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Abstract— This paper presents a new medical image seg-
mentation method by using wavelet frame energy distribution,
which is the sum of squares of the wavelet frame coefficients at
each pixel. This work shows that the wavelet frame energy
distribution contains the fine texture information extracted
from images with low intensity contrast and complex structures
using wavelet frame transform. Thus it is employed to enhance
the segmentation quality under some challenge conditions such
as low intensity contrast, weak/ambiguous boundaries, inten-
sity inhomogeneity and heavy noise. Furthermore, this paper
adopts convex relaxation approach to solve the corresponding
optimization problem instead of classical level-set method, so
the leading numerical computation is efficient and robust to
initialization values. Experimental results also illustrate the
efficiency of the proposed segmentation method for biomedical
images under these extreme imaging conditions.

I. INTRODUCTION

Medical image segmentation aims to extract the inter-
ested objects from medical images, which can aid medical
treatment and clinical research [1], [2]. Hence, medical
image segmentation has always been an important topic
in medical image processing and analysis. The existing
image segmentation schemes can be classified into two major
categories: edge-based approach and region-based approach.
Edge-based methods segment the objects based on their
boundary information [3], [4]. On the other hand, region-
based segmentation methods exploit information on different
regions to separate them. The popular region-based segmen-
tation approach is the so-called piecewise constant model
proposed by Chan and Vese [5], which is a special case of
piecewise smooth model proposed by Mumford and Shah
[6].

However, boundary ambiguities between adjacent regions
are observed due to imaging with low intensity contrast and
heavy noise, and some tissues or organs with complex struc-
tures. Moreover, intensity inhomogeneity also frequently
occurs in the medical images, which stems from illumi-
nation variation and imaging device imperfection. These
phenomena often lead to large deviation for those popular
intensity-based image segmentation methods with uniform
intra-regional intensity constraints [3]–[12].

In theory, the edge-based methods use mainly the edge
information and are suitable for image segmentation with
intra-regional intensity inhomogeneity as they do not have
any assumptions on homogeneity of the intra-regional in-
tensities. However, the edge information is often unreliable
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due to blurred edges or weak object boundaries or heavy
image noise. Thus the performance of these methods is often
poor under these poor conditions. The Chan-Vese model
approximates an image as a set of regions with constant
intra-regional intensities, thus it is not suitable to segment
image with heterogenous intra-regional intensities. One can
note that the Mumford-Shah model is applicable to segment
an image with intensity inhomogeneity because it models an
image as a set of piecewise smooth functions. However, it
is computationally infeasible because it is required to solve
two partial differential equations [7] for each iteration.

Although the classical Chan-Vese model is not suitable
for image segmentation with intensity inhomogeneity, this
global method can be extended to local region-based methods
by considering local intensity properties [8]–[11]. These
local region-based segmentation methods can often handle
intensity inhomogeneities with very small scale variations
by using a scaled Gaussian kernel. On the other hand, the
wavelet transform can extract the detailed texture of an
image and is robust to noise, so the wavelet coefficients and
their variants were used as features to handle the intensity
inhomogeneities in [13]–[15], where the level-set method
was adopted to integrate these features into the classical
Chan-Vese model and to enhance the performance in the
presence of intra-region intensity inhomogeneity. All of the
above mentioned level-set-based segmentation methods are
nonconvex and sensitive to initialization values and noise.

Convex relaxation approach was often used to obtain
global solutions for some image segmentations under varia-
tional framework [16]–[22]. Recently, wavelet frame trans-
form was adopted in these convexified image segmenta-
tions [23], [24] due to its multi-resolution analysis ability
and redundant property, which can segment an image with
complex structures. In these wavelet-based segmentation
methods, the edge indicator function was obtained based on
the wavelet transform of the image, but the data fidelity terms
still assumed that the regions of the image were piecewise
constants, while the wavelet transform was not considered
in these terms. Hence if we use the wavelet frame transform
properties such as multiresolution and redundancy in the data
fidelity terms, the segmentation should segment the images
with intra-region intensity inhomogeneity and ambiguous
boundaries between the neighbour regions.

In this paper, we propose a new wavelet frame energy-
based medical image segmentation method, which replaces
the image intensity with wavelet frame energy feature to
enhance the segmentation quality in the presence of intra-



regional intensity inhomogeneity, weak/ambiguous bound-
aries, low intensity contrast and heavy noise. Here the
wavelet frame energy is the sum of squares of the wavelet
frame coefficients at each pixel, which is introduced in the
next section. The paper is organized as follows. In Section II,
wavelet frame and energy distribution are introduced briefly.
A new wavelet frame energy-based optimization framework
is proposed for medical image segmentation in Section
III, and the numerical algorithm is also presented therein.
Experimental results for the biomedical image segmentation
under some challenging conditions are given in Section IV,
and some conclusions are drawn in Section V.

