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Abstract—Physics-informed neural networks (PINNs) are at
the forefront of scientific machine learning, making possible the
creation of machine intelligence that is cognizant of physical
laws and able to accurately simulate them. However, today’s
PINNs are often trained for a single physics task and require
computationally expensive re-training for each new task, even for
tasks from similar physics domains. To address this limitation,
this paper proposes a pioneering approach to advance the
generalizability of PINNs through the framework of Baldwinian
evolution. Drawing inspiration from the neurodevelopment of
precocial species that have evolved to learn, predict and react
quickly to their environment, we envision PINNs that are pre-
wired with connection strengths inducing strong biases towards
efficient learning of physics. A novel two-stage stochastic pro-
gramming formulation coupling evolutionary selection pressure
(based on proficiency over a distribution of physics tasks)
with lifetime learning (to specialize on a sampled subset of
those tasks) is proposed to instantiate the Baldwin effect.
The evolved Baldwinian-PINNs demonstrate fast and physics-
compliant prediction capabilities across a range of empirically
challenging problem instances with more than an order of
magnitude improvement in prediction accuracy at a fraction
of the computation cost compared to state-of-the-art gradient-
based meta-learning methods. For example, when solving the
diffusion-reaction equation, a 70x improvement in accuracy was
obtained while taking 700x less computational time. This paper
thus marks a leap forward in the evolutionary meta-learning
of PINNs as generalizable physics solvers. Sample codes are
available at https://github.com/chiuph/Baldwinian-PINN.

Index Terms—Baldwin effect, evolutionary optimization, neu-
roevolution, meta-learning, physics-informed neural networks

I. INTRODUCTION

HE emerging field of scientific machine learning seeks
to create more accurate, data-efficient, and explainable
machine intelligence for science and engineering. The direct
incorporation of mathematically expressible laws of nature into
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learned models to ensure physically consistent predictions is
an appealing proposition, as evidenced by the proliferation
of physics-informed neural networks (PINNs) across multiple
scientific domains since seminal work by Raissi et al. [1]. The
key concept is to utilize physics-based mathematical relations
or constraints as a regularization loss (aka physics-informed
loss). This physics-informed loss is amenable to various forms
of scientific knowledge and theories, including fundamental
ordinary or partial differential equations (ODEs or PDEs). It
flexibly incorporates scientific discoveries accumulated across
centuries into the machine intelligence models of today across
diverse scientific and engineering disciplines [2-6].

However, PINNs remain limited in their ability to generalize
across physics scenarios. Contrary to its promise, a PINN
does not guarantee compliance with physics when used for
new scenarios unseen during training, e.g., variations in PDE
parameters, initial conditions (ICs) or boundary conditions
(BCs) that lie outside the confines of their training. Instead,
these predictions remain physics-agnostic and may experience
similar negative implications for reliability as typical data-
driven models.

In principle, physics-compliant predictions for any new
scenario can be achieved by performing physics-informed
retraining—an attractive feature of PINNs—even without la-
belled data. However, the additional training can be cost-
prohibitive as physics-informed learning is much more diffi-
cult than data-driven learning due to the ruggedness of the
loss landscapes [7-10]. This has motivated the exploration
of transfer learning techniques where connection strengths
from similar (source) physics scenarios are used to facilitate
accurate learning of solutions for new, harder problems [11-
13]. The related notion of meta-learning seeks to discover an
optimized initialization of a model to enable rapid adaptation
to a new test task with minimal training [11]. Nonetheless,
most transfer- and meta-learned PINNs proposed to date still
require the aforementioned physics-informed retraining (with a
substantial number of optimization iterations) to achieve more
accurate solutions, and are therefore not ideal for applications
that call for repeated, fast evaluations. A method to arrive at a
generalizable PINN, one that can provide fast and accurate
physics prediction/simulation across a varied set of unseen
scenarios, remains elusive.

In search of machine intelligence that generalizes for
physically-consistent simulations of varied processes in the
natural world, this paper studies the meta-learning of PINNs
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Schematic diagram of (a) Baldwinian evolution in nature and (b) evolving machine intelligence for learning physics with Baldwinian-PINNs. In

nature, the Baldwin effect describes how learned traits are eventually reinforced in the genetic makeup of a population of organisms through natural selection.
Equivalently, a population of Baldwinian-PINNs evolves over generations by being exposed to a broad distribution of physics tasks, gradually reinforcing
traits promoting accurate physics learning into their genetic makeup. The evolved Baldwinian-PINNs are inherently equipped with strong learning biases to

accurately solve any physics tasks over a broad task distribution.

through the lens of neural Baldwinism—an expression of the
Baldwin effect in the evolution of brains and intelligence [14].
Inspiration is drawn from the transmission of knowledge
and predispositions across generations in precocial species,
whereby their young are “born ready” with strong learning
biases to perform a wide range of tasks. In order to pre-wire
such learning ability into the initial connection strengths of
a neural network, we examine an algorithmic realization of
neural Baldwinism in the context of PINNs. The essence of
Baldwinism lies in the phenomenon that characters learned
by individual organisms of a group during their lifetime
may eventually, under selection pressure, get reinforced by
associated hereditary characters [15]. Analogously, Baldwinian
neuroevolution of PINNs consists of an outer evolutionary
optimization loop in which populations of PINN models are
collectively exposed to a wide range of physics tasks sampled
from a probability distribution over tasks of interest. Models
with higher propensity to perform a random subset of those
tasks well in an inner lifetime learning loop are evaluated as
being fitter for survival, thus inducing a selection pressure
towards connection strengths that encode stronger learning
biases. The parallels between neural Baldwinism in nature
and that of PINNs is depicted in Figure 1. The mathematical
formulation of the problem resembles a two-stage stochastic
program [16, 17], where the solution to lifetime learning
enables the PINN to rapidly specialize to a specific physics
task at test time.

Harnessing evolutionary procedures to optimize neural net-
works lends much greater versatility relative to other meta-

learning approaches in terms of jointly crafting network ar-
chitectures, initial network connection strengths, as well as
learning algorithms, all through the use of potentially non-
differentiable fitness functions [18]. Such biological “neu-
roevolution” [19, 20] precludes the need for explicit parameter-
ization of tasks, facilitating generalization over task distribu-
tions comprising any broad mix of ODE/PDEs, ICs, and BCs.
The physics-informed lifetime learning of the neural network
can be accelerated by reduction to a least-squares learning
problem in its final layer, making Baldwinian neuroevolution
computationally feasible. Such a least-squares formulation
yields a closed-form result by means of the Tikhonov regular-
ization [21] and guarantees zero physics-informed loss given
a sufficiently overparameterized network. The closed-form
expression vastly reduces (or even eliminates) the need for
iterative parameter updates to enable extremely fast lifetime
learning of desired physics. Critically, the evolutionary search
procedure is inherently highly parallelizable, thereby allowing
for efficient meta-learning at scale by capitalizing on state-of-
the-art advances in multi-CPU/GPU hardware infrastructure.

Neural Baldwinism thus makes it possible to achieve gen-
eralizable PINNs that are “genetically equipped” to perform
well over a wide range of physics tasks. The evolved models
(referred to as Baldwinian-PINNs) are demonstrated in this
study to be broadly applicable to the simulation of families
of linear and nonlinear ODE/PDEs encompassing diverse
physical phenomena such as particle kinematics, heat and mass
transfer, and reaction-diffusion. These Baldwinian-PINNs are
capable of fast and accurate physics-aware predictions on



previously unseen tasks, demonstrating up to several orders
of magnitude computation speedup along with an order of
magnitude improvement in prediction accuracy relative to
recent meta-learned PINNs [22, 23].

The key contributions of this paper are summarized below.

e This is the first study to unveil Baldwinian evolution
as a compelling route towards discovering neural nets
with high capacity to learn diverse physics tasks, thereby
advancing generalizability in PINNs.

o An instantiation of the Baldwinian evolution framework
is proposed through a novel two-stage stochastic pro-
gramming formulation, wherein the first stage evolves
the initial layers of a generalizable PINN model and the
second stage trains its final layers to specialize to any
new physics task (analogous to lifetime learning).

o Comprehensive numerical experimentation and analysis
shows that this methodology produces PINNs that effec-
tively learn and predict across multiple PDE problems
spanning different physics domains, demonstrating sig-
nificant advancements in terms of speed and accuracy
over models meta-learned by gradient descent.

The remainder of the paper is organized as follows. The
basic problem setup for a PINN, the notion of generalization
over physics tasks, and related work are presented in Section
II. The proposed methodology for evolving Baldwinian-PINNs
is detailed in Section III. Extensive numerical assessment of
the method is carried out in Section IV over a range of linear
and nonlinear ODE/PDEs. The paper is concluded in Section
V with a discussion of future research directions.

II. PRELIMINARIES

A. Problem setup

1) Single PINN problem: For simplicity of exposition, let
us consider a problem with single spatial dimension x, time
dimension ¢, and a single variable of interest u. In general,
PINNSs can learn a mapping between the input variables (z, )
and the output variable v while satisfying specified governing
equations representing the physical phenomenon or dynamical
process of interest:

PDE: MNylu(z,t)] = h(z,t), x€Qte(0,7] (la)
IC: u(z,t =0) = ugp(z), z €N (1b)
BC: Blu(z,t)] = g(z,t), z€0Q,te(0,T] (lc)

where the general differential operator NVy[u(z, ¢)] can include
linear and/or nonlinear combinations of temporal and spatial
derivatives and PDE parameters ¢, and h(z,t) is an arbitrary
source term in the domain z € Q,¢ € (0,7]. The IC (Eq.
1b) specifies the initial state, uo(x), at time ¢ = 0, and the
BC (Eq. lc) specifies that Bu(x,t)] equates to g(x,t) at the
domain boundary 9f2.

Crucially, individual PINN models arrive at an accurate
and physics-compliant prediction u(x,t) for a single target
scenario by minimizing the discrepancy between Eq. 1 and
the model’s prediction during training.

2) Generalizable neural physics solver: While most PINN
models are trained to solve a specific physics task, there is
increasing interest in generalizable neural physics solvers, i.e.
models that can be flexibly applied to multiple physics prob-
lems once trained. In this context, we can consider a physical
phenomena of interest that is represented by a set of training
tasks belonging to some underlying task-distribution p(7),
e.g., a family of PDEs spanning different PDE parameters 1,
different ICs ug(x) and/or different BCs g(x,t).

Hence, the goal is to discover generalizable PINN models
capable of fast, accurate, and physics-aware predictions on
unseen scenarios, i.e., any new task from the distribution,
T: «~ p(T), by learning the underlying governing physics.
In the context of meta-learning, the learning objective is to
use training tasks from p(7") to find network initializations
that are most amenable to a quick and accurate solution for
the PINN loss, thereby accelerating the solution of multiple
related physics problems at test time and providing a potential
route to a generalizable neural physics solver.

B. Related Work

PINN models are usually trained to solve a single, specific
physics task. However, recent studies on meta-learning of
PINNSs to solve different physics scenarios as separate tasks
have emerged, although no work has been reported from the
neuroevolution perspective to our knowledge.

Most of the meta-learning PINN approaches reported in
literature use weight interpolation as the basic framework.
The simplest instantiation of this approach is to first train
independent PINN models for each task and then interpolate
across model weights for the new task [22, 24]. Several
interpolation methods such as the Gaussian Process (GP) and
Radial Basis Function (RBF) have been studied and shown
to improve physics-informed learning on new tasks [22]. In
other studies, interpolation is learned through the use of
hypernetworks, whereby the hypernetworks and PINN are
trained simultaneously from all the tasks [25, 26]. Other
variants include encoding tasks as latent variables and passing
them into the input layer of the PINN model [27].

