radius on residual stress field can be con-
sidered as that of plate size, such as the half width of the plate, 
on the residual stresses. Increasing the size of the plate does 
not significantly affect the elastic-plastic boundary and 
slightly increases the unloading elastic-plastic boundary at 
interference level of 3.31%. However, the magnitudes of the 
residual stress field change with the increase in outer radius. 
Generally, increasing the outer radius of the plate decreases 
the residual tensile stresses but increases the residual compres-

sive stresses. This is more obvious at higher interference level 
and beneficial for the purpose of fatigue life enhancement. 
The phenomenon is probably caused by the increase in con-
straint of the plate, making it more resistant to external loads. 
At interference level of 1.49%, changing the specimen size 
results in only slight changes in the residual stresses. On the 
other hand, at interference level of 3.31%, the change in resid-
ual stresses is dramatic.  

Note that the solutions are obtained by axisymmetric as-
sumption, while the actual specimen is a rectangular plate with 
a central hole. The half width of the plate is used as the outer 
radius of the assumed circular plate. The size of the finite plate 
may affect the computation accuracy. For smaller interference 
level at 1.49%, the effects of specimen size are insignificant. 
For higher interference level at 3.31%, the specimen size has 
significant effect on the residual stress field. However, it can 
be seen from Fig. 7 that with further increasing the specimen 
size to b=8a and above, the results obtained for the finite cir-
cular plate are close to that of an infinite plate. 

3.2.2 Residual stresses of two ballised holes 
In a point in the straight line between the two holes, the 

overall residual stresses of a plate with two ballised holes are 
obtained by numerical superposition of the residual stresses 
induced by each single ballised hole. The residual stress field 
of two ballised holes is significantly affected by the level of 
interference and the distance between the centers of the two 
holes. In the computation, the hole size and interference of 
each of the two ballised holes were assumed to be identical. 
As shown in Figs. 8-10, the residual radial stresses for plates 
with two ballised holes are always compressive for different 

Fig. 6. Residual stresses for different plate size with interference of 
1.49%. 

Fig. 7. Residual stresses for different plate size with interference of 
3.31%. 

Fig. 5. Residual stresses of ballised holes. 



interference levels. With increasing level of interference, the 
absolute magnitude of the compressive stresses increases. This 
trend is the same as that of plate with single ballised hole. 
With increase in the distances between the two holes, the posi-
tions of maximum stress tend to move away from the hole 
surface, while the magnitude of maximum compressive stress 
changes slightly.  

Residual hoop stresses for plates with two ballised holes are 
more complicated than those in the radial direction. For small 
interference such as 1.49%, no plastic deformation occurs on 
the unloading process. The maximum compressive stress is at 
the edge of hole. It then increases and reaches maximum ten-
sile at the elastic-plastic boundary and then tapers off. The 
tensile stress is gentler in comparison to the compressive stress 
induced at the edge of hole. This trend is similar to that of a 
plate with single ballised hole. When the interference level is 
increased to the extent when unloading plastic deformation 

takes place, such as 1.76 and 3.31%, the higher interference 
level does not always correspond to high maximum compres-
sive and maximum tensile stresses. This is not the same as that 
for the plate with a single ballised hole. From Fig. 8, for Dist. 
= 5a, i.e., the distance between two holes is five-times that of 
the hole radius, the maximum interference level appears to 
give the lowest absolute compressive residual hoop stress at 
the edge of the hole, whereas the lowest interference level 
corresponds to the highest absolute compressive stress value 
due to the effects of superposition. By considering the super-
posing effect, the maximum tensile state is probably not at the 
elastic-plastic boundary. The tensile stress curve will probably 
contain one or two peak values, depending on the distance 
between the two holes and the interference level. Figs. 9 and 
10, for the case with Dist.= 8a and 10a, respectively, show the 
change in the overall stress pattern from the case where 
Dist. = 5a. From Fig. 9, the interference level of 1.76% 
yielded two peak positions of tensile state, at the elastic-plastic 
boundary of each ballised hole, while for the interference of 
3.31% the residual hoop stress curve peaks at one position, 
and manifests among the three interference levels the highest 
maximum tensile stress. The reason for such occurrence is that 
the distance between the centers of the two holes is nearly 
two-times that of the elastic-plastic boundary induced by each 
ballised hole. For a ballised hole, the elastic-plastic boundary 
corresponds to maximum tensile stress, and therefore, at a 
distance corresponding to two times the elastic-plastic bound-
ary, the tensile stress of each ballised hole is superimposed to 
give two maximum tensile stresses. With the distance between 
the centers of the two holes increasing further (Dist. = 10a for 
example), as shown in Fig. 10, even for an interference of 
3.31%, the two peak positions for the tensile stresses are still 
being manifested. The non-coincidence of the peak stresses 
leads to a decrease in maximum superposed tensile stress. If 
the spacing between the two holes was large enough, the 
overall stress field of the plate would return to a state where 
the residual stresses of the two ballised holes would not have 
any interaction with each other. 

