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We study Klein tunneling across a PN junction in monolayer graphene (MLG) and the AB-bilayer

graphene (BLG) under the effect of a perpendicular magnetic-field (B-field). In the Klein tunneling

process, normally incident electrons in MLG (BLG) are fully transmissive (reflective) upon hitting

the junction barrier. When a finite B-field is applied, transmission of the normally incident

electrons is suppressed in MLG over an energy range around the PN barrier height, effectively

opening an energy gap. This suppression may be attributed to the magnetic deflection arising from

Lorentz force, which shifts the transmission profile of the device in the transverse direction. VC 2013
AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4819799]

INTRODUCTION

Klein paradox1,2 has been one of the most exotic predic-

tions in quantum electrodynamics, where relativistic particles

become transparent to a high and wide potential barrier. Due

to the chiral nature of electron’s wave function in graphene

systems,3,4 and their zero-gap linear bandstructure, electrons

injected at certain incident angles can transmit perfectly across

a wide potential barrier, even though the barrier height is

larger than the electron energy. Such analogous Klein tunnel-

ing (KT) effect is well known,5–10 and has theoretically been

studied in the monolayer graphene (MLG), AB-bilayer gra-

phene (AB-BLG), ABA-trilayer, as well as the ABC-trilayer

graphene, on single electrons as well as Gaussian wavepack-

ets. This effect has also been experimentally shown in gra-

phene systems.11,12

In this paper, we will investigate the effect of magnetic

field on KT processes in graphene systems. Using the Dirac

tight binding model, we study the effect of KT on both the

MLG and the AB-BLG graphene systems, where electrons

near the Dirac points behave as massless and massive Dirac

fermions, respectively. In the absence of magnetic fields, our

results show that in MLG, normal-incident (NI) electrons

transmit perfectly across a PN-junction, even though the

electron energy is lower than the barrier height. By contrast,

NI-electrons in BLG reflect perfectly, consistent with previ-

ous studies of KT processes in graphene.7 As external mag-

netic field is applied perpendicular to the graphene surfaces,

the transmission of electrons with energy closer to the barrier

height becomes suppressed, indicating a possible confine-

ment effect due to the magnetic field.

STRUCTURE AND MODEL

We consider a device (shown in Fig. 1), where external

gate voltage is applied such that an electric potential profile

of: U ¼ 0 (U ¼ U0) corresponding to x < L=2 (x> L/2) is

established across the device, where L is the channel length,

thus forming a PN-junction at x ¼ L=2. Thus, electron within

the energy range of 0 < E < U0 “sees” a potential barrier. In

addition to the electric field, we also apply a perpendicular

magnetic field (B-field) across the entire channel of

0 < x < L. Here, we set L ¼ 100 nm, and U0 ¼ 0:1 eV. The

magnetic field is uniform in the central channel region, but

zero in the source and drain regions. The uniform vertical

field in the channel may be achieved by placing the device in

a Helmholtz coil, or a sine-theta coil,13 the latter achieving a

higher degree of uniformity. The source and drain regions

may be shielded from the applied field by covering these

regions with either a type-I superconducting layer10 or a high

permeability material, e.g., Ni-Fe alloys (mu-metals).14

We use the Dirac Hamiltonian to model the electronic

transport is graphene. The Hamiltonian5,15,16 that approximately

describes the lowest subbands for MLG and BLG is given by

Hnðkx; kyÞ ¼ cn
0 ðkx � ikyÞn

ðkx þ ikyÞn 0

� �
; (1)

where cn ¼ ð�hvFÞn=tn�1
p , the Fermi velocity, vF ¼ 106 m/s,

and the interlayer hopping parameter, tp ¼ 0:35 eV.

