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A Low Complexity Sub-Optimal Approach to
Dynamic Spectrum Allocation for White Space

Devices with Heterogeneous Bandwidth
Requirements

Zhong Huang, Yugang Ma, Yueyue Li, and Guangjun Wen

Abstract—This paper considers the decision-making method
of dynamic spectrum allocation by a spectrum manager in
a centralized white space cognitive radio (CR) communication
network with various available frequency fragments and hetero-
geneous bandwidth requests. To achieve low complexity practical
solution to this problem, we propose a hybrid sub-optimal
dynamic programming (DP) based algorithm. The performance
of the proposed solution is compared with the optimal one
and other alternative solutions. The numeric results show that
the proposed solution achieves spectrum efficiency close to the
optimal one and the complexity is considerably reduced to
O((n + λ − 1)!/(n!(λ − 1)!)) as compared to that of the optimal
solution O(

∏n
i=1 B(i)

0 ).

Index Terms—Dynamic Spectrum Allocation, White Space,
Sub-optimization, Dynamic Programming

I. INTRODUCTION

REUSING frequency white spaces dynamically with cogni-
tive radio (CR) technology so as to reach higher spectrum

utilization is a hot topic. Dynamic spectrum allocation [1],
which makes dynamically spectrum assignment in different
temporal and spatial fields, is proposed to improve spectrum
efficiency. It is different from Static Spectrum Allocation (SSA)
that by SSA, a portion of spectrum is assigned to a radio
network for exclusive use [2]. The first frequency band of white
spaces released to real applications is TV white spaces (TVWS)
[3], in which a white space database (WSDB) provides the
available channels unused by incumbents for unlicensed users.
Spectrum assignments ought to coordinate the available spec-
trum resources provided by incumbents and spectrum requests
from unlicensed users to obtain optimal spectrum utilization.

Both centralized and distributed solutions are discussed in
the literature. Compared with the distributed work [4, 5], which
employed game theory and market mechanism to coordinate the
unlicensed users, the centralized solution is easier to maximize
the overall network throughput and to minimize interference.
In centralized network, a radio resource management algorithm
is usually employed by spectrum manager to allocate spectrum
resources to unlicensed users within specific restrictions such
as power and quality of service (QoS). Moreover, a real-time
secondary spectrum market policy (RTTSM) is proposed in [6]
and different kinds of decision-making methods are discussed.
This problem is treated as a multiple knapsack problem, which
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is NP-complete. Particularly, the complexity of solutions is
concerned. Currently, several heuristic methods are presented to
reduce the complexity [7, 8]. However, these methods require
complete re-calculation for frequency re-assignment once new
spectrum requests arrive or available spectrum changes. They
do not consider the future influence of the spectrum assignment.

Predicting spectrum status is helpful for the decision making
of spectrum assignment in long time operating. Sophisticated
propagation model and Hidden Markov Models (HMMs) are
used to predict the behavior of incumbents in [9] and [10],
respectively. Additionally, a framework of step by step assign-
ment with a Dynamic Programming (DP) based algorithm is
presented in [11] to obtain the optimal throughput in a long
period. The change of spectrum resource caused by assignment
is considered. This algorithm gives optimal policy of assign-
ments in different steps for any condition of available spectrum
resources and spectrum requests once for all. Unfortunately, the
complexity of the algorithm increases exponentially with the
problem size.

In this paper, we propose a low complexity spectrum policy
for the spectrum manager which assigns fragmented white
spaces for heterogeneous bandwidth requests coming sequen-
tially in a centralized network. In our proposal, the spectrum
manager makes use of different spectrum assignment strategies
in different stages of the available spectrum fragments left.
Through this, we achieve low complexity algorithm without
obvious performance degrading in terms of spectrum utiliza-
tion. Considering the decisions for the status that the resource
is exhausted are more crucial, we propose a hybrid sub-
optimal policy by introducing a switching threshold. Following
the introduction, Section II describes the problem formulation
as well as introduces the optimal policy. A low complexity
sub-optimal algorithm is then proposed in Section III. The
performance of the proposed sub-optimal policy is evaluated
through various simulations compared with the optimal policy
and other two alternative methods in Section IV. Finally, in
Section V, we conclude the paper.

II. PROBLEM FORMULATION AND OPTIMAL
POLICY

A. System Model

This paper concentrates on a centralized white space system
in which a spectrum manager makes decisions of spectrum
assignments according to the available spectrum fragments
provided by WSDB and bandwidth requests from enormous
unlicensed users coming sequentially. It is assumed that the
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spectrum resources are fragmented with different bandwidths.
The requested bandwidths from unlicensed users are stochastic
and independent, but the number of possible bandwidths is
finite and the possibility of each bandwidth is known through
statistics.