However, there are two major drawbacks to such weight
interpolation frameworks. Firstly, these methods rely heavily
on task parameterization to perform interpolation and operate
under the assumption of smoothness. This means that all the
train tasks (and the new task) must adhere to this param-
eterization requirement. In addition, these methods do not
capitalize on the principal characteristic of PINN, which is
the potential for physics-informed learning (retraining or fine-
tuning) for a new task, in their meta-learning formulation.
The data-free nature of physics-informed fine-tuning is not
exploited during the meta-learning phase, given that there is
no guiding principle on how the fine-tuning towards any new
task should be performed given the interpolated weights.

The model-agnostic meta-learning (MAML) [28] frame-
work can theoretically overcome the limitations of weight
interpolation methods. MAML and its variant, Reptile [29],
aim to learn an optimal weight initialization that can be
quickly fine-tuned on new tasks without the need for inter-
polation [23]. An illustration of MAML for PINN is shown in
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Figure 2. (a) Meta-learning PINN with Baldwinian neuroevolution (right) versus MAML (left). In MAML, the initial weights W are learned using gradient-
based method, such that they can be quickly fine-tuned (physics-informed learning) on new tasks. Although the task-specific fine-tuning is limited to one or
a few gradient descent updates during training, such amount of fine-tuning is usually insufficient for a PINN at test time. In Baldwinian neuroevolution, the
weight distribution in the pre-final nonlinear hidden layers 1 and learning hyperparameters A are jointly evolved. The task-specific physics-informed learning
is performed on the final layer weights w (segregated from ) with a I-step Tikhonov regularization operation at both training and test time (for linear
ODE/PDEs). (b) Schematic of Baldwinian-PINNs architecture used in present study and procedure to obtain nonlinear hidden layers’ weights w’s from the

evolved network hyperparameter 6 for learning task-specific outputs.

Figure 2(a). To reduce the computation cost of meta-learning,
task-specific physics-informed learning is limited to one or
a few gradient descent updates from the initialization. This
essentially assumes that the model performance after one step
(or a few steps of) gradient descent update from the initializa-
tion is already indicative of the learning performance. While
this assumption may be appropriate in data-driven models,
PINN models are much more challenging to optimize. Hence,
they require more thorough training (e.g., a large number
of updates, even with the use of 2nd-order gradient descent
methods) to achieve a good convergence. Moreover, gradient-
based MAML methods are prone to getting stuck in a local
minimum and struggle to find a good initialization for a diverse
set of tasks, as the gradients can be noisy or even deceptive,
i.e., requiring going against it to reach the optimum. Hence,
recent studies have shown poor MAML results, potentially
due to non-convergence during meta-learning or insufficient

physics-informed fine-tuning performed at test time [22, 25].

III. PROPOSED METHODOLOGY

We address the above limitations with a meta-learning PINN
framework based on Baldwinian neuroevolution. A novel
evolutionary algorithm is crafted to jointly optimize the weight
distribution in the network’s hidden layers alongside other
hyperparameters that are essential for achieving optimal per-
formance on downstream physics-informed learning tasks. We
limit our task-specific learning to the final layer, allowing us
to solve linear problems with a 1-step Tikhonov regularization
operation (or a few steps for nonlinear problems) during both
the meta-learning process and test time, in a consistent manner.
Importantly, once given the nonlinear hidden layers’ weights
and learning hyperparameters, the Tikhonov regularization
is exact and fast (does not require further gradient descent



updates). An illustration of the Baldwinian evolution of PINNs
is shown in Figure 2(a).

A. The Baldwin effect as a two-stage stochastic program

Without loss of architectural generality, Baldwinian-PINNs
can be assigned the form of a multilayer perceptron (MLP)
with proven representation capacity [30, 31], thereby ensuring
the ability to learn a diversity of tasks. Its output u(x,t) can
be written as:

u(w,t) =Y w;fi(x,t; ) 2
J

where w = [...w;...]T are the final layer weights, and
fj(z,t;@)’s represent nonlinear projections of the input vari-
ables with the hidden layers’ weights w. The connection
strengths w are typically learned during PINN training. How-
ever, in the proposed implementation of Baldwinian-PINNs as
detailed below, they are drawn from a probability distribution
defined by a dimensionally reduced set of network hyperpa-
rameters f—see example in Section III-D1 and Figure. 2(b)—
that are assigned ar birth as per Baldwinian evolution.

The model’s reaction to a given environment—i.e., finding
the best set of w;’s such that the model’s output satisfies Eq.
1 for a specific physics task 7;—is the focus of a typical
PINN described in Section II-A. This is reduced to a physics-
informed least-squares problem in this work:

w* = arg min (Agw - bﬂ)T(Agw —b7) + A2wTw (3)

where Ag'w is obtained by substituting the model’s output
into the left hand side of Eq. 1 for a given set of collocation
points, and b7 represents the corresponding right hand side
of Eq. 1. Eq. 3 yields a closed-form solution w* when using
the Moore-Penrose generalized inverse, permitting extremely
fast learning (order of milli-seconds in our experiments) for
physics-compliant prediction. Similar least-squares formula-
tions studied in the literature have been shown to be com-
petitive with, or faster than, widely-used numerical solvers
such as the finite element method [32, 33]. The learning
hyperparameter A > 0 reduces the L2-norm of the least-
squares solution, thereby improving the solution numerically.
Detailed derivations, including information on the construction
of matrix AZI—;' and vector b7:, are provided in Section III-C.
Going beyond specialization to a single physics task by
means of Eq. 3, we formulate the search for Baldwinian-PINN
models that can generalize to a whole family of PDEs as the
following two-stage stochastic optimization problem [17]:

%11)\11 E7 o p(7) Ewope (@) [ELsE lLsE(W™) + kpse Inse(w™)]

subject to krs5p > 0, Kyse >0

“4)

where w* is the solution of the second stage problem defined
earlier in Eq. 3, which provides optimal final layer weights
that allow the model to specialize to any realization of task
T: « p(T) for the given network’s W « py(wW).

The first stage optimization objective is defined by the
weighted sum of the physics learning proficiency, i.e., sum

of squared residuals or least-squares error (LSE),
lrse(w*) = (ALw* —b")T(AZw* —bT)  (5)

and the actual predictive performance, i.e., mean squared error
(MSE),

n

>

s=1

1

lysep(w™) = -

(i = " w? fi(ws, te; @) (6)
J
given labelled data ui"bez, s =1,...,n, over the task distribu-
tion p(7") and the network connections’ distribution pg ().
In what follows, we present a novel procedure for solving the
two-stage stochastic program via an evolutionary algorithm.
The hyperparameters 0, \ are evolved from one generation to
the next, with their fitness evaluations for the first stage prob-
lem conditioned on lifetime learning to obtain the optimal w*
from the second stage problem. Note that while the outcome
of lifetime learning influences the selection pressure acting on
the evolving hyperparameters, it does not directly alter the
genetic makeup of the hyperparameters within a generation.
As such, our overall method exhibits a clear connection with
the evolutionary principles of Baldwinism.

B. Baldwinian neuroevolution

The Baldwinian neuroevolution procedure to solve the two-
stage stochastic programming problem defined in Section III-A
is described in Algorithm 1 and Algorithm 2. Recall from
Figure. 2(b) that a Baldwinian-PINN is represented by (6, ),
i.e., distribution of network weights and biases and lifetime
learning hyperparameters, during neuroevolution.

Algorithm 1 Baldwinian neuroevolution of PINNs
INPUT: training tasks distribution, p(7")

OUTPUT: best solution found (i.e., Baldwinian-PINN
model’s weights and biases in nonlinear hidden-layers and
lifetime learning hyperparameters (0, \))

Require: F: procedure to return fitness based on lifetime
learning performance of individual given a batch of tasks
(described in detail in Algorithm 2)

1: Initialize population P
2: while not done do

3: Sample a new batch of offspring (09,\9),g =
1, ..., npop from the population P

4: Sample batch of tasks 7; «~ p(T),i =1, ..., ngask

5: for all (69, \9) do

6: f9=F(O9, X9, {Ti,i=1,....,n¢ask})

7: end for

8: Update population P based on fitness of individuals:
{(09,09,f9),g=1,....,npop }

9: end while

10: Return best individual (6, \) found in population P

The Baldwinian neuroevolution procedure described in Al-
gorithm 1 is generic for evolutionary optimization methods.
The algorithm initializes a population P of Baldwinian-PINN



Algorithm 2 Baldwinian-PINN lifetime learning and fitness
calculation F

INPUT: network and lifetime learning hyperparameters

(0, A), batch of tasks 7;,i =1, ..., nsask

OUTPUT: fitness f

Require: G: procedure to sample weights and biases in non-
linear hidden-layers (exemplified in Section III-D1 and
Figure. 2(b))

Require: C: procedure to construct least squares problem on
a set of collocation points based on underlying physics
(PDEs, BCs, ICs) of the task (described in detail in
Section III-C)

1: Sample hidden layers’ weights and biases w = G(6)

2: for all 7; do

3: Construct least squares matrix and vector:
(A,b) = C(Ti, w)

4: Compute least squares solution as per Eq. 8:

w* = (M + ATA)"1Ab
5: Compute least squares error (LSE) as per Eq. 5:
[lsp = (Aw* —b)T(Aw* —b)
6: Compute mean squared error (MSE) as per Eq. 6:
Mg = &0l — 357w f(ws, t; ;)
end for
: Compute overall fitness: f =

Ti
KMSE ZT ZJWSE)

® 3

—(kpse Yo7 lsp +

models given by different weights and biases in the nonlinear
hidden-layers and lifetime learning hyperparameters (6, \).
For a probabilistic model-based evolutionary algorithm, P
is commonly represented by a search distribution. In each
generation, n,,,, new offspring individuals are sampled from
the search distribution (probabilistic model-based EAs) or
through crossover/mutation (traditional EAs), and their fitness
are evaluated for a batch of tasks randomly sampled from
the training task distribution p(7). The fitness evaluation
procedure F gives the lifetime learning outcome f9 of these
offspring individuals (0#9,A9),g = 1,...,n,,, for the given
tasks. In line with the essence of Baldwinism, the lifetime
learning procedure (described in detail in Algorithm 2) does
not alter the genetic makeup (6, A) of the individuals. The
outcome of the lifetime learning procedure specifies the fitness
which creates the selection pressure influencing the evolution
of the population, but is not directly inherited by the next
population (unlike Lamarckian evolution). The Baldwinian
neuroevolution algorithm iteratively adapts P towards off-
spring with better fitness until the convergence criteria, e.g., a
pre-determined number of generations or fitness value (trade-
off between computation resource and convergence), is met.
Given an individual (0, \) sampled from the search dis-
tribution and a batch of tasks sampled from the training
distribution, 7; «~ p(T),i = 1,...,n¢ask, the procedure F
to return fitness is detailed in Algorithm 2. It starts with a
procedure G to populate nonlinear hidden-layers’ weights and
biases w of a Baldwinian-PINN from the sampled individual
6. In the present study, Baldwinian-PINNs are designed to have
w fixed at birth to random values drawn from a probability

distribution defined by a dimensionally reduced set of network
hyperparameters 6, akin to a randomized neural networks setup
[17, 34]. This procedure is exemplified in Section III-DI.
Then, lifetime learning of the Baldwinian-PINN is performed
to obtain the optimal network weights w™ in the final layer,
for each of the sampled tasks 7;. It involves procedure C to
construct least squares problem, i.e., matrix and vector (A, b),
on a fixed set of collocation points based on underlying physics
(PDEs, BCs, ICs) of the task. This procedure is detailed in
Section III-C. We choose the collocation points to coincide
with the location of labelled data for MSE computation,
although this is not a prerequisite. The overall fitness f is
computed by aggregating the LSE and MSE based on lifetime
learning outcomes for all the sampled tasks.