Throughout this paper, we use n ¼ 1 (2) to refer to MLG

(BLG). Note that eF ¼ 6cnkn
F are the eigenenergies of the

lowest (highest) state of the conduction (valence) band, with

kF ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

x þ k2
y

q
; being the Fermi wavevector. To study the

transport properties, we apply the tight-binding method. This

involves replacing kx by �irx and discretizing the differential

operator. Referring to Fig. 2, the discretization enables us to the

transform a 2D graphene into a mode-dependent linear chain of

points, with the onsite energy, anðkyÞ ¼ cn
0 aAB

n

aAB
n
� 0

� �
and

hopping energy, bnðkyÞ ¼ cn
0 bAB

n

bBA
n 0

� �
in pseudospin space,

where aAB
1 ¼ �iðky � 1=aÞ, bAB

1 ¼ 0, aAB
1 ¼ �iðky � 1=aÞ,

aAB
2 ¼ 2=a2 � 2ky=a� k2

y , bAB
2 ¼ �1=a2, and aAB

2 ¼ 2=a2

�2ky=a� k2
y , with a being the discretization constant. The PN-
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junction is modeled by adding the electric potential UðxÞ to the

onsite energy. When a constant magnetic field, B, is applied

across the channel region, a vector potential of A ¼
Ð

BðxÞdx is

obtained. This effect of the B-field is reflected in the

Hamiltonian5 by replacing

ky ! ky þ eA=�h: (2)

As a result, the B-field modifies the mode dependent onsite

energy and hopping parameter such that aAB
1 ¼ �iðky þ eA=

�h� 1=aÞ; aAB
2 ¼ 2=a2 � 2ðky þ eA=�hÞ=a� ðky þ eA=�hÞ2,

and bBA
2 ¼ �1=a2 þ 2ðky þ eA=�hÞ=a. Using the non-

equilibrium Green’s function formalism, we subsequently

compute the electron transmission at Fermi energy, EF for a

given ky, TðEF; kyÞ.
We define the transmission angle at a given kF ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2
x þ k2

y

q
as h ¼ tan�1ðky=kxÞ. Note that at ky¼ 0 (and thus

h¼ 0), the electrons are normally incident (NI) to the barrier.

We refer to the transmission of these NI electrons as TNI.

Based on the Hamiltonians in Eq. (1), the eigenstates of the

MLG and BLG systems at kF are given by

w6
n ðhÞ ¼

6einh

1

� �
. For NI electrons, where h¼ 0, we have

w6
1;2ðh ¼ 0Þ ¼ 61

1

� �
� w6. Let the wavefunction of the

forward-going NI electrons in the lowest (highest) energy

state of the conduction (valence) band be wCðwVÞ. At the

PN-junction, the forward going electrons are transmitted

from the conduction to the valence band, and thus the wave-

function of the incident (transmitted) NI-electrons is

wCðwVÞ.

RESULT AND DISCUSSION

We will first study the transport in a MLG system. The

contour map for transmission TðE; kyÞ in MLG under differ-

ent B-fields, is shown in Figs. 3(a)–3(c). Referring to Fig. 3,

under zero B-field, perfect NI-transmission of TNI ¼ 1 is

obtained across the PN-junction in MLG. From Eq. (1), we

can show that for the MLG, wC ¼ wV ¼ wþ. As a result, the

wavefunctions of the incident and transmitted NI-electrons

completely overlap one another, i.e., hwCjwVi ¼ 1, indicat-

ing that these electrons have the same chirality. Therefore,

we obtain a Klein-tunneling effect with perfect transmission

of the NI-electron across the PN-junction, even though the

junction barrier exceeds the electron energy.

When a finite B-field is applied, there is a distinct shift

in the high transmission region of the TðE; kyÞ contour map.

Under positive (negative) B-field, the peak transmission

through the PN-junction is shifted to smaller (larger) ky val-

ues, with the size of the shift increasing with the magnitude

of the B-field. In other words, the transmission peak no lon-

ger occurs for normally incident electrons but is shifted to

the left (right) of the normal axis. The strength of the shift

scales with the increasing magnitude of the applied B-field.