The system works as shown in Fig.1. The manager gets
available spectrum fragments from WSDB after initialization,
and then builds a spectrum pool to store them. The spectrum
requests arrive sequentially. For each request, the manager
decides the spectrum assignment. After that, the available
bandwidths of fragments are updated and the spectrum utiliza-
tion gains. The spectrum allocation will continue for coming
requests until the maximum bandwidth of available fragments
is less than the minimum request. In such case, the system
terminates. Obviously, the task of the spectrum manager is to
appropriately assign spectrum resource to unlicensed users so
as to reach the highest overall spectrum utilization.

Fig. 1: System model

B. Problem formulation

We denote ς as the system state space, for each st =
{B(1)

t , B(2)
t , ..., B(i)

t , ..., B(n)
t , bt } ∈ ς, B(i)

t represents the avail-
able bandwidth of the ith fragment in step t, bt represents the
required bandwidth of current unlicensed user. n indicates the
number of fragments. A(s) is defined as the possible set of
actions, shown in Equation (1). For each state s, at (∈ A(s))
represents one of the actions. While at = 0, the manager
rejects the spectrum requirement; and at = i, a portion of the
ith fragment is assigned to the unlicensed user. Besides, bmin

implies the minimum bandwidth of possible requests.

A(s) =




ø, max{B(1)
t , B(2)

t , ..., B(n)
t } < bmin

{0}, bmin 6 max{B(1)
t , B(2)

t , ..., B(n)
t }

{i | B(i)
t > bt }, otherwise

(1)

The spectrum utilization of a single step is denoted as
following.

r (st, at ) =



bt, B(i)
t > bt and at = i

0, otherwise
(2)

A policy is basically a function µ : a = µ(s) indicating
actions for different states. µ∗(s) represents the optimal policy
which achieves maximum spectrum utilization J∗(s) under an
initial state s. It could be obtained by Equation (3).

J∗(s) = maxµ limT→∞E


t=T∑
t=0

r (st, at ) | s0 = s


(3)

where the expectation is taken with respect to the distribution
of the requests. The possible set of requests and the associ-
ated possibilities are denoted as b = {b1, b2, ..., bi, ...bm } and
p = {p1, p2, ..., pi, ...pm }. m represents the number of possible
bandwidths. bi represents the ith possible bandwidth and pi
represents its corresponding possibility.

C. Optimal policy

According to the dynamic programming technique [12],
the maximum utilization J∗(s) should satisfy the following
Bellman’s equation.

J∗(s) = maxa∈A(s)r (s, a) + E
[
J∗(s̃)

]
(4)

Where s̃ = {B̃(1), B̃(2), ..., B̃(n), b̃} is the next system state of
s.

The maximum utilization could be achieved by an iterative
method described in Algorithm 1. In this Algorithm, we employ
a function series Jk (s) to approach J∗(s). The value functions
Jk (s) and J∗(s) satisfy the equation of J∗(s) = limk→∞Jk (s).
Firstly, we set J0(s) to 0 for every s. Then we use a recursion
formula to calculate Jk (s) step by step. When the functions
finally converge, the approximation of J∗(s) is obtained. The
optimal policy µ∗(s) for every possible system state could be
calculated by the maximum utilization.

Algorithm 1: Iterative Method for Optimal Policy
1. For each s ∈ ς, set J0(s), set k=0.

If A(s) = ø, set Jk (s) = 0 for k ∈ N
2. For each s ∈ ς, compute

Jk+1(s) = maxa∈A(s) r (s, a) + E
[
Jk (s̃)

]

3. Repeate step 2 until it converges.
4. For each s ∈ ς, compute

µ∗(s) = arg maxa∈A(s) r (s, a) + E
[
Jk (s̃)

]

The computation complexity of Algorithm 1 is mainly de-
cided by the size of the state space ς. In each iteration step,
Algorithm 1 has to compute the values of Jk (s) for each state
s ∈ ς. The number of items in ς is decided by the size of
the initial spectrum fragments. The computation complexity
is O(

∏n
i=1 B(i)

0 ) and it increases exponentially along with the
number and bandwidth of the fragments. B(i)

0 represents the
initial bandwidth of ith fragment.