II. WAVELET FRAME AND ENERGY DISTRIBUTION

A. Wavelet Frame

A wavelet system is a collection defined by

X(Ψ) = {ψi,j,k : 1 ≤ i ≤ r; j, k ∈ Z} (1)

where Ψ = {ψ1, · · · , ψr} ⊂ L2(R) and its translations and
scales are

ψi,j,k(·) = 2j/2ψi(2
j · −k).

A set X ⊂ L2(R) is a tight frame if

f =
∑
h∈X

< f, h > h, ∀f ∈ L2(R), (2)

where h ∈ X and < ·, · > denotes the inner product.
Clearly, X(Ψ) is a wavelet tight frame if it is a tight frame,

and we call ψi, i = 1, · · · , r, framelets. For more details on
the wavelet tight frame transform, please see [25].

In this paper, we consider the discrete wavelet tight frame
transform. Let W be the wavelet transform matrix, which
can be written as

W = (W0;W1,1;W1,2; · · · ;WL,(r+1)d−1),

where submatrix W0 corresponds to the lowpass filter (scal-
ing function) and Wl,i with 1 ≤ l ≤ L and 1 ≤ i ≤
(r+1)d−1 corresponds to the ith highpass filter (framelets)
at the lth level, d is the dimension of the image and r is
the number of 1D framelets. By using the tensor product
technique, we obtain a d-dimensional wavelet tight frame
with (r + 1)d − 1 framelets. For the wavelet tight frame
transform W , we have WTW = I , i.e. f = WTWf for
any image f , where I is the identity matrix and WT is the
transpose of W .

B. Wavelet Frame Energy Distribution

It is well-known that the tight wavelet frame transform
constructed from multi-resolution analysis can extract the
fine structures from different scales. It can also generate
the sparse approximation of the images which benefits the
efficient computations for convex optimization involved in
image segmentation. To take these advantages for the medical
image segmentation, the information on all of the sub-band
filters, i.e., the coefficients of the wavelet frame transform,
should be combined together. Here the squares of these

coefficients are summed together as a feature in the medical
image segmentation.

For a given image f , the coefficients of the wavelet frame
transform at a pixel x are

w(x) = Wf(x) = (W0f(x), W1,1f(x), · · · ,WL,(r+1)d−1f(x)).

Then, the wavelet frame energy EWf at the pixel x is
defined by

EWf (x) = ‖w(x)‖2 =
∑
l,i

‖Wl,if(x)‖2+‖W0f(x)‖2. (3)

It should be noted that the wavelet frame energy con-
tains the information on the local spatial-spectral (scales)
components. For all the image pixels, we call the collection
{EWf (x)} as wavelet frame energy distribution (or map) of
the image.

III. PROPOSED SEGMENTATION MODEL

A. Overview of Related Segmentation Models
The image segmentation is to find a set of disjoint regions

Ωi, i = 1, · · · ,K, satisfying Ω = (∪i=1,··· ,KΩi) ∪ Γ, where
Ω ∈ R2 is the domain of an image f , and Γ is the closed edge
set. There are many methods for image segmentations in the
research literatures, but we only review some variational and
wavelet methods related to our work here.

The variational method for image segmentation was first
studied by Mumford and Shah [6], which segments an
image into multiple disjoint piecewise smooth regions by
minimizing

min
u,Γ

{
|Γ|+ λ

∫
Ω\Γ
|∇u|2dx+ µ

∫
Ω

(u− f)2dx

}
, (4)

where |Γ| is the length of the edges, u denotes the piecewise
smooth approximation of the image f , ∇u is the gradient of
u, and λ and µ are weight parameters. But this Mumford-
Shah model is computationally intensive. The popular vari-
ational image segmentation method is Chan-Vese model,
which is the simplified version of the Mumford-Shah method
and regards the intensities in each region as a constant. The
Chan-Vese model is often used to study image segmentation
with two piecewise constant regions. The optimization model
is

min
c1,c2,Σ

|∂Σ|+ µ

∫
Σ

(c1 − f)2dx+ µ

∫
Ω\Σ

(c2 − f)2dx, (5)

where Σ denotes the region of interest which often represents
foreground of an image, Ω\Σ denotes background, c1 and
c2 are constant variables representing intensities within Σ
and Ω\Σ, respectively. The classical Chan-Vese model can
be solved using the level-set approach [5], which is sensitive
to the choice of the initialization values.

