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Abstract—In this paper, age of loop (AoL) is investigated
for communication and control co-design in wireless networked
control systems (WNCSs), to ensure information freshness in
the sensor-controller-actuator loop with two-way delay. Also, the
impact of fading channel and finite block length due to limited
transmission bits are considered. A closed-form expression for
Peak AoL (PAoL) is derived with respect to block length and
the number of allowable transmissions in the presence of block
error probability. It is shown that the average PAoL is less
than the sum of the average peak Age of information (PAoI)
in uplink (PAoU) and the PAoI in downlink (PAoD), due to
the coupling of uplink and downlink. In addition, the average
PAoL is proved to be convex with respect to block length
and mono-decreasing with respect to the allowable transmission
time. We then propose a low-complexity PAoL-aware block
length adaptation scheme with retransmission policy and optimal
control. Simulation results verify the correctness of our analytical
results and demonstrate the effectiveness of the proposed PAoL-
aware block length adaptation scheme in terms of information
freshness and control performance.

Index Terms—Age of loop, finite block length, communication
and control co-design

I. INTRODUCTION

Information freshness plays an important role in real-time
applications, where the outdated packets with stale information
may lead to erroneous operations [1]. To measure information
freshness, age of information (AoI) was proposed and defined
as the time elapsed since the generation of the latest success-
fully received status update [1]. Peak AoI (PAoI), which is
an upper bound on AoI, was introduced to measure the worst
case of AoI.

AoI and PAoI have been analyzed for wireless networked
control systems (WNCSs) [2]–[6], where the interplay between
AoI and sensing or control was explored. In [2] and [3], the
estimation error was formulated as a function of age-penalty
and AoI, respectively, where only the unreliable uplink (UL)
was considered. Based on these, a WNCS with 2-way delay
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was considered in [4], and the optimal joint sensor/controller
waiting policy in a Wiener-process system was proposed. In
[5], the online transmission policy at the sensor was proposed
to minimize remote estimation error based on the freshness-
reliability tradeoff. Similar work has been investigated in [6],
where the controller decides whether to sample a new packet
or attempt for retransmission. In WNCSs, UL and DL are
coupled, and the overall performance is affected by the packets
of UL and DL in different manners. The aforementioned work
analyzed the AoI in UL (AoU) or AoI in downlink (AoD)
only, or assumed one perfect link in WNCSs, neglecting the
impact of UL communication on the downlink (DL). In [7],
the age of loop (AoL) and an AoL-based bandwidth allocation
policy were proposed. However, the balance between UL and
DL, and their relationship with overall AoL performance in
WNCSs have not been studied.

In a typical real-time scenario in WNCSs, the status update
information is of limited size and therefore transmitted with
finite block length (FBL), e.g., 20-250 bytes [8]. FBL is
expected to reduce AoI, while it may induce inevitable block
error probability (BLEP) and impair information freshness,
due to limits on channel coding with FBL [9]. While most
of the aforementioned work on WNCSs [2]–[7] have assumed
infinite block length, which can not be applied in real-time
WNCSs directly. In our previous work [11], the correlation
between AoI and delay in the FBL regime was analyzed.
In [12], block length adaptation was employed to minimize
the average AoI for a single-hop FBL system. For WNCSs,
the relationship between AoI and remote estimation error or
control performance in the FBL regime was formulated in [13]
and [14]. However, the impact of block length on the AoL of
WNCSs in the FBL regime has not yet been analyzed, not to
mention the block length adaptation for achieving the optimal
overall performance in WNCSs.

Motivated by the open issues, we investigate peak AoL
(PAoL) for WNCSs with FBL over fading channels. Our
contributions are summarized as follows.
• To the best of our knowledge, this is the first work to

investigate the average PAoL in a WNCS with two-way
delay and BLEP in the FBL regime over fading channels.



In contrast, the previous work on the AoI analysis of
WNCSs has investigated UL and DL separately [2], [3],
[5], [6], [12]–[14], or assumed IBL [2]–[7]. While in [13]
and our previous work [11], only a single-hop system
with FBL over additive white Gaussian noise (AWGN)
channel was considered.

