
History-Aware and Dynamic Client Contribution in
Federated Learning

Bishwamittra Ghosha,*, Debabrota Basub, Huazhu Fuc, Yuan Wangc, Renuga Kanagaveluc, Jin Peng Jiangd,
Yong Liuc, Rick Siow Mong Gohc and Qingsong Weic,**

cInstitute of High Performance Computing (IHPC), Agency for Science, Technology and Research (A*STAR),
Singapore

aMax Planck Institute for Software Systems, Germany
bUniv. Lille, Inria, CNRS, Centrale Lille, UMR 9189 - CRIStAL, France

dEVYD Technology, Singapore

Abstract. Federated Learning (FL) is a collaborative machine
learning (ML) approach, where multiple clients participate in train-
ing an ML model without exposing their private data. Fair and accu-
rate assessment of client contributions facilitates incentive allocation
in FL and encourages diverse clients to participate in a unified model
training. Existing methods for contribution assessment adopts a co-
operative game-theoretic concept, called Shapley value, but under
restricted assumptions, e.g., all clients’ participating in all epochs or
at least in one epoch of FL.

We propose a history-aware client contribution assessment frame-
work, called FLContrib, where client-participation is dynamic, i.e., a
subset of clients participates in each epoch. The theoretical underpin-
ning of FLContrib is based on the Markovian training process of FL.
Under this setting, we directly apply the linearity property of Shapley
value and compute a historical timeline of client contributions. Con-
sidering the possibility of a limited computational budget, we pro-
pose a two-sided fairness criteria to schedule Shapley value com-
putation in a subset of epochs. Empirically, FLContrib is efficient
and consistently accurate in estimating contribution across multiple
utility functions. As a practical application, we apply FLContrib to
detect dishonest clients in FL based on historical Shaplee values.

1 Introduction

Over the last decade, Federated Learning (FL) [12, 14, 36] has
emerged as the de facto standard for collaborative Machine Learn-
ing (ML) without exposing private data. FL facilitates the involve-
ment of multiple data owners or local clients in training a global ML
model without the need to share any raw data [4, 26, 33], and thus, it
is aligned with the standard data protection policies like GDPR [29].
As the success of FL depends on the participation of a diverse pool
of data contributing clients, a fair and accurate assessment of client
contribution is important to facilitate incentive allocation [34, 16],
resolve free rider issues [8, 38], and encourage diverse clients to par-
ticipate in FL training [23, 19]. Thus, assessing client contribution in
FL has become a question of growing interest [30, 31, 32].
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Figure 1: An illustration of FLContrib, where clients participate in FL
dynamically (empty square indicates non-participation). The theory
behind contribution assessment is the Markovian training process of
FL, where the global model update at epoch t depends on local model
updates by participating clients at epoch t, upon receiving the global
model from epoch t− 1. Thus, at any epoch, the incremental contri-
bution is distributed over participating clients, and non-participating
clients receive null contribution. Their total contribution is aggre-
gated over the history of contributions of all past epochs.

Client Contribution in FL. The existing client contribution as-
sessment techniques in FL can be categorized in two ways: individ-
ual assessment and coalition assessment. In individual assessment, a
local client is evaluated based on its similarity with the global model,
the local relative accuracy, or the reputation of the client [21, 23]. In
coalition assessment, the marginal effect of a local client is evaluated
when it joins a set of other clients in the training process [9, 18, 30].
Coalition assessment is known to be more effective than individual
assessment in the heterogeneous data setting, where a client only has
a partial coverage of the feature space but the global model needs to
cover the whole feature space [31]. But a coalition-based assessment
can depend on the order in which the clients join in the training and
are being evaluated.

Shapley Value as Client Contribution. To address the client-
ordering issue in coalition assessment, concepts from co-operative
game theory, such as Shapley value [24], are proposed for assessing
client contribution in FL [13, 18, 30, 31], where Shapley value deter-

ECAI 2025
I. Lynce et al. (Eds.)

© 2025 The Authors.
This article is published online with Open Access by IOS Press and distributed under the terms

of the Creative Commons Attribution Non-Commercial License 4.0 (CC BY-NC 4.0).
doi:10.3233/FAIA250955

1374

bghosh@mpi-sws.org
wei_qingsong@ihpc.a-star.edu.sg


mines how much a client contributes to the total utility of a coalition
of clients. However, majority of the methods consider restricted as-
sumptions or rely on heuristic definitions of client contribution using
Shapley value. For example, Liu et al. [18], Song et al. [25], Wei et al.
[32] considered that all clients participate in all training epochs to
perform Shapley value computation, failing to simulate a real-world
setting where only a subset of clients participates in training at any
given epoch [6, 31]. To address this issue, Fan et al. [6] considered
a non-participating-client setting, but their method of applying low
rank matrix factorization incurs poor scalability and accuracy, and
relies on restricted assumptions, such as Lipschitz continuous model
loss and all clients mandatorily participating together in at least one
epoch. In a similar direction, Wang et al. [31] defined the contribu-
tion of non-participating clients as a heuristic, without providing any
theoretical justification. Therefore, our research question considers a
practical FL scenario: Can we scalably and accurately assess client
contribution in federated learning, and provide a theoretical justifi-
cation, when a subset of clients participates in a training epoch?