Due to this shift, NI-transmission is suppressed at the vicin-

ity of E ¼ þU0=2, resulting in a finite energy gap for the NI-

electrons. This energy gap can be understood from the

physics of electron dynamics under magnetic field. Under

the influence of a perpendicular B-field, electrons form circu-

lar cyclotron orbits with a well-defined radius, rC, as shown

previously by the circular trajectories of a Gaussian wave-

packet in graphene under the influence of a B-field10 As the

B-field increases in strength, rC becomes smaller. When the

cyclotron diameter dC ¼ 2rC is smaller than the channel

length, i.e., dC < L, electrons are confined in the channel by

FIG. 1. (a) Device structure of a graphene under both electric and magnetic

fields. (b) Electric potential profile across the graphene, forming a PN-

junction at x ¼ L=2. (c) B-field profile across the graphene. B-field is only

applied within the channel region, i.e., 0 < x < L. (d) The profile of the vec-

tor potential, A ¼
Ð

BðxÞdx, where Amax¼BL.

FIG. 2. (a) Infinite graphene sheet. (b) Discretization of infinite graphene

layer into a linear nearest-neighbor tight binding chain. The onsite parame-

ter, a, and hopping parameter, b, are 2 � 2 matrix, since each site consists of

two atoms, i.e., A and B. The hopping parameters in between these atoms

are shown in (c). The explicit expressions for a, b, aAB, bAB, and bBA for

both MLG and BLG are given in Eqs. (2) and (3). Note that these parameters

are dependent on the values of ky and BZ. The distance between two neigh-

boring sites, i.e., the discretization contacts is given by a. Here, we set a ¼
5� 10�10 m.
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the circular motion, resulting in suppression of bulk trans-

mission. The cyclotron diameter of the MLG is

dC;1 ¼
2jE� EDj

eBvF
; (3)

where ED is the energy at the Dirac-point. For any given

B-field, dC decreases as we approach the Dirac point, i.e.,

with decreasing jE� EDj. Note that in a PN-junction, ED of

the transmitted electrons is located at þU0. Thus, it is as if the

effective B-field felt by electron is the strongest at E ¼ þU0

and this explains the suppression of TNI in the vicinity of

E ¼ þU0. As the applied B-field increases, transmission is

further suppressed for a larger energy range about E ¼ þU0.

Unlike the case of MLG, the NI-electrons in BLG are

perfectly reflected, i.e., TNI ¼ 0, across the PN-junction, at

zero B-field (Fig. 4). From Eq. (1), we can show that for the

BLG, wC ¼ wþ and wV ¼ w�. Thus, the wavefunctions of

the incident and transmitted NI-electrons at the PN-junction

have opposite chirality and are orthogonal to each other, i.e.,

hwCjwVi ¼ 0. This results in perfect reflection of NI-

electrons at the PN-junction. On the other hand, the effect of

B-field on the TðE; kyÞ map of a BLG is similar to that on

MLG, i.e., the transmission peak across the PN-junction is

shifted to smaller (larger) ky values, with the size of the shift

increasing with the magnitude of the positive (negative) B-

field. Note that, the cyclotron diameter in BLG is

dC;2 ¼
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jE� Edirjt?

p
eBvF

; (4)

and this decreases with decreasing jE� Edirj. As in the MLG

case, this results in suppression of TNI in the vicinity of

þU0=2. For a given B-field, the effect of B-field is weaker in

BLG compared to MLG.

Next, we derive the analytical expression for the elec-

tron energy range over which the TNI is suppressed for both

MLG and BLG. Referring to Figs. 3 and 4, when a finite B-

field is applied, the transmission profile at the Dirac point of

E ¼ U0 is shifted along the ky axis by an amount Dk, which

from Eq. (2), is given by

Dk ¼ ejBjL=�h: (5)

FIG. 3. (Left) T(E, ky) map of MLG when applied B-field, B> 0, B¼ 0, and

B< 0. The PN-junction barrier, i.e., 0<E<U0, is indicated by the region

between the two horizontal dotted lines. Within these energy range, when

B> 0 (B< 0) electron transmission region is shifted by Dk to a larger

(smaller) ky values. Thus, the T(E, ky) map is shifted accordingly. (Right) The

TNI for different electron energy when B> 0, B¼ 0, and B< 0. The shaded

region indicates the energy range of the PN-junction barrier. When B¼ 0,

TNI¼ 1 for all energies because of Klein tunneling. When jBj> 0, TNI is sup-

pressed to zero at around E¼U0, where U0 is the height of the PN-junction

barrier. The suppression region increases in width with increasing jBj.