• To evaluate the information freshness of WNCSs, a
closed-form expression for the average PAoL over fading
channels is derived as a function of block length and the
number of allowable transmission times in the presence
of BLEP. Also, the relationship among the average PAoL,
Peak AoU (PAoU) and peak AoD (PAoD) are analyzed,
counterintuitively indicating that the average PAoL is less
than the sum of PAoU and PAoD, due to the coupling of
UL and DL. Our analytical results match the simulation
results very well.

• To improve the performance of WNCSs, a PAoL-aware
block length adaptation scheme with retransmission is
proposed, and the corresponding optimal control is de-
signed. Particularly, the number of allowable transmission
times is determined first and then block lengths adapta-
tions are conducted with low complexity. To obtain this,
the monotonicity and convexity of the average PAoL with
respect to the number of allowable transmission times
and block lengths are analyzed. Simulation results show
that the proposed scheme achieves a better average PAoL
and control performance, compared to PAoU-aware and
PAoD-aware schemes.

II. SYSTEM MODEL

As depicted in Fig. 1, we pay attention to the linear time-
invariant (LTI) system consists of the following parts [2].
• The sensor takes periodic samples of the plant state with

period T and transmits them to the controller through an
unreliable wireless channel, inducing delay τu and trans-
mission error εu [17]. It is assumed that update packets
contain lu bits of information encoded into mu symbols
with the modulation order Θ and symbol duration Ts.

• After receiving the sensor data, the event-triggered con-
troller calculates the control messages that contain ld bits
of information encoded into md symbols with the mod-
ulation order Θ and symbol duration Ts [17], [18], and
transmits them to the actuator via wireless network, where
the delay τd and transmission error εd are inevitable.

• The actuator acts based on the received control messages,
and then the plant state is updated according to the control
system dynamics.

A. Communication System in the FBL Regime

In this paper, channels are assumed to experience quasi-
static Rayleigh fading, where the channel gain h remains
constant during each transmission period and varies indepen-
dently among different transmission periods [12], [15]. The
instantaneous SNR is given by γ = γ̄ |h|2, where γ̄ = Pt

σ2

denotes the average SNR with the transmit power Pt and
average noise power σ2. Also, it is assumed that the truncated
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Fig. 1. System model of the single-loop WNCS.

automatic repeat request (TARQ) retransmission policy with
low feedback overhead is adopted [12], [15], where the source
keeps transmitting the current status update repeatedly until
the allowable transmission times, r, is reached or the packet
is transmitted successfully. Without loss of generality, we
assume that the feedback message (acknowledgment/negative-
acknowledgment) is transmitted perfectly without error [16],
and that the trivial feedback delay is negligible [5].

For analytical tractability, the normal approximations of
achievable rate and BLEP in the FBL regime are employed
[9]. Therefore, the BLEP εα as a function of block length mα,
number of information bits lα and SNR γ can be expressed
as εα ≈ Q(

√
mα/V (γ)(C(γ)− lα/mα)), which is an upper

bound on the BLEP by neglecting the overhead of acquiring
instantaneous SNR [10]. Note that the subscript α is adopted
for the notion simplicity, where α = u and d denote the UL
and DL, respectively. Specifically, the Q-function is given by
Q(x) =

∫∞
x

1√
2π
e−t

2/2dt. C(γ) = 1
2 log2(1 + γ) denotes

the channel capacity per channel use (c.u.) and V (γ) =
1
2 (1− 1

(1+γ)2 )(log2 e)
2 denotes the channel dispersion. In the

case of Rayleigh fading, the average BLEP is expressed as
ε̄α =

∫∞
0
f(γ)εα(γ)dγ, where the probability density f(γ)

is an exponential function of SNR γ, as the channel gain h
follows a complex Gaussian distribution with zero mean and
unit variance. Then, the BLEP can be tightly approximated by
transforming the Q-function into the form of segmented linear
functions [12], i.e.,

εα(γ) ≈



1, γ < δα +
1

2βα

βα(γ − δα) + 1/2, δα +
1

2βα
≤ γ < δα −

1

2βα

0, γ > δα −
1

2βα
,

(1)
where δα = elα/mα − 1 and βα = −

√
mα

2π(e2lα/mα−1)
. Based

on (1), the average BLEP based on average SNR γ̄ can be
expressed as

ε̄α =

∫ ∞
0

1

γ̄
e−

γ
γ̄ εα(γ)dγ ≈ 1 + βαγ̄(vα1 − vα2), (2)

where vα1 = e−
1
γ̄ (δα+ 1

2βα
) and vα2 = e−

1
γ̄ (δα− 1

2βα
).