Proposed Framework. As an affirmative answer, we propose a
Shapley value based framework, called FLContrib, for a history-
aware and dynamic contribution assessment of participating and non-
participating clients across multiple utility functions, such as cross-
entropy loss or accuracy. In particular, we resort to the Markovian
training process of FL (Figure 1), where the global model update at
epoch t (a new state) depends on local model updates by participating
clients at epoch t, upon receiving the global model from epoch t− 1
(previous state). As such, the contribution of the current epoch is dis-
tributed to participating clients in that epoch, and non-participating
clients are given null contribution. Furthermore, the Markovian train-
ing process allows to directly apply the linearity property of Shapley
value, where the Shapley value of a client in all epochs is the sum of
incremental Shapley values of the client in individual epochs. In the
following, we discuss our three-fold contributions:

• History-aware and Dynamic Client Contribution. Due to
Markovian FL training process and the application of the linearity
property of Shapley value, we theoretically demonstrate that the
total Shapley value of a client is the sum of incremental Shapley
values in all epochs, where client-participation is dynamic. Specif-
ically, at any epoch, the runtime complexity for computing Shap-
ley value is dictated by participating clients only. In Lemma 3.6,
the exact Shapley value computation is exponential with partici-
pating clients and linear with non-participating clients.
FLContrib offers a modular design, allowing us to apply off-
the-shelf efficient approximation algorithms for computing Shap-
ley value, such as via Monte Carlo sampling [3] and its vari-
ants [13, 28, 30], and also complementary contribution analy-
sis [37]. Furthermore, the separation between contribution assess-
ment of participating and non-participating clients in FLContrib
allows us to adapt existing approaches such as Liu et al. [18], Wei
et al. [32] focusing solely on participating clients to facilitate non-
participating clients’ contribution assessment.

• Accuracy-efficiency Trade-off. Computing Shapley value in all
epochs leads to a more accurate assessment of client contribution,
but at the cost of computational inefficiency. We simulate a trade-
off between accuracy and efficiency of contribution assessment
by scheduling Shapley value computation over a desirable subset
of epochs. Unlike existing methods ignoring the history of client
participation [18, 25], we consider a two-sided fairness objectives
for an optimal scheduling. Server-side fairness prioritizes epochs
with higher incremental utility and higher client exposition, i.e.,

allowing Shapley value computation in epochs when a client par-
ticipates. Client-side fairness, on the other hand, aims to minimize
the pair-wise difference of exposition probability of a client with
other clients. In both cases, the incremental utility of an epoch is
used to prioritize Shapley value computation when global model
has more impact. We express the scheduling problem as a linear
program and show that FLContrib achieves an improved trade-off
between accuracy and efficiency of contribution assessment.

• Application: Detecting Dishonest Clients. FLContrib yields his-
torical client contribution over epochs as a time series of Shapley
values. In a controlled experiment, we leverage such data to ana-
lyze client intention in FL training, such as identifying dishonest
clients who intentionally poison their local data during training.
Empirically, Shapley values via FLContrib identify the poisonous
window where the client is dishonest and separate honest clients
from dishonest ones.

Motivation and Extended Related Work

Several approaches have applied Shapley value to assess client con-
tribution in FL. Notably, Song et al. [25] utilized the gradients of lo-
cal clients and proposed an one-epoch evaluation and a multi-epoch
evaluation (MR) for client contribution. Wei et al. [32] extended MR
and proposed a truncated multi-epoch (TMR) evaluation to eliminate
an entire epoch based on a pre-defined threshold. Liu et al. [18] fur-
ther improved computation by eliminating unnecessary epochs based
on the incremental utility and proposed an improved permutation or-
dering of clients during assessment. In all these methods, all clients
must participate in each training epoch, which we relax in our study.

To our knowledge, two works have considered a non-participating-
client setting like ours. Without any formal basis, Wang et al. [31] de-
fined the Shapley value of participating and non-participating clients
at each epoch: Shapley value is initialized to 0, and then at every
epoch, Shapley values of participating clients is computed using the
whole history of their participations. In contrast, our analysis de-
rives the Shapley values of all the clients exactly over a Markovian
FL training and also provides the flexibility to use different initial-
izations if one performs a warm start. To address non-participating
clients, Fan et al. [6] proposed to guess the missing utility of a client-
combination when a subset of clients participates in training. They
relied on low rank matrix factorization to approximate the incom-
plete utility matrix. Their method has several limitations: low rank
matrix factorization requires a suitable characteristic of the utility
function, such as Lipschitz continuous model loss, and a restricted
assumption on client participation, where all clients must participate
together in at least one epoch. Furthermore, matrix factorization is a
one-shot approach, and thus, assessing contributions in a new epoch
requires re-computation of the whole matrix, which is infeasible in
practice. As such, Fan et al. [6] incurred high computational time and
estimation error. In our study, we aim to achieve both improved ac-
curacy and efficiency in assessing client contributions with dynamic
client participation.

