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Abstract

We study a service expansion problem for chained business facilities under endogenic facility
congestion and exogenous market competition. More specifically, we consider a company that
operates a chain of facilities and plans to expand service capacities with the objective of maxi-
mizing its profit, accounting for revenue and expansion costs. To estimate revenue, the company
needs to anticipate customer behaviors. Due to the co-existence of competition and congestion,
customer behaviors are explained as a two-stage process. In the first stage, customers make “chan-
nel” choices, i.e., they decide whether to seek services from the company. Such a choice reflects
the market competition and is predicted by a discrete choice model. Subsequently, customers
who select the company will choose one facility to patronize. Owing to congestion, the facility
choice will induce “user equilibrium”, which in return affects the outcome of market competition.
To facilitate the company’s decision-making in this complex business environment, we develop
a generic modeling framework. Unfortunately, the proposed model is nonconvex. To solve it,
we first design an approximate mixed-integer linear programming approach subject to adjustable
approximation errors. We then propose a surrogate optimization framework for large-scale in-
stances, which explores the hidden bilevel structure of the model and leverages a “learning-to-
optimize” problem and a customer behavior estimation subroutine. Using extensive computa-
tional experiments, we demonstrate the effectiveness of the proposed approaches. Finally, we
conduct sensitivity analysis and draw practical implications.

Keywords: Chained business operation, Service expansion, User equilibrium, Market
competition, Learning-to-optimize

1. Introduction

In operations research and management science, the capacity/service expansion literature
studies the size, timing, and location of buying or installing additional capacities for facilities or
infrastructures. For an operator who runs a chain of business facilities, capacity expansion is an
important strategic decision. When customer demand increases or competitors appear, the exist-
ing facilities may not adapt to the new business environment, especially in those scenarios where
facilities are subject to congestion. As a countermeasure, the operator can proactively improve its
service quality by expanding facility capacities, which could allow it to increase the market share
or to stand in an advantageous position when facing exogenous market competition.

The capacity /service expansion problem has been widely studied since Manne (1961) first in-
vestigated the problems considering the discount factor and the economies of scale. The early
literature focused on deterministic models (Luss, 1982; Herman and Ganz, 1994). Then, there has
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been an increasing focus on models with stochastic demand (e.g., Zhao et al. (2018)). In the liter-
ature, we have also witnessed extensive research on practical and application-oriented problems,
such as manufacturing (Zhang et al., 2004), semiconductor production (Wang and Lin, 2002; Wang
and Hou, 2003), electricity generation (Wogrin et al., 2011; Parpas and Webster, 2014; Min et al.,
2018), and urban traffic management (Mathew and Sharma, 2009). Detailed surveys can be found
in Martinez-Costa et al. (2014); Azeez et al. (2018). We point out that the aforementioned studies
were based on the spatial monopoly assumption. That is, the operator is the only service provider,
and there is no external competition in the market. However, competition exists in most practical
business contexts since there may be other options/other providers that offer a similar service to
customers. When the operator fails to provide decent service quality, customers may go for other
options, leading to the loss of market share and revenue. Therefore, it is certainly worth investi-
gating the effect of market competition on the capacity expansion of chained business facilities.

Motivated by the observation, we investigate a capacity expansion problem for an operator
who owns a chain of service facilities. In the market, there are competitors providing equivalent
services. We refer to different service providers as different “channels”. The operator aims to
maximize its profit by expanding service capacities at facilities, which should strike a balance
between revenue and expansion costs. In general, increasing service capacities will reduce the
congestion effect at facilities. Customers can thus observe higher service quality and will be more
willing to seek services from the chained facilities. Accordingly, the operator will observe revenue
growth. That is, the revenue of the operator depends on the expansion decision which affects both
the congestion level and the likelihood of the chained facilities being selected by a customer. To
estimate the revenue, the operator thus needs to anticipate (i) how customers choose between the
operator and competitors to seek services from, namely, the channel choice, and (ii) how customer
choices are affected by congestion at the facility level.

To predict the customer choices and the revenue, probabilistic choice rules or models are fre-
quently used (Drezner and Drezner, 2002; Fernandez et al., 2021; Lin and Tian, 2021b; Suhara
et al., 2021). Two classical models are the gravity model and the multinomial logit model (MNL).
The gravity model belongs to the strict utility theory, which stipulates that the probability of a
customer selecting a facility increases with the attractiveness of the facility and decreases with
distance (Huff, 1964). The method has been used for several service facility location and design
problems (Drezner et al., 2018; Kiiglikaydin et al., 2011; Lin and Tian, 2021a). By contrast, the MNL
is based on the random utility theory, where the utility for an option consists of a deterministic
component and a random term. Under the utility-maximizing principle, the probability of choos-
ing an option is then equal to the probability that its utility exceeds that of all other options. Using
the MNL model, various facility and channel choice-related studies have been conducted (e.g.,
see Lin et al. (2020); Zhang et al. (2012)). In this paper, we follow the random utility theory and
use it to predict customer channel choices. Since only two channels exist (i.e., the operator channel
and the competitor channel. The latter will also be called the “outside option”), the MNL reduces
to the binomial logit model (BNL), whose applications can be found in recent studies (Gunawan
et al., 2020; Shriver and Bollinger, 2022).

A common limitation of the above works is that the utility of a facility /channel is assumed to
be exogenous and does not depend on endogenic factors. However, for a service system, facilities
are usually subject to congestion. That is, when the number of customers visiting a facility is high,
the arrival rate of customers may approach or even exceed the capacity of the system. Hence,
congestion occurs, and customers are forced to wait for a longer time before they get served. This
indicates that the channel utility could depend on the expansion decision of the operator and
the facility patronizing behavior of the customers. Indeed, facility congestion in terms of wait-
ing time has a major effect on customer choices (Etebari, 2019) and thus should be incorporated
into the decision-making process. To date, the congestion effect has been extensively investi-
gated. One stream is to incorporate congestion into the framework of centralized systems, wherein
users/customers would be assigned by the operator to minimize the system costs (Berman and
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Drezner, 2006; Elhedhli et al., 2018; Géez and Anjos, 2017). Another stream is to consider the de-
centralized user choice environment, in which each user selects facilities to minimize his/her own
routing time and/or costs, leading to Wardrop’s user equilibrium (UE) (Fisk, 1980). Examples of the
UE in facility and infrastructure planning can be found in road capacity expansion (Chiou, 2005;
Wang and Lo, 2010), park-and-ride facility (Ye et al., 2021), charging station deployment (Xiong
et al., 2017; Ferro et al., 2021), service network design (Hamzeei and Luedtke, 2018), and proba-
bilistic set covering location (Aboolian et al., 2022), to name a few. However, these studies implic-
itly impose the spatial monopoly assumption. Consequently, market competition, which could
arise in practice, was overlooked.

Indeed, there are several studies that incorporate market competition into congested facility
design and planning. Marianov et al. (2008) considered a company planning to build multi-server
facilities in a region to compete with a competitor for customers. A market share maximization
model was proposed, in which customers take the facility congestion into consideration and se-
lect the facilities to patronize following the MNL. A heuristic based on Tabu Search (TS) and a
Greedy Randomized Adaptive Search Procedure (GRASP) were proposed to solve the model. In
Schon and Saini (2018), a market-oriented service network design model was developed to deter-
mine the location and service capacities of facilities, with the goal of maximizing overall profit.
Customer choices were predicted by an attraction-based choice model with proportional substi-
tution patterns, similar to MNL. Although the congestion effect was considered in the model,
it was only used in a service-level constraint (which requires that the expected waiting time of
customers should not exceed a value promised by the company) and did not directly affect cus-
tomer choices. More recently, Dan and Marcotte (2019) investigated a competitive facility location
and design problem. Users/customers are assumed to patronize the facility that maximizes their
individual utility, represented as the sum of travel time, queueing delay, and a random term. Cus-
tomer choices are also predicted by the MNL. In the context of healthcare operations, Zhang and
Atkins (2019) studied the network design of “walk-in” congested medical facilities to maximize
the total demand volume. Several models were considered by Zhang and Atkins (2019). In partic-
ular, the two “user-choice” models are related to our work: one is the probabilistic-choice model,
which employs the MNL to predict client choices, whereas the other is the deterministic-choice
model, which utilizes the UE to anticipate the flow pattern.

Customer

Channel choice

Chained
facilities

Facility choice

A
[ Facility 1 ] [ Facility 2 ] [ Facility 3 ]

Figure 1: Explanation of customer behaviors.