III. SUB-OPTIMAL POLICY
Although Algorithm 1 achieves the optimal solution to

the problem, it is too complex to be implemented in a real
application. Our objective is to find out a sub-optimal policy
to reduce the complexity without significantly performance
degrading.

A. Low computational complexity algorithm

In Algorithm 1, Jk (s) is calculated for every s ∈ ς and this
is the main reason leading to a high computing complexity. In
fact, it is not necessary to go through all of the state space ς.
We propose to reduce the size of ς by constructing two sub-
spaces ς1 and ς2, which represent all the ascending ordered
elements and all the elements of which the bandwidths are
below a threshold λ, respectively.

The construction of state spaces is mainly based on the
following two considerations.

1. The optimal actions are not dependent on the fragments’
order, which means for each s ∈ ς, µ(s) = µ(ŝ), while ŝ =
Ψ(s). Function Ψ indicates the operator of ascending order.
The optimal actions in ς could be calculated by the actions in
ς1.

2. The optimal actions are dependent not on the initial status
but on the current status of the spectrum pool. Accordingly, the
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optimal actions for maximizing spectrum utilizations are con-
sidered more crucial when there are scarce spectrum resources,
corresponding to the case, s ∈ ς2. On the contrary, we pay
less attention and apply a simple strategy for each s < ς2 to
reduce the computational complexity without cutting down the
significant performance.

As described in Algorithm 2, we only need to calculate
for every s ∈ ς1 ∩ ς2 and extend the policies to the full
space. Through this way, the computational complexity of
Algorithm 2 is reduced to O((n + λ − 1)!/(n!(λ − 1)!)), which
is independent on the bandwidth of spectrum fragments.

Algorithm 2: Sub-Optimal Algorithm
1. Build the state space ς,ς1,ς2.
ς = {s = {B(1), B(2), ..., B(n), bt } | B(n) 6 B(n)

0 , bt ∈ {bi }}
ς1 = {s = {B(1), B(2), ..., B(n), bt } | B(l ) 6 B(k ) ,

0 < l < k 6 n}
ς2 = {s = {B(1), B(2), ..., B(n), bt } | max0<i6n B(i) 6 λ}
2. For each s ∈ ς1 ∩ ς2, compute µ

′

(s) through
Algorithm 1.

3. For each s ∈ ς2 and s < ς1,
µ
′

(s) = µ
′

(ŝ) , ŝ = ascorder (s)
4. For each s ∈ ς and s < ς2,

µ
′

(s) = arg maxn {B(n) }

B. Threshold determination
It is crucial to determine a proper threshold value λ,

which balances the system performance and the computational
complexity. The spectrum utilization increases along with the
increase of λ value when it is small, and then saturates if it con-
tinues to increase. On the other hand, the larger the threshold λ
is, the more computation is involved. Thus, our goal is to find
out the minimum λ making spectrum utilization saturated so
as to minimize the computation meanwhile keep the utilization
out of significant degrading. We denote a minimum threshold
λmin (δ) in terms of a small number δ, which is shown in
Equation (5) and (6).

λmin (δ) = min{λ | τ(λ + 1) − τ(λ) < δ} (5)

τ(λ) =
min{ρ(i) | λ 6 i 6 λ + Λ}∑λ+Λ

λ ρ(i)
(6)

ρ(λ) represents the average utilization with a given threshold
λ ∈ N . τ(λ) indicates the fluctuation of average utilization
under Λ sequential threshold values starting from λ. λmin (δ)
is considered as the minimum one of values which satisfy that
the difference between τ(λ + 1) and τ(λ) is smaller than δ.
Subtraction and division are used in different steps to overcome
the overlap of the data.

A practical λmin (δ) can be found out by statistic approach
and linear regression. We carry out a Monte Carlo statistic over
L independent tests. In each test, we use different settings of
possible spectrum requests. The parameter setting is shown in
TABLE I.
λmin (δ) can be obtained in every single test and it is

sensitive to the possible set of required spectrums. Next, we use
a linear regression between λmin (δ) and the following factors
to achieve a reasonable threshold.

ωmean =

m∑
i=1

pibi (7)

ωmin = min{bi | 1 6 i 6 m} (8)

ωlcm = ln{Φ(b1, b2, ..., bm )} (9)

where ωlcm represents the logarithm of the requests’ least
common multiple, Φ represents the operator of least common
multiple.