2 Preliminaries: FL and Shapley Value

Federated Learning (FL). FL is a collaborative ML framework that
allows the training of multiple clients with local private data [12].
We consider a centralized single server-based FL setting, where the
server is trustworthy and performs both model aggregation and con-
tribution assessment (Figure 1).
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Let I denote the set of all clients with cardinality m � |I|. F
denotes the global model, and T denotes the total number of training
epochs. In each epoch t, 1 ≤ t ≤ T , a subset of clients I(t) ⊆ I is
selected for training. Each client i ∈ I(t) receives the global model
F (t−1) from the last epoch, trains a local model F (t)

i on the local data
Di, and sends the local gradient Δ(t)

i � F
(t)
i − F (t−1) to the server

for aggregation. Δ(t)
i may include multi-step gradients performed by

the client. FLContrib is agnostic to the gradient updating algorithm.
The server preforms a federated aggregation on received local gra-

dients {Δ(t)
i }i∈I(t) to derive a global model in each epoch. For ex-

ample, the FedAvg algorithm performs the aggregation by weighing
the local gradients with the relative local data size [20]. In fact, Fe-
dAvg aggregates local models instead of local gradients, which is
mathematically equivalent.

F (t) = F (t−1) +
∑

i∈I(t)

|Di|∑
i′∈I(t) |Di′ |Δ

(t)
i (1)

We consider a utility function v(F,Dval) ∈ R to evaluate F
on a hold-out validation dataset Dval. The utility function can
be multi-dimensional, such as model loss, accuracy, performative-
fairness [35], demographic-fairness [22], or their combination. We
use v(F ) to denote the utility when it is clear from the context.

Shapley Value. In co-operative game theory, Shapley value [24]
computes a unique distribution of the total utility in a coalition of
m players. Thus, Shapley value provides the premise to assess client
contributions in FL, where the total utility is distributed based on the
marginal contributions of clients in all possible coalitions.

To compute Shapley value, the utility function needs to be evalu-
ated on a FL sub-model, which is aggregated over a subset of clients’
models – our goal is to find the marginal utility when a client’s model
is added to the sub-model. We denote the sub-model as FS and the
utility as v(FS , Dval), where S ⊆ I . Avoiding notational clutter, we
denote u(S) ≡ v(FS , Dval) as the utility of the respective subset of
clients, where u : 2I → R.

Therefore, Shapley value ϕi(u) of a client i is defined as

ϕi(u) �
1

m

∑
S⊆I\{i}

1(
m−1
|S|

) (u(S ∪ {i})− u(S)), (2)

where u(S ∪ {i}) − u(S) is the marginal utility of client i for in-
cluding i to the subset of clients S \ {i}. Informally, Shapley value
computes the average marginal utility of the client i in all possible
coalitions. Shapley value satisfies a set of desirable properties [24].
• Decomposability (or efficiency): The sum of Shapley values of

all clients is the total utility of the global model,
∑

i∈I ϕi(u) =
u(I) = v(F,Dval).

• Symmetry: Two clients i, i′ ∈ I contribute equally ϕi(u) =
ϕi′(u), if their marginal utilities are equal u(S ∪ {i}) = u(S ∪
{i′}) for every subset of clients S ⊆ I \{i, i′} not containing i, i′.

• Null Client: A null client does not contribute. The Shapley value
of a null client is zero, ϕi(u) = 0. This happens when the
marginal utility of the client is zero, u(S ∪ {i}) − u(S) = 0,
for every subset of clients S ∈ I \ {i} not containing i.

• Linearity: Let the utility function be a linear combination of mul-
tiple utility functions. Given u1, u2 : 2I → R, if u = u1 + u2,
then the Shapley value of a client on the combined utility is
a linear combination of Shapley values on individual utilities,
ϕi(u) = ϕi(u1 + u2) = ϕi(u1) + ϕi(u2).
In the paper, we apply the decomposability and null-client prop-

erties to assess contributions of participating and non-participating

clients, respectively. In addition, we apply the linearity property to
account for the Markovian training process in FL, enabling us to
perform epoch-wise contribution assessment.

3 Methodology

We present FLContrib, a game-theoretic framework to assess
history-aware client contributions in a single-server federated learn-
ing with dynamic client participation. We first formalize the problem
statement and present a baseline algorithm to exactly assess client
contribution with a non-participating-client setting (Section 3.1).
Then, we discuss an efficient scheduling procedure for a faster client
contribution assessment (Section 3.2).