Essentially, the existing literature represents customer choice as an “single-stage” process, i.e.,
perceiving congestion, customers either make decisions based on the MNL or the UE. In the for-
mer case, it is assumed that all open facilities are considered by the customers since each open
facility will have no-zero demand assigned to it. On the other hand, in the UE-based model, cus-
tomer choices are deterministic, presuming that customers at the same zone are homogenous, and
there is no randomness in the choice determination. In this paper, we develop a new modeling
perspective, i.e., due to the co-existence of competition and congestion, we visualize the behav-
ior of a customer as a “two-stage” choice as shown in Figure 1. In the first stage, customers will
make the channel choice to decide from which channel (the operator or the outside option) to seek
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services. In this stage, we apply the BNL to predict the channel choice probability, which reflects
the random preference of customers towards different service channels. The demand split is cast
based on the framework of the random utility theory, which allocates the demand to the two
channels based on their utility. The utility is, however, affected by the second stage facility choice.
Specifically, for customers choosing the chained facilities, they will subsequently select one facility
to patronize. At the facility choice level, each customer will select a facility that minimizes his/her
total time. Owing to congestion, such a choice will induce UE, by which customers at the same
zone will experience the same and minimal equilibrium time, and no one can further reduce the
time by unilaterally changing his/her facility choice. Notably, the two stages affect each other: the
first stage determines how many customers will visit the chained facilities according to the chan-
nel utility; whereas based on the current demand split, the equilibrium at the second stage yields
the equilibrium time and the channel utility, which in return affects the channel choice probabil-
ity. Therefore, for the operator, when determining the expansion decision, the inter-dependent
two-stage choices of customers must be explicitly and simultaneously considered.

Our contributions. Overall, the contributions of this paper are three-fold.

* Model. We jointly consider the two practical effects, i.e., exogenous market competition and
endogenic facility congestion, in a capacity expansion problem. We propose a generic model
to facilitate the operator of chained business facilities when making the profit-maximizing
expansion decision, upon anticipating the two-stage behaviors of customers under channel
competition and user equilibrium. The hierarchical customer behavior representation is a
distinct feature of our paper.

¢ Solution approaches. The proposed model is, unfortunately, a challenging nonconvex pro-
gram. To solve it, we first design an approximate reformation approach to recast the model
into a mixed-integer linear program (MILP) subject to adjustable approximation errors.
Such an approach is straightforward to implement and works well for small-scale instances
of the problem. For large-scale instances that could arise from real-world applications, we
further develop a surrogate optimization framework, which explores the hidden bilevel
structure of the model and decomposes the model into a “learning-to-optimize” problem
and a lower-level customer behavior estimation subroutine. Our extensive computational
experiments clearly demonstrate the efficiency and effectiveness of the proposed approaches.

¢ Practical implications. Through comprehensive sensitivity analysis, we draw several impli-
cations. In particular, for the operator, service expansion is preferred under the scenarios
where (i) congestion is moderate, (ii) market competition is moderate, and/or (iii) the initial
service capacity is low. For other scenarios, the operator should be conservative in its ex-
pansion plan. Moreover, customers tend to experience lower utility when the competition
becomes weaker, meaning that customers ultimately benefit from the increasing competi-
tion between service providers.

Organization. The remainder of the paper is structured as follows. We introduce the problem
as well as the model formulation in Section 2. Section 3 presents an approximate mixed-integer
linear programming approach. Section 4 develops an efficient algorithm based on an intelligent
surrogate optimization framework. We then conduct extensive computational experiments in
Section 5 to demonstrate the effectiveness and the efficiency of the proposed solution approaches.
Sensitivity analysis is presented in Section 6 to investigate the impact of parameters on the so-
lutions and draw insightful observations. Finally, Section 7 concludes the paper and points out
potential future research.



2. Problem description

Table 1: Notations.

Sets

1 :  set of demand zones. The number of customer zones is |1|.

J ¢ setof facilities. The number of facilities is |J|.

Parameters

fj + costof expanding one unit capacity of facility j, Vj € J.

g; : initial capacity of facility j, Vj € J.

d; demand at zone i, Vi € I.

r unit revenue of serving a customer. Set r = 1 for the ease of exposition.

T; : minimum routing time of a customer at zone i to the outside option, Vi € I.
L; : lower bound of the expanded capacity (L; > ¢;), Vj € J.

U; : upper bound of the expanded capacity (U; > 0),Vj € J.

a;; :  fixed accessing time of a customer at zone i to facility j, Vi € 1,5 € J.
Variables

xz; @ expanded capacity of facility j, Vj € J.

yi; © number of customers at zone i patronizing facility j, Vi € I,j € J.

v; : number of customers patronizing facility j, Vj € J.

z; : mnumber of customers at zone i seeking services from the outside option, Vi € I.
t;j : routing time of a customer at zone ¢ to facility j, Vi € I, j € J.

7;  : minimum routing time of a customer at zone i to a facility, Vi € I.

This section presents the formal problem description and model formulation. We summarize
the main notations in Table 1. Additional ones may be introduced when necessary.

Consider a company that operates a chain of facilities (denoted by set .J) to serve customers
located at different zones (denoted by set 7). Facilities are subject to congestion, i.e., if the number
of customers visiting facility j (denoted by v;) increases, then the service time at the facility will
become higher. For a customer at zone i seeking the service from facility j, he/she will experience
a “routing time” ¢;; that consists of (i) a constant accessing time o;;, representing the time spent
in traveling from zone i to facility j, and (ii) a variable service time at facility j, depending on v;.
We will present the discussion on congestion in Section 2.1.

Besides the company, there exist competitors who provide equivalent services in the market.
In this paper, we aggregate the competitors into a single outside option, which represents an ad-
ditional channel, with which the company competes to attract customer demand. Overall, when
the routing time to a facility is long, customers perceive a low level of service and may prefer the
outside option. Therefore, the company plans to expand the service capacities of its facilities to
reduce congestion and, ultimately, attract more customers. Let x; be the expanded capacity of
facility j and f; be the cost of expanding one unit capacity. Then, the objective of the company
is to maximize the profit, which should strike a balance between revenue and the expansion cost.
Specifically, we seek to maximize r ;. ; v; —>_;c ; fjz;, where the first term is the revenue, which
considers the total number of customers patronizing the chained facilities (. ; v;) and the unit
revenue of serving one customer (r), and the second term represents the total expansion cost.

To estimate the revenue, the company needs to anticipate customer behaviors, i.e., how cus-
tomers choose between the company and the competitor, and how customer choices are affected
by congestion. As shown in Figure 1, customers first make the channel choice, where they decide
from which channel to seek services. In this paper, we use the BNL to predict the channel choice
probability. The mathematical formulation of the BNL will be given in Section 2.3. Note that the
choice probability is affected by the congestion at facilities since more intense congestion will lead
to lower utility of customers. Therefore, the probability depends on the patronizing behaviors of
those customers that seek the service from the company, i.e, the facility choice. At the facility
choice level, customer behavior follows the UE principle. Detailed discussions will be presented
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in Section 2.2.

2.1. Congestion function

We first discuss the facility congestion effect. When the number of customers visiting facility
J increases, the service time C; will increase. Meanwhile, C; also depends on its initial service
capacity ¢; and the expanded capacity ;. We can thus write the service time at facility j as

C; =cj(vj,xj;q5), Vj € J, 1)

which is a function of variables v; and x;, parameterized by the initial service capacity ¢;. Natu-
rally, the function should satisfy the following properties: (i) Given an initial service capacity ¢;,
when vj is fixed, ¢;(v}, z;; ¢;) should be a decreasing function of x;, which states that expanding
the service capacity will reduce the service time; whereas when z; is fixed, ¢;j(v;, z;; ¢;) should
be an increasing and convex function of v;, which reflects the congestion effect. (ii) When both
vj and z; are fixed, increasing ¢; will reduce the value of ¢;(v;, z;; ¢j), which means if the initial
service capacity is higher, then the congestion level will be lower.

Noting the properties, possible choices of service time function includes (but are not limited to)

¢ Queuing models, such as the M/M/1 queue, taking the form of

K
C'(U'7x';q'):77 VjEJ, (2)
VAR RRVREE ¥/ Qj+$j_vj

where & is a positive parameter used to convert the congestion value into measurable time. How-
ever, if such a model is assumed, then we need to impose that v; < ¢; + ;.