B. LTI Control System

The LTI system is modeled as [17]

dx(t) = Ax(t)dt+ Bu(t)dt+ dw(t), (3)



where x(t) is the plant state, u(t) is the control input and w(t)
is the AWGN with zero mean and variance Rw. Also, A and B
are the constant system-transition and control-input matrixes,
respectively. As shown in Fig. 2, the plant state is sampled
periodically by the sensor at times tn := nT , ∀n ∈ N . By
considering zero-order-hold and letting subscript n denote the
samples at tn, we have [17], [18]

xn+1 = eAT xn + Γn0 ûn + Γn1 ûn−1 + wn, (4)

where Γn0 =
∫ T−τn

0
eAtBdt and Γn1 = eA(T−τn)

∫ τn
0
eAtBdt

with the network delay τn = τu,n+τd,n. Note that the delay in
UL τu,n and DL τd,n depend on the block lengths and number
of transmissions. Also, it is assumed that the network delay
is bounded by one sampling period, i.e., τn ≤ T , allowing
packets to arrive at the receiver in the correct order [17], [18].
Let pα = 1 denote the event that the transmission in UL (α =
u) or DL (α = d) is successful, whose probability is 1 − εα.
Also, we define pα = 0 as the event that the transmission is
unsuccessful, with the probability of εα. Note that the actuator
takes an action based on the previous control message in case
of failed transmission [18]. Hence, the control input is given
by ûn = pu,npd,nun+(1−pu,npd,n)ûn−1, where un is designed
in detail in Subsection IV-B.

III. AVERAGE PAOL ANALYSIS FOR WNCSS

In this section, we present the closed-form expression for
the average PAoL in the WNCS denoted by ĀL. Also, the
relationship among the average PAoL ĀL, PAoU ĀU and PAoD
ĀD is analyzed.

A. Average PAoL of WNCSs

In Fig. 2, the evolution of PAoL in the WNCS is shown.
The instantaneous AoI measures the elapsed time since the
generation of the last successfully received packet, i.e., ∆(t) =
t−u(t), where u(t) is the generation time of the latest update
that is successfully received by the receiver before time t.
Assume that the i-th update is generated at time gi by the
source and received by the destination at time di. Then the
service time of the i-th update can be expressed as Si = di−gi,
and g∗i denotes the packet that was not successfully received
by the receiver. In addition, we denote the interarrival time
by Yi and the PAoL is denoted by Ai = Yi + Si. With the
total number of successfully transmitted informative packets
NT over time interval [0, T ], the average PAoL in the WNCS
is given by

Ā = lim
T→∞

1

NT

NT∑
i=1

Ai = lim
T→∞

1

NT

NT∑
i=1

(Si + Yi)

= E [S] + E [Y ] ,

(5)

where E[·] denotes the expectation operator and the ergodicity
of the stochastic process is assumed [1]. To obtain the average
PAoL in (5), the average service time E [S] and interarrival
time E [Y ] are derived as follows.

The service time can be derived based on the transmission
time of UL and DL under the event that the packets are
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Fig. 2. Control timeline and the evolution of AoI in WNCSs.

successfully received by the destination. With the average
BLEP in UL ε̄u and DL ε̄d, as well as the number of
allowable transmissions r, the average service time is derived
in Appendix A and shown as

E [S] =
muTs

1− ε̄u
− muTsrε̄

r
u

1− ε̄ru
+
mdTs

1− ε̄d
− mdTsrε̄

r
d

1− ε̄rd
. (6)

Since the instantaneous AoI at the actuator drops only if
both packets in UL and DL are transmitted successfully, the
interarrival time is given by

E [Y ] =
T

(1− ε̄ru)(1− ε̄rd)
. (7)

Based on (6) and (7), the average PAoL in a WNCS is given
in Theorem 1.