In the spirit of the Baldwin effect, the task-specific final
layer w* is the outcome of lifetime learning and not directly
inherited by the next generation of offspring [35]; only the
hyperparameters (6, A) are subjected to evolutionary variation
and inheritance.

C. Baldwinian-PINN lifetime learning procedure

The lifetime learning procedure of the Baldwinian-PINNs
occurs only in the linear final layer of the network,
i.e., finding the best set of w;’s such that the output
u(z,t) = > ;w;fj(z,t;w) satisfies the governing equa-
tions in Eq. 1 for a specific task. Given a set of col-
location points (zP% #799) i = 1., npae, (£1°,0),i =
1, ooy Mie, (226,8%¢),3 = 1, ..., mp. sampled from the respective

domain, the following system of equations can be formed:

[ Nlfih A ] [ (e ) T
Nolfi(atss e )] ... h(abde  nde )
fi(@e, 0;40;) uo ()
: wy | = :
Ji(a. 0 0) : un (zy,.)
B[f]'( licatlicﬂb)] g(,rlic’tlic)
i Blf;(ay, . th )] . L glate ey ]
Aw=D>b (7)

Note that the derivatives required to construct A can be
easily computed by automatic differentiation [36]. The best-fit
solution to the above system of linear equations with unknown
w=[...w;...]T can be obtained by means of the Tikhonov
regularization:

w* =\ +ATA)'ATb (8)

where the learning hyperparameter A > 0 reduces the L2-norm
of the least-squares solution, thereby improving the solution
numerically. Such a least-squares formulation yields a closed-
form result in a single computation step for any linear PDE
(i.e., the governing equations in Eq. 1 are all linear with respect
to w) which encapsulates a wide class of physics phenomena
in the natural world.



For nonlinear PDEs, iterative methods can be used for
arriving at optimized w;’s in Baldwinian-PINNs (detailed in
Suppl. S.II). Hence, the Baldwinian-PINNs’ lifetime learning
is broadly applicable to both linear and nonlinear PDEs, with
the psuedoinverse formulation permitting extremely fast com-
putation for physics-compliant prediction. It is worth empha-
sizing that each Baldwinian-PINN undergoes lifetime learning
in order to produce accurate, physics-compliant predictions
on a single, new physics task, hence, the fast nature of this
procedure permits flexible and rapid prediction for each new
task on-demand. In addition, there is no requirement on prior
labelled data for any new task as the learning can be entirely
physics-informed (as per conventional PINNs).

D. Implementation details

1) Baldwinian-PINN architecture: In the present study,
Baldwinian-PINNs are designed to have weights and biases
in the nonlinear hidden-layers w0 fixed to random values at
birth. They are akin to a randomized neural networks setup
[17, 34] and drawn from a probability distribution defined by a
dimensionally reduced set of network hyperparameters 6. Both
normal and uniform distributions for the weights and biases
are possible for the randomized PINNs [32, 33]. Similarly,
smooth nonlinear activations such as sin, softplus, and tanh
are common in PINN literature and have their own merits.
For greater flexibility, we apply both distributions for setting
weights and biases and all three activations to different hidden
layer blocks in the Baldwinian-PINN models.

Our base Baldwinian-PINN model is depicted in Fig-
ure 2(b). It’s hidden layer architecture is segmented into
3 x 2 = 6 unique blocks, with the weights and biases of
the first 3 blocks sampled from normal distributions and the
weights and biases of the other 3 blocks sampled from uniform
distributions. Each block has a fixed number of neurons
(Nneuron = 150 or 200). Assuming 2 input variables (z,t), we
can write the output f; for all the neurons j =1, ..., "peuron
in a nonlinear hidden-layer block as:

Yj = ﬁzf.b_Qx + ﬁif.b_lt + w?b (9a)
fi(a, tb;) = " (y;) (9b)

for each of the blocks b = 1, ..., 6, where the activation (" can
be sin (b = 1,4), softplus (b = 2,5), or tanh (b = 3,6). The
u?}_’s are weights and biases with their own distributional mean
m' and spread s*, ¢ = 1, ..., 18. Their values can be obtained
by the following sampling procedure:

(10a)
(10b)

wh ~N(0,1) or @) ~U(-1,1)

;-xs’—}—m’

W)

Given the Baldwinian-PINNs’ configuration, a set of net-
work hyperparameters 0 = (m!, st ..., m!® s'®) control the
distributional mean and spread of the weights and biases
in different blocks. Since the neuroevolution only searches
the distribution parameters for groups of weights instead
of evolving each individual weight in the nonlinear hidden
layer, the reduced dimensionality can be even more effectively

searched by today’s evolutionary algorithms.

While the above description is for a single hidden layer, we
note that the Baldwinian-PINN framework is not restricted
to a single hidden layer. We include additional examples in
Suppl. S.IV.B to show that the methodology also works for
deeper neural architectures.

2) Evolutionary algorithm: In the majority of this study,
we employ the covariance matrix adaptation evolution strat-
egy (CMA-ES) [37] for evolving (6, )), although results in
Suppl. S.IV.B show the extensibility of this framework to other
neuroevolution algorithms. As an instantiation of information-
geometric optimization algorithms [38], CMA-ES represents
the population of (6,A) in P using a multivariate normal
search distribution, initialized with zero mean and standard
deviation (std.) as tuning hyperparameter. It iteratively adapts
the search distribution based on the rank-based fitness land-
scape until the convergence criteria is met. Our experiments
show that the performance of Baldwinian neuroevolution is
robust across a range of CMA-ES hyperparameters such as
population size and initial standard deviation (std.) of search
distribution, and the number of tasks sampled for fitness
evaluation per iteration. Hence, a robust setting that shows
good convergence in fitness across different types of problems
is chosen based on initial experiments.

The network weights and biases can take any value from
(—o0, 00), hence there is no restriction to the continuous
search space of 6 representing their distributional means and
spreads. The learning hyperparameter A > 0 can be evolved in
continuous search space and its absolute value is then used for
computing the least-squares solution. In our implementation
with CMA-ES, (6, \) share the same initial standard deviation,
and we scale the learning hyperparameter by a factor, i.e.,
A <« le—4 x abs()\), to improve the performance of the
Tikhonov regularization.

In our preliminary experiments, we found it helpful to
have the [);5p component in the optimization objective even
though the learning of future test tasks remains solely physics-
informed. We set ks = kKyse = 1 as default for the
computation of overall fitness unless there is a huge difference
in magnitude between lpsg and lj;sp during Baldwinian
neuroevolution. In addition, we can multiply the BC/IC rows
in both A and b to re-balance the importance between PDE
and BC/IC errors in the least-squares solution.

As this study focuses on the paradigm of Baldwinian neu-
roevolution as a pathway towards generalizable neural physics
solvers, other combinations of evolutionary optimization or
lifetime learning algorithms may be used. One key advantage
of evolutionary optimization is that the fitness evaluations
(population size n,,, X number of random tasks 74s1) Te-
quired each iteration can be easily parallelized across multiple
GPUs to fully harvest any hardware advantage. In particular,
we utilized the JAX framework to harness previously reported
performance improvements for automatic differentiation and
linear algebra operations [39, 40]. The experimental study
is performed on a workstation with an Intel Xeon W-2275
Processor and 2 NVIDIA GeForce RTX 3090 GPUs.
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Figure 3. (a) Solution of 20 individual Baldwinian-PINN models sampled from the CMA-ES search distribution (initial std. = 1), for unseen convection-
diffusion tasks a = {4, 27,108}. The task is more challenging with increasing «e. Baldwinian neuroevolution is effective for evolving good Baldwinian-PINN
models which can generalize across different difficulties. (b) Baldwinian neuroevolution demonstrates effective LSE and MSE convergences on convection-
diffusion problem, for different CMA-ES initial std. values (best std. = 1). The bold lines indicate their median convergence path from 5 individual runs, and

the shaded areas indicate their interquartile ranges.

IV. EXPERIMENTAL STUDIES

We examine the efficacy of Baldwinian neuroevolution
for learning physics (Algorithm 1 and Algorithm 2 in Sec-
tion III-B) as formalized in a two-stage stochastic program-
ming problem in Section III-A. Several ODE/PDE problems
which are representative of real-world phenomena are used
to demonstrate Baldwinian neuroevolution for physics in the
following sections. Table I summarizes neuroevolution config-
urations and Baldwinian-PINN lifetime learning performance
on their respective test tasks, including computational time for
both neuroevolution and lifetime learning phases.

A. Learning to solve and generalize linear ODE/PDEs

1) Convection-diffusion: The steady-state convection-
diffusion equation is a ubiquitous physics model that
describes the final distribution of a scalar quantity (e.g.
mass, energy, or temperature) in the presence of convective
transport and diffusion [41]. Solutions to this physics are key
to characterization and design of many systems, including
microfluidic chip cooling in electronics [42]. The 1D equation
is defined as:

du  d*u
Yiz T a2 (i
subject to BCs u(z = 0) = 0; u(x = 1) = 1. These real-
world problems have characteristic physics that vary with non-
dimensional constants such as the Peclet number Pe (ratio of
convection to diffusion) [43]. Hence, it is helpful to learn a
PINN model that can return u(x) for a diverse range of Pe-
related problems (determined by « here). The training tasks

consist of a = {5, 10, ...,100}, encompassing both smoother

(Problem 1) =0 ,z€l0,1)

output patterns at lower « and very high gradient patterns at
higher «, with the latter being challenging for PINNs to learn
by both stochastic gradient descent (SGD) [8, 12] and classical
numerical methods [44].

The predictive performance of the learned model is evalu-
ated for an unseen range of test tasks, i.e., a = {1,2,...,110}.
The efficacy of Baldwinian neuroevolution is demonstrated in
Figure 3, with the successful evolution of Baldwinian-PINNs
which can learn an extremely accurate solution on new test
tasks in milli-seconds. The learned solutions can achieve an
average MSE of 5.8e—9 1999 (n = 110 tasks x 5 individual
runs) after 200 neuroevolution iterations.

2) Family of linear PDEs (convection, diffusion, and dis-
persion): Next, we extend Baldwinian-PINNs to a family of
linear PDEs. This PDE family is a further generalization of
the convection-diffusion equation:

du du d*u d3u
(Problem 2) T + =V + 5@ = q(z,t),
x€[0,1], te€(0,2] (12a)
J 27l;x
g(z,t) = > Ajsin <wjt + Lj + <pj> (12b)

j=1

with IC u(z,0) = ¢(x,0) and periodic BC u(0,t) = u(1,t).
Eq. 12 models the time evolution of a scalar quantity in
the presence of physics phenomena such as convection (d—’g
component), diffusion (3277; component), and dispersion (37’3‘
component), and a rich diversity of dynamical processes can

be generated from different PDE and IC combinations [45, 46].
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Figure 4. (a) Schematic to illustrate new tasks arising from family of linear PDEs problem: S1 change to new PDE and IC profile for ¢ € [0, 2] (same time
domain as train tasks), and S2 projection to longer time domain ¢ € [0, 4]. (b) Solution for unseen linear PDE tasks obtained by best evolved Baldwinian-PINN
sampled from the center of CMA-ES search distribution after 500 iterations with initial std. = 5 (they are visually indistinguishable from the ground truth).
(c) The mean MSE over n = 87 test tasks for 2 test scenarios described in (a) are below 5e—5. (d) Baldwinian neuroevolution demonstrates effective LSE
and MSE convergences for different CMA-ES initial std. values, with a superior performance given by std. = 5 and 10. The bold lines indicate their median
convergence path from 5 individual runs, and the shaded areas indicate their interquartile ranges.

q(z,t) is a source term, with different ¢(z,¢ = 0) being the
corresponding IC profiles. We consider the following PDE sce-
narios: a = 1, v = {0,5e—4,1e—3}, § = {0,5e—4, le—3}.
The ratio between «, 7, and § determine non-dimensional
constants (e.g. Pe), and consequently, the systems’ character-
istic physics. ¢(x,t) comprises scenarios with J =5, L =6
and coefficients sampled uniformly from A; € [—0.8,0.8],

€1[-2,2],1; €[0,1,2,3,4], p; € [-m,«]. The training set
comprises 108 tasks with different PDE and IC combinations.