4. Discussions

4.1 Validity of the model 

The purpose of this study is to investigate the residual stress 
fields around ballised holes. However, the theoretical formula-
tion is derived on the basis of cold expansion of hole where a 
uniform pressure acts on the edge of the hole and then is re-
leased. With the information involved in the ballising process, 
the residual stress fields of ballised holes can be conveniently 
obtained. The theory is basically valid for ballised holes. In 
the ballising process, a hardened ball is forced through an 
undersized hole. As the ball enters the hole, the region of the 
wall immediately ahead of the ball is subjected to a force act-
ing at some angle not parallel to the wall of the hole as shown 
in Fig. 11. The force can then be resolved into two mutually 
perpendicular components, one acting on a plane normal to 

Fig. 8. Residual stresses of two ballised holes (Dist. = 5a), with inter-
ference of 1.49, 1.76, 3.31%. 

Fig. 9. Residual stresses of two ballised holes (Dist. =8a), with inter-
ference of 1.49, 1.76, 3.31%. 

Fig. 10. Residual stresses of two ballised holes (Dist. =10a), with inter-
ference of 1.49, 1.76, 3.31%. 



the direction of the hole (radial force) and the other parallel to 
the hole direction (longitudinal force). As the ball penetrates 
further, the direction of the force acting on the hole becomes 
increasingly more normal to the wall of the hole, evidently 
due to the curvature of the surface of the ball-assuming negli-
gible or no deformation of the ball. The maximum radial force, 
and therefore deformation, is achieved when the full diameter 
of the ball enters the hole. The force acting on the normal 
plane at this point is purely radial and therefore in a state of 
pure shear, as shown in Fig. 12. As the ball travels along the 
hole, every element in the normal plane ahead of the ball will 
be subjected to identical stress state, and therefore the ballsing 
process is essentially a ring of travelling pressure where the 
stress state of the element immediately ahead of the ball 
changes from three dimensional to pure shear. Similarly, elas-
tic recovery on the exit of the ball can be approximated as 
pure shear. The above assumption approximates the ballising 
process well if ploughing of material ahead of the ball can be 
neglected. 

4.2 Comparison with previous work 

Before the present study, the only previous investigation on 
residual stress distribution of ballised holes was carried out by 
using fracture mechanics approach by Oh et al. [10]. In the 
approach, the relationship between the residual stress, stress 
intensity factor and displacement associated with release of 
residual stress by the introduction of a crack at the edge of the 
hole was developed. The displacement as the crack was ex-
tended incrementally was used to calculate the residual stress 
field around the hole. Fig. 13 shows the results of the residual 
hoop stress obtained by this method. The results are in agree-
ment in the residual stresses trend with those obtained in the 
current research, although some discrepancies exist. The dif-
ferences lie in the locations and the magnitude of the maxi-
mum tensile and compressive stresses. The discrepancies may 
probably be due to experimental inaccuracy, while the current 
study refers to an ideal cold-expansion of the holes. In addi-
tion, the experimental method was based on linear elastic frac-
ture mechanics which may not be suitable for ductile material 
such as ASSAB 760, a medium carbon steel. As X-ray dif-
fraction can only measure the residual stresses on the surface 

(1-2 μm in depth) of a plate, the successive crack method ap-
pears to be the only experimentally feasible way to measure 
the mean value of the residual stress along the depth of a hole 
with high gradients on the surface. The theoretical model set 
up in this study, however, is a convenient way to estimate the 
residual stresses of ballised and other cold worked holes. It 
can easily be applied to the holes with different dimensions. 
The future study on residual stress field of ballised hole would 
consider the strain hardening effects of different material, and 
explore effective experimental approach for residual stress 
measurement as well. 