¢ BPR-type functions, which is commonly used to model the congestion effect in various research
tields (e.g., An et al. (2015); Liu and Meng (2014)). Their generic form can be written as

B
v
ci(vi,xi;q; —s—l—’y( J ) , Vi€ J, 3)
ACEIRD) 4+

where s is a constant service time at facilities, and v > 0 and 3 > 1 are congestion parameters.

In practice, the choice and the exact form of the service time function should be based on the
real-world problem under investigation. In this paper, we adopt BPR-type functions; however,
our methodology presented hereafter is not limited to this particular function. Note that, in (3),
it is possible to define (s,~, ) for each facility (i.e., use subscript j to specify their values for
facility j). Without loss of generality, we assume they are homogeneous for all facilities.

2.2. User equilibrium in facility choice

With the congestion function defined above, the routing time of a customer at zone ¢ to facil-
ity j is given by

tij = aij +¢j(vj,zj5q5), Vie I, je J 4)

Define a nonnegative variable y;; to represent the number of customers at zone 7 patronizing
facility j, Vi € I,j € J. Then, v; and y;; have the following relation

vj = Zyij, Vi e J (5)

i€l

To predict the facility choices, we assume that customers are selfish and non-cooperative users.
Each customer will select the facility that minimizes his/her routing time. In this setting, we can
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use the following complimentary constraint to describe the equilibrium condition under facility
congestion:

(tij— 7)) yig=0,Viel,jeJ (62)
Lij > T, Viel,jeld (6b)

Here, 7; is the minimum (or equilibrium) routing time of customers at zone i. (6) ensures that all
facilities visited by customers at zone ¢ will generate the same and minimal routing time. If the
routing time of one facility ¢;; is larger than 7;, then no one will visit it, i.e., y;; = 0if ¢;; > 7
according to (6a). In other words, each customer tries to minimize his/her own routing time, and
at equilibrium, customers from the same zone will experience the same and minimal equilibrium
routing time 7;, and no one can further reduce his/her routing time by unilaterally changing the
facility choice, which induces a stable and equilibrium choice pattern (Aboolian et al., 2022)

2.3. Channel choice and market competition

Given the equilibrium behavior of customers in facility choice, we estimate the minimum
routing time of a customer at zone i as 7;. Due to the market competition, if time 7; is long,
then customers may prefer the outside option. As a result, the number of customers at zone :
that are attracted to the chained facilities is essentially a function of 7;. We refer to such a demand
function as the channel choice function because it reflects how customers choose between providers
(i.e., channels).

In practice, channel choices are typically interpreted probabilistically and frequently observed
to be in a non-deterministic manner (Avila et al., 2020; Gunawan et al., 2020; Shriver and Bollinger,
2022). That is, not all customers will be attracted to a single channel. Instead, the proportion of
customers using a channel should be estimated as a function of the channel disutility /utility.
Discrete choice models based on random utility theory thus arise as powerful tools to predict the
channel choice. In this paper, the channel disutility is related to the routing time. Specifically, we
assume that the routing time of a customer at zone 7 to any competitor is constant. In this case, for
the fixed set of competitors K, we define the the lowest routing time of a customer at zone i to the
outside option as 7; = mingex T;,. We then predict customers’ channel choices by the binomial
logit model (BNL), i.e.,

d; )
Zyij = 1 4 ef(ri—T;=9;)’ viel, @)
jeJ

where the left-hand-side computes the number of customers at zone i visiting the chained facili-
ties; the right-hand-side is the BNL, and there are two parameters associated with it (in practice,
both parameters can be empirically estimated from the data of the original system): (i) 6, a non-
negative scaling factor. Essentially, it reflects the sensitivity of customer choices to the disutility.
In general, a small value of # indicates that customers are not sensitive to the difference between
disutilities. In one extreme case where § = 0, customers are assumed to completely ignore the
disutilities and will randomly determine whether to use the chained facilities or to seek the ser-
vice from the outside option (i.e., 50% of the customers will be attracted to the chained facilities
regardless of the disutilities); in the other extreme case where 6 = o0, all customers will select the
outside option if ¢; > T; + ¥;, and vise versa. (ii) ¥;, a constant, which captures the effects of all
factors other than the time difference on the channel choice. For instance, a positive value of ¥;
can be interpreted as a “facility preference” factor. That is, ¥; > 0 implies that the share of the
operator at zone i is greater than that of the outside option even when 7; = Tj.

Note that 7; depends largely on x, and thus the channel choice of customers is also affected by
x. In general, when the company invests more in expanding the service capacities, 7; decreases,
and the company has more chances to win in the market competition and is expected to see a
growth in its revenue.



2.4. Model formulation

In the context of the above setup, we formulate the service expansion problem for chained
business facilities under congestion and market competition as

max T Z V5 — Z fja:j (8a)

JjEJ JjeJ
s.t. Lj <z; < Uj, Vi€ J, (8b)
vi =Y vijs Vj € J, (8¢)
el
[SEP] tij = a5 + cj(vj, Zj; Qj), Viel,jed, (8d)
(tij—n)-yij =0, Viel,jed, (86)
tij = T, Viel, jeJ, (8f)
di :

D= Ty el 8)

jeJ
yijZO Viel,jed (81’1)

In the objective function (8a), we maximize the profit of the company, accounting for the estimated
revenue and the expansion cost. Without loss of generality, we assume throughout the paper that
one unit of demand yields one unit of revenue, i.e., » = 1. Constraint (8b) defines the domain of
the expansion variable, where U; and L; are the upper and lower bounds, respectively. Note that
if L; is negative (i.e., takes a value between ¢; and 0), then we permit the possibility of capacity
reduction. Since this paper positions itself in the literature of capacity expansion, L; is set to 0.
Finally, Constraints (8c)-(8h) formulate customers’ facility choices and channel choices under con-
gestion as explained in Sections 2.2 and 2.3.

Remark. Since we consider “static competition” where the competitor is assumed to be irrespon-
sive (i.e., T; is a constant), we can interpret the competition as “demand elasticity” that charac-
terizes the overall demand allocated by customers to facilities as a variable, depending on the
UE routing time. It is then possible to further combine the routing time function (8d) and the
BNL function (8g) into a single (but complicated) decision-dependent demand function. Accord-
ingly, the UE conditions (8e) and (8f) can be formulated. This modeling philosophy can be seen
in Aboolian et al. (2012, 2022). In this paper, since the congestion effect is represented by a gen-
eral function, the resultant decision-dependent demand function could be challenging to derive
and analyze. Moreover, our current model has a side benefit, which allows us to recast it into an
equivalent bilevel formulation. Detailed discussions will be presented in Section 4.

3. Approximate mixed-integer linear programming approach

[SEP] is a nonlinear optimization problem, whose computational difficulty is largely amplified
by its non-convexity that arises from the UE complementary condition (8e), the time function (8d),
and the logit choice function (8g). This section presents an approximate reformation approach
to recast [SEP] into a mixed-integer linear program (MILP) subject to adjustable approximation
errors. The reformulated MILP can subsequently be handled by high-performance commercial
solvers to derive a (near-)optimal solution. In this section, we discuss the formulation approaches
in detail.

3.1. Reformulating UE complementary conditions

We start with the complementary constraints (8e)-(8f). Introduce a binary variable &;; such
that §;; = 1if ¢;; > 7; and &; = 0if ¢;; = 7;. Then we can replace Constraints (8e)-(8f) by the
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following mixed-integer linear constraints

C-&j<tj—m, Vieljecl, (9a)
tij—1 <M &, Viel,jeJ, (%9b)
Yij < di . (1 —fij),Vi S I,j S J, (9C)
&j; €40,1}, Viel,jeJ, (9d)

where M is a large positive number, and ( is a small positive number (which is chosen as ¢ = 1074
in this paper). To verify the equivalence, note that if ¢;; = 7;, then §;; = 0 by (9a). In this case,
(9¢) becomes y;; < d;, which trivially holds. If ¢;; > 7, then (9b) imposes that &;; = 1. As a result,
y;; = 0 since the right hand side of (9¢c) is 0. That is, (9) effectively imposes that if the routing time
to facility j is higher than the minimum routing time 7;, then no one will visit facility j from zone
i. (9) is thus equivalent to (8e)-(8f).