The effective generalization of a Baldwinian-PINN to an
entire PDE family with diverse output patterns is demonstrated
on 2 task scenarios: S1 shows successful learning of wu(z, 1)
for ¢t € [0, 2] on unseen set of PDEs, which include changes to
PDE parameters (v and ¢) and the source term / IC g; while
S2 shows effective extrapolation of solution to a longer time
domain, i.e., t € [0,4]. For both scenarios, the Baldwinian-
PINNs learn the solution accurately in milli-seconds. The

average MSE given by a successfully evolved Baldwinian-
PINN over all test tasks (n = 87) for S1 and S2 are 1.06e—5
s100e—s5 and 1.72e—5 3065, respectively. Illustrative results are
in Figure 4.

Interestingly, the Baldwinian-PINNs maintain good accu-
racy on tasks from S2, whereby the evolved Baldwinian-
PINN model first predicts u(z,t) for ¢ € [0, 2], before using
the solution w(z,t 2) as new IC for ¢t € [2,4]. This
is achievable because Baldwinian neuroevolution does not
require parameterization for the tasks, and Baldwinian-PINNs
can generalize to new ICs, BCs, and PDE source terms. This
is tricky for existing meta-PINN methods as they require
interpolation across a potentially infinitely large distribution
of tasks (e.g. possible BCs or ICs), in contrast to the lifetime
learning encapsulated in the Baldwinian paradigm. Additional
results illustrating the ability of Baldwinian-PINNs to perform
well despite variations in the lifetime learning task objectives



(e.g., solving for different time durations) are in Suppl. S.IIL.A,
further emphasizing the merits of Baldwinian neuroevolution
for physics.

3) Additional linear ODE/PDE problems: The Baldwinian
neuroevolution of physics is further demonstrated on 3 linear
problems (Problems 3-5), namely 1D Poisson’s equation, 2D
Poisson’s equation, and Helmholtz equation (see Suppl. S.IV).
Suppl. Table S1 enumerates the accuracy advantages of
Baldwinian-PINN relative to results reported by recent meta-
learning PINN works [23, 25]. Suppl. S.IV also presents ad-
ditional visualization results from Baldwinian-PINN, other in-
stantiations of the proposed Baldwinian neuroevolution frame-
work (such as natural evolution strategies (NES) variant [47]),
and empirical study of Baldwinian-PINN performance when
training-task labels are noisy or scarce, demonstrating the
Baldwinian-PINNs’ versatility and generalizability.

B. Learning to solve and generalize nonlinear ODE/PDEs

1) Kinematics: Extending beyond linear ODE/PDEs,
Baldwinian-PINNs are applied to nonlinear kinematics equa-
tions. Assuming a ball is thrown at specific launch angle
aop and initial velocity wvelg, the following 2D kinematics
equations describe the ball’s motion under the influence of
gravity g and air resistance RR:

d? d
(Problem 6) Jf +Rd—f -0, te (0,7] (13)
Py gy _ t e (0,T] (13b)
dt? a -~ 7 ’
subject to ICs z(t = 0) = 0, %(¢t = 0) = vely x cos(98%);
yit = 0) = O,%(t = 0) = wvelp x sin(335). The air
1 pC.

resistance R = 3 TSAV is related to air density p, object
properties (drag coefficient Cy, cross-sectional area A, and
mass m), and object velocity V' = \/(dz/dt)? + (dy/dt)?,
hence the equations are nonlinear with respect to x and y.
The 150 training tasks comprise different launch angles ag €
[15, 85], initial velocity vely € [10,110], and object properties
Cy € [0.2,0.7], A € [0.00145,0.045], m € [0.046,0.6] as
may be representative of different projectiles (e.g., baseball,
basketball). g and p are assumed to be 9.8 and 1.3 respectively.

The Baldwinian-PINN learns the horizontal and vertical
position z(t) and y(t) of the object via iterative least-squares
computation (see Section III-C) with a fixed number of
nonlinear iterations N = 15. 100 test tasks encompassing
different ag € [5,90], vely € [8,98], and Cy are constructed to
assess generalizability. Results presented in Figure 5a-b show
that Baldwinian-PINNs learn very accurate solutions (MSE =
2.2e—8 +i3.-7) in milli-seconds.

2) Set of nonlinear PDEs: The Baldwinian neuroevolution
of physics is further demonstrated on 5 nonlinear PDE prob-
lems (Problems 7-11) such as the Burger’s, nonlinear Allen-
Cahn and nonlinear reaction-diffusion equations, as per recent
meta-learning PINN study [22] and described in Suppl. S.V.
That study compares several meta-learning PINNs based on
weight interpolation methods and MAML.

A key difference between this study and meta-learning of
PINNs in [22] is the availability of data for training tasks.
On the test tasks, the evolved Baldwinian-PINNs can achieve
« 1 order of magnitude lower relative error compared to [22].
Crucially, the computation time for Baldwinian-PINN for new
predictions is at most two seconds whereas existing meta-
learning approaches may take more than 500 seconds (2 orders
of magnitude acceleration). For example, when solving the
diffusion-reaction equation, a 70x improvement in accuracy
was achieved relative to other state-of-the-art approaches,
while taking 700x less computational time. Complete quan-
titative results are summarized in Suppl. Table S2.

The versatility of Baldwinian neuroevolution is also key
here as we can accelerate the Baldwinian-PINN’s lifetime
learning by using a much coarser discretization and smaller
number of nonlinear iterations during training while still
learning a good solution on test tasks with finer (e.g., 16%)
discretization and more (e.g., 2X) nonlinear iterations.

3) Navier-Stokes (N-S) equations for fluid flow: We explore
a more challenging physics scenario in computational fluid
dynamics, the lid-driven cavity flow problem. The fluid flow
inside a 2D unit square, x € [0, 1], y € [0, 1], is driven by the
top lid velocity (u;;q = 1), and governed by the steady-state
incompressible N-S equations for dependent variables velocity
u,v and pressure p:

V-d=0
1
Re
Complex flow structures emerge at moderate to high Reynolds
numbers, making this a challenging benchmark for PINNSs,
which may require hours of training with additional techniques
such as transfer or curriculum learning to achieve convergence.
The Baldwinian neuroevolution of physics is performed
on 7 training tasks Re € [1,800]. After 400 neuroevolution
iterations, the evolved Baldwinian-PINNs can generalize to
new solutions Re € [5,1000] with an average MSE of 2.1e—4
+24e—4 (n = 18 tasks x 5 individual runs). Results presented
in Figure 5c-d and Suppl. S.VI Figure S9 demonstrate ex-
cellent agreement between Baldwinian-PINN predictions and
the numerical benchmark from Ghia et al. [48]. Baldwinian-
PINNSs learn accurate solutions to the N-S equations in under
one second, highlighting the potential to address difficult
physics problems characterized by strong nonlinearity and
strong coupling among multiple variables.

(14a)

(@-V)u=—V>3i—Vp (14b)

C. Analysis on effectiveness of Baldwinian neuroevolution

We further investigate the advantages of Baldwinian neu-
roevolution via an ablation study using the convection-
diffusion and kinematics examples.

Briefly, we explore deep and shallow MLP architectures for
baseline SGD-trained DNN and PINN models for comparison
with the Baldwinian-PINNSs: 1. the deep architecture consists
of similar total number of network weights as the correspond-
ing Baldwinian-PINN models, but distributed across multiple
nonlinear hidden layers with smaller number of nodes; 2. the
shallow architecture has single nonlinear hidden layer and
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Figure 5. (a) Solution of 20 individual Baldwinian-PINN models sampled from the CMA-ES search distribution (initial std. = 0.5), for unseen kinematics
tasks. (c) Solution of Baldwinian-PINN model sampled from the center of NES search distribution after 400 iterations (initial std. = 0.5), for unseen fluid flow
(N-S equations) tasks. The velocity magnitude predictions are visually indistinguishable from the ground truth, even as Reynolds number (Re) increases. Their
mid-section u and wv-velocity profiles (dashed lines) show excellent agreement with the classic benchmark results (marked points) from Ghia [48]. Baldwinian
neuroevolution demonstrates effective LSE and MSE convergence on both (b) kinematics and (d) fluid flow problem, for different CMA-ES initial std. values.

The bold lines indicate their median convergence path from 5 individual runs,

same number of nodes as the corresponding Baldwinian-PINN
model but this necessitates more total network weights because
of the additional input variables.

Each architecture also consists of 2 variants: a. tanh acti-
vation for the nonlinear hidden layers whereby the network
weights are initialized by Xavier method; b. sin activation for
the nonlinear hidden layers whereby the network weights are
initialized by He method.

This notation is maintained when referencing the respective
model performance in Figure 6. For example, the models
labelled as DNN-1a and PINN-2b refer to the corresponding
baseline DNN model with a deep architecture and tanh activa-
tion layer and baseline PINN model with a shallow architec-
ture (single hidden layer) and sin activation layer respectively.
Additional model descriptions are in Suppl. S.VIL

and the shaded areas indicate their interquartile ranges.

1) Direct prediction across tasks with parametric DNNs /
PINNs: As a baseline, DNN and PINN models are trained
with SGD (ADAM) based on data-driven loss and PINN (data
and physics) loss respectively, and applied to predictions for
unseen tasks based on interpolation. We explore different MLP
configurations as per Suppl. Table S3 in order to more fairly
compare the best performance across different models.

Critically, when making a direct prediction for a new
task, the respective baseline DNN and PINN models do not
explicitly incorporate (and guarantee compliance with) the
known physics prior. Although the parametric PINN can learn
a more physically-consistent prediction from the physics loss
during training, compliance is not guaranteed for a new task.

In addition, the new tasks must follow an a priori deter-
mined input parameterization for interpolation. For example,
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Figure 6. The generalization performance of the DNN, PINN, and Baldwinian-PINN models are compared, across (a) 110 convection-diffusion and (b) 100
kinematics test tasks. Model-1a/2a: deep/shallow architecture with fanh activations (network weights initialized by Xavier method); Model-1b/2b: deep/shallow
architecture with sin activations (weights initialized by He method). The MSE results from each of the DNN and PINN models are pooled from 3 initial
learning rate configurations X 5 individual runs. The MSE results from Baldwinian-PINN model are pooled from 5 initial std. values x 5 individual runs.

the DNN and PINN models for convection-diffusion need to
be a priori set-up with (x,«) as inputs to enable predic-
tions across different a’s. In contrast, the Baldwinian-PINN
is parameterization-agnostic, and does not require any input
parameterization for predictions of new tasks.