Finite element modeling and surface stress measurement 
using X-ray on cold expanded holes by Liu et al. [12] revealed 
similar results as presented in this paper. That is, the elastic-
plastic boundary is increased with the increasing of the inter-
ference level, and an unloading elastic-plastic boundary is 
observed. The differences in the computed residual stress val-
ues and the locations of the elastic-plastic boundaries are due 
to the fact that the materials used for the analysis in the current 
paper and finite element modeling are different. In the current 
research, the material used is ASS760B steel, while in the 
finite element modeling it is aluminum. 

5. Conclusions

This study investigates the residual stress distribution around
cold worked holes. Theories of elasticity and plasticity are 
employed to derive the residual stress fields and elastic-plastic 
boundaries. The ballising process is considered a cold working 
process, and hence the residual stresses of ballised holes are 
obtained. The method presented in this study is a non-
destructive method, and therefore offers a convenient way to 
obtain an estimation of the residual stresses and elastic-plastic 
boundaries. This is later extended to the case involving two 
ballised holes. Through ballising several specimens and theo-
retical computation, the following conclusions can be made. 

The study confirms that cold-working, e.g., ballising, intro-
duces large compressive residual stresses onto the surface of a 
cold worked hole, and thus has the potential to give significant 
enhancement in the fatigue performance of the hole. 

The residual radial stress of a ballised hole is always com-
pressive. The value is zero at the edge of the hole, attains a 

Fig. 11. Mechanics of the ballising process. 

Fig. 12. Approximation of ballising a thin plate to a state of pure shear.
Fig. 13. Residual hoop stress of ballised holes obtained by successive 
cracking method (Oh et al., 1993). 



minimum value (maximum for compressive) between the 
edge of the hole and the elastic-plastic boundary, and then 
goes towards zero. The maximum compressive stress in-
creases with the increase in interference. Residual hoop stress 
is compressive at the edge of the hole. The stress decreases in 
magnitude away from the edge of the hole or at the location of 
maximum compressive stress, changes further to a tensile 
residual stress. It reaches a maximum tensile state at the elas-
tic-plastic boundary and then tapers off.  

A critical interference value exists between 1.49% and 1.76%. 
When the interference exceeds the critical value, reversed yield-
ing occurs at the unloading of the cold working process.  

The size of the plate does not significantly affect the elastic-
plastic boundary and the unloading elastic-plastic boundary. 
Increasing the plate size merely produces some changes in the 
computed values in that the residual tensile stress decreases 
while the residual compressive stress increases in magnitude. 
This trend is more beneficial for the purpose of fatigue life 
enhancement.   

The overall residual stresses of two cold worked holes are 
governed by the interference and the distance between the two 
holes. For identical hole sizes and interference, when the spac-
ing is two-times the computed elastic-plastic boundary of each 
cold worked hole, a superposing of the maximum residual 
hoop tensile stresses occurs.  

Nomenclature------------------------------------------------------------------------ 

a  : Initial radius of hole 
a1 : Radius of expanding tool 
a2 : Radius of hole after cold-working 
b  : Outer radius of circular plate 
r : Radius from the center of the hole 
σr : Radial stress due to the expanding process 
σθ  : Hoop stress due to the expanding process 
σ′r  : Radial stress due to the unloading process 
σ′θ : Hoop stress due to the unloading process 

R
rσ : Residual radial stress 
R
θσ : Residual hoop stress 

p  : Radial pressure acting on the hole produced by the 
expanding 

rp : Radius of elastic-plastic boundary due to the expanding 
r′p : Radius of elastic-plastic boundary due to the unloading 
pe : Assumed radial pressure acting on the elastic-

plasticboundary 
σs : Yielding stress 
E : Young’s modulus 
G : Shear modulus 
ν  : Poisson’s ratio 
pE : Pressure of elastic limit 
pE′ : Pressure of unloading elastic limit 
pP  : Plastic limit, maximum radial pressure that the plate 

can withstand 
pe′  : Assumed radial pressure acting on the unloading 

elastic-plastic boundary 

I : Interference between expanding tool and hole 
σij : Stress components due to expanding process 
σ′ij : Released stress components due to unloading process 

R
i jσ  : Residual stress components 

u(r) : Radial displacement expression 
εr : Radial strain 
εθ : Hoop strain 
εz : Axial strain 
Dist. : Distance between centers of two ballised holes 

References 

[1] M. O. Lai and Y. H. Siew, Fatigue properties of cold worked 
holes, Journal of Materials Processing Technology, 48 
(1995) 533-540. 