3.2. Approximating the nonlinear terms with adjustable error bound

We then linearize the other nonlinear terms in [SEP], i.e., the routing time function (8d) and
the logit choice function (8g). For (8d), under the BPR-type congestion, we define an additional
variable ji; such that

ni = ( Ui > Vi € J. (10)
j y V) .
! q T T

Then (8d) becomes a linear constraint, i.e.,
tij =i +s+vy-p;, Vieljed (11)

However, (10) states that y; is a non-convex function over two-dimensional variables v; and z;,
which is extremely difficult to approximate by linear functions. To circumvent the difficulty of
handling the two-dimensional non-convexity, we take the logarithm on both sides of (10) with a
mild assumption that v; is nonzero (e.g., if v; = 0, then we can set its value to a small number
10~ during the approximation). This gives rise to

Inp; > Blnv; — Bln(g; + x;),Vj € J, (12)

where we also replace the equality in (10) by the “greater-than-or-equal-to” inequality without
changing the optimal solution of [SEP] because p; should be as small as possible to ensure that
the disutility of the chained facilities will optimize the profit of the operator.

Now, we need to deal with the logarithm function. Generically, (12) can be approximated by

F(ujie) > B+ F(vje) = B+ Flg; + x55€), Vj € J, (13)

where F(w;e) is defined as a piecewise linear function over w, which approximates In w with a
maximum relative approximation error of €%, i.e.,

x 100% < e. (14)

F(w;e) —Ilnw
Inw

In modern MIP solvers, piecewise linear approximation has been embedded into their solution
procedures as an internal function. These solvers have provided straightforward, robust, and
error-adjustable approaches for automatically generating approximators in a mathematically com-
pact manner (they also handle the potential numerical issue due to the possible occurrence of
“zero” in the denominator of (13)). Thus, we prefer to directly use these reliable procedures rather
than designing our own approximation scheme (although the latter can be easily done following
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the linearization techniques described in Sherali and Adams (2013)). In this paper, we employ the
solver Gurobi 9.5.0 and leverage its general constraint function addGenConstrXxx'.
Similarly, for the logit choice (8g), we approximate it by

> i = Hi(mize), ¥j € J, (15)
jed
where H(7;; €) is a piecewise linear function such that

H(1;;€) d

e x 100% < . (16)

To summarize, [SEP] can be solved by the following approximate mixed-integer linear program
subject to a relative error bound of €%

max r Z v — Z fjz; (17a)

jedJ jedJ
[MILP(]  s.t. (8b), (8¢), (8h), (9), (11), (13), (15). (17b)

Parameter € allows for adjusting the error bound. In general, setting a smaller value of € in-
creases the approximation accuracy at the expense of a higher computational burden since the
resultant piecewise approximators may contain significantly more numbers of pieces (each one
corresponds to a linear segment). To balance the trade-off between accuracy and solution effi-
ciency, in this paper, we set ¢ = 1, meaning that we restrict the maximum relative approximation
error to 1%, which is small enough to guarantee the approximation quality on the one hand,
while avoiding adding an excess number of pieces into the problem on the other. Note that when
conducting the piecewise linear approximation, points are selected from the original nonlinear
function to construct linear segments. Such an approach is also implemented by Gurobi within its
internal approximation scheme. We, however, cannot guarantee that the original function is ap-
proximated from above or from blow since the nonlinear function (e.g., the logit choice function
in (8g)) may be neither convex nor concave on its domain. Fortunately, for the company, the only
“controllable” variable is the expansion decision z, and applying [MILP(¢)], in general, allows us
to derive a x that is close to the optimal solution as we will see in our numerical experiments.

4. Surrogate optimization approach

4.1. Motivation

Thanks to the powerfulness of modern solvers, the MILP approach described in Section 3 is
straightforward to implement and, oftentimes, works well for small-scale instances of the prob-
lem. However, this approach replaces non-convexity terms with piecewise linear functions, and
when we desire a high accuracy of approximation, a large number of linear segments needs to be
introduced, which dramatically increases the computational difficulty. Consequently, the MILP
approach cannot scale well on the problem size and may fail to solve even moderate-sized in-
stances in a reasonable time, signalizing the need for an effective and scalable approach since
the problem size in real-world business contexts could be substantially large. This section thus
proposes a surrogate optimization approach, which explores the hidden bilevel structure of [SEP]
and leverages a “learning-to-optimize” framework that effectively searches for high-quality ex-
pansion decisions. We are inspired by the following observation.

1See Manual: www . gurobi.com/wp-content/plugins/hd_documentations/documentation/9.5/refman.pdf
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Lemma 1 (Equivalent bilevel formulation). [SEP] is equivalent to the following bilevel program

max erj — Z fiz; (18a)

jeJ JjeJ
st. Ly <z <U;Vj€J, (18b)
[BP] min Z Za”y” + Z/ (w, z;)dw + Z ( [z:Inz; + (d; — 2z;) In(d; — z;)] + (T + \Ifl)zl)
vYE el jed jeJ iel

(18¢)

jeJ
v =Y vij,Vj € J, (18¢)

i€l

where the expansion decision x is the upper-level decision variable; (18c)-(18f) defines the lower-level prob-
lem, in which variable z; is the number of customers at zone i seeking services from the outside option.

Proof. See Appendix A. O

We interpret [BP] as follows. In the upper-level problem, the operator determines the expan-
sion decision z aiming to maximize the profit; whereas in the lower-level problem, the objective
function in (18c) considers four parts: the fixed accessing time of the customers, the congestion ef-
fect at the facilities, the entropy functions that characterize customers” dual-channel choices, and
the outside option time cost. The key point is that Problem (18c)-(18f) and Constraints (8c)-(8h)
are mathematically equivalent, and solving Problem (18c)-(18f) allows the operator to anticipate
customer behaviors under the UE-facility choice and the BLM-channel choice, defined by Con-
straints (8c)-(8h) in [SEP], and subsequently, estimate the revenue. To facilitate readers” under-
standing, we provide a toy example in Appendix C. In fact, transforming UE conditions into an
optimization problem is an effective and widely applied approach in congested network analysis.
The following lemma explains our motivation to derive such a transformation.

Lemma 2 (Convexity and uniqueness of the lower-level problem). Given a feasible expansion deci-
sion at x, the lower-level problem at Z, defined as,

gnyn; ZZawyu + Z/ (w,Z;)dw Jrz ( [z:Inz; + (d; — 2z;) In(d; — 2;)] + (T + \IJ,)ZZ>

el jed JjeJ i€l
(19a)
[LLP@)] st Y yij+ 2 =d;, Vi€ 1, (19b)
jet
vi =Y vij,Vj € J, (19¢)
i€l
Yij >0,Veel,jed, (19d)
is a convex optimization problem with a unique optimal solution of (v,y, ).
Proof. See Appendix B. O

According to this lemma, for any z, [LLP(Z)] can be solved efficiently by standard convex op-
timization approaches or software (e.g., CVXPY and MOSEK). Therefore, the company’s profit
can be easily evaluated when an expansion decision is given. Meanwhile, [LLP(z)] has a unique
optimal solution. In the context of bilevel programming, this property guarantees that the “opti-
mistic” and “pessimistic” formulations coincide (Colson et al., 2005). For any z, the operator will
thus observe a unique profit. To maximize the profit of the operator (i.e., to solve [SEP]), we only
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need to design an optimization framework that searches for an optimal expansion decision in an
efficient and intelligent fashion. This observation inspires our surrogate optimization algorithm,
which will be presented next.

4.2. Framework

The basic idea of surrogate optimization methods (also known as response surface or meta-
model) is to approximate a complex objective function with a structural surrogate model that is
learned and updated on-the-fly. The advantage of the surrogate optimization model is that it is
a “learning-to-optimize” approach that efficiently constructs an input-output mapping for both
expensive simulations and complex mathematical models (Regis and Shoemaker, 2007). The sur-
rogate model is trained using a data-driven approach, where all previously visited solutions and
their corresponding objective function values are kept as the training dataset. During the opti-
mization phase, information from the surrogate model is used to guide the search for improved
solutions. As more solutions are visited, the training dataset is enlarged, and the surrogate model
will gradually be refitted and updated to better approximate the objective function and to locate
a high-quality solution.

For [BP], when the expansion decision is given at z, we solve [LLP(x)] to obtain v; and then
evaluate the profit G(z). That is, for any z, we can obtain its corresponding profit G(x) by solv-
ing the convex optimization problem [LLP(z)]. We refer to this subroutine as function evaluation.
Certainly, there exists a “mapping" between x and G(x). In this paper, we adopt Radial Basis
Function (RBF)-based surrogate model to learn the underlying mapping and to guide us towards
optimizing the expansion decision.