The direct prediction performance of DNNs and PINNs with
different model configurations are summarized in Figure 6 and
Suppl. Table S4. These baseline DNN and PINN predictions
have high generalization errors (several orders of magnitude
higher than Baldwinian-PINN). As explained above, PINNs do
not necessarily outperform DNNs for direct prediction on test
tasks (e.g., MSE for convection-diffusion for different model
configurations range from 1.7e—4 to 1.2e—2 for DNN, and
from 1.9e—3 to 3.4e—1 for PINN), suggesting that PINN
training by itself does not always guarantee generalization in
the absence of additional physics-informed fine-tuning.

2) Prediction across tasks with parametric DNNs / PINNs
and physics-informed fine-tuning: In order to assess the utility
of a physics-informed fine-tuning step, we optimize the final
layer weights of the SGD-trained baseline DNNs and PINNs
with the Tikhonov regularization at test time. This fine-
tuning procedure is almost identical to the Baldwinian-PINN’s
lifetime learning.

The key difference is that the pre-final nonlinear hidden
layers weight distribution and learning hyperparameter A\ in
Baldwinian-PINNs are jointly learned by evolution to share
among tasks. In contrast, nonlinear hidden layers’ weights
for the DNNs and PINNs are SGD-learned from train tasks.
As the Tikhonov regularization solution is highly depen-
dent on A, we need to perform a grid search across A =
{le—2,1e—4,1e—6,1le—8,1le—10,1le—12,0} to determine the
best A during test time and present the solution associated with
the lowest LSE. The results after Tikhonov regularization are
compared in Figure 6 and Suppl. Table S4.

Results show that physics-informed fine-tuning via

Tikhonov regularization can improve the accuracy of both
data-trained DNN and physics-trained PINN models at test
time. However, their results are not as generalizable (i.e.,
the improvements are isolated to certain model and task
instances) as the Baldwinian-PINN (which has been optimized
for generating accurate solution over task distribution).

For example, we observe a significant improvement for
the nonlinear kinematics problem (i.e., the best MSE for
DNN and PINN improves from 3.0 to 4.4e—5 and 1.3 to
7.9e—6 respectively after Tikhonov regularization), potentially
because the training distribution is sparser relative to the larger
variation in output patterns (see Suppl. S.VIII).

In contrast, fine-tuning via Tikhonov regularization doesn’t
produce better results than direct prediction for the convection-
diffusion problem. The MSE with and without Tikhonov
regularization are 2.3e—4 and 2.8e—2, and 1.9e—3 and 7.2e—3
for the best-configured DNN and PINN respectively. Tikhonov
regularization cannot jointly minimize both PDE and IC/BC
errors to sufficiently small levels, leading to inferior perfor-
mance than direct prediction for some tasks.

While the best DNN model (after Tikhonov regularization)
can be more accurate than the corresponding Baldwinian-
PINN on some convection-diffusion tasks at lower «, solution
quality deteriorates quickly at larger «. Interestingly, PINNs
with the same configuration (after Tikhonov regularization)
show the opposite trend, highlighting the challenge of obtain-
ing a generalizable model for entire task distributions through
SGD, in contrast to Baldwinian neuroevolution.

Overall, these results suggest that an additional step of
physics-informed learning (i.e. Tikhonov regularization) on
any new task can be beneficial. However, SGD-trained PINN
and DNN models learn pre-final nonlinear hidden layers that
are highly variable in their suitability for the physics-informed
Tikhonov regularization-based fine-tuning across new tasks,
in contrast to the proposed Baldwinian-PINNs. Hence, these



results highlight the advantages of Baldwinian-PINN frame-
work as a complete solution to the challenges encountered in
generalizing with physics-informed learning.

V. CONCLUSION

In this paper, we study the Baldwin effect as a novel
means to advancing the generalizability of PINNs over a
family of governing differential equations. The Baldwin effect
is instantiated through a two-stage stochastic programming
formulation, wherein the first stage evolves the initial layers
of a generalizable PINN model, and the second stage trains its
final layer to specialize to any new physics task (analogous to
lifetime learning). The Baldwinian neuroevolution biases pre-
final hidden layers’ weight distribution so that final layer spe-
cialization is both fast and accurate, preserving (near) constant-
time solves while allowing capacity to scale. Although the pre-
final hidden layers are not fine-tuned per task, the Baldwinian-
PINN’s capacity can be effectively scaled—by increasing
width and/or depth—to handle more complex physics (e.g.,
fluid flow) while preserving fast test-time learning.

Our method is demonstrated to be broadly applicable to
the learning of different linear and nonlinear ODE/PDEs
encompassing diverse physical phenomena such as convection-
diffusion, particle kinematics, heat and mass transfer, and
fluid flow. Relative to recent meta-learned PINNs, Baldwinian-
PINNSs can accelerate the physics-aware predictions by several
orders of magnitude, while improving the prediction accuracy
by up to one order. A Baldwinian-PINN is thus in the image
of a precocial species with accelerated learning ability at birth.

The lifetime learning encapsulated in the Baldwinian
paradigm does not require a priori parameterization for the
task scenarios, permitting both flexible generalization to new
ICs, BCs, and PDE source terms and variations in the lifetime
learning task objectives (e.g., different domain and/or sample
size). This allows Baldwinian-PINNs to be useful in applica-
tions when large number of evaluations with a priori unknown
input conditions are sought, e.g. generative design or what-if
analysis. In addition, results in Section IV-A2 suggest that
Baldwinian-PINNs could be suited to the continual modelling
of dynamical systems through their versatility in handling ICs
and ability to rapidly model and stitch time windows together
with minimal error [49].

In the context of recent interest in foundation models for
scientific machine learning [50], specifically through the use
of neural operators or neural PDE solvers, our experiments
showing accurate and fast generalization across families of
linear and nonlinear ODE/PDEs suggest that Baldwinian learn-
ing can be an alternate route to such flexible and generalizable
machine intelligence models. It will be interesting to test the
limits to which Baldwinian-PINNs can learn across broad
classes of physics phenomena and/or differential operators in
future work. Hidden-layer fine-tuning adds flexibility but for-
feits the closed-form update and re-introduces slow, nonconvex
optimization. For large task shifts (out-of-distribution), a light
hidden-layer adaptation (e.g., a few gradient-descent steps on a
low-rank adapter) are a potential practical extension that trades
some speed for additional flexibility.

Lastly, while the experiments in this work focus on opti-
mizing the center and spread of the probability distributions
that sample the initial weights in the neural network layers,
this can be easily extended to incorporate other state-of-the-art
neural architecture search approaches, which directly optimize
the graph structure of the node connections. Our experiments
indicate that significant improvement relative to other recent
meta-learning PINN works can already be observed even
when we only optimize the center and spread of the weight
sampling distributions under the Baldwinian-PINN framework.
The proposed Baldwinian-PINN framework can be seamlessly
extended in future work, e.g. via integration with other state-
of-the-art neural architecture search algorithms.
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SUMMARY OF BALDWINIAN NEUROEVOLUTION AND BALDWINIAN-PINN’S LIFETIME LEARNING CONFIGURATIONS, AND GENERALIZATION PERFORMANCE ON PINN PROBLEMS IN EXPERIMENTAL STUDY.

Table I

Task distribution

Baldwinian neuroevolution w/ CMA-ES or NES

Baldwinian-PINN lifetime learning

Predictive performance

Problem No. Batch  PopulationMax. Initial  Search Time'  dim(w) Sample size nonlinear No. Time>? MSE?
train size size, itera- std. dimen-  (s) (Npdes Nics M)  itera- test (s)
tasks for Npop tion sion tions, tasks
task, for N
Ntask (0’ A)

1 Convection-diffusion 20 10 20 200 1 25 250 900 1001, -, 2 - 110 0.005  5.8e-9 +
Tr— U 9.9¢-9

2 Family of linear 108 15 20 500 5 37 10830 1200 5151, 101, 50 - 87 0.122  7.1e-4 +
PDEs ((E, t) — U (10201, 101, 100)* 3.le3

3 1D Poisson’s 60 10 20 100 1 25 120 900 1001, -, 2 - 60 0.019 1.0e-9 +
equation © — u 5.8¢9

4 2D Poisson’s 100 20 20 100 1 37 270 900 1089, -, 128 - 100 0.132  8.9e-12
equation (CC, y) — U (16641, -, 512)° =+ 1.0¢-11

5 Helmbholtz equation 20 10 20 400 5 38 520 900 1024, -, 124 - 60 0.131 1.6e-5 +
((E, y) — U (16384, -, 508)° 5.1e-5

6 Kinematics 150 30 20 400 0.5 25 1600 1800 101, 1, - 15 100 0.039  2.2e-8 +
t— (13, y) 137

7 Burgers’ equation 16 5 20 200 1 37 5240 900 13107, 257, 5 aof 32 1.96 2.3e-7 +
(:E, t) —Uu 100 @507, 257, 2003 9.6e-7

8 Nonlinear heat 13 5 20 100 5 37 440 900 1600, 64, 50 5 64 0.87 1.3e-7 +
(CE, t) —u (25600, 256, 200° 4le7

9 Allen-Cahn equation 16 8 20 100 0.5 37 510 900 1024, -, 128 5 aof 32 1.19 2.0e-7 =
(z,y) > u (16384, - 512)° 6107

10  Diffusion-reaction 22 10 20 100 1 37 640 900 1024, -, 128 5 64 0.58 1.2e-8 +
((E, y) — U (16384, - 512)° 8.1e-8

11 6D 17 8 20 100 1 37 510 900 1024, -, 128 5 100 0.60 1.6e-8 +
diffusion-reaction (16384, - 512 2.5¢-8
(z,y) = u

12 Fluid flow (z,y) —» 7 4 20 400 0.1 66 15868 1152 2401, -, 196 5 18 0.903 2.1e-4 =

IBaldwinian neuroevolution time cost, on 2 GPUs (NVIDIA GeForce RTX 3090).

(u,v,p)

2Computation time per task, on single GPU (NVIDIA GeForce RTX 3090).
3MSE results are aggregated from 5 individual runs.
“4Prediction of test task includes projection to a longer (2x) time domain.
SPrediction of test task on denser sample points.

6Prediction of test task with more nonlinear iterations.

2.4e-4

S1



Supplementary Material for
Evolutionary Optimization of Physics-Informed
Neural Networks: Advancing Generalizability by

the Baldwin Effect

Jian Cheng Wong, Chin Chun Ooi, Abhishek Gupta, Senior Member, IEEE, Pao-Hsiung Chiu,
Joshua Shao Zheng Low, My Ha Dao, and Yew-Soon Ong, Fellow, IEEE

S.I. DATA GENERATION

In this study, the majority of the problems have corre-
sponding analytical solutions as described in the problem
setups. In addition, the ground truth for the PDE family
(Problem 2) and Burgers’ equation (Problem 7) is obtained
by a high-resolution finite volume scheme. To alleviate con-
vection instability, the dispersion-relation-preserving (DRP)
finite volume scheme with a universal limiter has been utilized
[SZ, S2]. Other spatial derivative terms are discretized by
central difference. For the temporal term, the second-order
TVD Runge Kutta scheme [S3] is employed. For the incom-
pressible Navier-Stokes (N-S) equations (Problem 12), the
dispersion-relation-preserving (DRP) finite volume scheme,
together with improved divergence-free-condition compen-
sated framework [S7], is employed to produce high-fidelity
solutions as well as ensure the velocity-pressure coupling.

For the PDE family equation, the spatial resolution, Az,
is 1/400, while temporal resolution, At, is 5e—5Ax; For the
Burgers’ equation, the spatial resolution, Az, is 1/512, while
temporal resolution At, is le—2Ax; for the incompressible
N-S equations, the spatial resolution, Az and Ay, are 1/200.