Theorem 1: The average PAoL in a WNCS is formulated as
a function of block lengths mu and md, as well as the number
of allowable transmissions r, given by

ĀL =
T

(1− ε̄ru)(1− ε̄rd)
+
muTs

1− ε̄u
− muTsrε̄

r
u

1− ε̄ru

+
mdTs

1− ε̄d
− mdTsrε̄

r
d

1− ε̄rd
,

(8)

Proof: Please refer to Appendix A. �
Based on Theorem 1, the properties of the average PAoL

are discussed in detail in Subsection IV-A.

B. PAoL vs. PAoU and PAoD

Based on Subsection III-A, the average PAoU and PAoD
can be derived in a similar way and the relationship among
PAoL, PAoU and PAoD is shown in Theorem 2.

Theorem 2: The average PAoL is the sum of the average
PAoU and PAoD with the average interarrival time in UL
removed, given by

ĀL = ĀD + ĀU − T

1− ε̄ru
. (9)

where ĀU = T
1−ε̄ru

+ muTs
1−ε̄u
− muTsrε̄

r
u

1−ε̄ru
. and ĀD = T

(1−ε̄ru )(1−ε̄rd ) +
mdTs
1−ε̄d

− mdTsrε̄
r
d

1−ε̄rd
. �



It is concluded from Theorem 2 that block lengths in
UL and DL affect the average PAoL, PAoU and PAoD in
different manners. Also, the average PAoD is mono-decreasing
with respect to the block length mu, as the BLEP ε̄u is a
mono-decreasing function of block length mu. Then we have
Remarks 1 and 2.

Remark 1: Minimizing the average PAoU and PAoD is not
equivalent to minimizing the average PAoL.

Remark 2: The average PAoU is independent of the block
length md in DL. While the average PAoD is affected by both
block lengths in UL and DL, and is mono-decreasing with
respect to the block length mu in UL.

IV. PAOL-AWARE COMMUNICATION AND CONTROL
CO-DESIGN

This section aims to minimize the average PAoL in the
WNCS by optimizing block lengths and the number of al-
lowable transmissions. Based on these, the optimal feedback
control is also designed.

A. PAoL-Aware Block Length Adaptation with Retransmission

We aim to minimize the average PAoL in a WNCS by
jointly optimizing the block length vector m = (mu,md)
and the number of allowable transmissions r. The problem
is formulated as

P1 : min
m,r

ĀL (10)

s.t. (C1) : lα/ log2 Θ ≤ mα ≤ mα,max,mα ∈ N+,

(C2) : 1 ≤ r≤ rmax,

where (C1) constraints the minimum block length that depends
on the number of information bits lα and modulation order Θ,
and the maximum allowable block length mα,max. (C2) limits
the maximum allowable transmission time rmax that depends
on the limits of power and sampling period.

First, we relax the integer constraint (C1) into continuous
space, and then Propositions 1 and 2 are presented to address
this optimization problem.

Proposition 1: The average PAoL ĀL is mono-decreasing
with respect to the number of allowable transmissions r.

Proof: The first-order derivative of the average PAoL
with respect to the allowable transmissions is given by
∂ĀL

∂r =
T ε̄rd ln(ε̄d)

(1−ε̄rd )2(1−ε̄ru ) + T ε̄u
r ln(ε̄u)

(1−ε̄rd )(1−ε̄ru )2 − muTs ε̄
r
u (ln(ε̄u)r−ε̄ru +1)
(1−ε̄ru )2 −

mdTs ε̄
r
d (ln(ε̄d)r−ε̄rd +1)
(1−ε̄rd )2 =

T ε̄ru ln(ε̄u)−muTs ε̄
r
u (ln(ε̄u)r−ε̄ru +1)(1−ε̄rd )

(1−ε̄rd )(1−ε̄ru )2 +
T ε̄rd ln(ε̄d)−mdε̄

r
d (ln(ε̄d)r−ε̄rd +1)(1−ε̄ru )

