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ABSTRACT 

This paper presents a novel retina biometric scheme that performs 

person verification based on passing 2 stages: robust feature points 

matching and edge dissimilarity measure.  Our approach differs 

from those in the literature as we propose the use of edges and 

edge dissimilarity measure for retina verification.  Our first-stage 

matching/authentication utilizes robust feature points’ matching to 

determine tentatively whether there is a “match” and if so, 

performs image registration between the test and template retina 

image. The robust feature points’ matching is achieved in 2 steps: 

graph-based feature points’ matching followed by pruning of 

wrongly matched feature points using a Least-Median-Squares 

estimator that enforces an affine transformation geometric 

constraint.  To compute edge dissimilarity measure in our second-

stage matching/authentication, we propose the “robustified 

Hausdorff distance”.  We show that our proposed approach 

outperforms two of the state-of-the-art approaches when tested on 

the same dataset. 

 

Index Terms— biometric, feature points’ matching, Least-

Median-Squares estimator, edge dissimilarity measure, robustified 

Hausdorff distance 

 

1. INTRODUCTION 

The term “biometrics” refers to some measurable physical or 

behavioural traits of a human that can be used for person 

identification [14].  Biometric solutions that have so far been 

touted include fingerprint, face, voice, iris, and retina biometrics.  

Biometrics has gained popularity in recent years with the wide-

spread use of fingerprint biometrics.  Retina biometrics has started 

to gain more attention in recent years for use in high security 

applications. This is largely attributed to the reliability of retinal 

biometrics and difficulty in spoofing retina biometrics compared to 

other biometrics using face, fingerprint and iris [26].  The human 

retina is a thin layer of neural cells located at the back of the eye 

and it is responsible for human vision. The retina’s blood vessel 

structure is so complex that even identical twins do not have 

similar pattern [27] and hence it is also called the ‘eye print’ [25].  

Due to the retina’s unique and static nature over a person’s life 

time and its internal location, these properties make it one of the 

best biometric characteristic in high security environment. 
 

2. RELATED WORKS 

One of the earliest works on retina identification is by Robert 

Hill [11], who developed the first commercial retina identification 

system called EyeDentification System 7.5 in 1985.  His proposed 

system is based on a Fourier-based correlation of a circular 

waveform scanned around the fovea center to determine whether 

there is a match.  The system also includes special camera 

hardware to perform the waveform scan.  Borgen et al. [1] 

proposed improvements to [11] by designing a system whereby the 

retina identification algorithm can work with eye scan signals that 

can be obtained from any off-the-shelf fundus cameras and they 

automatically detect the fovea center from the retina image.  

Shahnazi et al. [22] proposed wavelet based retina recognition 

that applies discontinuity gradient orientation analysis and requires 

a training stage.  In Farzin et al. [7], authentication is based on 

matching using features obtained from multi-scale analysis of the 

pattern defined using optic disc as a reference structure.  

Condurache et al. [4] proposed a training-based retina biometric 

scheme where person authentication is conducted with the help of 

a sparse classifier on extracted anatomical feature points with 

scale-invariant feature transform (SIFT) descriptors.  

Ortega et al. [19] proposed the use of bifurcations and 

crossovers landmark points of the retinal vessel tree for retina 

identification.  Oinonen et al. [18] proposed a vessel direction 

feature called the principal bifurcation orientation that is integrated 

into matching using bifurcating and crossing feature points for 

improved robustness in matching (as  improvement to [19]).  These 

features are extracted from the segmented vessels after performing 

vessel segmentation.  The feature points and orientation matching 

are performed using point pattern matching method.  They adopted 

the normalized similarity metric proposed in [19] to determine 

whether an input test retina image matches the template. 

A common problem with some of these previous approaches 

for retina verification is that a reference structure, such as the optic 

disc or the fovea center, needs to be detected in advance before 

verification can be carried out.  The automatic detection of the 

optic disc and fovea center are complex problems and in some 

individuals with eye diseases, these cannot be achieved correctly.  

On the other hand, other approaches are either purely based on 

feature points matching and/or requires a training process. 
 