Problem Statement. Our objective is to assess contributions of
clients by computing their Shapley values. Given (i) the initial global
model F (0), (ii) the gradients of participating clients in T training
epochs {{Δ(t)

i }i∈I(t)}Tt=1, and (iii) an utility function v, we com-
pute the Shapley value ϕi(v) of all clients i ∈ I . Intuitively, be-
tween two clients i, i′ ∈ I , if i has higher Shapley value than i′,
ϕi(v) > ϕi′(v), then i contributes more to the utility than i′.

3.1 Exact Client Contribution over Epochs
To access contribution exactly, we divide key concepts into three:
per-epoch Shapley value computation due to Markovian FL training,
an extension of FL model update to incorporate non-participating
clients, and an adaptive sub-model reconstruction to compute
marginal utility. We conclude this subsection by discussing runtime
complexity and error bounds.

Shapley Value on Incremental Utility. FL undergoes a Markovian
training process: In each epoch, the global model depends on partic-
ipating clients’ local models, independent of how the global model
is updated in earlier epochs. As such, we directly apply the linear-
ity of Shapley value by decomposing the total utility of the global
model in all epochs as the sum of incremental utilities between con-
secutive epochs – analogously, the Shapley value on the total utility
is the sum of incremental Shapley values in every epoch. Most ex-
isting methods proposed to compute incremental Shapley value like
ours [18, 25, 31], but none made the precise connection between
Markovian FL training and the linearity of Shapley value. Next, we
define the incremental utility between epoch t and t − 1 as the dif-
ference of the model utility in consecutive epochs.

δv(F (t), F (t−1)) � v(F (t))− v(F (t−1)). (3)

Lemma 3.1 (Utility Decomposition). The total utility in a multi-
epoch FL training is the sum of incremental utilities in all the training
epochs and the utility of the initial FL model.

v(F (t)) =
T∑

t=1

δv(F (t), F (t−1)) + v(F (0)), (4)

where v(F (0)) denotes the utility of the initial model.

Applying the linearity of Shapley value, the total Shapley value of
a client after all epochs is the sum of Shapley values computed on
the incremental utility in each epoch.

Lemma 3.2 (Contribution Decomposition). For a client i, let ϕi(v)

be the Shapley value after T epochs, and let ϕ(t)
i (δv) be the Shapley

value on the incremental utility at epoch t. Since v is a linear sum of
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δv, we apply the linearity of Shapley value: the Shapley value w.r.t.
v is the sum of Shapley values w.r.t. δv between epoch 1 to T and the
Shapley value of the initial model.

ϕi(v) =
T∑

t=1

ϕ
(t)
i (δv) + ϕ

(0)
i (v) (5)

Participation-aware Model Update. To assess contributions of
both participating and non-participating clients, we express the FL
model update at an epoch using all clients.

F (t) = F (t−1) +
∑

i∈I(t)

w(i, I(t))Δ
(t)
i

= F (t−1) +
∑
i∈I

1(i ∈ I(t))w(i, I(t))Δ
(t)
i ,

The indicator function 1(·) ∈ {0, 1} returns 1 for a true argument,
such as when client i participates at epoch t, and 0 otherwise. To
simplify notation, we define a participation-aware weight function λ
by multiplying indicator 1 and local weight w, and use λ to extend
Eq. (1) to all clients. Thus, λ is equal to w when client i participates,
and 0 otherwise.

λ(i, S) = 1(i ∈ S)w(i, S) =

{
w(i, S) if i ∈ S

0 otherwise
(6)

F (t) = F (t−1) +
∑
i∈I

λ(i, I(t))Δ
(t)
i (7)

Example 1. In Figure 1, let three clients be I = {a, b, c} with
|Da| = |Db| = |Dc| . In epoch t = 1, I(1) = {a, c}. Hence,
λ(a, I(1)) = λ(c, I(1)) = 1

2
and λ(b, I(1)) = 0.

Adaptive Sub-model Reconstruction. An intermediate step for
computing Shapley value is to compute the marginal utility of a
client w.r.t. its presence and absence in a subset of other clients.
Instead of retraining on all possible subsets, we reconstruct a sub-
model by storing and utilizing local gradients of participating clients
at the FL server, similarly as Liu et al. [18], Song et al. [25]. Im-
portantly, we consider an adaptive weighting of local gradients to
ensure that each sub-model reconstruction mimics the full global
model training. In particular, the weight is defined as w(i, S) �
|Di|/(∑i′∈S |Di′ |), which is adaptive w.r.t. S. The adaptive weight-
ing is overlooked in earlier methods by Lin et al. [17], where
w(i, S) = |Di|/(∑i′∈I |Di′ |), ignoring the effect of S, and naively
normalizing for all clients I . We incorporate this weight into the
participation-aware weight function λ for reconstructing the sub-
model F (t)

S .