(1−ε̄rd )2(1−ε̄ru ) . Since T > r(mu +md)Ts,
T ε̄ru ln(ε̄u) − muTsrε̄

r
u ln(ε̄u)(1 − ε̄rd) − muTsε̄

r
u(1 − ε̄ru)(1 −

ε̄rd) < 0 is held with ε̄u < 1 and ε̄d < 1. Similarly,
T ε̄rd ln(ε̄d)−mdTsε̄

r
d(ln(ε̄d)r−ε̄rd+1)(1−ε̄ru) < 0 is guaranteed,

and hence, ∂Ā
L

∂r < 0 is proved. �
Proposition 1 implies that retransmission is beneficial to

reduce the average PAoL with the finite transmission time.
The reason is that the probability of packets being successfully
received can be increased by retransmission, which decreases
the interarrival time and further the average PAoL.

Proposition 2: When lα ≥ π and ε̄α < 0.5, the average
PAoL ĀL is convex with respect to block lengths m.

Proof: Please refer to Appendix B. �
Proposition 2 implies that there exist optimal block lengths

that minimize the average PAoL, based on which the block
length adaptation is conducted.

It is concluded that P1 is a convex optimization problem in
its feasible domain based on Propositions 1 and 2. To handle
this problem, we propose a PAoL-aware block length adapta-
tion scheme with retransmission, where the optimal number of
allowable transmission times r∗ = rmax is determined first and
then the optimal block lengths are obtained based on Newton’s
method [12] with low complexity, as shown in Algorithm 1.

Algorithm 1: Block Length Adaptation with Retrans-
mission

1 Input: Maximum allowable transmission time rmax,
maximum allowable block length mα,max,
information bits lα, initial point (mu0

, md0
), error

tolerance ξ.
2 The optimal number of allowable transmissions is

given by r∗ = rmax.
3 Substitute r∗ into (8) and obtain the optimal block

lengths m∗ based on Newton’s method by rounding
the optimized block lengths and comparing them with
the block length requirements in (C1).

4 Output: Optimal block lengths m∗ and allowable
transmission time r∗.

Note that PAoU-aware and PAoD-aware policies can be
obtained by a similar method and adopted as benchmarks,
which are omitted due to limited space.

B. Optimal Feedback Control Design

Based on the optimized block lengths m∗ and number of
allowable transmissions r∗ derived in Subsection IV-A, the
corresponding BLEP can be obtained as ε∗α. Also, τn and ûn
can be updated based on Subsection II-B. Then, we introduce
an augmented discrete-time state variable zn = [xn ûn−1]

T

to analyze the system, which can be further expressed as

zn+1 = Φ(T, τn)zn + Γ(T, τn)ûn + wn, (11)

where Φ(T, τn) =

[
eAT Γn1
0 0

]
and Γ(T, τn) =

[
Γn0
I

]
.

Particularly, the control performance is considered and
defined as the reciprocal of control cost, which is given by
[17]

J = E{
N−1∑
n=0

[z>nQzn + û>nRûn] + z>NQzN}, (12)

where Q and R are positive defined weight factors. Then,
the optimal control law is designed to minimize the control
cost, given by un = −Kzn [18], where K is the control gain
given by K = (R + Γ>PΓ)−1Γ>PΦ and P is the steady-
state solution of the control Riccati recursion P = Φ>PΦ −
(Φ>PΓ)(Γ>PΓ +R)−1(Γ>PΦ) + Q [17].



V. SIMULATION RESULTS

In this section, we first show the impact of block lengths and
the number of allowable transmissions on the average PAoL
in WNCSs. Then, the performance of the proposed PAoL-
aware communication and control co-design is demonstrated
via simulation results.

Following [8] and [17], we consider a typical WNCS in
factory automation, where an unstable and controllable plant

in the form of (1) is formulated with A =

[
2 1
0 1

]
, B =

[
0
1

]
,

Q = I and R = 0.1, where I is an identity matrix. The
sampling period of the sensor is set to T = 0.01 s and the
symbol duration is set to Ts = 10−5 s [11]. Both the sensor and
controller are allowed to transmit with the number of allowable
transmissions r = 2 [15]. The number of information bits is
set to lu = 240 and ld = 160 at the sensor and controller
[8], respectively, with the maximum allowable block lengths
mu,max = 400 c.u. and mu,max = 300 c.u., and the modulation
order Θ = 4. In addition, the initial point of the proposed
algorithm is set to (60, 40) with the error tolerance ξ = 10−8.