3. PROPOSED RETINA VERIFICATION ALGORITHM 

Our contributions are as follow: We propose a novel retina 

biometric scheme that uses a 2-stage integration of feature points 

and edges information for retina verification.  Our retina 

verification to determine “match” or “no-match” is based on 

passing 2 stages: feature points matching and edge dissimilarity.  

The ultimate decision on “match” or “no-match” is primarily based 

on edge dissimilarity measure because we believe edges in retina 



images are always in position and do not change.  This is based on 

findings from Simon and Goldstein [23] who expounded that the 

positions of veins and arteries in the eye will not change due to age 

or disease.  As such, we believe using edges for retina biometric 

authentication is a reliable and effective approach.  Our approach 

for retina person authentication differs from those in the literature 

as we propose the use of edges and edge dissimilarity measure for 

retina verification.  In our approach, we propose a robustified 

Hausdorff distance for computation of retina edges’ dissimilarity 

score.  By doing so, we have also resolved the robustness issue in 

using edges directly for matching and similarity measurement in 

the presence of edge extraction errors, occlusions, disocclusions, 

differences in edge-point sets due to degradation and differences in 

input images.  In order to utilize our edge dissimilarity approach 

for retina verification, we need a robust method to perform image 

registration first.  In our proposed scheme, the image registration 

process is performed using the affine transformation model’s 

parameters only after the first-stage matching/authentication has 

been passed, i.e. the first stage authentication tentatively concludes 

that both the test retina image and the template retina image are 

captured from the same retina; otherwise our proposed scheme will 

conclude that both images are captured from different retinas 

(there is a “no-match”) and stop (the second-stage process does not 

need to be executed).  To achieve the above-mentioned first-stage 

matching/authentication, we propose a robust feature points 

matching scheme.  We will show how we can adapt the Least-

Median-Squares estimator to apply an affine transformation 

geometric constraint for robust pruning of putatively-matched 

feature points (to remove the wrong matches) and to estimate the 

affine transformation model’s parameters; and how a good initial 

set of putative matches could be obtained using our graph-based 

points matching approach. Details of the algorithm are as follow.  
 

3.1. Graph-based Feature Points’ Representation 

We developed a graph-based image representation method 

together with a graph (sub-graph) matching method for obtaining 

the putatively-matched feature points.  The work flow for 

obtaining the graph representation of a given retina image for 

graph-based feature points’ matching includes the following main 

steps:  

1. Use over-segmentation algorithm [15] to segment the given 

retina image into α regions (super-pixels); 

2. Use (affine) transform invariant point detectors [17] to detect 

interest points in each super-pixel; 

3. Select at most β interest points in each super-pixel with 

highest transform invariant scores;  

4. Describe each point using 128-dimensional scale-invariant 

feature transform (SIFT) [17] vector fi and its location (xi,yi);  

5. Connect the selected most representative points  

according to the connectivity between super-pixels.  

6. Finally, graph representation is obtained by defining a graph 

G={V,E}, comprising of a vertex set V = {vi} and edge set E 

= {eij}.  A vertex is defined as vi = {xi; yi; fi} and an edge is 

defined as eij = eji = {vi; vj; lij}, where    22

jijiij yyxxl   

denotes the length of edge eij.   
 

3.2. Graph/Sub-Graph Feature Points’ Matching 

Since each retina image is represented by a connected graph, 

consisting of vertices and edges, the similarity of two retina 

images can be measured by graph matching [16].  This process 

consists of the following steps:  

(1) Vertex pair similarity computation: Given two graphs (G,G’) 

where G={V,E} and G’={V’,E’}, v

iiP ',
 denotes a correspondence 

pair of vertices (vi,v’i’), where viV and v’i’V’.  The similarity of 

a correspondence can be defined as:  
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where σf controls the feature noise.   

(2) Edge pair similarity computation: The similarity of an edge 

pair ),( '''', jiij

e

jiij eeP   is defined in a similar manner like the vertex 

pair. To incorporate the scale change of G and G’ (which may be 

caused by different camera settings), for a given scalar τ, we define 

the similarity of an edge pair (eij, ei’j’) as:  
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where σg controls the sensitivity to noise from geometric 

deformations.  

