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Abstract—In this paper, we present Dynamic Graph Mixer
(DGM), a novel model for learning spatio-temporal-individual
coupled features from high-dimensional and incomplete (HDI)
tensors, which frequently represent dynamic interactions among
real-world data samples. In contrast to existing methods, the
proposed DGM possesses the following three advantages when
learning representations from HDI tensors. First, it performs
light graph message passing based on the conjoint attentions
learned by jointly modeling latent features and implicit struc-
tures to extract high-order connectivity. Second, a multi-layer
nonlinear tensor neural network is adopted to learn the intricate
attribute features of node-node-time from different views. Third,
it follows the Tucker decomposition paradigm in a data density-
oriented modeling mechanism to integrate node representations,
preserving the overall multi-dimensional interaction patterns.
Besides, we provide theoretical evidence that the key components
in DGM can significantly improve expressiveness. Extensive
experiments conducted on eight test datasets of HDI tensors
demonstrate that DGM outperforms state-of-the-art methods in
both learning accuracy and efficiency.

Index Terms—Representation Learning, Tensor Decomposi-
tion, Latent Feature Analysis, Latent Factorization of Tensors,
Graph Neural Networks, Data Science, Information Fusion.

I. INTRODUCTION

YNAMIC and complex interactions among numerous

entities are frequently encountered in various real appli-
cations, such as the Terminal Interaction Pattern (TIP) analysis
system and the cloud service system [1]-[3]. Due to the
accumulation of data over time and the increase in the scale of
nodes, achieving full mappings can be extremely challenging
under certain conditions. For instance, within a metropolitan
area network, a substantial volume of data is transmitted
among terminals and recorded by gateway devices, but it is not
feasible to observe all potential interactions. Thus, as shown
in Fig. 1, a High-Dimensional and Incomplete (HDI) tensor
is commonly constructed and considered as a fundamental
data structure [4], [5] for further analysis. To acquire valuable
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Fig. 1. An illustrative example of an HDI tensor.

knowledge describing node behaviors, effective representation
learning to the nonstandard tensor data becomes essential.

Among various approaches to tackle this critical challenge,
models based on Latent Factorization of Tensors (LFoT) have
proven to be highly effective [6]-[8]. Given an HDI tensor,
an LFoT model builds its low-rank approximation, where the
latent features are efficiently learned for nodes. Some straight-
forward techniques, such as extended matrix factorizations [9],
Canonical Polyadic Decomposition (CPD) [4], Tensor-Train
(TT) decompositions [7], Tensor Ring (TR) decompositions
[8], and the tensor Singular Value Decomposition (t-SVD)
[10], can only be applied to small-scale HDI tensors owing
to the need for full padding. Therefore, building the learning
objective by considering the data density of an HDI tensor has
become popular [1], [3], [11]. Recently, the primary challenge
in constructing an effective LFoT-based model is the complete
capture of informative patterns.

To ensure that the learned node representations encapsulate
the critical features of the HDI tensor, several efforts have
been focused on implicitly intervening in the learning process
of the LFoT model [4], [11], [12]. For instance, neural LFoT
develops an adaptive backward propagation for efficiently
learning the nonlinearity and nonnegativity implied in the HDI
tensor [4]. A fine-grained regularization scheme is introduced
for nonnegative LFoT to address the data imbalance problem
in HDI tensors [11]. An integrated LFoT model that leverages
multi-linear algebra concepts is proposed to preserve multi-
dimensional features, enabling high representation learning
accuracy [12]. Additionally, a pyramid of LFoT approaches is
dedicated to constructing complex architectures to explicitly
capture latent features within HDI tensors [9], [13], [14]. To
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Fig. 2. The dynamic non-Euclidean structure in an HDI tensor. The separated
modeling method may lack sensitivity to numerous key implicit connections,
such as those highlighted in red.

describe tensor fluctuations, a biased LFoT model introduces
linear biases into the representation learning process, where
several rank-one bias tensors are achieved [13]. For learning
trend similarities among nodes, progressive adjacency matrices
are constructed in the graph convolution process [15]. To
efficiently encode both spatial and temporal dynamics in the

HDI tensor, a scalable spatiotemporal Graph Neural Network

(GNN) is presented [16].

Despite the effectiveness of existing methods, they struggle
to capture the spatio-temporal-individual coupled features.
Specifically, several thorny issues have not been adequately
addressed by existing approaches:

(1)First, the implicit non-Euclidean structural characteristics
due to dynamic node interactions are not well modeled. As
illustrated in Fig. 2, nodes are not sufficiently responsive to
many potentially connected one-hop neighbors at various
slices. Taking N as an example, if separately capturing its
sequence patterns (e.g., [n(lt 1), n(lt), n(lHl) ]) and spatial
patterns (e.g., [n(lt), nff)], [n(ltﬂ) , n(2t+l) 1), numerous con-
nectivity relationships (e.g., [n(lt), ng 1)], [n(lHl) s ngﬂ) D
are omitted. Considering the importance of structural fea-
tures [15]-[20], this drawback may significantly hinder the
learning capacity of conventional approaches. Therefore,
it becomes critical to develop methods that can uniformly
extract the intra- and inter-dimensional structural connec-
tivity in dynamic graphs while preserving distinctiveness
regarding connections and representations.

(2)Second, the dimension-coupled tensor attributes of node-
node-time are commonly overlooked by existing methods.
According to tensor theory [1], [2], [4], an HDI tensor can
be viewed in terms of its frontal, lateral, and horizontal
slices, as depicted in Fig. 3. This multi-perspective view
suggests that explicitly learning the tensor attributes related
to each dimension may potentially enhance the perfor-
mance of representation learning.

(3)Third, the latent features should be efficiently learned and
fused, which requires simplifying the model structure when
capturing each part of features. Furthermore, an effective
feature fusion mechanism is needed to retain the overall
multi-dimensional interaction patterns while ensuring that
the model can be efficiently optimized.

Aiming at addressing the aforementioned concerns, this
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Fig. 3. Multi-directional slices of an HDI tensor, which describes dimension-
coupled tensor attributes from multiple views.

paper investigates how to construct an effective LFoT model
to comprehensively extract the spatio-temporal-individual cou-
pled features within an HDI tensor. To this end, we propose
Dynamic Graph Mixer (DGM), a novel model for LFoT,
which differs from existing methods with the following three-
fold distinctive ideas. First, it implements a Conjoint Attention
Network (CAN) for learning the high-order node connectivity.
In each layer, the attention scores are jointly calculated con-
sidering the latent features and implicit structures. Based on
learned attentions, both intra- and inter-dimensional connec-
tivity messages, along with sequence patterns, are propagated
in a lightweight manner. Second, a multi-layer Tensor Neural
Network (TNN) is used to explicitly learn the attribute features
across nodes and time. It constructs multi-view sparse map-
pings as input, builds nonlinear fully-connected networks for
learning hidden representations, and pools dimension-specific
features as output. Third, following the general paradigm of
Tucker decomposition, the learned latent features describing
structural characteristics and tensor attributes are fused. In
the Tucker refactoring process, multi-dimensional interaction
patterns are preserved using the core tensor and efficiency is
achieved through a data density-oriented modeling mechanism.
Overall, this paper has made the following contributions:

(1) A novel DGM model is proposed for LFoT, which can well
represent an HDI tensor (in the low-dimensional form) by
effectively learning the implicit non-Euclidean structural
characteristics as well as intricate tensor attributes. Detailed
methodological inferences and algorithm designs for DGM
are provided and analyzed.

(2)Based on the properties of mutual information [21], [22],
we theoretically prove that the key modules designed for
DGM enable it to achieve higher expressivity, thereby
improving its representation learning capacity. For the first
time, such endeavors are undertaken to analyze the learning
ability for the approach to LFoT on an HDI tensor.

(3)We have conducted extensive empirical studies on eight
industrial HDI tensors arising from a real application.
The results demonstrate that the proposed DGM achieves
significantly higher representation learning ability in terms
of both accuracy and efficiency compared to several state-
of-the-art approaches, and also show that its components
contribute positively to its overall performance.