Fig. 3 depicts the joint impact of block lengths in UL and
DL on the average PAoL with the sampling period T = 10 ms,
number of allowable transmissions r = 2 and average SNR
γ̄ = 6 dB. It is observed that there exists an optimal block
length pair that minimizes the average PAoL, which can be
found by using the proposed PAoL-aware transmission policy.
Its optimality is validated by using the exhaustive search.

Fig. 3. Joint impact of block lengths on the average PAoL with sampling
period T = 10 ms, numer of allowable transmissions r = 2 and average
SNR γ̄ = 6 dB.

Fig. 4 shows the impact of the DL (UL) block length with
the fixed UL (DL) block length on the average PAoU, PAoD
and PAoL, respectively. Interestingly, with the fixed UL block
length mu = 200 c.u., both the average PAoD and PAoL
are convex with respect to the block length in DL, while the
average PAoU is independent of it, as analyzed in Theorem 1.
In addition, the block length in UL affects the average PAoU,
PAoD and PAoL, even with the fixed block length in DL
md = 100 c.u.. Also, the average PAoD is mono-decreasing
with respect to the block length in UL, as stated in Remark
2. This is due to that a larger block length mu leads to a

lower BLEP and hence, the interarrival time at the controller
is smaller, which leads to a lower average PAoD. Furthermore,
it is shown that the average PAoU, PAoD and PAoL have
different trends with respect to block lengths, and hence, the
average PAoL is not the sum of the average PAoU and PAoD,
as stated in Theorem 2 and Remark 1.
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Fig. 4. Impact of the block length in DL (UL) with the fixed block length
in UL (DL) on the average PAoU, PAoD and PAoL, respectively, with the
sampling period T = 10 ms, number of allowable transmissions r = 2 and
average SNR γ̄ = 6 dB.

Fig. 5 compares the proposed PAoL-aware policy and the
existing approaches in terms of average PAoL and control
performance, where the control performance is defined as
the reciprocal of the control cost, i.e., 1

J . Generally, with
a higher SNR, the average PAoL is lower and the control
performance is better. Also, it is shown that the PAoL-
aware policy achieves the lowest average PAoL and the best
control performance, which outperforms the approach without
retransmission, especially with low SNRs. Furthermore, the
proposed PAoL-aware policy outperforms the approaches that
optimize PAoU and PAoD [12] solely, where the improvements
of the average PAoL and control performance are up to 34%
and 6%, respectively, demonstrating the advantages of the
introduced average PAoL.
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VI. CONCLUSION

In this paper, we have presented a comprehensive analysis
on the average PAoL and the co-design of communication
and control in the WNCS with FBL over fading channels.
The closed-form expressions for the average PAoU, PAoD and
PAoL with respect to block lengths and allowable transmission
times have been derived. The accuracy of the theoretical anal-
ysis has been confirmed by simulations. Based on these, the
average PAoL has been proved to be less than the sum of PAoU
and PAoD. Particularly, the PAoL-aware communication and
control co-design has been investigated. Particularly, a low-
complexity PAoL-aware block length adaptation with retrans-
mission policy has been proposed, where the optimal allowable
transmission times and block lengths are derived successively.
The proposed PAoL-aware communication policy with optimal
control has provided a up to 34% PAoL reduction and 6% con-
trol performance improvement, compared to the approaches
that optimize PAoU and PAoD solely.

APPENDIX A
PROOF OF THEOREM 1

Since we consider TARQ at the sensor and controller,
the transmission delay of each round is given by muTs and
mdTs, respectively. Then, with the allowable transmission
time r and the case of successful transmission, the average
service time is derived as E[S] =

∑r
k=1 kε̄

k−1
u (1−ε̄u)muTs

1−ε̄ru
+∑r

k=1 kε̄
k−1
d (1−ε̄d)mdTs

1−ε̄rd
, as the BLEP of different status pack-

ets is independent and the PAoL characterizes the timeli-
ness of packets generated from the sensor and received by
the actuator. Based on the series expansion [14], we have
E[S] = muTs

1−ε̄u
− rε̄rumuTs

1−ε̄ru
+

mdTs
1−ε̄d

− rε̄rdmdTs

1−ε̄rd
, as shown in (6).