(3) Correspondence pair similarity computation: Similarly, we can 

define the similarity of a correspondence pair  ''',' , jiij

c

jjii ccP   at a 

given scalar τ as:  
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We can then obtain a symmetric and nonnegative similarity matrix 

of all the selected correspondences in space  with a given scalar τ, 

denoted as A(τ), where: 

)',()( '' jjiiij ccSA    (4) 

(4) Best sub-graph matching: We can build a similarity graph 

=(,) using all of the n=|| possible correspondences as the 

vertices and A(τ) as the weighted adjacency matrix.  The “optimal” 

sub-graph matching at the correct scale τ0 corresponds to a high 

average intra-cluster affinity score )(
1

)( 0

,
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As such, the task of matching is converted to finding a vector x 

that maximizes ().  The graph/sub-graph matching problem 

becomes one of finding the main cluster from the similarity graph 

and can be solved easily using the well-known eigenvector 

decomposition technique.  To reduce the computation time, we use 

power iteration to calculate the approximate solution.  

(5) Similarity computation: The similarity of two given graphs 

(G,G’) with a given scalar τ  is defined as:  
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where Vm and Vm’ represent the matched vertices in G and G’, 

  xA fmax ))((max S , and |V| denotes the number of elements 

for set V (and similarly for |V’|, |Vm|, and |Vm’|).  After this process, 

we will be able to obtain the putative matched feature points.   
 

3.3. Pruning of Putative Matched Feature Points 

The previously obtained putative matches may have a number 

of wrong matches, depending on the matching complexity due to 

the underlying differences between the test and template image.  



As such, we propose another outliers’ elimination step to prune the 

wrong matches so that we are able to extract only the correctly 

matched feature points.  This additional step is based on applying a 

robust affine transformation estimator.  In essence, we are trying to 

apply an affine transformation geometric constraint on the putative 

matches and remove those matched points (or outliers) that do not 

satisfy the same geometric constraint.  The robust transformation 

estimator we adopted here is based on the Least-Median-Squares 

(LMedS) estimator followed by a weighted Least Squares (WLS) 

estimator.  The original LMedS estimator [21] is given by:  
2),(medminargˆ  x

xΘ
r  (7) 

where xR, x=(x,y)T denotes the coordinates of the pixel location 

in x and y directions, R being the neighbourhood used for the 

transformation computation, and r(x,)2 are the squared residuals.  

Rousseeuw and Leroy [21] showed that the LMedS estimator has a 

maximum outliers’ breakdown point of 50%.  

Here, we adopt the affine transformation model to describe the 

transformation between the two retina images.  Thus, the matched 

points can be described by a set of transformation parameters , 

(
T

o aabaab ),,,,,( 32110Θ ) that describes the affine transformation of 

each feature point, u= (u,v)T, in the x and y directions, where:  
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Given a data set of n observations, the algorithm repeatedly draws 

m sub-samples each of p different observations from the data set 

using a Monte-Carlo type technique, where p is the number of 

parameters in the model.  For each sub-sample, indexed by J, 

1Jm, the corresponding parameters (denoted by 
JΘ̂ ) are 

estimated from the p observations.  In addition, the median of the 

squared-residuals, denoted by MJ, is also determined.  The LMedS 

solution is the   for which the corresponding MJ is the minimum 

among all the different MJs [21].  

The LMedS estimator scheme has the advantage that it does not 

require a pre-defined threshold t for inliers (unlike RANSAC [8]). 

One of the problems with the RANSAC scheme [8] is that in many 

real-life problems, it might not be possible to know the error bound 

t for inliers data before-hand. As mentioned in [28], the choice of 

the threshold is a sensitive parameter and can affect the 

performance dramatically.  Since the relative efficiency of LMedS 

is poor in the presence of Gaussian noise [21], a single-step 

weighted least-squares (WLS) procedure [5] is performed to 

estimate the final transformation parameters based on the estimates 

of the LMedS step.   
 