The rest of this paper is organized as follows. Section II
presents the preliminaries. Section III introduces the proposed
DGM and its algorithm. Section IV provides its expressivity
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analyzes. Section V shows the experimental results. Section
VI makes conclusions and outlines future work.

TABLE |
SYMBOL APPOINTMENT.

Description

Symbol

Il. PRELIMINARIES N T

A. Notations Y, ¥
.. . . . Vit o 9

To distinguish different types of symbols, the following R

conventions are adopted: 1) Tensors are denoted by uppercase kL
bold letters, e.g.H ; 2) matrices are represented by uppercase ~ G. G°
letters, e.g.H; 3) sets are denoted using uppercase italicized c C“jo

letters, e.g.H ; 4) vectors are indicated by lowercase italicized B }'q(k')’ A

bold letters, e.g.h; 5) scalars are expressed using lowercase ok, AKX, ok
italicized letters, e.gh; 6) the entry located at positid j; k ) Ak) (k)
within tensorH is denoted ahi;jx ; 7) the entry at coordinates all), o

(i;J ) in matrix H is represented dls;; ; 8) the vector of the I(J'O’ o

i-th row of matrixH is denoted a&;; 9) theh-th entry in set (t’ i
H is expressed ah. Unless otherwise speci ed, we adhere  &{”, f*")
to the above notation conventions throughout this paper. For >
clarity, we summarize the key symbols in Table I. A(ki)' .Fi(k)
all), £ 10
|] '
B. Problem Formulation fis
As illustrated in Fig. 1, an HDI matrix re ects complex node L(’k)s

relationships, where an abundance of interactions cannot be Ui(-}()
observed and the interaction states vary dynamically, resulting "

in a highly sparse HDI tensor. According to previous studies P, H, 0O
[1], [3], [4], an HDI tensor describing the dynamic entity Q(('l)),v(('l)),ﬁ(('l)).
interactions is de ned as: Q(,) :}7(,) ;(,)
De nition 1. (An HDI Tensor). Given node seN and time ('{) (|) ’*(I)

’ tr ’

slot setT, Y 2 RINil Nii Ti js a mode-three tensor, where % * %ir
an entryy;;: describes a certain type of interaction occurring
between nodegj 2 N at timet. If the known entry set ()

is much smaller in size compared to the unknown ong, (
i.e.,j j I J,Y isan HDI tensor.

To learn effective representations elucidating the valuable | i 'dg
knowledge within an HDI tensor, an LFOT model has proven (), 0.
to be highly pro cient [4], [11], [13], which is de ned as: (i 71‘ 5. ((
De nition 2. (An LFoT Model). Based on the known entry ,
set of Y, an LFoT model learn¥ 's rank-R approximation
¥ 2 RINII NIl Ti whereR  minfj Nj;jTjg is the dimen-
sionality of latent feature space. Accordingly, each estimation s
$ir 2 9 of yijr 2 Y is generated in such a way that the b,
loss between them is minimized. ik

M(l),W(l), z()
P,H, O
pi! h] ,» Ok
E, esrk

)

(
)
i)

n®n

M, W 20,

Node set and time slot set.

An HDI tensor and its ranlR approximation.
Single elements ity and¥ .

Dimensionality of latent feature space.

Layer numbers of CAN and TNN.

A dynamic graph and its compressed form.
Adjacency matrix ofG° and its single element.
Latent structural feature matrices.

The k-th layer latent structural feature matrices.

Feature vectors i?(®), A(K) | and OK)

Score matrices describing feature correlations.
Single elements iR () and F(K)

Query vectors for feature correlation scores.
Score matrices describing structural correlations.

Single elements ik (k) and F(K)

Matrices achieved by implicit factorizing tG.
Decomposed vectors in and

Attention matrices of conjoint correlations.
Single elements if (k) and F(k)

Normalized balancing coef cients.

Learned parameters corresponding toand .
Attention matrix of sequence relationships.
Single element irU (k)

Query vector calculatingy (¥) .

Latent attribute feature matrices.

Thel-th layer latent feature matrices describing
multi-view dimension-coupled tensor attributes.
Single feature elements (), ¥, RO QM)
v, andX( which are captured by TNN.

Thel-th layer weight matrices, which correspond
to Q1) YO RO oM, v andx®,

Final latent features fused from two modules.
Single feature vectors iR, H, andO.

Core tensor and its single element.

Inner, outer, and mode-product operators.
Cardinality and ceiling functions.

Functions of layer pooling, activation, and loss.
Node set and time slot set directly connected.to
Interaction sets in a tensor and a matrix.
Known, unknown, and testing entry sets.

Set that includes all the trainable parameters.
Coef cient of balancing feature importance.
Learning rate and regularization coef cient.
Current and maximum epochs.

Data batch index and batch size.

Time and storage costs.

Ill. THE PROPOSEIDGM

A. Extracting Structural Characteristics

This section introduces the proposed DGM in detail, whose

overall structure and processing ow are illustrated in Fig. 4. For a dynamic graphs, an HDI tensorY captures its

Generally, it comprises three key components: a) the moddilsmdamental structural characteristics [2], [4], such as the non-
for extracting structural characteristics constructs a layer-wiseiclidean spatial patterns among nodes and the sequential
CAN network, which can ef ciently learn the intra- and inter-patterns across time slots. Aiming at learning such structural
dimensional connectivity as well as the sequence patterns;characteristics and obtaining latent features corresponding to
the module for extracting dimension-coupled tensor attributeach dimension, we design a conjoint attention-based graph
takes an HDI tensor's muti-view mappings as input and adopteural network, namely CAN. As illustrated in Fig. 4, the CAN

a sparsely-activated TNN to learn nonlinear latent features; ametwork takesy as its input and is expected to learn three la-
c) the Tucker refactorizing module fuses latent features frot@nt structural feature matrices, which includgA 2 RINI R
diverse streams and utilizes them along with a core tensordarresponding to nodes, arfd 2 RITI R corresponding to
estimate the missing entries. The subsequent sections provides slots. An example of the processing ow for achieving a
an in-depth overview of DGM. certain structural feature matrlR is shown in Fig. 4(a), and
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Fig. 4. The overall structure and processing ow of DGM. It takes an HDI ten¥oy &s input and consists of three fundamental components: (a) The
module for extracting structural characteristics computes the conjoint attentions and performs light graph message passing to learn three latent structural
feature matricesR, A, and O); (b) The module for extracting dimension-coupled tensor attributes pre-calculates the multi-view mappings and adopts a
sparsely-activated tensor neural network to achieve three latent attribute ma#jdés §ndO); (c) The Tucker refactoring module utilizes the fused latent

feature matricesR, H, andO) and the core tensoE() to obtain the nal estimation tensoif(). Best viewed in color.

the detailed computation rules of CAN are as follows. wherea¥) 2 A® andf® 2 F® are the feature corre-

1) Conjoint Attention LearningConsidering the input HDI lation scores A®; F(9 2 RINII NI are the corresponding
tensorY , we rst apply a mask along the dimension of timdfeature correlation matrices;; 2 C is the binary indicator,
slots to obtain its adjacency matrix 2 f 0: igNii Ni, which ~ *; ) 2 R*® are the query vectorspy; pf 2 P(®),
re ects the comprehensive interaction patterns of nodes. fﬁr:f;ﬁ;( 2 HK) pk).HK) 2 RINI R gre the representations
C, an entry of one indicates that an interaction has occurrefl nodes, andjj is the concatenation operator, indicating

between two nodes at some time slot, Ol.e., it describes tbie”- p}‘;ﬁikjjﬁjk 2 R%® Based on the layer-wise latent features,
compressed graph oB, referred to asG". Therefore, the he correlation strengths calculated by Eq. (1) can be normal-
intra- and inter- dimensional connectivity is aggregated inf9eq a5 attentions, while they may neglect fundamental struc-
C. Based onC, the key issues are to distinguish the overa|, 5| features and result in the issue of over- tting [21], [22].
interact_ion s’Frength and to learn the sequence relationships W@éording to previous studies [20], [23], [24], many methods
are omitted inC. like matrix factorization, clustering, and causal inference can