F
(t)
S = F (t−1) +

∑
i∈S

λ(i, S ∩ I(t))Δ
(t)
i (8)

Here, λ(i, S ∩ I(t)) ensures that only participating clients in
S ∩ I(t) receive non-zero weights, i.e., their Shapley value is com-
puted in the traditional way, since they explicitly update the global
model at the current epoch. In contrast, non-participating clients do
not influence sub-model reconstruction (Lemma 3.3) and thereby re-
ceive a deterministic Shapley value (Lemma 3.4).

Lemma 3.3 (Influence of Non-participating clients). Let F (t)
S be a

sub-model consisting of a subset of clients S ⊆ I and i /∈ I(t) be
a non-participating client in epoch t. Non-parcipating clients do not
influence sub-model reconstruction, formally F

(t)

S∪{i} = F
(t)
S .

Algorithm 1 Assessing Client Contribution

1: Input: Initial global model F (0), clients I , utility v.
2: ϕ

(0)
i = v(F (0))

|I| , ∀i ∈ I
3: for t = 1 to T do

4: I(t) ← ClientSelection(I)

5: Δ
(t)
i ← ClientTraining(F (t−1), Di), ∀i ∈ I(t)

6: F (t) ← FedAggregate(F (t−1), {Δ(t)
i }i∈I(t))

7: {ϕ(t)
i } ← FLContrib(δv, {Δ(t)

i }, F (t−1))
8: end for

9: return {∑T
t=0 ϕ

(t)
i }

Example 2 (Continuing Example 1). Since I(1) = {a, c}, then client
b does not participate in epoch t = 1. Hence, F (1)

{a,b,c} = F
(1)

{a,c} =

F (0) + 1
2
Δ

(1)
a + 1

2
Δ

(1)
c , F (1)

{a,b} = F
(1)

{a} = F (0) + Δ
(1)
a , F

(1)

{b,c} =

F
(1)

{c} = F (0) +Δ
(1)
c and F

(1)

{b} = F
(1)

∅ = F (0).

Lemma 3.4 (Deterministic Contribution). At epoch t, the Shapley
value of a non-participating client i /∈ I(t) with respect to the
incremental utility δv is zero, ϕ(t)

i (δv) = 0. Therefore, the non-
participating client is a null client.

Wang et al. [31] heuristically defined the same deterministic Shap-
ley value of non-participating clients, whereas our paper provides
necessary theoretical justification.

Remark 3.5 (Initial FL model and Shapley Value). We explicate the
need to compute Shapley value of the initial FL model, which can
be a randomly initialized model or a model after warm start. Hence,
the utility of the initial FL model F (0) is not necessarily zero, rather
the utility of F (0) on the validation dataset Dval. Thus, a reason-
able initial Shapley value is the per-client utility of the initial model,
ϕ

(0)
i (v) = v(F (0))/|I|.

Runtime Complexity For Exact Computation. Due to the deter-
ministic Shapley value of non-participating clients, the runtime com-
plexity is linear for non-participating clients and exponential for par-
ticipating clients. Non-participating clients incur a linear complexity
since their contribution is recorded as a history for later use. The ex-
ponential complexity of participating clients is a known result for an
exact Shapley value computation.

Lemma 3.6 (Runtime Complexity). Let m be the total number
of clients and 1

τ
∈ [0, 1] be the ratio of participating to non-

participating clients. In an epoch, the runtime complexity of exactly
computing Shapley value is O(2

m
τ + (1 − 1

τ
)m). In T epochs, the

total running time is O(2
m
τ T + (1− 1

τ
)mT ).

Modular Design and Approximation Error. FLContrib has a
modular design, where a wide variety of Shapley value algorithms
as well as existing contribution methods in FL can be applied (ref.
Algorithm 1). The exact computation can be replaced with approxi-
mation algorithms, such as Monte Carlo sampling [9] or complemen-
tary contribution analysis [37]. Also, existing methods by Liu et al.
[18], Wei et al. [32] can be applied, where non-participating-client
setting is ignored: In each epoch, we apply their Shapley value com-
putation algorithm to participating clients and compute a determin-
istic Shapley value for non-participating clients. Below, we provide
the error bound of FLContrib as a meta approach invoking existing
Shapley value algorithms.

Lemma 3.7 (Error Bound). If we apply an ε-approximation algo-
rithm to compute the incremental Shapley values at each epoch, the
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total estimation error in the global Shapley value is O(Tε
τ
), which is

of the same order as existing algorithms.

3.2 A Scheduler for Faster Computation
We discuss a scheduling procedure to assess client contribution ef-
ficiently without sacrificing accuracy. We consider a computational
budget, such as the maximum number of epochs to compute Shap-
ley value, and derive an optimal subset of epochs by solving a con-
strained optimization problem.