Considering the BLEP ε̄u in UL and ε̄d in DL, and letting
x = 1−(1− ε̄ru)(1− ε̄rd), the average interarrival time of infor-
mative packets is given by E[Y ] =

∑∞
k=0(k+ 1)xkT (1− x),

based on the fact that AoL drops only when both packets
in UL and DL are transmitted successfully. Applying the
series

∑∞
k=0 x

k = 1
1−x and

∑∞
k=0 kx

k = x
(1−x)2 , we have

E[Y ] = T
(1−ε̄ru )(1−ε̄rd ) , yielding the average PAoL in (8).

APPENDIX B
PROOF OF PROPOSITION 2

The second-order derivative of the average PAoL with
respect to the block length in UL is given by ∂2ĀL

∂mu2 =

F1 + F2 + F3, where F1 =
T

1−ε̄rd

∂2 ε̄ru
∂mu2 (1−ε̄ru )+ 2T

1−ε̄rd
(
∂ε̄ru
∂mu

)2

(1−ε̄ru )3 ,

F2 =
muTs

∂2 ε̄u
∂m2

u
(1−ε̄u)+2Ts(1−ε̄u)

∂ε̄u
∂mu

+2muTs(
∂ε̄u
∂mu

)2

(1−ε̄u)3 and F3 =

muTsr
∂2 ε̄ru
∂m2

u
(1−ε̄ru )+2Tsr(1−ε̄ru )

∂ε̄ru
∂mu

+2muTsr(
∂ε̄ru
∂mu

)2

(1−ε̄ru )3 . Then, we intro-

duce auxiliary variables F4 = ( 2T
1−ε̄rd

− 2mTsr)(
∂ε̄ru
∂mu

)2 +

2muTs(
∂ε̄u
∂mu

)2, F5 = ( T
1−ε̄rd

− muTsr)
∂ε̄ru
∂m2

u
+ muTs

∂2ε̄u
∂m2

u
and

F6 = −2Tsr(1 − ε̄ru)
∂ε̄ru
∂mu

+ 2Ts(1 − ε̄u) ∂ε̄u
∂mu

. Since 0 <
ε̄u < 1, F1 + F2 + F3 > 0 is guaranteed by proving
F4 + F5 + F6 > 0. First, since T

1−ε̄rd
− muTsr > 0 is

held, F4 > 0 is proved. Then, F5 can be expressed as
F5 = (( T

1−ε̄rd
− muTsr)r! + muTs)

∂2 ε̄u
∂m2

u
. Based on the first-

order Taylor approximation of ε̄u [12], we have ∂2ε̄u
∂m2

u
≈

(2lumu+l
2
u )elu/mu−2

√
πlumu

m4
u γ̄

> 0, if lu ≥ π, which is easily
satisfied for typical scenarios [12]. Then, F6 > 0 holds as

∂ε̄u
∂mu

= (
√
πlu−luelu/mu )

γ̄m2
u

e
−elu/mu +

√
πlu
mu

+1

γ̄ < 0. Then, ∂2ĀL

∂md2 > 0

can be proved in a similar way. In addition, we have ∂ĀL

∂mu∂md
=

T
∂ε̄ru
∂mu

∂ε̄rd
∂md

(1−ε̄rd )2(1−ε̄ru )2 and F1 =
T
∂2 ε̄ru
∂mu2 (1−ε̄rd )+2T

1−ε̄rd
1−ε̄ru

(
∂ε̄ru
∂mu

)2

(1−ε̄ru )2(1−ε̄rd )2 . Then,
∂2ĀL

∂mu2
∂2ĀL

∂m2
d
− ∂ĀL

∂mu∂md

∂ĀL

∂md∂mu
> 0 when ε̄rd − ε̄ru < 0.5, which

can be guaranteed as 0 < ε̄α < 0.5 is held for time-critical
applications [11]. Hence, the Hessian matrix of the objective
function with respect to block lengths is positive definite.
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