For quantifying the interaction strength of nodes, CAN rspreserve structural correlations well. Given the computational
randomly initializes two latent feature matric®&) ;A 2 ef ciency of matrix factorization and its capability of learning
RINJ R corresponding td® and A. Then, at thek-th layer stochastic latent representations, the CAN module further com-
of CAN, following the general paradigm calculating selfputes the node correlations between pairwise nade® N

attentions [18], the feature correlations between two connectgsl 8
nodesi;j 2 N are achived as: < ai(.}‘) =c; (i ')
. )
S 0 L N IRCL = Gt
2 8" = Gj ) o] kpj . ;

i (1) InEqg. (2),& 2 A® and {9 2 FK) are the structural
> AK) O T k), A(K) c o ) INDT N
T = oy (k) A KA correlation scores, wher&(®); F(k) 2 RINii Ni are the cor-
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« _ ©® LeakyReLU 00 T oMol

Ui

exp LeakyReLU ") T o®jjel
s27 (i)

(5)
whereu({? 2 UX is the normalized attention scor&) 2
R2R is the vector of query coef cients{; 6(*); 6{) 2 &®),
6k 2 RITI R gre the latent features of time slots. Afdi)
indicates the concerned time slot set related ,tovhich is
adopted as the whole time slot set to capture long and short
time sequence relationships in our implementation. Similar to
other two latent feature matricés® and A© , 6© is also
randomly initialized and optimized.

2) Graph Message Passing-or the process of message
passing in a graph, previous studies have indicated that intro-
ducing overly complex structures or redundant computations

Fig. 5. Details of conjoint attention learning, where both feature and structughn lead to training dif culties, resulting in a decrease in the
correlations are considered. model's generalization ability [23], [25], [26]. Therefore, we
perform layer-wise light message passing@hfor capturing

. ) ) high-order connectivity implied in HDI data. Formulaically,
responding structural correlation matrices and they are eqUijigeq on thek-th layer of latent structural feature matrices

alent due to the graph structure is shared by these two ng8i®) N() andAK) and the achieved attention matricse)

dimensions. Besides,indicates the operator for inner producte(k) anqu®) the +1)-th layer of node representations are
i 2 and!; 2 aretheR-dimensional vectors achieved byfurth’er achie\;ed as:

using implicit matrix factorization t€, where ; 2 RiNi R

are the decomposed matrices. They are randomly initialized g plk+1) = A (k) pk).
and jointly optimized with other parameters in the end-to-end Ak =K Ak, (6)
manner. Based on the feature and structural correlation scores, T Ak =y k) Bk
the conjoint attention scores are calculated as: '
8 where P+ - fk+1) 2 RINI R gnd O*+D) 2 RITI R gre
% ak) = _ = LeakyReLU ¢ af’+ s aj” : the k + 1)-th layer of latent structural features. Note that in
Ll " exp LeakyRelU ¢ a0+ a0 Eg. (6), the next layer of feature matrices are obtained with

s2 N (i)

(3) a Markov diffusion-like process, making CAN easily trained
[9]. For better understanding of message propagation process,
the above equation can be re ned as:

(k) k)
% f (k) _ &P LeakyReLU ¢ f"i;J o f‘I(J .
= e
TN exp LeakyRelU ¢ fil+ (0 7
s2N (i) ' '

ey _ P g0,
.- . I | j 1
whereal 2 A® andf ) 2 F%) denote the conjoint atten- % j2N (i)

tion scores AK); F(K) 2 RINII Ni gre the conjoint attention Ao _ P OGS
matrices,N (i) is the set of neighbors directly connected to ! 2N () L I (7)
i, ¢ and g are the normalized coef cients balancing the (k+1) P ) a0
signi cance of feature and structural correlations. Speci cally, > 6, = w6
¢ and s are computed as: 12T
8 ool 1) in which p*™0 2 A AKY 2 Al | and o 2
S T Sl renl o) O®+D) are the k + 1)-layer representations of nodeUpon
- exp(_s) . ) completion ofK layers of propagation, we derive the latent
S exp()rexp( s)” structural features that characterize the different-order neigh-

_ _ _ bors of each node, such & ,..., P Pl BK),

in which ¢ and s are two learned parameters. Fig. 4(&fo ensure that the representations at each layer are directly
presents an example process of CAN and Fig. 5 illustratggrceivable, thereby enhancing the representational capacity
the computational details for learning conjoint attentions. It § the ultimately learned latent features [9], [19], [23], we

the proposed DGM can effectively extract both intra- and inter-

dimensional connectivity while preserving the distinctiveness P= PO ... pK). PktL) - B(K)
to the dynamics. Furthermore, to model the sequence rela- %
tionships, we follow the calculation rules shown in Eq. (1) to A= AO - [l kD) - KD (8)

acquire thek-th layer of attention scorei(;]k) between two time
slotsi;j 2 T as: 0= 00 00 Ok - BK)
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As a pooing function, () encompasses several variant®RiT/ R are the corresponding feature matricési; :), ( j; 2),
including Mean, Sum, Concat, among others [19], [23]. In thnd ( t;:) denotes the set of observed interactions in an
study, we consistently se{ ) to Mean to avoid unnecessaryHD| matrix, mj‘;?) 2 NO, mE;?) 2 MO, Wi(;?) 2 WO,
modeling complexity. Overall, based on Egs. (1)-(8), we Ieawt(g) 2 WO "4(-?) 2 20 and Zj(-?) 2 70 gre the trainable
the Iatent_fe_ature@, A, andO, which describe the structural o onies 1O 2 RINI R, O 2 RITI R, WO 2 RN R
characteristics in an HDI tensor. WO 2 RITI R 20 2 RINi R andz©® 2 RINI R gre

the weight matrices, and( ) denotes a nonlinear activation
B. Extracting Dimension-Coupled Tensor Attributes function. Subsequently, fdr2 f 1;2;:::;L  1g, the hidden
As illustrated in Fig. 3, a tensor can be viewed in terms d#yer of attribute features can be obtained using a Multi-Layer
its frontal, horizontal, and lateral slices, which correspond féerceptron (MLP) as:
dimension-coupled tensor attributes [1], [4]. Hence, this study3 A = AO MO Q) = Qb @O
represents the rst attempt to analyze an HDI tensor from ’

this particular perspective, and we propose the utilization of V0D = 0 WO g = g WO
a tensor neural network to explicitly extract these attributes,é - ' -
GivenY , it is expected that the proposed TNN can learn the” o+1) —  ¢() &) g0+ =  xO) 70

latent features describing multi-view dimension-coupled tensor
attributes, i.e.P;H 2 RNl R and0O 2 RIT/ R, To achieve
this, we rst mapY to multi-view sparse matrices as:

(11)
where Q(D;Q(H’l) ,Q(l),Q(H'l) ,O(l),O(H‘l) ,V(l),V(H’l) 2
RINI R, andﬁ(');k('”) ;X(I);X(I+l) 2 RITi R gre the fea-

%q‘? - P ) = P it ture matrices, andl®; MO ;Wh;wh;20;z0 2 RR R
t2 (i ) j2 (s are the weight matrices. By pooling theth layer attribute
0,-(;?) _ P j(y?;}‘; . ;V](;?) _ P j(:yi;,-;}:t o ©) features, we hav8e the nal latent attribute feature matrices as:
% t2 (i 2) i2 (i) %P: Q(L);Q(L)
= T opm®e T e
j2 ity ’ i2 ¢ty A= YLyl - (12)
where ) 2 QO@, Y 2 QO, Oj(;?) 2 VO, vj(;?) 2 o= L)WM

vO, 20 2 RO, ) 2 XO are the achieved single _
attribute eIementsQ(O) 2 RINIi Ni gnd Q@ 2 RINii Ti Like Eq. (8), we choose Mean a¢) to aggregate the attrlbute_
are the sparsely mapping attribute matrices corresponding/¢gtures learned from two streams. To summarize, by using
P Y0 2 RINii Ni gndv© 2 RINii Ti corresponds to Egs. (9)-(11), we obtain the latent featuResH, andO, which

H RO 2 RiTii Ni gnd X© 2 RiTii Nj corresponds to capture tensor attributes coupled across multiple dimensions.