Instead of the level-set approach, the Chan-Vese model
can be regarded as a binary problem [16],

min
c1,c2,u∈{0,1}

∫
Ω

|∇u|dx+ µ

∫
Ω

u(c1 − f)2dx

+µ

∫
Ω

(1− u)(c2 − f)2dx, (6)



where u(x) is the region characteristic function (labels)
defined by

u(x) =

{
1 if x ∈ Σ,
0 if x ∈ Ω\Σ.

Since this binary model is nonconvex, a convex relaxation
method is employed to generate another segmentation model
by extending the binary values into the interval [0, 1] [22].
The convex optimization model is

min
c1,c2,0≤u≤1

∫
Ω

|∇u|dx+ µ

∫
Ω

u(c1 − f)2dx

+µ

∫
Ω

(1− u)(c2 − f)2dx. (7)

This is the well-known total variation optimization prob-
lem [16], [18], [26]. By incorporating edge information into
this model, a hybrid model is given in [19], [27], [28] as
follows:

min
c1,c2,0≤u≤1

∫
Ω

g(x)|∇u|dx+ µ

∫
Ω

u(c1 − f)2dx

+µ

∫
Ω

(1− u)(c2 − f)2dx, (8)

where g(x) is the edge indicator function [3] defined by

g(x) =
1

1 + ‖∇f̃(x)‖2
(9)

with a smoothed image f̃(x) = (Gσ ∗ f)(x), which is
obtained by convoluting image f with a Gaussian kernel Gσ
having variance σ, and ∗ denotes the convolution operator.

Finally, by replacing the total variation term in the above
model with the wavelet transformation of the labeling func-
tion u(x), the so-called the wavelet based segmentation
model was given in [23], [24] as follows:

min
c1,c2,0≤u≤1

∫
Ω

|gW ·Wu|dx+ µ

∫
Ω

u(c1 − f)2dx

+µ

∫
Ω

(1− u)(c2 − f)2dx, (10)

where

Wu = {(W0u;Wl,iu)1≤l≤L,1≤i≤(r+1)d−1},

gW = diag{0T , vT1,1, · · · , vT1,(r+1)d−1, · · · , v
T
L,(r+1)d−1},

with vl,i ∈ Rm and 0 ∈ Rm. For simplicity, let

vl,i = v(x) =
1

1 + σ
∑(r+1)d−1
i=1 ‖(Wl,if)(x)‖2

,

for all l and i. And then

gW ·Wu =
∑
l,i

vl,i(Wl,iu).

It should be noted that in the above model, gW is the
edge indicator function based on the wavelet transform
of the image. Furthermore, the wavelet transform of the
region characteristic function u(x) is used to replace its total
variation, which has a fast and robust convex computational
algorithm [23], [24].

B. Proposed Wavelet Frame Energy-based Model

The above mentioned wavelet based segmentation model
(10) improved the classical Chan-Vese segmentation method
by incorporating the wavelet transform coefficients of im-
age into the edge indicator function, but the intensities of
interesting regions are still assumed to be constants, and
the fidelity terms do not contain the information of wavelet
frame transform on the image. That is to say, the wavelet
based segmentation method (10) can segment an image with
a piecewise constant intensity, but it is not suitable to model a
piecewise smooth image with intra-regional inhomogeneous
intensity and heavy noise. Since the wavelet frame energy
distribution contains the extracted texture features from im-
ages with low-contrast intensity and complex structures, we
propose a wavelet frame energy based method to segment
an image with piecewise smooth regions in the presence of
intensity inhomogeneity, weak boundaries and heavy noise.

By replacing the original intensity of an image with
its wavelet frame energy distribution feature, a new image
segmentation model is proposed and given by

min
c1,c2,0≤u≤1

∫
Ω

|gW ·Wu|dx+ µ

∫
Ω

u(c1 − EWf )2dx

+µ

∫
Ω

(1− u)(c2 − EWf )2dx. (11)

Here we assume that the wavelet frame energy distribution is
piecewise constant, but the regional intensity is not constant.

In the sequel, we provide a numerical algorithm to solve
the minimization problem (11) by alternatively optimizing u
and ci, i = 1, 2. For a fixed u, c1 and c2 can be estimated as
the mean values of wavelet frame energy within each region.
And for fixed ci, i = 1, 2, the split Bregman iteration (aka
alternative direction method of multiplier (ADMM) [29],
[30]) is employed to solve the optimization problem (11).
Therefore, the numerical algorithm for the proposed image
segmentation model is shown in Algorithm 1 as follows.