S.II. LAGGING OF COEFFICIENT METHOD FOR
NONLINEAR PDES

For nonlinear PDEs, iterative methods can be used for
arriving at optimized Baldwinian-PINNs. In this work, we
use a lagging of coefficient approach which is common in
numerical methods [S4]. Briefly, we approximately linearize
the nonlinear term(s) in Eq. 1 by substituting the output
u(z,t) = > w;fj(x,t; W) obtained from previous step, and
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iteratively solve Eq. 8 to update w;’s for a fixed number of
steps, IV, or until a convergence critegion is reached.

The nonlinear equation (%% + ‘;TZ) +u(l —u?) = f
is used to demonstrate the lagging of coefficient method for
computing the w;’s in Baldwinian-PINNs. We approximately
linearize the nonlinear term u(1 — u?) as u(1 — @2) with
% = 0 being the initial guess solution at first iteration.
The (i-th PDE sample, j-th neuron) entry of the least squares
matrix A in Eq. 7 (Section III-C) now becomes:

P F1C )
dz?
I G  t )
dy?
+ [l P ) (1 — i)
(S1)

Hence, the Tikhonov regularization solution w can be
obtained from the linearized version of the equation. The
solution obtained from past iteration is used to compute
w(z,y) = Zj w; fi(z,y;w;) for the next iteration, until the
solution w reaches a specified convergence criterion or reaches
a pre-determined number of iterations, V.

Nalf; (@, yP%; ;)

S.ITII. ADDITIONAL RESULTS FOR FAMILY OF LINEAR
PDE PROBLEM

A. Prediction on new time interval

The experimental results in Section IV-A2 show that
Baldwinian-PINNs trained on a set of linear PDE tasks for
t € [0,2], are capable of learning time-dependent solution
u(zx,t) on a set of test tasks for unseen PDEs and ICs, as well
as for a longer (2 x) time domain by performing the learning
twice, i.e., for t € [0,2] and then using the learned solution
u(z,t = 2) as new IC for t € [2,4]. Recall that the average
MSE given by the best evolved Baldwinian-PINN model
(sampled from the center of CMA-ES search distribution from
the best run) over all test tasks for ¢ € [0,2] and ¢ € [0, 4] are
1.06e—5 +is0e—5 and 1.72e—5 x30e—s5, respectively.

We further demonstrate the versatility of Baldwinian-PINNs
by changing the time domain of interest in the test tasks to
t € [0,3]. From the best evolved Baldwinian-PINN model,
we can obtain the prediction on new tasks in the following
ways: PO the solution for the original time domain ¢ € [0, 2]
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Figure S1. Solution for unseen family of linear PDE tasks on ¢ € [0, 3] obtained by best evolved Baldwinian-PINN (sampled from the center of CMA-ES
search distribution after 500 iterations with initial std. = 5) using different ways P0-P3.

via physics-based lifetime learning, and the extended time ¢ €
[2, 3] based on neural network interpolation; P1 the solution
for original and extended time domain ¢ € [0, 3] altogether
via physics-based lifetime learning; P2 physics-based learning
of the solution for the first 2s time ¢ € [0, 2], before using
the learned solution u(x,¢ = 2) as new IC for next 2s time
t € [2,4]; P3 physics-based learning of the solution for the first
2s time ¢ € [0, 2], before using the learned solution u(z, ¢ = 2)
as new IC for next time domain ¢ € [2, 3].

Figure S1 shows the Baldwinian-PINN’s solution obtained
using different ways P0-P3 on selected test tasks. Their
MSE results over all test tasks for ¢ € [0,3] are 5.35e—2
+6.08e—2 (PO), 4.24e—5 +i104e—5 (Pl), 1.47e—5 +230-5 (PZ), and
1.43e—5 +22e-5 (P3), respectively. The performance of P0
is significantly worse than P1-P4, as expected, because of
the physics-agnostic extrapolation. The Baldwinian-PINNs can
flexibly learn the solutions on extended time domain in a single
Tikhonov regularization solve (P1), although the most accurate
solutions are given by P2 and P3.

B. Performance variation across runs

The Baldwinian neuroevolution outcome has the most vari-
ation in accuracy across individual runs, on the family of
linear PDEs problem relative to the other problems in the
experimental studies. The Baldwinian-PINN MSE results over
all test tasks for ¢ € [0,4] obtained by 5 different runs
are 5.3e—5 +18e—4, 1.7e—5 +30e—5, 2.0e—3 +5.6e—3, 1.5e—3

+35e—3, and 2.8e—5H +vie—s, respectively. Figures S2 and S3
compare the solutions of 2 Baldwinian-PINNs obtained from
separate Baldwinian neuroevolution runs, on the same 5 test
tasks selected at different levels of accuracy along the MSE
spectrum (pooled from n = 87 test tasks x 5 individual runs
with initial std. = 5). In all our other experiments, the overall
variation across runs remains fairly small.
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Table S1

COMPARISON WITH BASELINE META-LEARNING PINN MODELS ON SINGLE TEST TASK FOR LINEAR ODE/PDE PROBLEMS.

Problem Method / Model Remarks
NRPINN Hyper-LR-PINN Baldwinian-PINN
MAE MSE MAE MSE MAE MSE

3 1D 5.1e-4 - - - 2.5e-7 8.4e-14 Test task: a; = 1,9 = 1,a3 = 0.1, a4 = 0,w; = 0.7,wy = 1.5,
Poisson’s ! z € [—10,10]
equation

NRPINN: 60 train tasks from a; = 1,0 = 1,03 = 0.1,4 = 0, w1 €
[0,1],wq € [0.2] as per [S5]
Baldwinian-PINN: 60 train tasks from a’s€ [0,4], w’s€ [0, 4]

4 2D 6.4e-7 - - - 3.0e-7 2.0e-13 Test task: a1 = 0.15,a5 = 0.18,a3 = 0.20,a4 = 0.31,a5 =
Poisson’s 2 0.43,a¢ = 0.56,a7 = 0.70,ag = 0.80, by = 0.34,b; = 0.31,b5 =
equation 0.65,b4 = 0.86,b5 = 0.65,bs = 0.38,b; = 0.64,bg = 0.12,

cp = 084,c0 = 1.07,¢c3 = 1.12,¢4 = 0.83,¢c5 = 1.12,¢c4 =
1.11,¢7 = 0.99,¢5 = 0.91, d; = 0.01, z € [0,1],y € [0, 1]

NRPINN: 100 train tasks from J € {1,5,10}, a; € [0.1,0.9], b; €
[0.1,0.9], ¢; € [0.8,1.2], d; = 0.01 as per [S5]

Baldwinian-PINN: 100 train tasks from J € [1,10], a; € [-0.6,0.6],
b; € [-0.6,0.6], ¢; € [0.5,2], d; € [0.005,0.02]

5  Helmholtz - - 2.8e-2 - 1.5e-4 4.7e-8 Test task: a1 = 2.5, = 2.5, x € [-1,1],y € [-1,1]
equation 3

'MAE obtained after fine-tuning with 900 training iterations; result extracted from [S5].
2MAE obtained after fine-tuning with 4000 training iterations; result extracted from [S5].
3MAE obtained after fine-tuning with 10 training epochs; result extracted from [S6].

Hyper-LR-PINN: train tasks from « € [2,3] with interval 0.1 (o =
a1 = ag) as per [S6]

Baldwinian-PINN: 20 train tasks from «; € [0.1,6], as € [0.1, 6]

A1



S.IV. STUDIES ON SET OF LINEAR ODE/PDE PROBLEMS

The additional linear ODE/PDE problems (Problems 3-5)
are described below.

1) ID Poisson’s equation: The 1D Poisson’s equation con-
sists of 60 randomly sampled train tasks a’s € [0,4], w’s
€ [0,4] and 60 randomly sampled test tasks a’s € [—5, 5], w’s
€ [—5, 5] for the PDE/BC parameters (o, g, a3, g, w1, wa):

d?u
- =g

Problem 4
(Problem 4) =

,x € [-10,10] (52)
where the exact solution wu(x;aq,qs,as,qq,wi,we) =
agsin(wi ) + agsin(wex) — azx + a4 is used to derive the
corresponding BCs and source term gq.

We further test the evolved Baldwinian-PINN on a single
test task (a1 = 1, a0 = 1,a3 = 0.1,a4 = 0,w; = 0.7,wy =
1.5) as described in [S5].

2) 2D Poisson’s equation: The 2D Poisson’s equation is
represented by:

d*v  d*u
(Problem 5) — (d:L’Z + dy2) = Q(%y)’
ze[-1,1], ye[-1,1] (S3a)

J 9 B
q(l',y) _ chexp((l‘—aj) (;j—(y

2
) ) (S3b)
subject to BCs u(x = —1) =0, u(x =1) =0, u(y = —1) =
0, u(y = 1) = 0. The heat source g(x,y) is generated by the
following scenarios: the number of heat source J € [1,10], and
coefficients sampled uniformly from a; € [-0.6,0.6], b, €
[—0.6,0.6], ¢; € [0.5,2], and d; € [0.005,0.02]. The training
and test sets both comprise 100 tasks with different source
g(z,y) scenarios.

We further test the evolved Baldwinian-PINN on a single
test task as described in [S5], which is subject to a different
domain z € [0,1],y € [0,1] and BCs u(z = 0) = 0,
urz=1)=0,u(ly=0)=0, u(y=1) =0, with J = 8 and
a; €10.1,0.9], b; € [0.1,0.9], ¢; € [0.8,1.2], and d; = 0.01.

3) Helmholtz equation: The Helmholtz equation consists of
20 randomly sampled train tasks and 20 randomly sampled test
tasks from the PDE/BC parameters «; € (0, 6], aa € (0, 6]:

d*u  d’u 9
(Problem 6) (cla72 + dy2> +u? =g,
S [_17 1}7 Y€ [_17 1] (S4)
where  the exact solution  w(z,y;aq,qs) =

sin(ayma) sin(agmy) is used to derive the corresponding
BCs and source term ¢ [S6, S7].

We further test the evolved Baldwinian-PINN on a single
test task (a; = 2.5, g = 2.5) as described in [S6].

A. Results for set of linear ODE/PDE problems

Table S1 compares the generalization performance between
Baldwinian-PINNs and baseline meta-learning PINN models
(NRPINN [S5] and Hyper-LR-PINN [S6]) on linear bench-
mark problems.

Figure S4 and Figure S5 provide visualization of the
Baldwinian-PINN solutions and errors for the 2D Poisson’s
and Helmholtz tasks, respectively. The visualization results
show good performance on the diverse set of PDE tasks, as
exhibited by source patterns and frequencies. Note that the
train and test task distributions as used in this work have much
greater diversity than those studied in prior meta-learning
PINN works such as [$5-§7]. Our PDE parameters’ range
for the Helmholtz problem is 6 times larger than [S6, S7],
thereby encapsulating a much broader frequency spectrum,
including tasks in the higher frequency range which are also
more challenging to learn.

To demonstrate the diversity of the tasks, we compare the
performance of different Baldwinian-PINN models, with the
first one learning from n = 10 lower frequency train tasks o,
ag € (0,1] for 200 neuroevolution iterations (train MSE <
le—11); while the second one is learning from n = 10 higher
frequency train tasks oy, ae € [5,6] for 200 neuroevolution
iterations (train MSE < 1e—6). Both low- and high-frequency-
learned models are applied to the same set of n = 60 test tasks
drawing from the full frequency range a, as € (0,6], and
their test MSE results are 4.8¢—2 +is5c—1 and 3.8e—2 +s87c—2,
respectively.