O. Besides, ( i;j; ;) indicates the set of time slots during
which interactions occur between nodesand j, ( i;:t) C. Tucker Refactoring

represents the node set associated witt timet, (: ;jt) A pyramid of techniques, such as CPD [4] and tensor-train
denotes the node set associated itat thet-th time slot, decomposition [7], can be adopted to fuse the achieved latent
andj j calculates the number of entries in a set. Note thatructural and attribute features for estimation. In this study,
QO = (YO)T, QO = (R)T, and v® = (XO)T, o balance accuracy and ef ciency, we consider following
which are HDI matrices obtained by applying mean pooling e paradigm of Tucker decomposition [27]. First, the latent
Y, corresponding to its frontal, lateral, and horizontal slicegeature matrices are fused as:

Hence, they essentially re ect the multi-view tensor attributes

coupling diverse dimensions. As illustrated in Fig. 4(b), after 2P = z+ (1 ) P;_
applying the above parameter-free mapping to achieve the 0-th > H= +(1 ) R 13)
layer features, e.gQ© andQ®© , we obtain the rst layer's o= O6+@1 ) o

latent attribute features by !nonllnear feature transform?tmn WPhere 2 (0;1) is a coef cient that balances the importance

8 . .
) P 0 0 ) P 0 -0 of structural and attribute features. Such a weighted sum strat-
= R (i & = &, My ; ;
O 20 i) % iir i @iy it tr egy could reduce model complexity and enhance robustness.
et ! . ! Besides, other methods (e.g., gating and attention mechanisms)
o® = P 0@ WO @ P WO L@ .ocan be further explored for improvement. Then, we calculate
br i2 iy G iy U TE T the estimation tensor using Tucker refactorizing as:
() | (59 |
20 = P a0 ,0 .0 _ P o 0 . ¥ =[E;P;H;0]= E 1P 2H 30; (14)
tr . ti i;r AL . tj hir ' . . .
i2(t) 2 (t) in which E 2 RR R R denotes the core tensor. Its dimen-

) o R oL@ 1/ sionality corresponds to the feature dimension®pH, and
Ir:ll)Eq. (10).6;" 2 Q((l)) gy 2QW, 07 200 v 2 v®, O, which are uniformly set aR in this paperE effectively

Ry 2 R®, andx;, 2 xX® are the transformed featurecaptures the interactions among different modes and serves
elements Q@ : QW ;YW y® 2 RINI R andRW ;XD 2 as a compact representation of the original HDI tensor [27].
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Besides, ,, calculates the Tucker mode-product between Algorithm 1: DGM

a tensor and a matrix. The above equation can be furthennpyt;

expressed in vector form as:

N, T

Output: P, H, O, E

R R R 1 Initialization: P@ A 6O = ©Lzk 1)
¢ = ek (P hr  0y); (15) OLzK 1) ©OLzK 1 MO, m® WO,
x=1 r=1 k=1 wh, 20, z0 E R, K,L,S,B, , ,sb

wheree,« is a single element i, andp, 2 P,h, 2 H,and 2 Obtain sparse adjacency matfxby maskingG;
ox 2 O are the basis vectors of different dimensions. Unlike Ca!culateQ(O) , QO VO v RO XO by Eq. (9);
the previous vector symbols, which represent row vectors insawhile not converge ang S do

matrix suchas; 2 ,p, 2 RN, h, 2 RN/ andoy 2 RITI 5
are column vectors. Moreover, is the outer product operator, 6
indicating thatp, h, ok 2 RINII Nii Ti_ Given the above 7
inferences, we obtain the estimatigy, 2 ¥ corresponding s

toyix 2Y as: 9
X OB R 10

9Ll;j;t = €rk  Pix hj;r Otk - (16) 11

x=1 r=1 k=1 12

The computation process described in Egs. (14)-(16) has b&en
illustrated in Fig. 4(c). For other tensor refactorizing methods!
such as introducing biases [13], we leave the work in futur&
Given the estimation tensd?, we adopt the commonly- 16
adopted Euclidean distance to measure the difference betw&en
Y and Y. And considering the high incompleteness Yof 18
we follow the data density-oriented modeling mechanism te
minimize the Tucker decomposition process based on dynamic

graph mixer as: 2l
) X , , 22

)= Vit Bjie )+ kK ke a7) =23

Vije 2 24

where is the whole parameter set, which mainly include tres
initial structural features, query parameters, weight matrices,
balancing coef cients, and core tensor. Besidesindicates 27

for b=1 to dj j=Be do

for k=1 to K do
CalculateA(k D andFk 1 by Eq. (1);
CalculateAk D andF& 1 by Eq. (2);
CalculateAk D andF& 1 by Eq. (3);
CalculateU® Y according to Eq. (5);
CalculateP®) , A% and &) by Eq. (6);
end
CalculateP, A, andO by Eq. (8);
CalculateQ® |, QW Y@ g@® RO x1) .
for =2 toL do
\ Calculate®®, @M, 9O v KO xO):
end
CalculateP, H, andO by Eg. (12);
CalculateP, H, andO by Eq. (13);
SampleB entries from as g;
for yijx 2 s do
Calculate the estimatiog;; by Eq. (16);
Calculate the loss byyijt — Yijt )%
end
Accumulate all the losses calculated frorg ;
Calculate the gradients by Eq. (17);
Update the states of parameters;

the coef cient controllingL ; regularization strength. 28 end
29 end

D. Algorithm Design and Analysis

1) Time Cost:To provide a better understanding of DGMg) aArrays that cache the matrices for structural correlation
Algorithm 1 is designed for reference. Considering the t'”l?alculation:sw = ( jNj R):f)Arrays that cache the weight
cost of DGM, it mainly involves two factors including ini- 1 5trices in TNN:Sis = ( R R); g) Arrays that cache the
tialization and the learning process based on dynamic graphermediate variabless;; = (( jNj+ jTj) R): h) Arrays
mixer. Commonly, the dimensionality of latent feature spaggat cache the core tensdByg = (R R R). Tosum

is much smaller than the number of nodes and time slofg, by eliminating the low-order terms, the storage cost of
thus the time cost of initialization is approximately equal t%lgorithm 1 is obtained as:

(( jNj + jT]) R). On the other hand, DGM's learning o o
process includes capturing tensor features, Tucker refactor- Si= (R maxfi j/R;jNj+|Tjg): (19)
izing, and backpropagation, whose overall time cost comesjt js seen from the above analysis that although DGM
to (jj R K di j=Be s). Hence, the time cost of consists of three modules for comprehensively capturing latent
Algorithm 1 is summarized as: features from an HDI tensor. In general, its time and storage
T.=(jj R K dj j/Be s): (18) costs are equivalent to _that .of Tucker depomposition_ models
following the data density-oriented modeling mechanism [3],
2) Storage Cost: Moreover, the storage cost of DGMI[4], [19]. Thus, we conclude that the proposed DGM possesses
mainly involves the following eight factors: a) Data cachingcomparatively high computational and storage ef ciency in
Sz = (] ]); b) Arrays that cache the adjacency matriceisandling an HDI tensor.
and multi-view mapping attribute featureSi> = ( j j); c)
Arrays that cache the latent features of nodes and time slots: IV. EXPRESSIVENESSANALYSIS
Si3 = (( jNj+ jTj) R); d) Arrays that cache the query DGM introduces two novel modules, i.e., CAN and TNN,
vectors for feature correlation calculatio®is = ( R K); to improve the representation learning capacity on an HDI
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tensor. Besides, DGM incorporates the interventions brougbtoof. Several important properties regarding entropy and
by graph structures into the vanilla graph attention networksutual information are required to pro¥&eoreml. First, for

to derive conjoint attentions, which are then used for gragimy two variables (e.gx andy), the joint entropy betweex
message passing. These designs intuitively enable DGMady is formulated as:

learn more effective latent features. Following previous studies . .