In the literature (Mueller, 2014; Eriksson et al., 2019; Tian et al., 2021), the surrogate optimiza-
tion framework consists of (i) Initial experiment design, which generates a set of initial expansion
decisions. We set the number of initial expansion decisions as n = max{20,2(|J| + 1)}. More-
over, x is restricted by box constraints (i.e., L; < z; < U;), and we thus obtain n initial expansion
decisions using the symmetric Latin hypercube sampling (SLHS) approach (Kenny et al., 2000);
(ii) Function evaluation, which receives an expansion decision x as input and derive the true profit
G(z) as output; (iii) Surrogate model training. The pairs of inputs and their outputs would be used
to learn a RBF-based surrogate model, which constructs an approximate mapping from the ex-
pansion decision to the profit; and (iv) candidate point selection. The basic idea is to generate a set
of candidate points and use the surrogate model to predict the function values at these points. The
merit function is then adopted to select the most promising candidate points that will go through
function evaluation and then be added to the training set in the next iteration.

With these ingredients, we present our algorithm as follows.

Step 1 Initialization.

Step 1.1 Generate n initial expansion decision {z!,z?, ..., 2"} using SLHS.

Step 1.2 Initialize the training dataset X as X = {z!, 2%, ..., 2"}.

Step 1.3 Conduct function evaluation under z* by solving [LLP(z%)] and derive the corre-
sponding profit G(z%), Vi = 1...n.

Step 1.4 Train the RBF-based surrogate model Z(z) using the data {(z%, G(2%)),Vi = 1...n},
derived in Step 1.1 and Step 1.2, to fit the initial surrogate model and establish the
response surface. That is, we approximate the profit by a RBF model. More specifically,
given a set of points x! and their corresponding profit G¢(z), the surrogate model takes
the form of:

Z(x) = Z)\inp (||z = 2*||) + p(=),
i=1

where Z(z) approximates the true profit G(z); A; is a weight coefficient; ¢ (||z — 27||) =
(Jlz — 2%||)® is the cubic kernel (where the norm is the Euclidean norm); and p(z) is a
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linear tail, taking the form of a + b7 z. In the training process, we use the least-squared
approach to find out the value of (), a, b).

Step 2 Re-train the surrogate model.

Step 2.1 Use the current surrogate model to predict the profit at candidate points in the
variable domain and decide on which point the next function evaluation should be
conducted. The weighted-distance merit function (which will be explained later) is
adopted (Regis and Shoemaker, 2007; Liu et al., 2018; Eriksson et al., 2019).

Step 2.1.1 Generate a set of candidate points 2, with |[©2,| = 100 - |J|. We adopt the
normal random candidate point method, in which the points near the vicinity of
the current best solution x* are obtained by adding random perturbations.

Step 2.1.2 Predict the function values of the candidate points. After generating the set
of candidate points (2, the surrogate model Z(x) is used to predict their objective
function values, i.e, for 2/ € Q,, we compute Z(z). Then we can derive Z™** =
max Z(2'), 2’ € Q, and Z™" = min Z(2'), 2’ € Q.

Step 2.1.3 Determine the minimum distance from previously evaluated points. Let
d(z") denote the distance from z’ to the closest evaluated point. Compute d™** =
max d(z'), 2’ € Q, and d™® = mind(z'), 2" € Q.

Step 2.1.4 Compute the weighted score. We first derive the scaled surrogate score by:

Z(x! _Zmin . .
{ ZS:’anz_Zmin 1f Zmax > Zmln

Vi) = |
1 otherwise
which is nonnegative and equals zero at points that have minimal surrogate value
among candidate points.
The scaled distance score is computed by:

Vd(l./) _ { % if gmax > dmin
1 otherwise

which is nonnegative and equals zero at points that are most far from evaluated
points.
Then, the weighted-distance merit function is defined as wV*(z') + (1 — w)V%(z'),
where w is the weight to be selected from [0,1]. The weighted score is used as a
criterion for selecting the later function evaluation points. The value of w balances
the trade-off between “exploration” and “exploitation”. That is, a larger value of w
gives higher importance to the surrogate values, leading the search to minimize the
surrogate; whereas a smaller value of w favors points that are far from evaluated
points, motivating the search to explore new regions.

Step 2.1.5 We then select the top k£ candidate points from €2, according to the value of
the weighted-distance merit function. Let X’ be the set of these points (i.e., X' C €,
and |X'| = k).

Step 2.2 Conduct a function evaluation for each 2z’ in X’ to derive the associated profit
G(z'). In total, there are k function evaluations in this step, and they can done in paral-
lel using the multiprocessing function embedded in modern computer programming
languages to reduce the computational time. In this paper, we set k = 12, which corre-
sponds to the number of threads of the computer used in our experiment.

Step 2.3 Enlarge the training dataset by setting X := X U X'.

Step 2.4 Update (re-train) the surrogate model Z(X) using all data (z¢,G(z%)),Vz! € X.
With a gradually enriched dataset X, the approximation accuracy will be improved
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accordingly.

Step 3 If the maximum number of function evaluations is unmet, return to Step 2; otherwise, stop
and return the best solution found during function evaluation.

5. Computational experiments

This section presents computational studies to test the efficiency of the proposed solution ap-
proaches. Throughout this section, we set f; = f,Vj € J. We fix parameters f = 1,7 = 1,5 =
1,¥; = 0,Vi € I. However, we will explore their impacts on the solution structure by varying
their values in the next section.

We refer to the approximate mixed-integer linear programming approach in Section 3 as MILP,
where the reformulated [MILP] is solved directly by Gurobi 9.5.0 using its embedded general
constraint modeling functions. The maximum relative approximation error is set at 1%. Since
[MILP] is an approximation, the profit derived by it may not match the true one. Therefore, after
obtaining an expansion solution from it (say z), we evaluate the true profit by solving [LLP(Z)]
and report the associated result. For the surrogate optimization framework proposed in Section 4,
we refer to it as SO, where the convex subproblem is modeled using CVXPY and solved by calling
the solver MOSEK. Moreover, to verify the effectiveness of our solution approach, we introduce
a benchmark, SCIP, where the global optimization solver SCIP (i.e., PySCIPOpt Version 4.2.0) is
applied to solve the original formulation [SEP]. All experiments are conducted using Python on a
16 GB RAM macOS computer with a 2.6 GHz Intel Core i7 processor.

5.1. Performance of MILP and SO

In our first experiment, we compare the computational performance of SCIP, MILP and SO.
Our testbed is generated by the following method: The location of facilities and customers are
on the plane and drawn from 2-dimensional uniform distribution U([0,20]?). We set «;; to the
Euclidean distance between customer ¢ and facility j. The demand of each customer zone d;
is drawn from uniform distribution U([50,100]). Moreover, we set T; = .. ; o;;/|J|, i.e., the
average value of vector ;.. All datasets used in this section are generated using Python with
fixed random seeds and can be provided upon request.

In the context of the above setup, we generate 40 small-scale random instances as follows.

RND-S. Instances with the following combinations of instance sizes and parameters: || = {15,20},
|J| = {4,5,6,8,10}, 6 = {0.1,0.3}, and 8 = {1,2}. We fix ¢ = 10.

For SCIP and MILP, we impose a time limit of 3600 seconds for solving an instance. For SO,
the number of function evaluations is 200.

Table 2 reports the computational results of 20 RND-S instances under § = 1, including the
computational time in seconds (CPU[s]), the relative solution gap (rg[%]) reported by the solvers
(i.e., Gurobi and SICP), the objective (Profit), and an additional measure A, which stands for the
relative profit difference between MILP (or SO) and SCIP. It is computed as

A= Profit(MILP) — Profit(SCIP) C100% or A — Profit(s0) — Profit(SCIP)

1 .
Profit(MILP) Profit(s0) < 100%

A positive value of A indicates that the approximation approach MILP or SO finds a better solution
than SCIP; whereas a negative value indicates the opposite case. Moreover, for SCIP or MILP, if
an instance cannot be solved within the time limit, we mark the corresponding CPU with “t.1.”.

Table 2 shows that for those instances that can be successfully solved by SCIP, A values for
MILP and SO are very small. This indicates that the solutions found by both approaches are close
to the true optimal ones, which justifies the approximation quality of MILP and the effectiveness
of SO. We also notice that SO is very fast and consistently finds better solutions than MILP.
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Table 2: Computational results of the RND-S instances with g = 1. “t.1." indicates that the computational time exceeds
the 3600-second time limit.