We propose two-fold objectives in the optimization problem to in-
corporate the history of client participation. Server-sided fairness:
The server aims to increase utility coverage by computing Shapley
value in a desirable subset of epochs where the sum of incremen-
tal utilities is higher. Also, the server prioritizes higher exposure of
clients: informally, a client is said to be exposed if it participates
in training in an epoch and Shapley value is computed in the same
epoch. Client-sided fairness: Each client aims to minimize the pair-
wise difference of exposure probabilities with other clients. Now, we
discuss two mixed integer linear programs (MILP) to achieve (i) only
server-sided fairness and (ii) two-sided fairness [5].

An ILP for One-sided Fairness. Let z(t) ∈ {0, 1} be a binary
variable indicating whether Shapley value is computed in epoch t.
The epoch weight p(t) is defined as normalized absolute incremental
utility, p(t) = |δv(F (t),F (t−1))|

∑T
t=1 |δv(F (t),F (t−1))|+|v(F (0))| , and

∑T
t=1 p

(t) = 1.

For each client, we first compute per-epoch participation rate, x(t)
i =

1(i ∈ I(t))/
∑T

t=1 1(i ∈ I(t)). Hence, the exposure probability of
a client at epoch t is defined as x(t)

i z(t). Let k ≤ T denote the max-
imum number of epochs to compute Shapley value. The following
ILP program satisfies server-sided fairness.

max
z

T∑
t=1

p(t)z(t) + γ
∑
i∈I

T∑
t=1

x
(t)
i z(t) (9)

=
T∑

t=1

(
p(t) + γ

∑
i∈I

x
(t)
i

)
z(t)

such that
T∑

t=1

z(t) ≤ k

In the maximization problem, we jointly maximize the utility cov-
erage of epochs (the first term) and the exposure probability of clients
(the second term), both of which are linear with z(t). We put a con-
straint that the sum of z(t) is at most k to meet the budget constraint.
In addition, we consider a hyper-parameter γ ∈ R

≥0 to prioritize
between utility coverage and client exposition. An off-the-shelf ILP
solver can output an optimal solution of z(t)

∗
such that we compute

Shapley value in an epoch t if and only if z(t)
∗
= 1.

An MILP for Two-sided Fairness. To achieve server-client two-
sided fairness, we consider a joint optimization problem: we maxi-
mize the utility coverage of epochs where Shapley value is computed
and minimize the pair-wise absolute exposure probability of clients
in Eq. (10).

max
z

T∑
t=1

p(t)z(t) − γ
∑
i,i′∈I

|
T∑

t=1

(x
(t)
i − x

(t)

i′ )z(t)| (10)

such that
T∑

t=1

z(t) ≤ k

Since the objective function has absolute terms, a direct reduction
to an MILP program requires defining O(m2) auxiliary real-valued
variables and linear constraints.

An alternate approach is to maximize the lower bound of the
objective function in Eq. (10), which asks for an ILP solution with
respect to the variable z(t).

T∑
t=1

p(t)z(t) − γ
∑
i,i′∈I

|
T∑

t=1

(x
(t)
i − x

(t)

i′ )z(t)|

≥
T∑

t=1

(p(t) − γ
∑
i,i′∈I

|(x(t)
i − x

(t)

i′ )|)z(t) (11)

Since in the alternate approach we maximize the lower bound of
the objective function, the approach is more restrictive than the for-
mer approach. Here, we refer to it as Two-sided Fair LB scheduling.

Remark 3.8. We explain cases when one-sided versus two-sided
fairness is preferred. Let us consider two kinds of non-uniformity:
(1) some epochs have more participating clients than other epochs,
i.e., non-uniform client-participation across epochs, (2) some clients
participate more than others, i.e., non-uniform participation across
clients. For (1), one-sided fairness is preferred where epochs with
higher participation are selected to increase client exposure, i.e.,
when more clients participate, Shapley value is computed for a gran-
ular contribution assessment. For (2), two-sided fairness is preferred
where the pair-wise difference of client exposure is minimized, i.e.,
one client is not favored more than another client to compute Shap-
ley value. Finally, for the trivial case when all clients participate uni-
formly across epochs, both one-sided and two-sided fairness may act
equivalently, where one can simply rank epochs by corresponding in-
cremental utilities, and choose the top k epochs to compute Shapley
value without needing to solve an ILP program.

Lemma 3.9 (Continuing Lemma 3.6). For k ≤ T denoting the max-
imum number of epochs for Shapley value computation, the runtime
complexity is O(2

m
τ k+(1− 1

τ
)mk), which is k

T
fraction of the total

runtime complexity without scheduling.

4 Empirical Performance Evaluation

We conduct an empirical evaluation of FLContrib. In the following,
we discuss objectives of the experiments, experimental setup, and
experimental results. Our objectives of experiments are two-fold1.

• Comparative Performance: How does FLContrib compare with
existing methods in computational time and estimation error of
client contribution assessment?

• Ablation Study: How do different scheduling procedures and as-
sociated parameters in FLContrib impact the computational time
and estimation error of client contribution assessment?