[21], [22], we theoretically prove their superiority in improving HOGY)= HO)+ HQix) = HY)+ HXY):  (22)
expressiveness by conducting a qualitative analysis from fy@ere H ( ; ) is the function of joint entropyH () is the

perspective of mutual information. function of conditional entropy, an#li () is the function of
marginal entropy. Moreover, two key properties of mutual
A. Expressiveness of Feature Fusion in DGM information are used:

We rst demonstrate that the CAN and TNN modules | (x;y)= H (X) H(xjy)= H (y) H (yjx); (23)
designed for DGM improve its expressiveness. Generally , . . . .
an LFoT model concerns minimizing the difference betweer{ (xyjz) = H (xjz) H(Xjy:2)= H (yjz) H (yix;2);
the estimation values (e.gfij: ) and the ground-truth link ) L . . (24)
weights (e.g.yij: ) based on the learned node representatiols Wh'c_h_ I(_’ ) is the _functlon of _mutual mform_atlon
(e.9.p;, h;, 0y). Therefore, the learing task can be reprea-nd I(;]) is the function of conditional mutual infor-

sented as maximizing the conditional likelihop@ij.: j¥ij: ), mation. From Eg. (8), we know that differenF o_rde_rs of
i.e.,p(yize im(p;:h;;01)), wherem( ) is a mapping function, latent featur'es are .fu.sed for nal output. This |nd|F:ates
g at leveraging the joint messages Of;; Chn(ijt ) Is

which is commonly chosen as inner product. It is worth noting'g val direct i he  dual ;
that the key to increasing the above target probability lies uivalent to directly aggregating the dual messages for-
ulated by Cijx and Cy iyt ) for the subsequent repre-

capturing information within an HDI tensor to learn effective" _ I : .
parameters fop;, h; , ando. sentation learning on an HDI tensor. Hence, we rewrite

A vanilla LFoT model that learns the node representatioﬁl%e mutual information between the ground-truth lapel
without modeling structural and attribute characteristics on d Cij Cnjt) (e (i sf (Cige  Cniie )
exploits the message set corresponding to nodesand time s ! izt if (Cige )i (Cn (i1 ), wheref (Cig ) and
slott, i.e., Cyjx . Hence, the representations can be denotbd(Cn (it )) aré generated from a joint message distribution.
as(p;;hj;or) = f (Cije ), wheref () is the function for According to Eq. (23), we have:

feature learning, and denotes the set of trainable parameters. I yige 5f (Cije )5f Cnigit )

By using CAN to capture the neighborhood information and =H f (Cyt ):f Cnegn) (25)
pool different layer of features including those of central v * .

nodes, the achieved representations can be represented as H o (Cije )it Cnge ) i

(pi;hj;00) = f (Cije Cn(ijt )), Where indicates a Based on Eq. (22), the equation in Eq. (25) is expended as:
certain merging strategy like mean pooling a@g ;. ) is

the message set of neighbors. Furthermore, DGM captures Fo(Gie )T Crgiy + H Oige ) (26)
the dimension-coupled tensor attributes by using the TNN H f (G )if Cnggey Vi

module and learns the node representationghyh;;0t) =  Further, Eq. (26) can be derived as:

f (Ciix  Cngji)) 9 (Dije ), whereg () is the learning

function in TNN andDij; is the message set of attribute  H (Yije ) H Vige Jf (Cige )3f - Cnagey = (27)

features. Given the above de nitions, we deriVheorem1. An intermediate element, i.eH (yiz jCiyx ) is introduced to

Theorem 1. Let VY; be the set of training entry andl () Eq. (27) to achieve the following inference:

measure the divergence between two elements, the objective! (yij: ) H (yije it (Cije )+ H (Vije it (Cijit )
functions for representation learning equipped with different H yie if (Ciye )if Cngjry
message capture modules are formulated as: * w + (28)

minEy,, 2v, [L(i f (Cig )] (20a) Hence, given Egs. (23)-(28), we have:

. I i 5f (Cige )3f Cnige
minEy,.. 2v, L(Yijt ;f  Cijt  Cngijey »  (20b) Vit (Cij ) N Gt ) .
=1 (Yige 5F (Cie D+ 1 yige 5f Crgigey JF (Cigie ()25)

minEy, 2ve L :f Cije Cngjry 9 (Dige )
' Note that the mutual information is nonnegative, thus the

(20c) following inference holds for any learning functidn ( ):
For anyyi;t 2 Y;, the following inequality holds:
Foyige sf (Cige )3f 0 Cge ) I (Yige sf (Cige )
I ovige sf 0 Cigt Cwgigr ) g (Dijt ) (30)
I yigt if Ci Cnigr) (21) Itis evident that the high-order connectivity is widespread in
| (i if (Cijt ) HDI tensors and serves as key structural characteristics for

learning effective representations. Besides, as shown in Fig.
wherel (; ) denotes the function of mutual information. 2, numerous key implicit connections that may be overlooked
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by existing methods are modeled by CAN, indicating that TABLE Il
| (Yi;j;t ;f (CN (it ))jf (Ci;j;t )) is typically much Iarger than PROPERTIES OHNVOLVED DATASETS.
zero. To summarize, based on the aforementioned analyses, the — — — -
. . No j JNj JT] Density
second inequality imMheorem1 holds. .
Despite the effectiveness of CAN in capturing latent struc- g; 161‘&#858 192'3@6 1133 g'g'g igS
tural features, it cannot learn the dimension-coupled tensor p3 2,023,294 6.994 280 148104
attribute characteristics, which are described by highly-sparse pa 1,171,603 5,384 256 1.58 104
and sophisticated weight values. To address this problem, D5 2,000,564 13,613 149 6.8110§
the TNN module is proposed for DGM, enabling it to D6 1,113,724 10,885 138 7.25107
fciently learn the latent attribute features. The joint ef- D7 264,866 933 628 4.85 10
e y ' ] D8 62,775 512 364 6.58 10%

fect of structural and attribute messages is then combined

with Eq. (13). The above procedure is equivalent to de-

ne dual messages of (Ci;t Cnijty) andg (Dijt )

for learning representations. Thus, similar to the analydioof. Based on the probability de nition of mutual informa-
of I (yije ;f (Cij Cn (ijt )), the mutual information be- tion, we have the following inference for amy2 N:

tween yij;: - and f (Cijy Cnajt)) 9 (Dije ) (e,

F(Yigt sF (Cije Cnige)) 9 (Dige )) can be rewritten as I Xi;z I Xi;ziF; "
I (Yije 5T (Cijt  Cniijn )9 (Dige ) And based on Egs. P X;;zCA P Xi;zfA
(23)-(24), we have the following inference: =E log P(X,) P z°A E log P(X,) P ZFA
. g o g (33)
' Yot G Gy 29 (D) where E[ ] is the function of expected value am{ ) is the
=1 Vi st Cige e (31) function of probability. According to the properties of the
+ 1 Vit 59 (Dige )it Cije  Cwijr ) expectation function, external variables unrelated to the prob-
P yige s Gige Cngge ) s ability distribution do not affect the expected value. Hence,
we infer:
whose inference details can be similarly obtained according to _cA EA
Egs. (25)-(30). In real scenarios, the sparsity of an HDI tensor I.Xi:Z; I Xi3z; #
determines each node's sensitivity to high-order connectivity P Xi;ztA P zFA (34)
information, thus capturing these features can signi cantly =E log p ZCA E X, 27 :

enhances a model's representation learning ability. Further-

more, the attribute characteristics of an HDI tensor serve g@fce Eq. (3) only involves weighted message aggregation
another important message source, which can also gregfiyhout introducing any perturbations, the mutual information
improve a model's expressiveness. In conclusibineoreml | (x,:r (F; S;)) can be rewritten as(X;;r (Fi);r (Si)).

is established. Hence, we infer:
I Xi;zEh 1 Xg;zPA
B. Expressiveness of Conjoint Attention Mechanism E | P(Xi;r (F);r (S) P (F)) (35)
= og :

Subsequently, for the representation of a node that learned P(r (F):r (S)  PXiir (Fi))

by conventional graph attention networks, it can be represen
aszfA = r (F), F; is the set of messages aggregated
using feature attentions for nodeandr () is the learning

§gsed on the properties of joint probability and mutual infor-
tmation, we further derive Eq. (35) as:

function. As shown in Eqg. (3), we see that CAN leverages I Xi;z%% 1 XA

conjoint messages to learn the representation for a node by PXi:ir (Fi):ir (S))

modeling the interventions brought by the graph structure. =E log & L .