0 |[| ‘J| SCIP ‘ MILP ' SO ‘
CPU[s] rg[%] Profit | CPU[s] rg[%] Profit A CPUJ[s] Profit A
01 15 4 1319.5 0 3983 7.3 0 3982 -0.03 52 398.3 0
5 525.4 0 4146 25.8 0 4146 0 52 4146 0
6 2728.5 0 435.0 146.5 0 4349 -0.02 54 435.0 0
8 978.8 0 4975 798.5 0 4972 -0.06 56 4975 0
10 343.5 0 5386 587.9 0 5386 0 6.0 538.6 0
20 4 587.5 0 5421 21.1 0 541.8 -0.06 54 5421 0
5 2073.7 0 563.2 112.0 0 5627 -0.09 52 563.2 0
6 t.L 472  589.6 719.3 0 5893 -0.05 55 589.7 0.02
8 t.L 046 683.8 | 24484 0 6837 -0.01 56 683.8 0
10 t.L 393 7294 t.L 1.20 7289 -0.07 6.1 7294 0
03 15 4 346.9 0 350.2 4.8 0 349.7 -0.14 52  350.2 0.00
5 552.2 0 3778 9.1 0 3776 -0.05 51 377.7 -0.02
6 2324 .4 0 4133 35.6 0 4129 -0.10 54 4133 0
8 821.9 0 5394 2439 0 5389 -0.09 55 5394 0
10 1914.7 0 6220 624.2 0 621.0 -0.16 58 621.8 -0.03
20 4 538.7 0 4695 15.3 0 4686 -0.19 52  469.5 0
5 t.l 8.26 5089 42.3 0 5082 -0.14 5.2 508.9 0
6 tl. 1197 559.5 254.0 0 559.2 -0.05 54 5594 -0.02
8 t.L 430 7529 1677.7 0 7521 -0.11 55 7529 0
10 t.l. 847 8475 t.l. 249 8472 -0.04 6.0 8475 0

To further compare the performance of these three approaches. We consider another 20 RND-
S instances under 3 = 2. The results are given in Table 3. Here, SCIP may fail to identify any
feasible solutions within the time limit. In this case, we mark, in the column of SCIP, rg[%] and
Profit with “n.a.”, and the corresponding A in the columns MILP and SO with “n.a.”.

Clearly, the performance of SCIP and MILP turns out to be rather sensitive to congestion
parameter 3. Comparing the results in Table 2 and Table 3, we observe that when 3 increases from
1 to 2, the performance of SCIP and MILP largely deteriorates as can be seen from the substantial
increase in either the rg or the CPU. In particular, SCIP cannot solve all instances and, oftentimes,
terminates with huge gaps. Worse still, it even fails to find out feasible solutions for 4 instances.
For MILP, 9 instances are not solved optimally. By contrast, the CPU of SO remains at a low level
(less than 7 seconds).

In terms of the solution quality, SO consistently generates the best solutions, and MILP can
yield high-quality solutions as well even for unsolved instances. Unfortunately, SCIP is practi-
cally ineffective since the value of A for SO and MILP can go up to more than 11%, meaning that
the solutions derived by SO and MILP are significantly better.

We thus conclude that our proposed approaches outperform SCIP. Moreover, given that SO
converges to better solutions than MILP and requires significantly lower CPU as well, we prefer
SO over MILP.

Notably, the drawback of MILP is owing to (i) the increased problem size because lineariz-
ing the nonlinear constraints requires additional variables and constraints and (ii) the weak con-
tinuous relaxation bound due to the “big-M” introduced for handling the complementary con-
dition in (9). For those unsolved instances, although MILP may find high-quality solution in
a short time, the convergence of relaxation bound during Gurobi’s branch-and-cut process ap-
pears to be rather slow. As an example, Figure 2 shows the movement of the incumbent (i.e.,
the objective under the current best solution) and the best bound of an unsolved RND instance
(I =20,J =10,5 = 2,0 = 0.3). We observe that the incumbent quickly grows to 451.9 (which
is near-optimal). However, Gurobi struggles in reducing the best bound, and significant CPU is
thus consumed on closing the gap.
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Table 3: Computational results of the RND-S instances with g = 2. “t.1." indicates that the computational time exceeds
the 3600-second time limit. For SCIP, “n.a." indicates that no feasible solution is found upon termination.

0 |[| ‘J| SCIP ] MILP ‘ SO '
CPU[s] rg[%] Profit | CPU[s] rg[%] Profit A CPU[s] Profit A
01 15 4 t.L 7640  279.7 24.0 0 2923 4.31 59 2927 4.44
5 t.L 98.09 296.0 209.5 0 3077 3.80 5.8 3079 3.86
6 t.L 83.08 325.3 879.6 0 3256 0.09 6.0 3257 0.15
8 t.L 69.30 373.0 tl. 1166 3794 1.69 6.0 3794 1.69
10 t.L 80.20 395.6 tl. 1982 4171 5.15 6.5 4174 5.22
20 4 tl. 11846 357.5 81.5 0 390.0 8.33 6.0 390.5 8.45
5 t.L n.a. n.a. 695.0 0 408.8 n.a. 6.2 409.2 n.a.
6 tl. 11147 4111 tl. 1036 431.1 4.64 6.2 4314 4.71
8 tl. 107.09 463.0 tl. 1170 507.6 8.79 6.6  508.0 8.86
10 t.L 81.78 547.6 tl. 2993 5478 0.04 6.9 548.0 0.07
03 15 4 t.l 95.00 231.1 11.6 0 236.6 2.32 59 2369 2.45
5 t.L n.a. n.a. 47.1 0 2584 n.a. 5.8 258.7 n.a.
6 tl. 14193 2844 384.0 0 286.3 0.66 6.2 288.3 1.35
8 tl. 118.77 380.4 t.l. 6.07 384.2 0.99 6.3 385.0 1.19
10 t.L n.a. n.a. tl. 1601 4519 n.a. 6.9 453.0 n.a.
20 4 tl. 19210 3089 34.7 0 3156 2.15 6.2 3163 2.37
5 tl. 19720 3426 229.9 0 3453 0.78 6.1 3459 0.95
6 tl. 19174 3526 2367.9 0 3843 8.25 6.4 3848 8.37
8 tl. 15546 4674 tl. 18.18 5289 11.63 64 5308 1194
10 t.l. n.a. n.a. tl. 3528 604.1 n.a. 6.9 6044 n.a.
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Figure 2: The movement of the incumbent solution and the best bound for an unsolved RND instance (|I| = 15, |J| =
10,8 = 2,0 = 0.3) by MILP.

5.2. Comparing SO with other heuristics

Our second experiment aims to compare the performance of SO with other heuristic approaches
using large-scale instances. Our benchmark approaches consists of a particle swarm optimization
algorithm (PSO) and a genetic algorithm (GA), where PSO and GA are used to search for improved
expansion decisions and CVXPY-MOSEK is used to solve the convex subproblem to evaluate the
profit under a given expansion decision (i.e., the function evaluation is exactly the same as that
in SO). Both approaches are implemented using scikit-opt (available at https://scikit-opt.
github.io)under default parameter settings. Note that for PSO and G3, their performance could
be affected by the population size in each generation. To be fair in our comparison, we conducted
preliminary computational experiments using population sizes of 20, 30, 40, and 50. We found
that when the population size is 30, both PSO and GA perform best in general. Therefore, we will
only report the results under the population size of 30 hereafter.

Leveraging the data generation method described in Section 5.1, we generate large-scale ran-
dom instances as follows.
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RND-L. Instances with 100 customer zones (|/| = 100). We consider the following combinations
of instance sizes and parameters: |.J| = {20,30,40} and 5 = {1,2}. We fix ¢ =20 and 6 = 0.3.

We start by comparing the performance of SO, PSO, and GA under the same number of function
evolutions. Specifically, for all approaches, we set the maximum number of function evaluations
as |J| x 30. Meanwhile, for each instance, we perform 10 independent runs. This allows us
to (possibly) obtain 10 different values of the objective function (profit) for each approach. We
then use “AVG”, “MAX”, and “ST” to denote the average profit, the maximum profit, and the
standard deviation of profits in these 10 independent runs. Moreover, we compute the relative
profit difference between PSO (or GA) and SO as

- AVG(PSO) — AVG(s0) < AVG(Ga) — AVG(S0)
A= 1 A= 1 .
AVG(S0) X 100% or AVG(50) < 100%

A negatNive value of A indicates that, on average, PSO (or GA) finds a solution that is worse than
SO by |A|%, and vice versa

Table 4: Computational results (profit) of RND-L instances under |J| x 30 numbers of function evaluations. Each row
shows the statistics for 10 independent runs.