FIG. 4. (Left) T(E, ky) map of BLG when applied B-field, B> 0, B¼ 0, and

B< 0. The PN-junction, i.e., 0<E<U0, is indicated by the region between

the two dotted lines. Within these energy range, when B> 0 (B< 0) the

electron transmission region is shifted by Dk to a larger (smaller) ky values.

Thus, the T(E, ky) map is shifted accordingly. (Right) The TNI for different

electron energy when B> 0, B¼ 0, and B< 0. The shaded region indicates

the energy range of the PN-junction. When B¼ 0, TNI¼ 0 within the PN-

junction and TNI¼ 1 outside the junction barrier. When jBj> 0, TNI is sup-

pressed to zero at around E¼U0, where U0 is the height of the PN-junction

barrier. As in the MLG case, the suppression region increases in width with

increasing jBj.
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The above increases linearly with the B-field strength,

and translates to an energy gap of en;gap ¼ 2cnDkn at the vi-

cinity of U0 for NI electrons. In other words, transmission of

NI electrons is suppressed over the energy range of

ðU0 � egap=2Þ < E < ðU0 þ egap=2Þ. Explicitly, the energy

gap for MLG and BLG is given by e1;gap ¼ 2ejBjLvF and

e2;gap ¼ 2ðejBjLvFÞ2=tp, respectively.

The physics of transmission suppression discussed

above corresponds directly to the angular shift of the trans-

mission peak of the NI electrons away from normal transmis-

sion. Next, we further investigate the B-field effect on the

transmission profile as a function of the electron injection-

angle, h. The transmission profiles through the PN-junction

at electron energy corresponding to the mid-barrier height

i.e., E ¼ U0=2, are shown in Fig. 5. At zero B-field, for the

case of MLG, a finite transmission is obtained at all angles,

except for electrons that travel along a direction which is

completely parallel to the barrier, i.e., h ¼ 690�. The trans-

mission reaches a maximum, i.e., T ¼ 1, at normal injection,

i.e., h ¼ 0�, and decreases to zero with increasing angle. On

the other hand, for the case of BLG, the transmission reaches

maximum, i.e., T ¼ 1, when h ¼ 630� and decreases to zero

for both normal and parallel incidence, i.e., as h! 690�

and h! 0�. Therefore, one observes two transmission peaks

in the BLG when the angle of incidence is scanned from �p
to p. When B-field is applied, these transmission curves are

shifted to a larger negative (positive) angle, with increasing

positive (negative) B-field magnitude. This shows that by

increasing B-field, electrons are deflected in the transverse

direction, allowing one to select the zone (range of angles)

where transmission is suppressed, or by the same token, the

zone of high transmission. In other words, the Lorentz force

induced by the B-field modifies the trajectory of the electrons

in graphene devices, and causes the overall transmission pro-

file to be deflected in the transverse direction.

Next, we study the effect of channel length, L on the

electron transmission. Our study shows that channel length

has a similar effect to the inverse of the applied B-field

strength on the deflection of transmission peaks, i.e., a con-

stant product BL results in the same extent of deflection,

regardless of the individual values of B and L. Referring to

Figs. 3–5, all the results can be reproduced by varying the

values of B and L, as long as the product BL remains con-

stant. It also follows that the channel length also determines

the maximum B-field that can be applied before the transmis-

sion is suppressed to almost zero. When the channel length

exceeds the cyclotron diameter, i.e., L > dC, the bulk trans-

mission is zero. Beyond this limit, electrons form cyclotron

orbits will are confined within the channel region, resulting

in a zero forward transmission. Referring to Fig. 5, when B-

field strength is sufficiently large such that L > dC, transmis-

sion is zero at all angles, due to the magnetic confinement of

electron within the channel region.