[2] S. T. Pinho, H. B. Martins, P. P. Camanho, M. H. Santare 
and P. M. S. T. Castro, Residual stress field and reduction of 
stress intensity factors in cold-worked holes, Theoretical and 
Applied Fracture Mechanics, 44 (2005) 168-177. 

[3] P. F. P. Matos, A. J. McEvily, P. M. G. P. Moreira, and P. M. 
S. T. Castro, Analysis of the effect of cold-working of rivet 
holes on the fatigue life of an aluminum alloy, International 
Journal of Fatigue, 29 (2007) 575-586. 

[4] M. J. Pavier, C. G. C. Poussard and D. J. Smith, Effect of 
residual stress around cold worked holes on fracture under 
superimposed mechanical load, Engineering Fracture Me-
chanics, 63 (1999) 751-773. 

[5] S. Poolsuk and W. N. J. Sharp, Measurement of the elastic-
plastic boundary around cold worked fastener holes, Journal 
of Applied Mechanics, 45 (1978) 515-520. 

[6] W. F. Alder and D. M. Dupree, Stress Analysis of Cold 
Worked Fastener Holes, AFML-TR-74-44, Wright Patterson 
AFB, Ohio, USA (1974). 

[7] J. Y. Mann and G. S. Jost, Stress fields associated with inter-
ference fitted and cold expanded holes, Journal of the Proc-
essing Properties and Usage of Metals and Allied Metals, 6 
(1) (1983) 43-53. 

[8] R. J. Sanford and R. E. Link, Holographic measurement of 
the elastic-plastic boundary surrounding cold expanded holes, 
The Journal of Strain Analysis for Engineering Design, 24 
(2) (1981) 103-106. 

[9] M. O. Lai, J. T. Oh and A. Y. C. Nee, Fatigue properties of 
holes with residual stresses, Engineering Fracture Mechan-
ics, 45 (5) (1993) 551-557. 

[10]   J. T. Oh, M. O. Lai and A. Y. C. Nee, Stress analysis of a 
ballised hole, Journal of Materials Processing Technology, 
37 (1993) 137-147. 

[11]   K. J. Kang, J. H. Song and Y. Y. Earmme, A method for 
the measurement of residual stress using a fracture mechan-
ics approach, The Journal of Strain Analysis for Engineering 
Design, 24 (1) (1989) 23-30. 

[12]   Y. S. Liu, X. J. Shao, J. Liu and Z. F. Yue, Finite element 
method and experimental investigation on the residual stress 
fields and fatigue performance of cold expansion hole, Ma-
terials and Design, 31 (2010) 1208-1215.  



[13]   J. Chakrabarty, Theory of Plasticity, McGraw-Hill, New 
York, USA (1998). 

Man On Lai is an Associate Professor at 
the Mechanical Engineering Department 
of National University of Singapore. 
He obtained his Ph.D degree in 1977 
from the University of Auckland, New 
Zealand. He joined the National 
University of Singapore after a year of 
teaching at the University of Auckland. 

His research interests include fracture and fatigue, advanced 
materials development and characterization.  

Zhimin He received his B. Eng., M. 
Eng. and Ph.D., all in Mechanical Engi-
neering from Huazhong University of 
Science and Technology (HUST), Bei-
jing University of Aeronautics and As-
tronautics (BUAA), China, and Na-
tional University of Singapore respec-
tively. From 1990-1996 he worked at 

Electric Power Research Institute (EPRI), China as a senior 
engineer and R&D manager. Since 1997, he has been work-
ing as a scientist with Data Storage Institute, a Singapore 
national institution, on mechatronics, reliability of data stor-
age devices.  



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee575284e8e9ad88d2891cf76845370524d6253537030028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f0030028fd94e9b8bbe7f6e89816c425d4c51655b574f533002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c9069752865bc9ad854c18cea76845370524d521753703002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f300290194e9b8a2d5b9a89816c425d4c51655b57578b3002>
    /KOR <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [545.000 394.000]
>> setpagedevice