8 ‘ J| PSO ~ GA ~ SO

AVG  MAX ST A AVG  MAX ST A AVG MAX ST
20 | 42534 4296.9 50.15 -3.08 | 4270.5 4321.7 33.67  -2.69 | 43884 4389.2 0.36
30 | 4370.5 45722 130.83 -6.71 | 4321.2 4450.1 10519 -7.76 | 4684.8 4685.2 0.38

40 | 43005 4611.3 168.72 -11.92 | 4258.1 45427 157.06 -12.79 | 48824 4883.0 0.62

2 20| 30289 30605 2512  -2.07 | 3043.6 30700 2024 -1.60 | 3093.0 30942 1.03
30 | 32485 32909 3813 -412 | 3281.5 33309 29.60 -3.14 | 3388.0 3389.3 1.32
40 | 3363.7 3468.8  79.31 -6.47 | 3400.3 34869 4712  -545 | 35965 3599.1 1.96

Table 4 shows the computational results (profit) of RND-L instances. For all instances, we
consistently observe that SO yields the best AVG. In particular, when § = 1 and |J| = 40, AVG
by SO is more than 11% higher than that by PSO and GA. Moreover, the performance of SO is
very robust because its ST is rather small, whereas the performance of PSO and GA under |J| x 30
numbers of function evaluations turns out to be rather unstable as can be inferred from their
larges values of ST.
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Figure 3: Profit versus the number of function evaluations for two RND-L instances.

In fact, for metaheuristic approaches (e.g., PSO and GA2), a large number of function evaluations
are generally required to search for high-quality solutions. The poor performance of PSO and GA
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in Table 4 could thus be attributed to insufficient evaluations. To demonstrate this argument, we
plot the evolution of the profit for two RND-L instances in Figure 3. Clearly, PSO and GA are still
far away from convergence despite having performed 1200 function evaluations. On the contrary,
SO converges rather fast. This result justifies that applying the surrogate optimization framework
can largely reduce the number of function evaluations required for convergence and lead to better
solutions than the benchmarks as well.

Table 5: Computational results (profit) for RND-L instances under 300-second computational time. Each row shows
the statistics for 10 independent runs.

5 1) PSO ] GA ] SO

AVG MAX ST A | AVG MAX ST A | AVG MAX ST
20 | 42832 43395 4929 242 | 43830 43860 279 -0.15 | 43895 43896 0.09
30 | 4379.0 4589.0 13547  -654 | 4611.1 46632 3129 -158 | 46853 46855 0.12

40 | 43184 4611.3 169.76 -11.55 | 4701.8 47819 57.14 -3.70 | 4882.6 4883.2 0.48

2 20| 30494 30774 2426 -145 | 3077.2 3089.2 6.85 -0.55 | 30943 30947 0.26
30 | 32575 33153  40.78  -3.88 | 3340.0 3359.1 1397 -1.44 | 33889 3390.0 0.77
40 | 3370.1 34703 80.13 -6.35 | 35183 3549.2 2138 -223 | 3598.6 3600.8 1.35

Next, we compare the performance of SO, PSO, and GA under the same computational time.
Specifically, we set the maximum computational time to 5 minutes (300 seconds). For each in-
stance, we again perform 10 independent runs. Table 5 reports the results. Similar to the previous
experiment, SO finds better (higher AVG and MAX) and more robust (smaller ST) solutions than
the others.

To summarize, it is reasonable to conclude that SO is very effective in finding high-quality
expansion solutions for [SEP].

6. Sensitivity analysis and implication

This section conducts sensitivity analysis to draw managerial implications. We use a randomly
generated instance from RND-L with |I| = 100 and |J| = 20. Due to a large number of parameters
in our problem, we fix s = 8 = 1 in the congestion function to simplify our discussion. Mean-
while, as can be seen from (7), the impact of 7; and ¥; is similar, i.e., a larger value of 7; or ¥;
tends to increase the number of customers being attracted to the chained facilities. Therefore, we
will hold T; fixed. The remaining parameters are (i) cost parameter f; = f,Vj € J; (ii) congestion
parameter -; (iii) initial service capacity ¢; = ¢,Vj € J; and (iv) choice model parameters ¢ and
¥ = W,;,Vi € I. Their impacts will be explored in this section. Now, we introduce the notations
that will be used in our later discussion.

* 0, increased profit, defined as the difference between the profit with and without service
expansion.

* Expansion, summation of all expansion units, i.e., ) jes j-

* Usage [%], defined as the proportion of customers using the service from the chained facili-
ties, i.e., Usage = ZJEJ v/ > ier di x 100%.

* 7, (weighted) average routing time of all customers seeking services the chained facilities,

defined as
Dier 2uje YijTi
diel EjeJ Yij

7=
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Figure 4: Sensitivity analysis on congestion parameters. We fix § = 0.3, ¥ = 0.

6.1. Impact of congestion parameter ~y

We start with the sensitivity analysis on the congestion parameter . For this experiment, we
fix§ =0.3,¥ =0.

We plot the results in Figure 4. Figure 4(a) reveals that for all combinations of (f, q), ¢ first
increases with v and then decreases. Based on (3), v affects the magnitude of facility congestion.
As revealed in Figure 4(d), 7 increases with v. Essentially, when v is very small, the conges-
tion effect is marginal. Then, expanding services at facilities cannot effectively reduce customer
disutility since the disutility has already been relatively low. In this case, the company can only
attract a limited number of additional customers and thus should be conservative in the expan-
sion decision. In the extreme case where the congestion effect is not presented (i.e., 7 = 0), service
expansion will bring no benefit to both the company and the customer, and thus Expansion is
zero (see Figure 4(b)).

On the other hand, a very large value of v indicates that the congestion effect is extremely
significant. As shown in Figure 4(d), 7 is high when  is large. In this case, additional customers
attracted through service expansion may not compensate for the cost of expansion since customer
disutility remains at a relatively high level. The company thus prefers not to invest substantially
and should stay conservative when facing market competition. As a result, we observe that,
when ~ is high, both Usage and Expansion are low (see Figures 4(b) and 4(c). Only when 7 is
at intermediate levels, the benefit of service expansion is more likely to dominate the cost. The
company is motivated to become more aggressive in service expansion. This explains the bell-
shaped curves in Figures 4(a) and 4(b) and leads us to the first implication.

Implication 1. Service expansion is preferred under moderate congestion parameters. For other cases, the
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company should be conservative in its expansion plan.

6.2. Impact of initial service capacity q

From Figure 4, we observe that under the same value of f (i.e., f = 2), both ¢ and Expansion
are higher when the initial service rate of facilities ¢ is smaller (see the green and the blue plots).
To further investigate the impact of ¢, we fix v = 1 and vary ¢ from 10 to 100.
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Figure 5: Sensitivity analysis on parameters g and f. We fixy =1, = 0.3, ¥ = 0.

Figure 5 summarizes the main results. Notably, both § and Expansion show non-increasing
trends with ¢. Intuitively, if the initial service rate g is very high, then the initial congestion will not
be significant, meaning that the disutility will be at a low level (e.g., see Figure 5(d) when ¢ > 80),
and the company has nearly achieved its maximum possible profit. As a result, expanding the
service capacities of facilities cannot effectively reduce customer disutility to an extent where the
additional revenue will exceed the expansion cost. This argument can be confirmed by the almost
zero Expansion in Figure 5(b) and the nearly overlapping of lines in Figure 5(c) when ¢ > 80.

Implication 2. Service expansion is preferred when the initial service capacity is low.

In effect, this implication is somewhat intuitive as the service expansion naturally favors the
case where the initial service capacity is limited. Nevertheless, the results effectively demonstrate
that a proper service expansion plan can indeed boost the profit but should be carefully deter-
mined, taking the congestion effect and the initial service capacity into consideration.

6.3. Impact of market competition
Next, we investigate the impact of choice model parameters § and ¥ on the solution structure.
For this experiment, we fix vy = 1,¢q = 20, f = 2.
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We plot the results in Figure 6. Note that U reflects the market competition level. When
U; increases, the market competition from the competitor becomes weaker, and the company is
expected to attract more customers.