Experimental Setup. We implement a prototype of FLContrib
in Python 3.8. For Shapley value computation, we consider an ap-
proximation algorithm based on complementary contribution [37].
For a faster scheduling (Section 3.2), we consider model loss as
the epoch-weight p(t), while assessing client contribution to mutli-
ple utility functions such as loss and accuracy. In addition, we nor-
malize each term in the objective functions in Eq. (9), (10), (11)

1 Theoretical proofs, details on experimental setup such as FL training, and
additional experimental results including model aggreegation using Shap-
ley value, the impact of different approximation algorithms for Shapley
value etc. are in the Appendix of the supplementary material [10].
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Figure 2: Comparison of different methods for assessing client contribution in FL based on computational time (left), and mean squared error or
MSE of Shapley value on model loss (middle) and model accuracy (right). In each cactus plot, a point (x, y) denotes that a method can assess
contribution in x many instances within y seconds (left), or within y MSE (middle and right). Therefore, any method reaching the bottom-right
part of the plot has the best performance. FLContrib is the most efficient method in computational time, while being consistently accurate in
contribution assessment across multiple utility functions: model loss and accuracy.

and consider γ = 1 for an equal priority. We compare FLContrib
with existing methods, namely ComFedSV [6], GTG-Shapley [18],
and TMR [32]. Among them, we adapt GTG-Shapley and TMR
to the non-participating-client setting. We consider three datasets:
Adult [2], COMPAS [1], and CIFAR10 [15], where the first two
datasets are on tabular data and the last one is on image data. We ex-
periment with two types of neural networks: a fully connected MLP
model for tabular dataset and a CNN model for image classification.
In comparative evaluation, we consider 132 benchmark instances
for assessing client contribution by varying the number of clients in
{4, 8, 16, 32, 64}, the number of training epochs in {12, 25, 37, 50},
and three random seeds. We consider a cut-off time for contribution
assessment to 12K seconds. In the following, we discuss our results.

Results of Computational Efficiency: FLContrib is the Most Ef-

ficient Method. We compare the computational time of different
methods in Figure 2 (left). We consider 132 benchmark instances,
where each instance implies an FL training on three datasets with dif-
ferent number of clients, epochs, and repeated runs. Firstly, the exact
approach (based on Section 3.1) and TMR solve 96 instances each
and time out in rest of the instances. Secondly, ComFedSV, the state-
of-the-art for contribution assessment in the non-participating client
setting, solves only 84 instances. Finally, FLContrib with two-sided
fairness and GTG-Shapley solve 125 instances each, with FLContrib
taking a maximum of 8.3K seconds vs. 10.9K seconds by GTG-
Shapley. Therefore, FLContrib is the most computationally efficient
method in client contribution assessment than the existing methods.

Results of Estimation Error: FLContrib is Consistently Accurate

across Multiple Utility Functions. We compare the mean squared
error (MSE) of Shapley value estimated by different methods and re-
port results in Figure 2 (middle and right). We consider 96 instances
where the exact method computes Shapley value within the cut-off
time. Firstly, ComFedSV performs poorly by incurring higher MSE
than others. Secondly, GTG-Shapley and TMR are tailored for model
loss as the utility function and achieve lower MSE than FLContrib
(Figure 2 middle) – both approaches incur similar estimation error
and their curves overlap. However, when considering model accuracy
as utility, they incur higher MSE than FLContrib (Figure 2 right). Im-
portantly, FLContrib yields consistent estimation error across differ-
ent utility functions. Therefore, FLContrib achieves well-balanced
performance in estimation error than all competitive methods.

Ablation Study. We analyze the impact of different scheduling
procedures in FLContrib while varying the number of clients in Fig-

Figure 3: Effect of the number of clients (top) and the maximum
epochs parameter in different scheduling procedures (bottom) on
computation time and MSE of Shapley values.
ure 3 (top) and maximum epoch for Shapley value computation in
Figure 3 (bottom).

In Figure 3 (top), increasing clients results in higher computational
time and less estimation error of Shapley value by different schedul-
ing procedures in FLContrib. While it is expected that with more
clients, computational time will increase, the decrease in error of
Shapley value is less intuitive, and observed across different schedul-
ing procedures and parameter settings. In addition, FLContrib with
one-sided and two-sided fairness demonstrate a similar performance
in both computational time and MSE. However, FLContrib with two-
sided fair LB solves a more restrictive objective function and results
in lower computational time but higher MSE than others.

In Figure 3 (bottom), we vary the ratio k
T

– a higher ratio denotes
computing Shapley value in more epochs. As a result, the computa-
tion time increases with an increase in the ratio, resulting in lower
MSE – the pattern is observed across different scheduling proce-
dures. Therefore, the parameter k effectively controls the trade-off
between computational time and estimation error in FLContrib.