Algorithm 1 Numerical algorithm for image segmentation
optimization (11):

1) Set k = 0, choose α > 0 and β > 0.
2) Compute the wavelet frame energy distribution accord-

ing to (3).
3) Repeat
4) Update uk+1, ck+1

1 and ck+1
2 by

r(ck1 , c
k
2) = (ck1 − EWf )2 − (ck2 − EWf )2,

uk+1/2 = WT (dk − bk)− µ

β
r(ck1 , c

k
2),

uk+1 = max{min{uk+1/2, 1}, 0},
dk+1 = TgW /β(Wuk+1 + bk),

bk+1 = bk + (Wuk+1 − dk+1),

Σk+1 = {uk+1 > α}, (Σk+1)c = Ω\Σ.
ck+1
1 = M(f,Σk+1),

ck+1
2 = M(f, (Σk+1)c),

5) k ← k + 1.
6) until stopping criterion is satisfied.



In Algorithm 1, the soft-thresholding operator Tρ is de-
fined as

Tρ(j) =

 x(j)− ρ(j), if x(j) > ρ(j)
0, if − ρ(j) ≤ x(j) ≤ ρ(j)
x(j) + ρ(j), if x(j) < −ρ(j),

and

M(f,Σ) =

∫
Σ
Ewf (x)u(x)dx∫

Σ
u(x)dx

is the mean value of the wavelet frame energy over the
domain Σ. Although the parameter α in Algorithm 1 can
choose any value in [0, 1], it is chosen as 0.5 in our numerical
examples. And the proposed algorithm stops if the change
of Σ is less than a given threshold within two successive
iterations.

IV. EXPERIMENTAL RESULTS

In this section, experimental results are reported to demon-
strate the efficiency of the proposed segmentation method.
We compared the proposed wavelet frame energy-based
segmentation method (11) with the frame intensity-based
segmentation (10), the latter was also presented in [23].
These algorithms were implemented in Matlab.

In our experiments, the wavelet tight frame transform is
constructed by using the piecewise line framelet approach
[31] with the number of level L = 2 and one scaling
function and two framelets r = 2. In all experiments, we
set the regularization parameters µ = 1, σ = 0.2 in the edge
indicator function, the algorithm parameter β = 16 and the
region parameter α = 0.5.

In Figures 1 and 2, the segmentation experiments were per-
formed on a human brain MRI image and a heart ultrasound
image with weak boundaries between neighbour regions and
intra-region intensity inhomogeneity. It can be observed from
Figures 1 and 2 that the wavelet frame energy distributions
contain the extracted image textures, which are clearer than
original image intensities after using the wavelet frame
transform. The proposed segmentation based on wavelet
frame energy feature outperforms the segmentation based
on original intensity feature under the extreme conditions
such as low contrast illuminance, weak boundaries, intensity
inhomogeneity and heavy noise.

Furthermore, Figure 3 illustrates the segmentation results
for a serial section transmission electron microscopy image
downloaded from the ISBI segmentation challenge. This
experimental result shows that our proposed segmentation
method is comparable with the U-net deep learning segmen-
tation [32], which requires the labelled data for the training
phase. Our segmentation method is suitable when the labelled
data are unavailable. Moreover, it can be seen from Figure 3
that our wavelet frame energy based segmentation method
is robust to heavy noise, weak boundaries and intensity
inhomogeneity as compared with the wavelet segmentation
based on intensity. These experimental results show that
the salient texture features of the image are extracted and
detected by using the wavelet frame energy distribution,
which enhance the performance of our proposed image
segmentation method.

(a) (b)

(c) (d)

Fig. 1. Segmentations for a human brain MRI image: (a) Original MRI
image. (b) Zoom-in of the regions of interests (ROIs)–red box on the original
image. (c) Wavelet frame energy distribution of the ROIs. (e) Segmentation
results (blue line–wavelet frame-based segmentation with intensity (see Eq.
(10), green line– our new segmentation based on wavelet frame energy
distribution (see Eq. (11)).

V. CONCLUSIONS

A new image segmentation method has been proposed
based on wavelet frame energy distribution. The proposed
method employs the wavelet frame energy to model the
extracted fine structure information from the medical images
after using wavelet frame transform, which contains the
detailed textures and can enhance the proposed segmen-
tation quality in the presence of low intensity contrast,
weak boundaries, intensity inhomogeneity and heavy noise.
The experimental results have also verified the efficiency
of the proposed image segmentation method under these
challenging conditions.
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