For all values of §, we observe bell-shapes in both Figure 6(a) and Figure 6(b), indicating that
when market competition is intermediate, the company should invest more in service expansion
to generate substantial additional profit. In other words, service expansion favors the case where
market competition is intermediate. Certainly, when the market is very competitive (i.e.,, ¥ <
—5 and we can interpret that the disutility of the outside is very low), the company can hardly
win customers through the competition, and the majority of the market share will be taken by
the competitor (see the low percentage of usage in Figure 6(c)). Under such fierce competition,
it does not make sense for the company to aggressively expand the service capacity since the
competitor will almost always stand in an advantageous position, and the investment will hardly
yield rewards. On the other hand, when market competition is marginal, the company can attract
most of the customers even without improving its service. In this case, there is limited motivation
to engage in any expansion activity. As a result, we observe from Figure 6(d) that when ¥ is high
(e.g., 10 < ¥ < 20), the average time of chained facilities 7 increases sharply, which is owing to
both the growing number of visitors to facilities and the reduced service expansion (the combined
effect of them significantly intensifies the facility congestion). In other words, customers can
benefit from the increasing market competition between service providers. Therefore, we have
the following observation.

Implication 3. Service expansion is preferred under moderate market competition. Moreover, customers
can be better off if the market competition becomes more intense.
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7. Discussion and conclusion

This paper investigated a service expansion problem for chained business facilities under fa-
cility congestion and static market competition, wherein customer behaviors were virtually char-
acterized as a two-stage process. More specifically, in the first stage, customers make channel
choices, which were predicted by a discrete choice model. If customers choose the chain facilities,
then they make facility choices at the second stage, following the user equilibrium principle. Both
stages are inter-dependent since the channel choice provides the number of customers visiting the
chained facilities based on the channel utility; whereas the equilibrium at the second stage yields
the channel utility, which in turn affects the channel choice probability. The two-stage choices of
customers thus must be explicitly and simultaneously considered. To this end, we proposed a
modeling framework to optimize the expansion decision, accounting for estimated revenue and
expansion costs. We subsequently provided two solution approaches and then conducted exten-
sive computational experiments to demonstrate the effectiveness of them. Through comprehen-
sive numerical studies, we observed that service expansion can generate substantial additional
profit if congestion and market competition are moderate, or the initial service capacity is low. In
these cases, the operator can be more aggressive in service expansion. Moreover, customers will
ultimately benefit from the increasing competition between service providers.

Associated with this paper are a few limitations and future research directions. Above all,
when solving large-scale instances, we utilized the surrogate optimization approach, which is a
learning-based heuristic. Although the approach works well in practice, it is still worth trying
to develop an exact solution algorithm for the model (if possible). Moreover, the surrogate opti-
mization approach requires function evaluations (i.e., solving a subproblem to estimate customer
behaviors). Through our computational experiments, we demonstrated that it can largely reduce
the number of required function evaluations compared to the two metaheuristics. We, however,
have to admit that the number of function evaluations for large-scale instances still needs several
hundred. In the future, a faster convergence heuristic can be developed to expedite the solu-
tion process. Finally, this paper focused on static market competition. The utility of the outside
option/the competitor was fixed and kept unchanged. In many business contexts, when the op-
erator expands service capacities at its facilities, the competitor may react accordingly by locating
new facilities or changing its services. Such a non-static problem requires game-theoretical mod-
eling approaches, such as the Leader-follower game (Drezner et al., 2015; Kiigiikaydin et al., 2012;
Lin et al., 2022) and the Nash game. In the area of capacity expansion/management, games-
theoretical approaches have not received enough attention thus far, partly owing to the difficulty
in the modeling and algorithmic development. This creates a gap that is interesting and worth
investigating in the future.

Appendix A. Proof of Lemma 1

We show that Constraints (8c)-(8h) are equivalent to the following optimization problem

v i
min Z Zaijyij + Z/ ¢j(w, zj)dw + Z (9 [ziInz; + (d; — z;) In(d; — z;)] + (T + klll)zz)
VYR e e jes’o iel
(A.1a)
sty it z=di, Vi€l (A.1b)
JjeJ
vj = Zyij,Vj €J, (A.1c)
il
Yij = 0,Viel, jeJ (A.1d)
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Let 7;, uj, and ;; be the dual variables associated Constraints (A.1b), (A.1c), and (A.1d), respec-
tively. We construct the Lagrangian function as follows

Ly, z,v, 7, p, ) = ZZ(XU%]—FZ/ i (w, dw—l—Z( [ziIn z; + (d; —z)ln(di—zi)]—k(ﬂ—kllli)zi)

el jeJ JjEJ i€l
+ Zﬂ (di - Zyij - Zi) + ZM]‘ (Z Yij — Uj) - Z Z%g‘yij- (A2)
il jer jed iel i€l jeJ

The KKT conditions then read

Zq

2 T+ W, — 7, =0, A
g5 T+ 7 =0 (A.3a)
¢j(vj, x5) — pj = 0, (A.3b)
ij — Ti + i — pij = 0, (A.3¢)
Z Yij +2i —di =0, (A.3d)
jeT
vj = Z Yijs (A3e)

i€l
©ijYi; =0, (A.3f)
¢ij > 0, (A.3g)

where (A.3a)-(A.3c) are the stationary conditions for variables z;, v;, and y;;; (A.3d)-(A.3e) are
primary feasibility; (A.3f) is the complementary slackness condition; finally, (A.3f) states dual
feasibility.

By (A.3a), we can derive the solution of z; as

diee(rﬁTi D)

1 _I_ ee(Ti—Ti—\I’i) '

(A.4)

2 =

Plugging this condition into (A.3d) gives rise to

P p— (A5)

(ri—T;—%;)
=y, 1+ e

which exactly recovers Constraint (8g).
Now, plug (A.3b) into (A.3c). We have

i + ¢ (vj, T5) — Ti = iy (A.6)

Note that a;; + ¢j(vj, z;) = t;;. Therefore, the above equation becomes t;; — 7; = ¢;;. Based on
(A.3f)- (A.3g), we arrive at

(tij — 7ij) - yij = 0, (A.72)
tZ] Z Tij- (A7b)

These two equations are exactly Constraints (8e) and (8f). We thus complete the proof.

Appendix B. Proof of Lemma 2

The objective function of [LLP(Z)] is strictly convex. To check this, note that when the expan-
sion decision is fixed at z, according to (3), the second term of the objective function (19a) can be
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expressed as a function of v as

v o
’ ) f}/ . U
> / ¢jw,7)dw =Y ( YD @ wa-)ﬁ) "

jedJ jed

which is strictly convex since 8 > 0. Moreover, it is easy to see that the third term is also a strict
convex function over z;. Now, since the objective function of is strictly convex and all constraints
are linear and feasible, the optimal solution of [LLP(Z)] is unique.

Appendix C. A toy numerical example

We consider 1 customer zone with demand volume d and 2 service facilities. Now, since there
is only one customer zone, we drop subscript ¢ and thus variable y and the associated constraints.
For the routing time parameters, we set a1 = 1 and o = 4 for Facility 1 and 2, respectively. Also,
wesety=s=0=0=1,T=4,and ¥ = 0.

Suppose that an expansion has been given at z and that the resultant service capacities are
2 and 4 for Facility 1 and 2, respectively. Then, the routing times of customers to Facility 1 and
Facility 2 are t; = 2+ v /2 and ¢; = 5 + vy /4, respectively.

Now, based on [SEP], we estimate the customer behavior by the UE condition and the logit
choice, i.e.,

24+v1/2—71)-v1=0 (C.1a)

(5+wvy/d—7T) - v2=0 (C.1b)
d

v1,v9 > 0 (C.1d)

which we refer to as the UE-based approach. On the other hand, [BP] describes the behavior by
an optimization model. According to our setup, we have

min 2v; +v7/4+ 5vs +v3/8 + zlnz + (d — z)In(d — z) + 42 (C.2a)
st.vg+va+2=d (C.2b)
V1, V2 Z 0 (C.ZC)

Note that the objective function is strictly convex and thus, (C.2) has a unique optimal solution.
Next, we proceed to verifying the solutions of both approaches. For illustration purposes, we
consider two representative demand scenarios.
Scenario 1 (low demand volume). We set d = 8. By inspection, v1 = 4,v2 = 0,7 = 4 is a solution to
the UE-based approach (C.1). Here, no customer visits Facility 2 since the associated routing time
is 5, which is longer than that of Facility 1 (i.e., t; = 7 = 4). For the optimization-based approach,
we use MOSEK to solve (C.2) and generate the same solution v; = 4, v = 0.
Scenario 2 (high demand volume). We set d = 40. For the UE-based approach, we solve the nonlinear
system (C.1) using Python-library scipy and derive v; = 6.722, vo = 1.443, 7 = 5.361. Here,
both facilities attract certain volume of customers since t; = t, = 7. For the optimization-based
approach, we again use MOSEK to solve (C.2) and obtain v; = 6.722, vo = 1.443 as well.
This example shows that the two approaches are mathematically equivalent, despite having
very different formulations.
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