3.4. Image Registration 

After the robust feature correspondence process using an affine 

transformation model as described above, if there is sufficient 

number of matched feature points being detected, we will then 

perform an image registration step using the estimated affine 

transformation parameters to register the template image to the test 

image.  Otherwise, we will conclude that there is a “no-match” and 

the second-stage matching/authentication is not required and hence 

will not be carried out.   
 

3.5. Edge Extraction 

Any of the existing edge detection techniques [10, 20] may be used 

to extract the edges (or edge pixels) required in our proposed work.  

In our implementation, Canny’s edge detector as described in [2] 

has been utilized to extract the edges from the test retina image and 

the registered template retina image since Canny’s edge detector 

has been known to have reasonably good performance [10]. 
 

3.6. Edge Dissimilarity Measurement 

The original directed Hausdorff distance measure [9], attributed 

to Felix Hausdorff, to measure the distance between 2 point sets is 

given by:  

),(minmax),( badBAd
BbAa 

  (9) 

where a and b are points of sets A and B respectively, and d(a, b) is 

any metric between these points.  Here, d(a, b) defines the distance 

between 2 points a and b, and we will assume that this distance can 

be defined as the Euclidian distance between a and b, i.e. 

d(a,b)=||a-b||.  Then, the distance between a point a and a set of 

points  
BNbbB ,...,1  is defined as ),(min),( badBad

Bb
 .  Thus, the 

directed distance between 2 point sets  
ANaaA ,...,1  and 

 
BNbbB ,...,1  can be described by the above equation d(A,B).  The 

Hausdorff distance is the greatest of all the distances from a point 

in one set to the closest point in the other set.  

The directed Hausdorff distance, d(A,B) is a measure between 

the set of feature points defining a model, A, and the set of points 

defining a target image, B, where:  

baBAd
BbAa




minmax),(
 (10) 

and |||| is some underlying norm of the points of A and B (e.g. the 

L2 or Euclidean norm).  The directed distances d(A,B) and d(B,A) 

between 2 point sets, A and B, can be combined in the following 

way to define an undirected Hausdorff distance measure, D(A,B), 

which is given by:  

 ),(),,(max),( ABdBAdBAD   (11) 

Several variations of this set metric have been proposed as 

alternatives to the “max of the min” approach in traditional 

Hausdorff matching so that the metric will be less prone to outliers 

in the data. These include Hausdorff quantile/ranked [12] and 

Hausdorff average [6]. 

Here, we propose a robustified Hausdorff distance (RHD) 

measure that has the properties of being robust to noise and outlier 

points (which may result from edge extraction errors, occlusions, 

disocclusions, differences in point sets due to degradation and 

differences in input images etc.).  The RHD is given by:  

 ),(),,(max),( ABdBAdBARHD          
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where 
th

Aa

zK   represents the Kth ranked distance of aA (in 

ascending order) such that K/Na = z%.  Note that with our 

formulation, the modified Hausdorff distance proposed by 

Dubuisson and Jain [6] becomes a special case of our RHD.  If K = 

Na, then we will obtain the same modified Hausdorff distance as 

[6], hence giving our proposed RHD the characteristic of being 

robust to noise (vs. [12]).  To achieve sufficient robustness against 

outliers, K is usually set less than Na/2, which will give our 

proposed method an outlier tolerance of 50% outliers or more.  

Our proposed RHD is applied to the set of edges, A and B, 

obtained from the test and registered template image respectively.  

The score RHD(A,B) determines whether there is a match between 

the 2 retina images.  Smaller RHD(A,B) value means better match.  
 



4. RESULTS 

In this section, the results of the identification experiments are 

presented.  The measures of biometric performance that we use 

here to describe the accuracy of a biometrics-based identification 

system are the false acceptance rate (FAR) and the false rejection 

rate (FRR) [13, 14].  Identification systems can only decide if a 

person is a genuine individual or an impostor [14].  Hence, the 

performance of such biometric systems can be evaluated with the 

help of these two outcomes.  We also use the wrong identification 

rate (WIR) performance measure, which can be defined as: 

aWI NNWIR  (13) 

where NWI is the total number of wrong identifications, and Na is 

the total number of attempts.  (Note that correct identification rate 

reported in [4] = 1 – WIR).  