Their test MSE results are 2-3 orders of magnitudes higher
than the 1.6e—5 +s1.—5 achieved by the original Baldwinian-
PINN. Note that the original model is learned from n = 20
train tasks ay, aa € (0,6] for 400 neuroevolution iterations
(train MSE < le—5).

Figure S6 provides the comparison of test MSE distributions
and visualization of selected (worst to best along the MSE
spectrum) Baldwinian-PINN solutions and errors for the low-
and high-frequency-learned Balwinian-PINN models. From
the results, we can observe that the low-frequency-learned
model tends to give inaccurate physics-informed predictions
for the test tasks from the other side of the frequency spectrum
(i.e., high and mixed frequencies), and vice versa.

These results highlight the effectiveness of the Baldwinian
neuroevolution for generating Baldwinian-PINN models that
are “genetically equipped” to perform well over diverse task
distribution pertaining to the training environment, e.g., low
frequency, high frequency, or full frequency spectrum, as
represented in the population.

B. Baldwinian-PINN with different evolutionary algorithms
and neural architectures

The CMA-ES algorithm used in our experimental study is
merely an instantiation of the proposed Baldwinian neuroevo-
lution framework for meta-learning PINN. The outer-loop evo-
lution procedure is agnostic to, and can be seamlessly switched
to other state-of-the-art evolutionary search algorithms.

In this section, we present the results when Baldwinian
neuroevolution is carried out by 3 alternate algorithms: simple



vi

MSE = 5.2e-11

Task / source Prediction Ground truth | Upredict = Utruth
1 -

MSE = 1.7e-11

Task / source Prediction Ground truth i | Upredict = Utruth |

107%

1075

1077

MSE = 6.2e-12
Ground truth

Prediction

Task / source

Task / source Prediction

1 2 1

102

1072
[
o

1

X

2D Poisson’s equation test tasks, x € [-1,1], y € [-1,1]

Additional test task, x € [0,1], ¥ € [0,1]
MSE = 2.0e-13

MSE = 3.8e-12
Prediction - Ground truth

2 1
. i . N
1

1073 1073
o a4 1
1 1 1 1 £

Task / source

Upredict = Utruth |
; =

MSE = 1.5e-12
Ground truth

Prediction

Task / source 15

1075
1072 1072
10°¢

1077

1078

MSE = 2.0e-14

Prediction Ground truth

Ground truth

| Upredict = Utruth |
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(subject to a different domain = € [0, 1],y € [0, 1]) described in [S5], showing good performance on the diverse set of tasks exhibited by the source patterns.

genetic algorithm (GA) [S8], policy gradients with parameter-
based exploration (PGPE) [S9], and natural evolution strategies
(NES) variant [S10], using the Helmholtz example. Note that
the same optimization settings (e.g., initial standard devia-
tion, population size, neuroevolution iterations) as the original
(CAM-ES-evolved) Baldwinian-PINN are used (i.e., we do
not fine-tune the settings for each algorithm). The search
dimension consists of 36 network hyperparameters control-
ling the distributional mean and spread of the weights and
biases, the learning hyperparameter A, and the loss importance
hyperparameter \,q. for re-balancing the relative importance
between PDE and BC/IC errors in the least-squares solution.

Their test MSE values are 1.1 +sie—1, 3.0e—5 +ise—4, and
2.9e—8 +os.—s, respectively. The simple GA performs much
worse than the original Baldwinian-PINN. On the other hand,
the NES-evolved Baldwinian-PINN significantly outperforms
the CMA-ES-evolved Baldwinian-PINN, with more than 2
orders of magnitude MSE improvement on test tasks. Their
MSE distributions on n = 60 test tasks are compared in
Figure S6, together with visualization of the selected (worst to
best along the MSE spectrum) solutions and errors obtained
by the NES-evolved Baldwinian-PINN.

Similarly, the Baldwinian-PINN neural architecture de-
scribed in Section III-D1 is merely an instantiation of the
proposed Baldwinian neuroevolution framework for meta-
learning PINN. The extension from a simple, single hidden
layer neural architecture to a deeper, more complex neural
architecture is straightforward.

To demonstrate this, we construct a MLP with multiple hid-
den layers with a mix of sin and softplus activation functions,
and additional skip connections from the early hidden layers to
the final layer. The total number of weight parameters in this
deeper Baldwinian-PINN is 68,480 (including 1280 weights in
the final layer). Note that the learned final layer is the outcome
of lifetime learning through the Tikhonov regularization com-
putation, whereas these 67,200 weight parameters before the
final layer are sampled from 32 normal distributions. There are
64 distributional hyperparameters, 1 learning hyperparameter
A, and 1 loss importance hyperparameter \,q4. evolved by
the NES algorithm, using the same optimization settings
(e.g., initial standard deviation, population size, neuroevolution
iterations) as the original Baldwinian-PINN. For this study,
the original Baldwinian-PINN architecture consists of 3600
weight parameters (including 900 weights in the final layer).

Despite having a much larger number of weight parameters
in the deeper Baldwinian-PINN model, Baldwinian neuroevo-
lution managed to arrive at a good set of distributional
hyperparameters for the model to make a fast and accurate
physics-based prediction on the test tasks (test MSE=2.6e—7
+67e—7), in the Helmholtz problem.

The results described in this section underscore the promise
of the Baldwinian neuroevolution framework for meta-learning
PINN. Further improvements to the search algorithm and
neural architecture design may boost the Baldwinian-PINN’s
learning speed and accuracy on other complex physics prob-
lems.
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Figure S5. Baldwinian-PINN solutions selected (worst to best along the MSE spectrum) from the n = 60 Helmholtz test tasks, and an additional test task

(a1 = 2.5, a2 = 2.5) described in [S6]. Baldwinian-PINN shows good performance on the diverse set of PDE tasks exhibited by the frequencies.

C. Noisy or scarce training-task labels

Our lifetime-learning step is entirely physics-based, requires
no labels at test time, and is solved in closed form with
Tikhonov regularization; this inherently resists noisy or scarce
data. When labels in the training tasks are noisy or sparse, we
can rebalance the physics-data trade-off in the loss function by
tuning the loss weights k1 s and kyssg to further strengthen
the physics prior.

Empirically, Figure S7 evaluates Baldwinian-PINNs’
lifetime-learning performance on a set of 1D Poisson’s equa-
tion tasks (n = 60) when the training-task labels are noisy or
scarce. As observation noise increases from 0 to 100% under
both zero-mean Gaussian noise and positively biased noise
scenarios, the test error rises smoothly rather than catastroph-
ically. Meanwhile, test accuracy remains low even when only
1-10% of points from the training tasks are observed, because
the physics residual and BC/IC rows constrain the solution
and meta-learning can be effectively guided by a few quality
measurements, demonstrating that Baldwinian-PINNs tolerate
non-ideal data and can operate under severe data scarcity.
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Table S2
COMPARISON WITH BASELINE META-LEARNING PINN MODELS ON NONLINEAR BENCHMARK PROBLEMS.

Problem Method / Model
(no. test task) Random MAML Center Multitask LMC RBF (multiquadric)  Polynomial = Baldwinian-PINN
Error!  Time? Error!  Time? Error!  Time? Error!  Time? Error'  Time? Error'  Time?  Error'  Time? Error’  Time*
Burgers’ equation 1.2e-3 105 1.7e-3 125  9e-4 56 Te-4 24 8e-4 40 8e-4 7 Te-4 7 3.8¢-4 1.96
(TL == 32) +1.8e-3 +29 +3.2e-3 +38 +5e-4 +48 +2e-4 +21 +4de-4 +27 +de-4 +8 +3e-4 +16 +6.9e-4 +0.01
nonlinear heat 5.2e-3 156 4.5e-3 188  4.5e-3 96 4.8e-3 49 4.9¢-3 59 4.4e-3 35 4.6e-3 38 6.0e-4 0.87
(TL - 64) +3.9¢-3 +42 +3.1e-3 +43 +2.4e-3 +41 +3.6e-3 +30 +3.3e-3 +28 +2.2¢-3 +30 +3.2¢3 +30 +7.6e-4 +0.02
Allen-Cahn equation  1.5e-2 496 - - 1.2e-2 201 1.2e-2 120  1.1e-2 120 1.2e-2 68 1.2e-2 44 9.5e-4 1.19
(Tl - 32) +1.2e-2 +161 +4.6e-3 +83 +4.7e-3 +44 +4.0e-3 +21 +5.3e-3 +46 +4.2e-3 +19 +1.5e-3 +0.01
10 Diffusion-reaction 1.1e-2 1073 - - 9.5e-3 426 9.0e-3 243 9.1e-3 302 8.1e-3 280 8.5¢-3 249  1.3e-4 0.58
(n - 64) +6.2e-3 +206 +5.9e-3 +159 +5.4e-3 +93 +5.8e-3 +127 +4.6e-3 +161 +5.1e-3 +129 +2.0e-4 +0.02
11 6D 2.2e-3 612 - - 1.8e-3 494  1.7e-3 431  1.5e-3 428 1.7e-3 375 1.8e-3 496 1.9e-4 0.60
diffusion-reaction +1.3e-3 +255 +1.7e-3 +222 +1.9¢-3 4200 +1.8¢-3 +201 +2.0e-3 +168 +2.0e-3 +213 4 1.5e-4 40.03
(n = 100)

OBenchmark results from meta-learning PINN method / model (i.e., Random, MAML, Center, Multitask, LMC, RBF (multiquadric), Polynomial) are extracted from [S//].

IRelative L2 errors are obtained from a meta-learned PINN after fine-tuning with ADAM (500 iterations) + L-BFGS optimizations.

20nly for the L-BFGS optimization time (s) of the fine-tuning phase (computation time of meta-learning phase, and ADAM optimization prior to the L-BFGS during fine-tuning phase not reported in [S7/])
3Relative L2 errors are aggregated from 5 individual runs.

4Computation time (s) per task during lifetime-learning (fine-tuning) phase, on single GPU (NVIDIA GeForce RTX 3090). For neuroevolution time please refer to Table I



S.V. STUDIES ON SET OF NONLINEAR PDE PROBLEMS

The nonlinear PDE problems (Problems 7-11) used for
demonstrating the Baldwinian neuroevolution of physics are
described below.

1) Burgers’ equation: The Burgers’ equation [S72] consists
of 16 randomly sampled train tasks and 32 uniformly sampled
test tasks from the PDE parameter y € [5e—3, 5e—2]:

du du d*u
(Problem 7) E + Udi — ’YW = O7
cre[-1,1, te(0,1] (S5

subject to IC u(z,t = 0) = —sin(7x).

2) Nonlinear heat equation: The nonlinear heat equation
consists of 13 randomly sampled train tasks and 64 uniformly
sampled test tasks from the PDE parameters v € [1, 7],k €
[1, 7]:

d d?
(Problem 8) di: - Wd—;; + k tanh(u) = q,
ze[-1,1, te(0,1] (S6)
where the exact solution u(x, t;v, k) =

ksin(mx)exp(—mka?)exp(—nt?) is used to derive the
corresponding IC, BCs and source term gq.

3) Nonlinear Allen-Cahn equation: The nonlinear Allen-
Cahn equation consists of 16 randomly sampled train tasks
and 32 uniformly sampled test tasks from the PDE parameter
~v € (0,

v dPu

(Problem 9) ’y(@ + dTJQ) +u(u® —1) =g,
x e [_17 1}, y € [_17 1] (S7)
where the exact solution wu(z,y;y) = exp(—y(z +

0.7))sin(rz)sin(my) is used to derive the corresponding BCs
and source term gq.