Thus, the representation learned by CAN is denotezf4s= P S)ir (F)) POir (F)) (36)
r (Fi S), whereF; S is the set of joint messages = 9 P(X_i;r (S)ir (Fi))

aggregated by using conjoint attentions, incorporating both P(r (S)ir (Fi)) PXijr (Fi))

feature and structural attentions. Given these de nitions, the =1 (Xi;r (S)jr (Fi)) O

following Theorem?2 is derived.
From Eq. (36), it is evident tha“” achieves higher expres-
Theorem 2. SupposeX; is the true but priori unknown siveness than vanilla methods only using feature attentions.
representation to nodg zFA = r (F;) is the representation This indicates that the proposed CAN is more expressive in
learned by vanilla graph attention networks, am#” = learning effective representations on an HDI tensor. Therefore,
r (Fi S) is the representation learned by the proposede conclude that exploiting the joint effect of feature- and
CAN. For anyi 2 N, the following inequality is established: structure-based messages implied in an HDI tensor enables the
DGM model to enhance the accuracy of data label predictions.
I Xi;zEh 1 XA (32) Theorem2 holds.
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V. EXPERIMENTS we also aim for the designed model to be more ef cient,

To validate that the proposed DGM can ef ciently perfomimeaning shorter training time (in seconds), which has been
representation learning in HDI tensors, in this section, we cofiocumented along with the results of RMSE and MAE.
duct extensive experiments on several real-world HDI datasets3) Models for Comparison:We compare the proposed
The performance of DGM, including accuracy and ef cienc;PGM Wlt.h fourteen state-of-the-art approaches to learning rep-
is rst demonstrated by comparing it with dozens of statd€sentations on HDI tensors. They include EvolveGCN [28],
of-the-art approaches. Then, to ne-tune the hyperparametéﬂ@'GCN [29], SGP [16], IMP-GCF [30], GRU-GCN ([31],
for achieving an ef cient DGM model, we further conduct®PAN [32], TM-GCN [33], MegaCRN [34], DDSTGCN [35],
in-depth hyperparameter sensitivity analysis. Additionally, tgTGCN [17], hetGNN-LSTM [36], MGDN [9], GraphMixer

verify the contributions of each module designed for DGM2°l: and PGCN [15]. These models have been proven to be
the results of the ablation study are presented. highly effective, and their details are shown in Section I.B of

the supplementary le.
. 4) Training Settings and Experimental Environmeirol-

A. General Settings lowing previous studies [1], [19], we apply the established

1) Datasets: Eight HDI tensor datasets, re ecting real-settings, such as optimizer, data splitting methods, early stop-
world dynamic and complex interactions, are used in our eping strategies, and cross-validation rules, to each model. More
periments. They mainly originate from the system of terminaletailed descriptions of them are presented in Section I.C of
interaction pattern analysis in a certain region of China, whe®#. Besides, we implement all our experiments in Python 3.7
the interaction data ow occurs between personal terminadd uniformly deploy them on a server out tted with 128 GB
[1], [4], [12]. Among the eight HDI datasets, D1-4 capturéRAM, four NVIDIA RTX 3090 GPUs, and one 2.4-GHz Intel
the communication between mobile devices, D5-6 captuxeon 4214R CPU.
the communication of computers, and D7-8 capture the com-
munication among sensors. For favorable requirements, ngte Comparison with State-of-the-Arts

that the interaction weights describing communication Packets;l_he performance of DGM, including estimation accuracy

are normalized to (0, 10), and each terminal is encrypteag]d ef ciency, is compared to fourteen state-of-the-art base-

into a unique ID. It is seen from the statistical Ioroloertlensnes, and the corresponding results are summarized. Table IlI

summarized in Table II that each dataset is highly Sparsrfeet:ords the RMSE, and Table IV records the MAE, where the

e e e e e oo, inloss couts ar i presened. P efcincy compsrisn,
on an HDI tensor Rbles SI and Sl summarize the tram_mg time of all qugls.
2) Evaluation I5r0tocol' The primary goal of this paper Based_ on these results, we p.erform S|_gn| cance analysis, |:e.,
: . o . . the Friedman test and the Wilcoxon signed-ranks test, which
is to design an effective model for representation learnin e two nonparametric pairwise comparison procedures [19]
of HDI tensors, with its performance typically measure he outcomes are reported in Tables V-VI and Sl of SF .
by the accuracy in missing value estimation tasks [1], [4 rom them, we conclude the following ndings '
[12]. Hence, following the previous studies, we adopt the 1) Accur:acy Comparison/As demonstrated in Tables I
Root Mean Squared Error (RMSE) and Mean Absolute E"grnd IV, the RMSE and MAE of DGM are consistently
(MAE) as the_validation metrics. Their calcu_lation det_ails ARwer than the comparison models on all testing datasets,
shown in Section |.A of the Supplementary File (SPesides, indicating its higher representation learning ability in an

1https://github.com/Oak-B/DGM/bIob/main/DGM-Supplementary%ZOFiIeHDI tensor. Taki_ng D]_- as an example (Tabl_e 1), the
pdf RMSE of DGM is achieved at 0.2607, which is 23.12%

TABLE Il
THE RMSEAND WIN/LOSSCOUNTS OFDGM AND ITS PEERS ONALL TESTING CASES.

Method D1 D2 D3 D4 D5 D6 D7 D8 Win/Loss

EvolveGCN 0.7434, oe.» 0.7445 376, 0.7918 3e» 0.8211 3464 0.7355 41e» 0.7535 4262 0.6375 163 0.6226 1 3e3 8/0
WD-GCN 0.339153c3 0.3658s57e3 0.36245,65 0.382755e5 0.345435e3 0.3660,5e3 0.3512gge4  0.3272 7964 8/0
SGP 0.511005e2 055116, 0.4988614 057916, 0.540970e, 0918261 0.4388¢6e2 0.5222 1661 8/0
JMP-GCF 0.7138,7e4 0.75068e4 0.754211e4 0.7924 1ge4  0.728514e4 0.7576 1324 0.6321,3c4 0.6160 7364 8/0
GRU-GCN 0.9214,5e1  0.62791ge1  0.7067 97e,  0.9165,4eq 0.7245,5e,  0.8637 526, 0.823176e, 0.7346 4562 8/0
APAN 0.374257e4 0.3853 654 0.4017 1454 0.410156e4 0.384215e4 0.389695e5 0.360410e3 0.3373 2663 8/0
TM-GCN 0.5856,2e2 0.5768g3e3 0.61963:e3 0.63525e3 0.570519e2 0.54635263 0.4987 113 0.4592;1e3 8/0
MegaCRN 0.31833e5 0.352360e5 0.33417,0e3 0.356250e3 0.326116e3 0.3468 1753 0.3522 165 0.3423 13, 8/0
DDSTGCN 0.3231,0e3 0.3448 16e3 0.293563e3 0.296144e3 0.3296g5e3 0.3528 493 0.3478,42e3 0.3333 6063 8/0

CTGCN 0.284410e2 0.321352e3 0.277831e3 0.316210e2 0.278515e3 0.309019e2, 0.338012e3 0.3192 5563 8/0
hetGNN-LSTM  0.35476e.3 0.372846e5 0.385616e2 0.3988,6e.3 0.363951e5 0.38195763 0.353214e5 0.3303 173 8/0
MGDN 0.720123e4 0.754830e4 0.760611e4 0.79756ges  0.7345112e4 0.762376e5  0.633823:4 0.616514e4 8/0
GraphMixer 0.366213e3 0.3822g1e3 0.393636e4 0.404296c4 0.376968e4 0.383573e4 0.355016e3 0.3177 2063 8/0
PGCN 045032552 0.4323 7.3E-2 0.4249 5.2E-2 0.4296 3.2E-2 0.4161 4.4E-2 0.4183 4.6E-2 0.3800 2.8E-2 0.3710 4.0E-2 8/0

DGM (Ours)  0.2607 s1es  0.2701g5e4  0.2675 3654  0.2729 4o 0.2588 49e4  0.2660 gge4  0.3184 463 0.3057 20e4 _
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TABLE IV
THE MAE AND WIN/LOSSCOUNTS OFDGM AND ITS PEERS ONALL TESTING CASES.