In this paper, we will report the results for the DRIVERA 

dataset [4], obtained by performing retina verification on a 

combinatorial pairing of all the images in the dataset (total 39,060 

pairs).  The DRIVERA dataset contains 280 retina images and was 

created by applying 14 types of distortions to each of the 20 

original images of the DRIVE dataset test set [24].  These 

distortions are supposed to simulate different image acquisition-

related problems that may appear when the same retina is imaged 

at different times, such as rotations, translations, scaling, blurring, 

barrel and pincushion transformations, changes in illumination, 

white noise and “salt and pepper” noise.  This DRIVERA dataset 

is very challenging because of the numerous types of distortions 

and large variations that have been added to the simulated images.  

For illustration, Figure 1 shows one of the results of putatively 

matched feature points obtained from the graph-based feature point 

matching step, where there are some wrongly matched feature 

points.  Figure 2 shows one of the results of pruned matched 

feature points after applying LMedS affine geometric 

transformation constraint.  It can be seen that the incorrectly 

matched feature points have been removed.   
 

  

Figure 1 (left): Results of graph-based feature point matching.  

Figure 2 (right): Results of pruned matched feature points. 

The performance of biometrics-based identification systems is 

also commonly illustrated using FAR and FRR curves [19].  The 

plot showing both the FAR and FRR curves is a visual 

characterization of the trade-off between the FAR and the FRR as 

the decision threshold value is being changed.  In Figure 3, we 

show the FAR and FRR curves of Oinonen et al.’s method [18] for 

DRIVERA dataset while Figure 4 shows the FAR and FRR curves 

of our proposed method on the same DRIVERA dataset.   

In general, the biometric matching algorithm performs a 

decision based on a “decision threshold” which determines how 

close to a template the input needs to be for it to be considered a 

match.  If the similarity decision threshold has been reduced, there 

will be fewer false non-matches (hence lower FRR) but more false 

matches (hence higher FAR). Correspondingly, a higher similarity 

decision threshold will reduce the FAR but increase the FRR.  

Note that Oinonen et al.’s method [18] uses a “similarity” decision 

threshold while our approach uses a “dissimilarity” decision 

threshold because of the differences in the matching criteria.  In 

our case, reducing the dissimilarity decision threshold results in a 

decrease in FAR but an increase in FRR and vice versa.   

   
Figure 3: FRR and FAR curves of method in [18].   

 
Figure 4: FRR and FAR curves of our proposed method. 

In Table 1, we have tabulated the results of Oinonen et al.’s 

approach [18] and our proposed approach.  The decision thresholds 

chosen for both methods are such that the FAR is zero percent 

(which is the ideal case for very high security biometric 

application) while FRR is at lowest rate.  It can be seen that our 

approach performs better than [18] as our FRR value is only about 

44% that of [18]’s FRR.  We also show the results from the 

scheme proposed by Condurache et al. in [4] that has been applied 

on the same DRIVERA dataset.  From the results, it can be seen 

that our proposed approach outperforms both [18] and [4] as our 

approach gives the lowest WIR, and our WIR value is only about 

50% that of [18]’s WIR, and about 24% that of [4]’s WIR.  
 

 

Method FAR (%) FRR (%) WIR (%) 

Oinonen et al. [18] 0.0 7.191 0.337 

Our proposed scheme 0.0 3.169 0.170 

Condurache et al. [4] N.P. N.P. 0.710 

Table 1: Comparison of results (N.P. = Not provided in [4]). 
 

5. CONCLUSIONS 

In this paper, we propose a novel 2-stage retina biometric scheme 

that combines the use of feature points and edges for retina 

verification.  Our approach for retina person authentication differs 

from those in the literature as we propose the use of edges and 

edge dissimilarity measure as the main criterion for retina 

verification.  We have shown that our proposed retina verification 

approach outperforms two of the state-of-the-art approaches when 

tested on the same dataset.   
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