4) Nonlinear diffusion-reaction equation: The nonlinear
diffusion-reaction equation [S13] consists of 22 randomly
sampled train tasks and 64 uniformly sampled test tasks from
the PDE parameter v € [1, 7],k € [1, 7]:

d*u  d*u 9
(Problem 10) -~y (d;z:Q + dy2> + ku® =g,
rel-1,1, ye[-1,1] (S8)
where the exact solution u(x,y;7y, k) =
ksin(rz)sin(my)exp(—y+/kx? +y?) is used to derive

the corresponding BCs and source term gq.

5) 6D parametric diffusion-reaction: The 6D parametric
diffusion-reaction problem consists of 17 randomly sampled
train tasks and 100 randomly sampled test tasks from the

xi

PDE/BC parameters (aq, s, wr,ws, ws,wys), a’s€ [0.1,1],
w’se [1,5]:

Pu  dPu 9
(Problem 11) <dm2 + dy2> +u(l —u’) =gq,
YIS [717 1}7 Y € [717 1] (Sg)

where the exact solution wu(z,y;aq, s, wr,ws,ws,wy) =
agtanh(wy x)tanh(way) + assin(wsx)sin(wsy) is used to de-
rive the corresponding BCs and source term gq.

A. Results for set of nonlinear PDE problems

As per [S11], the spatio-temporal domain in Problems 7-
8 is uniformly discretized into 256x100, and the 2D spa-
tial domain in Problems 9-11 is uniformly discretized into
128 %128, for the test tasks. The comparison of generaliza-
tion performance and compute cost (i.e., lifetime learning
for Baldwinian-PINNs or gradient fine-tuning for baselines)
between Baldwinian-PINN and several meta-learned PINN
models (based on results reported in [S//]) are summarized
in Table S2.

Figure S8 provides additional visualization results for the
5 nonlinear PDE problems described above, showing the
corresponding Baldwinian-PINN solutions with the worst and
median accuracy along the MSE spectrum (pooled from all
test tasks X 5 individual runs) for each problem.

S.VI. ADDITIONAL RESULTS FOR NAVIER-STOKES (N-S)
EQUATIONS FOR FLUID FLOW

Our Baldwinian-PINN model for the fluid flow problem
consists of multiple hidden layers with a mix of sin, tanh,
and solfplus activation functions, with skip connections from
the early hidden layers to the final layer. The total number
of weight parameters is 133,504 (including 1152 weights in
the final layer). Figure SO provides additional visualization
comparing Baldwinian-PINN predictions and ground truth for
the lid-driven cavity flow across unseen Reynolds numbers
Re = {5,25,100,400,1000}, showing u- and wv-velocity
fields alongside absolute error maps. Errors remain uniformly
small across the domain and over two orders of magnitude in
Re, indicating strong generalization of the Baldwinian-PINN
model to markedly different flow regimes.
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(b) Nonlinear heat
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Figure S8. Baldwinian-PINN solutions with the worst and (approximately) average accuracy along the MSE spectrum (pooled from all test tasks X 5 individual
runs), for 5 nonlinear PDE problems.
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Navier-Stokes equations (lid-driven cavity flow) test tasks, Re € [5,1000]
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Figure S9. Baldwinian-PINN prediction vs. ground truth and their absolute error maps for unseen fluid flow (N-S equations) tasks on Re € [5,1000]. The
MSE of the solutions obtained by the best evolved Baldwinian-PINN (sampled from the center of NES search distribution after 400 iterations with initial std.
= 0.5) compared to numerical simulation ground truths are 4.4e—5 (Re=5), 3.4e—5 (Re=25), 3.5e—5 (Re=100), 5.1e—5 (Re=400), and 1.8e—4 (Re=1000),
respectively.



Table S3
DNN / PINN MODEL AND TRAINING CONFIGURATIONS USED IN ABLATION STUDY.

Problem Model  Architecture  Activation  Initialization = No. weights Training / ADAM optimizer
(final layer) Batch Max. iteration ~ Learning rate'
size for
task

la Deep tanh Xavier 2750 (50) 10 50,000 5e-4 / 5e-3 / Se-2
Convection-diffusion 1b Deep sin He 2750 (50) 10 50,000 Se-4 / 5e-3 / 5e-2
(r,a) > u 2a Shallow tanh Xavier 3600 (900) 10 50,000 Se-4 / 5e-3 / 5e-2
2b Shallow sin He 3600 (900) 10 50,000 Se-4 / 5e-3 / 5e-2
la Deep tanh Xavier 3930 (60) 30 150,000 5e-4 / 5¢-3 / S5e-2
Kinematics 1b Deep sin He 3930 (60) 30 150,000 S5e-4 / 5e-3 / 5e-2
(t,vely,ag, Cq, A,m) — (z,y)  2a Shallow tanh Xavier 6300 (1800) 30 150,000 5e-4 / 5e-3 / 5e-2
2b Shallow sin He 6300 (1800) 30 150,000 Se-4 / 5e-3 / 5e-2

IFlat learning rate for first 40% of iterations, then cosine decay towards le-6.

ATX



Table S4
GENERALIZATION PERFORMANCE OF DNN / PINN MODELS IN ABLATION STUDY.

Problem Model DNN PINN
(no. test task) Lr! Se-4 5e-3 5e-2 S5e-4 5e-3 5e-2

Mode?> DNN Tik- DNN Tik- DNN Tik- PINN Tik- PINN Tik- PINN Tik-

Reg Reg Reg Reg Reg Reg
la 3.5e-4 1.5e-1 23e4 38e2 1.2e2 23e-1 4.6e-3 14e-2  19e-3 7.2e-3 22e-1 23e-1

+ 2.2e-3 + 1.le-1 +1.8e-3 +7.6e-2 +2.6e-2 +2.8e-2 +2.0e-2 +43e-2 +1.1e2 +2.5e-2 +5.6e-2 +2.8e-2
Convection-diffusion 1b 6.9¢e-4  1.8e-1 1.7e-4  1.3e-1 1.9e-3  2.2e-2 1.3e-1 1.6e-1 2.1e-2  1.le-1 3.4e-1 1.9e-1

1 (l‘, Oé) — U +2.2e3 +1.0e-1 +1.0e-3 +1.2e-1 +7.4e3 +3.6e-2 +9.3e-2 +1.1e-1 +3.5¢-2 +1.1e-1 +3.7e-1 +9.6e-2
2a 7.1e-3 23e-1 45e3 22e1 23e3 21del 22e-1 23e-1 1.9e-1 2.2e-1 2.0e-1 2.1e-1

(TL =5 110) +6.8e-3 +4.7e-2 +1.3e-2 +5.3e-2 +4.0e-3 +7.2e2 +4.5e-2 +4.9e-2 +7.0e-2 +5.6e-2 +6.5e-2 +7.8e-2
2b 6.0e-3 2.2e-1 3.8e-3 221 253 2le-l 22e1 221 221 22e1 21le-1 2.2e-1

+7.1e-3 +5.7e-2 +5.0e-3 +6.1e-2 +5.2e-3 +7.7e-2 +5.1e-2 +5.8¢e-2 +5.2e-2 +5.9e-2 +5.8e-2 +6.1e-2
la 8.5e+0 2.9e-2 3. 7e+l 94e+2 2.0e+2 2.6e+3 1l.le+l 2.5e+2 1.9e+1 4.8e+l 2.5¢+3 2.6e+3

+2.8e+1 +4.2e-1 +8.8e+1 +3.5e+3 +6.2e+2 +4.6e+3 +3.7e+1 +33e+3 +6.0e+1 +6.3e+2 +4.5e+3 +4.6e+3
Kinematics 1b 3.5e+0 3.0e-3 19e+l 3.2e4 52e+0 2.6e+3 | 1.3e+0 79e-6 | 3.5¢e+0 1.6e-5 3.0e+3 8.le-2

6 (t, Uelo7 ap, Cd, A, m) — (l‘, y) +14e+ +4.5e-2 +6.7e+1 +2.9¢-3 +9.1e+0 +4.6e+3 £5.7e+0 +1.1e4 +1.4e+l +1.1e4 +3.5¢43 +1.6e+0
2a 3.0e+0 4.4e-5 7.9e+0 2.4e+l1 1.8e+1 2.3e+2 2.8e+1 94e-3 33e+0 3.le4 1.5e+1 1.2e-2

(n = 100) +4.3e+1 +2.5e-4 +1.6e+1 +3.8e+2 +2.7e+1 +1.6e+3 +5.5e+1 +1.7e-1 +6.5¢+0 +2.8e-3 +2.9e+1 +2.7e-1
2b 1.5e+1 5.2e-2 2.1e+t0 2.0e-1 5.0e+2 14e-3 22e+1 4.7e-2 4.0e+0 52e-3 7.8e+l 5.9e-3

+2.7e+1 +54e-1 +3.5e+0 +2.1e+0 +7.7e+2 +7.9e-3 +44e+1 +3.1le-1 +8.7e+0 +3.5e-2 +1.1e+2 +3.9e-2

OMSE results are aggregated from 5 individual runs, across 110 convection-diffusion and 100 kinematics test tasks. The DNN and PINN model configurations associated with a lower test MSE are highlighted.

!nitial learning rate.

2Prediction mode, i.e., direct DNN/PINN prediction vs. additional Tikhonov regularization (Tik-Reg) step.

AX



S.VII. BASELINE SGD-TRAINED DNN AND PINN
MODELS USED IN ABLATION STUDY

Consider the general inputs (z, t,¢) for the spatial-temporal
domain and task parameter . The data-driven loss function
of a SGD-trained DNN model computes the MSE between
the DNN output upnn (i, t;,9;) against the target ul®*! over

i =1, ...,n labelled data pooled from a batch of training tasks:

1
IonN = ldata = — label _ Lt 9))? (S10
DNN dat n ;(Ul UDNN(SU ) )) ( )
The loss function of a (baseline) SGD-trained PINN model is
defined as:

Ipnn = Mdata ldata + )\pde lpde + Aic Lic + Aoe lpe (S1la)

1

bpae = 7= 3 (Nolurmsn (e, 87, 0:)] = h(a? ™, 1]
pae ;1
(S11b)
1 . .
lic = n—w Z;(UPINN(JZ,ZL-C, 0, 97) — Uo(.ngC))Z (SllC)
1
lpe = — Blu xbe 1% 0,)] — g(abe, 2¢))?
b Nbe ;( [ PINN( i i )] g( i i ))
(S114d)

such that the PINN output upin~ (4, t;, ;) satisfies PDE, IC,
and BC for a set of training samples (:cfde,tfde,ﬁi),i =
1,...,npd6,($§c,o,19¢),i = 1,...,nic,(x?c,t?“,19i),i =
1,...,np. from the respective domain and task, in addition
to minimizing the MSE from the labelled data. SGD-trained
PINNSs typically converge much slower than DNN because of
the additional loss terms. We perform a coarse search for the
loss balancing parameters (Agqiq, Apdes Mics Abe) tO improve
the convergence of the PINN loss.

We tested a range of learning rate schedules, e.g., an initial
learning rate = {5e—4, 1le—3,1le—2} for the first 40% of
training iterations followed by cosine decay towards le—6.
Table S3 and Table S4 give the DNN / PINN model and
training configurations and their subsequent performance on
test tasks for the ablation study.

S.VIII. LINEAR AND NONLINEAR ODE: TASK DIVERSITY

Figure S10 provides additional visualization results for the
convection-diffusion (Problem 1), 1D Poisson’s (Problem 3),
and nonlinear kinematics (Problem 6) tasks, showing the
diversity of task distributions on which we have demonstrated
the utility of the current study’s Baldwinian-PINN.
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Figure S10. The distribution of convection-diffusion, 1D Poisson’s, and nonlinear kinematics tasks for training and test.