Method D1 D2 D3 D4 D5 D6 D7 D8 Win/Loss

EvolveGCN 0.64012.852 0.6408 4.2E-2 0.6791 3.7E-2 0.7130 3.8E-4 0.6317 4.4E-2 0.6495 4.5E-2 0.5307 1.6E-3 0.5272 5.8E-4 8/0
WD-GCN 0.25426e3 0.273332e3 0.271548e3 0.287378e3 0.258430e3 0.2792,47e3 0.230331e3 0.223034e3 8/0
SGP 0.357751e» 0.3880¢6c2 0.347856e2 0.4134642 0.379044e2 0.5969g3:, 0.315355e2 0.3918 461 8/0
JMP-GCF 0.6101;7e4 0.6461,1e4 0.6396g5e5 0.6787 2264 0.619613:4 0.651216e4 0.51623264 0.5098 1 2.3 8/0
GRU-GCN 0.515599e, 0.400675e, 0.423347e2 0.506093e, 0.434161e, 0.5331gge, 0.521170e5 0.4511 e 8/0
APAN 0.270514e4 0.2793,6g4 0.2936,9e5 0.3008 194 0.2760,0e4 0.281854e4 0.2292 1565  0.2220 5063 8/0
TM-GCN 0.4605,0e, 0.4489;15e, 0.4965g9:4 0.5030g0e3 0.4539,6, 0.42535,63 0.354630e3 0.3317 2663 8/0
MegaCRN 0.233419e3 0.258652e3 0.247550e3 0.265636e3 0.240611e3 0.257814e3 0.244236e3 0.23957 763 8/0
DDSTGCN 0.2366,5e3 0.253414e3 0.2195,7e3 0.224936e3 0.242169e3 0.261946e3 0.240338e3 0.2321 3363 8/0

CTGCN 0.212469e5 0.239250e3 0.209617e3 0.240914e2 0.2094 165 0.232813c, 0.2344 143 0.2302 5463 8/0
hetGNN-LSTM  0.2599,5e3 0.275769e3  0.291019e, 0.295430e3 0.269666e3 0.2799,6e3 0.2334 47653  0.2293 463 8/0
MGDN 0.6157 13e4 0.6504 g4 0.645213:4 0.6842g:e5 0.6252gge5 0.6562 4565 052383454 0.5184 5064 8/0
GraphMiXer 0.2688, 1e.3 0.2790 35e.3 0.2920 1 6e3 0.2988 50£.4 0.2770g6g 0.2825 g 9e4 0.2305 5563 0.2164 1 e 8/0
PGCN 0.3320,0e, 0.323845e2 0.316839e> 0.3180,3:, 0.306933:, 0.309735:, 0.2591,6, 0.261835¢. 8/0

DGM (Ours)  0.1932 4264 0.2016 5654 0.199576e4 0.2060 3054 0.1925354e4 0.1996 gses  0.2168 2063 0.2155 5764 _

TABLE V
FRIEDMAN TEST OUTCOMES REGARDING ESTIMATION ACCURACY AND COMPUTATIONAL EFFICIENCY. (*High F-rank stands for low error** High
F-rank stands for low training time co$t.

Method Accuracy* Ef ciency** \ Method Accuracy* Ef ciency** \ Method Accuracy* Ef ciency**
EvolveGCN 14.13 9.88 APAN 7.13 9.56 hetGNN-LSTM 5.81 10.31
WD-GCN 4.69 8.25 TM-GCN 10.94 11.00 MGDN 13.88 6.50
SGP 10.56 4.44 MegaCRN 4.44 3.81 GraphMixer 6.31 13.19
JMP-GCF 12.81 3.50 DDSTGCN 3.94 6.25 PGCN 9.00 11.75
GRU-GCN 12.69 6.19 CTGCN 2.69 14.38 DGM (Ours) 1.00 1.00
TABLE VI

WILCOXON SIGNED-RANKS TESTOUTCOMES ONACCURACY. (*For DGM, high R+ value stands for high accuracy. With the signi cance level of 0.01,
we hypotheses the accepted hypothgses.

Comparision R+* R- p-value** | Comparision R+* R- p-value**
DGM vs EvolveGCN 136 0 2.41E-4 DGM vs MegaCRN 136 0 2.41E-4
DGM vs WD-GCN 136 0 2.41E-4 DGM vs DDSTGCN 136 0 2.41E-4
DGM vs SGP 136 0 2.41E-4 DGM vs CTGCN 136 0 2.41E-4
DGM vs JMP-GCF 136 0 2.41E-4 DGM vs hetGNN-LSTM 136 0 2.41E-4
DGM vs GRU-GCN 136 0 2.41E-4 DGM vs MGDN 136 0 2.41E-4
DGM vs APAN 136 0 2.41E-4 DGM vs GraphMixer 136 0 2.41E-4
DGM vs TM-GCN 136 0 2.41E-4 DGM vs PGCN 136 0 2.41E-4

(Error nign Error jow )=Error nigh ) lower than 0.3391 of 8196 seconds, 32.00% of JMP-JCF's 3887 seconds, 2.46%
WD-GCN, 18.10% lower than 0.3183 of MegaCRN, 8.33%f TM-GCN's 16212 seconds, 10.43% of MegaCRN's 3827
lower than 0.2844 of CTGCN, and 28.81% lower than 0.36&2conds, 8.57% of MGDN's 4654 seconds, and 1.65% of
of GraphMixer. Similarly, the achieved MAE on D1-4 are®GCN's 24129 seconds. Considering the training time on other
respectively 9.04%, 15.72%, 4.82%, and 8.40% lower thaesting cases, e.g., DGM achieves 158 seconds in RMSE on D2
the second-best results (Table 1V). Compared to the state-@fFable Sl), which is also far less than that of its peers. The high
the-art, DGM captures the implied structural patterns in af ciency is due to DGM's several key modeling techniques,
HDI tensor by learning the conjoint attention and models tHi&e uni ed structural learning, simpli ed graph convolution,
dimension-coupled tensor attributes by constructing a muliparse mapping, and data density-oriented optimization.

view TNN, which enhances the learning capacity of DGM. - ) .
3) Statistical Analysis:Additionally, we have conducted a

2) Efciency Comparison:lt is expected that an effective sighi cance analysis, the results of which are highly supportive
model not only achieves the lowest test errors, but also pad-the above assertions. For instance, as Table V summarizes,
sesses the competitive ef ciency, thus being more applicabtbe F-rank of DGM for accuracy is calculated as the lowest
In accordance with this, as shown in Tables Sl and SlI, thalue (1.00), which is far lower than 14.13, 4.69, 10.56, 12.81,
computation ef ciency of DGM is signi cantly higher than its 12.69, 7.13, 10.94, 4.44, 3.94, 2.69, 5.81, 13.88, 6.31, and 9.00
peers. For instance, on D5, DGM only takes 399 secondsdabits peers. Moreover, it is seen from the Wilcoxon signed-
converge in MAE (Table SlI), which is 4.87% of EvolveGCN'sranks test results shown in Tables VI and SlII that DGM
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achieves high R+ values and low R- values, which indicates
DGM achieves higher estimation performance in each pairwise
comparison. With a signi cance level of 0.01, all the p-values
regarding accuracy and ef ciency are acceptable.

C. Sensitivity Analysis

The performance of DGM is affected by several distinct
hyperparameters, such as the layer number of the conjoint
attention networkK ), the depth of the tensor neural networl€ig. 6. Errors of DGM a  varies.

(L), and the dimensionality of latent features spaRé. (The

test results on these hyperparameters are depicted in Figs. S1-
S3, which correspond t , L, andR, respectively. For better
readability, several representative gures are shown in Figs. 6-
8. By observing these results of the hyperparameter sensitivity
test, we have the following ndings.