Summary of Results. FLContrib demonstrates an efficient perfor-
mance in computation time while achieving a consistent estimation
error of Shapley value in multiple utility functions. In particular, out
of 132 instances, FLContrib solves 125 instances within the cut-off
time and yields the lowest estimation error of Shapley value w.r.t.
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(a) (b) (c) (d) (e) (f)
Figure 4: Cumulative Shapley value of individual clients computed on global model loss over multiple epochs (Figure 4a, 4c, and 4e). We
simulate a poisonous window when a subset of clients (marked with *) acts dishonestly by poisoning their local data and adversely impacting
global loss – historical Shapley value can detect this event, where Shapley value of dishonest clients increases suddenly and substantially than
honest clients. Consequently, we compute the change point detection probability of Shapley values in Figure 4b, 4d, and 4f, respectively,
identifying the poisonous window shown in the gray color.

Figure 5: Effectiveness of separating honest clients from dishonest
ones based on historical client contribution – a higher Jaccard simi-
larity denotes a higher separation. Separation success increases when
the flipping probability or poisonous intention of dishonest clients
increases, and when total clients increases while keeping dishonest
clients fixed. In contrast, separation success decreases as more clients
become dishonest w.r.t. fixed total clients.

model accuracy. In ablation study, different parameters and schedul-
ing procedures of FLContrib precisely control the trade-off between
accuracy and efficiency of contribution assessment in FL.

5 Applications of FLContrib

We demonstrate the application of FLContrib in analyzing client in-
tention based on historical client contributions over multiple epochs.
Unlike [6, 31, 18, 25], we consider the history of client contributions
rather than a single contribution value post training, since historical
contribution is more informative to detect sudden behavioral change
in individual clients. We consider a controlled experimental setup:
each client possesses a uniform data distribution, except a subset of
dishonest clients who intentionally poison their data within a window
of several epochs – it is unknown beforehand when clients switch
their intention. For illustration, a dishonest client chooses to flip the
data label with a certain flipping probability inside the window.

Objectives. We consider two objectives: (i) Can we detect the win-
dow in which a dishonest client poisons its data? (ii) Can we sepa-
rate honest clients from dishonest ones? In both cases, we rely on the
cumulative Shapley value of clients over epochs and answer affirma-
tively to the two questions.

Detecting Poisonous Window. In Figure 4a, we consider 1 out of
4 clients as dishonest, where the cumulative Shapley value on model
loss of the dishonest client diverges from honest clients within the
poisonous window (gray colored region). In Figure 4b, we apply a
Bayesian inference based change point detection algorithm [7] with
the goal of identifying the poisonous window – the probability of
change point of Shapley values has significantly higher mass within
the window (average probability mass is 0.91), showing the potential

of applying any threshold-based classifier for the purpose of detec-
tion. Also, increasing the flipping probability from 0.5 in Figure 4a to
0.7 in Figure 4c, i.e., intensifying the level of dishonestly, the prob-
ability mass increases from 0.91 to 0.97 – a greater chance of de-
tection. In another dimension, we increase total clients to 8 and dis-
honest clients to 2 in Figure 4e, where the change point probability
becomes 0.82, which is still evident of poisonous intention. All these
evidences support our claim that historical client contribution via
Shapely value has the potential of being an effective identification of
poisonous client intention in FL.

Separating Honest Clients. Historical contribution of clients cap-
ture their intention during FL training. As such, to separate honest
clients from dishonest ones, we apply K-means time-series cluster-
ing algorithm [27] on the cumulative Shapley value of clients. Our
hypothesis is that majority of the honest clients should be in one
cluster due to their uniform data distribution, while placing dishon-
est clients in separate clusters. Subsequently, we measure the Jaccard
similarity index [11] between the set of honest clients and the set of
all clients that are in a cluster containing at least one honest client
– higher similarity (value closer to 1) implies that all honest clients
are plausibly in one cluster and hence a higher separation between
honest and dishonest clients.

In Figure 5 (left), while increasing the flipping probability, Jaccard
similarity increases, eventually reaching 1. Also, by keeping dishon-
est clients fixed at 1, the similarity index increases with increasing
clients in Figure 5 (left). Also, while increasing dishonest clients in
Figure 5 (right), the similarity decreases, implying hardness of sepa-
ration with more dishonest clients. Therefore, Shapley values demon-
strate the potential in separating out honest clients.

6 Conclusion

We study the assessment of client contribution in centralized
single-server federated learning using Shapley values. We propose
FLContrib to assess client contribution when a subset of clients par-
ticipate in each training epoch. We discuss a scheduling procedure
satisfying two-sided fairness between server and clients for a faster
contribution assessment. Empirically, FLContrib is the most efficient
method while being consistently accurate in estimating contribution
across multiple utility functions. In addition, historic client contribu-
tions enable us to analyzing dishonest clients. In future, we extend
FLContrib to assess client contribution in a discentralized federated
setting. Our framework opens up further research on client selection
and federated aggregation based on historic client contributions.
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