TABLE I: Parameter Setting of Threshold Test

Parameter Settings
Initial fragements s0 {100,100}

Possible spectrum
requests

m 3
bi [2, 9]
pi (0, 1)

System
variable

Λ 10
δ 0.0002
L 100

TABLE II shows the regression results of λmin . Accordingly,
λmin can be calculated as Equation (10).

λmin = d4.68ωmin − 0.643ωmean − 1.535e + 2dσe (10)
where σ is a standard deviation of the regression model;

Operator dθe indicates the smallest integer larger than θ. Note
that the factor ωlcm is ignored due to the small regression
coefficient, and 2 times of standard deviation, σ, are shifted to
make the calculated λmin larger than the tested one in most
cases.

TABLE II: Regression Results of Minimum Threshold

Variable Regression coefficient Standard deviation
Constant -1.535 1.818
ωmin -0.643 0.373
ωlcm 0.077 0.4703
ωmean 4.68 0.453

R squared: 0.626 ; Model Standard deviation: 3.383

IV. SIMULATION

In this section, we evaluate the performance of the sub-
optimal policy with different initial settings under a random
environment. The proposed policy is compared with the optimal
policy, the random policy and the smallest policy. The random
policy always assigns the arrived requests to a random available
fragment while the smallest policy assigns them to the smallest
available fragment.

A. Simulation setting

The simulation consists of 50 groups to verify the perfor-
mance of the proposed algorithm under various conditions. All
the groups remain independent and different parameters are
employed. Each group consists of three steps.

In the first step, we initialize the system parameters. The
values are generated randomly and independently with uniform
distribution. TABLE III shows the range of the parameters.

In the second step, the average spectrum utilization of each
policy is obtained to eliminate the effects of random requests.
Two sub-tasks will be completed in this step. Four policies are
calculated by using corresponding algorithms in the first sub-
task. The second one computes the average spectrum utilization
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over 10000 test runs for each policy. In each test run, the initial
bandwidths of fragments (e.g. 40, 50, 60 MHz) are provided
by step 1. Then a possible request with a random bandwidth
(e.g. 2 MHz) is generated. Four policies conduct the spectrum
allocation once and update the system state of fragments timely.
New requests are generated and processed continuously until
the system spectrum resource runs out.

TABLE III: Parameter Setting of Simulation

Parameter Range

Initial fragments
n [2, 4]

B(i)
0 [40, 60]

Possible spectrum
requests

m [2, 5]
bi [2, 10]
pi (0, 1)

In the third step, we normalize the average utilizations
of four policies separately for better comparison of different
groups. Since parameter values are different in each group,
average utilizations of different groups could not be compared
with each other. Here we introduce the maximum and minimum
utilization to normalize them. As shown in Equation (11), α
denotes the maximum utilization that the spectrum resources
are fully used. The minimum utilization is denoted as β that
the remaining bandwidth of all the fragments is 1 MHz less
than that of minimum requests in Equation (12). It is noted that
α and β are decided by parameter values regardless of different
policies. Equation (13) shows the calculation of normalization.
γ and ν represent average utilization result and normalization
result of the corresponding policy. The higher the value of ν
is, the better the policy performs.

α =

n∑
i=1

B(i) (11)

β =

n∑
i=1

B(i) − bmin + 1 (12)

ν =
γ − β

α − β
(13)

B. Simulation results

After 50 groups of simulations processed, the performance
of four policies is evaluated by the values of ν. In general, the
proposed algorithm performs well.

Fig.2 shows the histograms of ν in different policies. The
average values of ν are 0.8296, 0.7845, 0.5716 and 0.5744 by
optimal policy, sub-optimal policy, smallest policy and random
policy separately. In around 25 groups, ν of optimal policy is
more than 0.8, which means the average utilization is close
to the max utilization. The sub-optimal policy performs close
to optimal one by centering on value of 0.8. The other two
policies perform worse and both ν are mostly less than 0.7.

V. CONCLUSION

This paper focuses on the dynamic spectrum assignment
for a centralized CR communication system with a spectrum
manager. We propose a low complexity sub-optimal policy with
the computational complexity of O((n + λ − 1)!/(n!(λ − 1)!)),
which is much lower than O(

∏n
i=1 B(i)

0 ) of the standard DP

Fig. 2: Histogram of ν

optimal policy. We define an indicator based on the average
utilization to evaluate the performance of different policies.
The simulations show that the proposed approach scores 0.7845
while the optimal one, random policy and smallest policy score
0.8296, 0.5716 and 0.5744 respectively. The proposal could
significantly reduce the computation complexity with very little
performance lost compared with the standard DP algorithm.
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