A further analysis can be made by considering Eqs. (3),

(4), and (5). By the replacement of jE� Edirj ! U0=2 (i.e.,

at the mid-barrier height), we find that bulk transmission is

non-zero only when BL <
ðnU0tn�1

p Þ1=n

evF
. This is consistent with

the results shown in Figs. 3 and 4. Within the PN-junction,

the bulk transmission is non-zero only when Dk ¼ k
0
, where

k
0 ¼ 2kF corresponding to jeFj ¼ jE� Edirj ¼ U0=2, i.e.,

Dk ¼ ðnU0Þ1=n=cn. Substituting this into Eq. (5), we can also

show that the bulk transmission is non-zero only when BL

<
ðnU0tn�1

p Þ1=n

evF
for MLG and BLG, respectively, which is con-

sistent with the above analytical result.

At energy EF, the conductance is computed as,

GD ¼ g0

Ð
sðEF; kyÞdky, where g0¼ e2/h. The conductance

plots for both MLG and BLG are shown in Fig. 6. For both

cases, the conductance goes to zero at E¼ 0 and E¼U0,

which is the potential barrier height. This is in agreement

with Figures 3 and 4, which show that the effect of the B-

field is strongest at E¼U0, which leads to a suppression of

electron transmission for all values of ky. Additionally, for

MLG, in the energy range of 0<E<U0, the conductance is

maximum at the mid-barrier height (E¼U0/2) in the absence

of B-field. This may be explained by considering the middle

plot of Figure 3, which corresponds to the electron transmis-

sion in MLG at zero B-field. There is a diamond-shaped

transmissive region within the energy range of 0<E<U0,

FIG. 5. The angle-dependent transmis-

sion for (top) MLG and (bottom) BLG

at different B-fields. The transmission

is computed at the mid-barrier height

of the PN-junction, i.e., E¼U0/2. With

increasing positive (negative) B-field,

electrons are deflected to larger nega-

tive (positive) angles. When jBj is

large enough, such that dC<L, trans-

mission is suppressed (i.e., T!0) for

all angles.
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with the transmission having the maximum extent in ky at

the mid-barrier height of E¼U0/2. In the presence of a B-

field, the diamond shape of the high transmission region is

skewed to form an oblique rectangle, which has a constant

spread in ky over a range of electron energy. This translates

to the plateau in the conductance observed in the electron

energy range of 0<E<U0 in the presence of a finite B-

field. A similar behaviour occurs for the case of BLG, but to

a lesser extent due to the lower transmission values within

the barrier energy range, as can be seen in Figure 4.

CONCLUSION

We have studied the Klein tunneling across the PN-

junction in monolayer and bilayer graphene under a finite B-

field. In the absence of a B-field, we obtain the Klein

tunneling effect where NI-electrons in MLG (BLG) are com-

pletely transparent (reflective) to the PN-junction. When a fi-

nite B-field is applied, transmission is suppressed at around

the barrier height, U0. We have attributed this to the forma-

tion of the cyclotron orbits which confine the electrons

within the channel region. We also showed that the transmis-

sion region is shifted along the ky axis due to the deflection

of electrons from its original angle as a result of the Lorentz

force caused by the B-field. Thus, a key feature of Klein tun-

nelling in MLG, i.e., the perfect transmission of normally

incident electrons across the PN junction no longer holds,

and suppression of normally incident electrons occurs over

some specific energy range. Conversely, in BLG, the total

suppression of normally incident electrons is lifted in the

presence of a B-field. When the B-field is sufficiently large,

electrons form cyclotron orbits and are confined within the

channel, leading to suppression of transmission for all inci-

dent angles. It would be interesting to extend the B-field

study to the case of Klein tunneling in the presence of multi-

ple junctions, e.g., PNP, where Fabry-Perot resonances may

occur.17
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