1) Impact of Graph Message Passing Layer Numbas.
demonstrated in Figs. 6 and S1, the estimation errors of DGM
signi cantly decrease with the increase in the number of layers
across all datasets. This indicates that CAN equipped by DGM (a) Errors on D1 (b) Errors on D2
can capture implicit high-order connectivity, thereby obtaining
richer collaboratively spatiotemporal signals. For instance, a
K increases from 1 to 9, the RMSE on D5 decreases from
0.2600 to 0.2560, and the MAE decreases from 0.1936 to
0.1899 (Fig. 6(a), where the error gaps are achieved at 1.54%
in RMSE and 1.91% in MAE. Similar trends can be found
in other testing cases. Generally, the association of nodes
decreases as the distance increases. Thus, the trend of error
reduction slows down whelK increases beyond a certain
value. Overall, it is important to set appropridte(e.g., 5) to
learn effective latent features for nodes.

2) Impact of TNN Module DepttDifferent from the impact
of K, it is seen from Figs. 7 and S2 that DGM lacks thé&ig. 8. Errors of DGM aRR varies.
necessity to set. to a large value and its impact varies
across D1 to D8. For example, asvaries from 1 to 3, the ) ] ]

MAE on D4 (Fig. S2(d)) rst decreases from 0.2080<1) to D- Ablation and Effectiveness Analysis

0.2043 [ =2), and then increases to 0.2049=Q); the MAE To verify the effectiveness of several key components in
on D1 (Fig. 7(a)) increase from 0.1959 to 0.1980; and tH@GM, such as the CAN module, the TNN module, and
MAE on D6 (Fig. S2(f)) decreases from 0.2017 to 0.199%he conjoint graph attention mechanism, we conduct in-depth
Considering that the input of TNN consists of multi-viewablation studies, and corresponding results are demonstrated
dimension-coupled tensor slices, increasing its depth may léad=igs. 9-10.

to greater training dif culties, potentially resulting in the above 1) Module Ablation StudyTo illustrate the positive effects
phenomenon. Based on the above ndings, it is acceptableddCAN and TNN, we implement three variants of DGM: a)
set a relatively small value for the depth of TNN, such as 22GM-w/o-S, which removes the capture of latent structural

3) Impact of Latent Feature Dimensiofhe dimensional- features by operating without the CAN module; BSM-
ity of latent feature space is another key factor determining/o-A, which removes the capture of latent attribute features
the performance of DGM, and its in uence is depicted iy operating without the TNN module; &GM-w/0-S&A,

Figs. 8 and S3. From the illustration, we observe that favhich removes both the CAN and TNN modules.

most datasets, the accuracy of DGM initially increases andAs depicted in Fig. 9, the accuracy achieved by DGM-
then decreases & increases. Taking D7 as an example (Figv/o-S and DGM-w/o-A is higher than that of DGM-w/o-
S3(g)), ask varies from 5 to 15, the RMSE decreases frorB&A, indicating each module is fundamental to learning more
0.3174 to 0.3146, and the MAE decreases from 0.2179 effective node representations. Taking the RMSE on D1 as an
0.2130. However, aRR varies from 15 to 40, the RMSE example (Fig. 9(a)), the RMSE of DGM-w/o-S (0.2713) and
increases to 0.3169, and the MAE increases to 0.2147.D%GM-w/o-A (0.2698) are signi cantly lower than 0.2800 of
largerR inevitably increases computational and storage cosBGM-w/o-S&A. Besides, combining two modules to simulta-
Thus, the trend is bene cial, and it can be set at 10 to achiemeously capture the latent structural and attribute features can
effective performances of the proposed DGM. further improve the performance of DGM. For instance, DGM

(a) Errors on D1 (b) Errors on D2

g. 7. Errors of DGM ad. varies.

(a) Errors on D1 (b) Errors on D2
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(2) RMSE on D1-8 (b) MAE on D1-8

Fig. 9. Errors of DGM-w/0-S, DGM-w/o-A, DGM-w/0-S&A, and DGM on D1-8.

(2) RMSE on D1-8 (b) MAE on D1-8

Fig. 10. Errors of DGM-SA, DGM-FA, DGM-GC, and DGM-CA on D1-8.

achieves the RMSE at 0.2641 on D1, which is signi cantly0.2915) and DGM-FA (0.2910), and MAE of DGM-CA is
lower than 0.2713 of DGM-w/o-S and 0.2698 of DGM-w/o-achieved at 0.2035 (Fig. 10(b)), which is also lower than
A. The above phenomena similarly occur in MAE, as show®.2092 achieved by DGM-SA and 0.2086 achieved by DGM-
in Fig. 9(b). For instance, on D1, DGM achieves the MAFA. In conclusion, considering the interventions of graph struc-
at 0.1951, which is lower than that of DGM-w/0-S (0.2006dure in the graph attention computation process and building
and DGM-w/o-A (0.1988), while they are all lower than thaa conjoint mechanism is bene cial.

of DGM-w/0-S&A (0.2063). Hence, we conclude that the

proposed CAN and TNN both contribute to performance gaigs Summary

and complement each other. Based on the results and analyses presented, we summarize

2) Attention Ablation StudyThe CAN module combines the pros and cons of DGM as follows.
feature and structural attention, whose effectiveness shouldPros: First, DGM can well capture the implicit non-
be veried. Hence, we compare the following methods: &fuclidean structural characteristics and considers the intra- and
DGM-SA, which adopts the structural attentions by impliciinter-dimensional node connectivity. Second, it can compute
matrix factorization; bDPGM-FA , which computes the featurethe conjoint graph attentions by effectively modeling struc-
attentions based on self-attention mechanismD@M-GC, tures. Third, the proposed DGM can learn the dimension-
which applies unied weights to the neighbors by usingoupled tensor attributes of node-node-time in the HDI tensor
vanilla graph convolution; dpGM-CA, i.e., the DGM model from multi-perspectives. Fourth, it can ef ciently fuse the
described in this paper. achieved latent structural and attribute features.

Fig. 10 presents the results of the attention ablation study.Cons: The TNN module of DGM struggles to capture
Evidently, the variants with graph attention outperform thefxtremely deep attribute features, and its training is dependent
peers with graph convolution on most test datasets duet@GPU like vanilla methods [37]—{39].
the connection complexity of dynamic graphs. Taking D1-

4 as an example, DGM-GC achieves the RMSE at 0.2648, VI. CONCLUSIONS

0.2726, 0.2684, and 0.2708 (Fig. 10(a)) and the MAE atIn this paper, we have presented DGM, which can learn
0.1951, 0.2028, 0.1997, and 0.2047 (Fig. 10(b)), which aedfective representations from HDI tensor data. Unlike estab-
all higher than that of other three methods. Additionally, it iished approaches, DGM innovatively discovers the implied
signi cant that the conjoint attention-based method achievepatio-temporal-individual coupled features. To achieve this,
higher accuracy compared to conventional graph attentid@M builds a layer-wise light conjoint attention network to
networks. For instance, the RMSE of DGM-CA on D8 idully capture the implicit non-Euclidean structural characteris-
0.2857 (Fig. 10(a)), which is lower than that of DGM-SAtics within a dynamic graph. Besides, DGM constructs a tensor
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neural network to learn multi-view dimension-coupled tensqri]
attributes. Then, the latent structural and attribute features are
ef ciently fused by Tucker refactorizing. The key components
designed for DGM are theoretically proven to enhance its]
expressiveness from the perspective of mutual information.
Extensive experiments on eight real-world datasets dem?{b-
strate that DGM outperforms state-of-the-art approaches in
terms of both accuracy and ef ciency.

In the future, we will devote efforts to improve the Iearniné“]
ability of DGM by designing an adaptive feature fusion
strategy using gating and attention mechanisms. In additidtg]
we could consider further simplifying the model architecture
(e.g., capturing the spatio-temporal-individual features moyg
uniformly) to lower the training dif culties. Besides, designing

ner-grained perception modules to capture the dynamics f-{]?]
HDI data is also a worthwhile research direction.
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