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Adaptive Neural Control of MIMO Nonlinear
Systems with a Block-Triangular Pure-Feedback
Control Structure
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Abstract—This paper presents adaptive neural tracking control
for a class of uncertain multi-input-multi-output (MIMO) non-
linear systems in block-triangular form. All subsystems within
these MIMO nonlinear systems are of completely nonaffine pure-
feedback form and allowed to have different orders. To deal
with the nonaffine appearance of the control variables, the mean
value theorem (MVT) is employed to transform the systems into
a block-triangular strict-feedback form with control coefficients
being couplings among various inputs and outputs. A systematic
procedure is proposed for the design of a new singularity-
free adaptive neural tracking control strategy. Such a design
procedure can remove the couplings among subsystems and hence
avoids the possible circular control construction problem. As
a consequence, all the signals in the closed-loop system are
guaranteed to be semiglobally uniformly ultimately bounded
(SGUUB). Moreover, the outputs of the systems are ensured to
converge to a small neighborhood of the desired trajectories.
Simulation studies verify the theoretical findings revealed in this
work.

Index Terms—Adaptive neural control, backstepping, neural
networks (NN), coupling, multi-input-multi-output (MIMO) non-
linear systems.

I. INTRODUCTION

Neural networks (NN) can approximate continuous func-
tions to any desired accuracy by learning and parallel process-
ing [1]. Due to such a property, a lot of effort has been invested
on adaptive NN control for single-input-single-output (SISO)
nonlinear systems in recent years (see [2]-[4] and references
therein). For multi-input-multi-output (MIMO) nonlinear sys-
tems, where couplings, usually with uncertainties, exist among
various inputs and outputs, the control problem becomes much
more complex and attracts a growing number of research
interest [5]-[10]. For example, in [5]-[8], adaptive control was
proposed for MIMO nonlinear systems with parametric uncer-
tainties in the input coupling matrix. To decouple the couplings
among system inputs, these methods require the estimate of
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the “decoupling matrix” to be invertible during parameter
adaptation period. The possible singularity problem thus has
to be handled when inverting the estimated decoupling matrix.
To avoid the difficulty of dealing with low-rank decoupling
matrices, some researchers adopted different methodologies.
In [9], an integral Lyapunov-based adaptive NN controller was
developed for MIMO nonlinear systems with nonparametric
uncertainties in both the input coupling matrix and the last
equation of each subsystem within system interconnections.
Since this method does not try to cancel the decoupling matrix
when linearizing the system, the necessity of matrix inversion
vanishes and the singularity problem is thus removed. In the
follow-up work [10], the authors further considered the control
problem of MIMO block-triangular strict-feedback nonlinear
systems. Within these systems, the plants to be controlled con-
tain couplings with unknown nonlinearities and/or parametric
uncertainties. Besides the coupling terms in the input matrices,
system interconnections are allowed in every equation of each
subsystem, rather than only in the last equation. By exploring
the special structure of the MIMO nonlinear systems, the
adaptive NN control developed in [10] avoids the singularity
problem completely without using projection algorithms [5].

It is noteworthy that the aforementioned adaptive NN con-
trol is applicable only for MIMO affine nonlinear systems. To
control MIMO nonaffine nonlinear systems containing non-
affine appearances, it is much more difficult to find the explicit
virtual control and actual control to stabilize the systems
under study. Moreover, when the desired virtual control and
actual control are approximated using NN in the backstepping
design, as carried out in [9], [10], the actual control will
be generally involved as the input of the NN approximation,
whereas the NN approximation is a part of the actual control.
As mentioned in [2], the extension of controls designed for
affine systems [9], [10] to nonaffine systems will lead to
a circular construction of the actual control. The problem
of circular construction in controlling SISO nonaffine pure-
feedback systems has been solved in [2], [11], [12], [13], [14].
In [2], [11], the main idea is to refrain from constructing
an overall Lyapunov function for the closed-loop system,
which can be realized by integrating the backstepping method,
input-to-state stability analysis and the small gain theorem
in the control system design. In [12], [13], a filtered signal
was introduced to circumvent the potential circular control
problem since most actuators have low-pass properties. In the
follow-up work [14], by introducing a set of alternative state
variables and the corresponding transformation, state-feedback
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control of the pure-feedback system can be viewed as output-
feedback control of a canonical system. And consequently,
the previously encountered circular control problem was also
circumvented. Unfortunately, it is nontrivial to extend the
design method of SISO to MIMO nonlinear systems due to
various couplings involved. Therefore, it remains an open
problem to establish an effective design procedure that can
simultaneously deal with couplings and the possible circular
control construction problem in MIMO nonaffine nonlinear
systems.

Motivated by the aforementioned problems, in this paper
we consider the design procedure for a class of MIMO
nonlinear continuous-time systems which are more general
than those studied in [10]. Specifically, these systems pos-
sess a block-triangular control structure, with each subsystem
being of the completely nonaffine pure-feedback form, and
couplings in the forms of unknown nonlinearities in every
equation of each subsystem. By using the mean value theorem
(MVT), the MIMO block-triangular pure-feedback systems
are firstly transformed into a MIMO block-triangular strict-
feedback form similar to that considered in [10], whereas the
control coefficients are allowed to be nonaffine rather than
affine appearances required in [10]. Based on the transformed
systems, a systematic design procedure is then developed for
the design of a new singularity-free adaptive neural control.
All the signals in the closed-loop system are guaranteed to be
semiglobally uniformly ultimately bounded (SGUUB) and the
outputs of the systems are proven to converge to a small neigh-
borhood of the desired trajectories. The control performance
of the closed-loop system is guaranteed by suitably choosing
design parameters. Simulation results are finally presented to
demonstrate the effectiveness of the proposed control.

The main contributions of this paper are as follows.

(i) To the best of our knowledge, it is the first time, in
the literature, that the tracking control problem of block-
triangular MIMO nonlinear continuous-time systems with
each subsystem having the completely nonaffine pure-
feedback form is investigated.

A systematic procedure is developed for the design of
an adaptive NN control such that, for the derivatives
of Lyapunov function candidates with respect to the
control variables, the affine parts can be guaranteed to be
stabilized and the nonaffine parts, which are couplings
of system inputs and outputs among subsystems, can
be guaranteed to be non-positive. Due to their negative
semi-definiteness, the nonaffine parts can be removed in
the derivatives of Lyapunov function candidates, which
simplifies the control design process and provides the
following advantages: the couplings among various in-
puts and outputs have been completely removed without
estimating the “decoupling matrix” as carried out in [5]-
[8], and subsequently, the aforementioned circular control
construction problem has been avoided.

Despite the interconnections between the subsystems, the
stability of the whole closed-loop system can be es-
tablished by analyzing individual subsystems separately,
much simpler than the analysis based on a complex nested
iterative manner in [10].

(i)

(iii)

The rest of the paper is organized as follows. Section II
presents the problem formulation and preliminaries. In Section
III we describe the proposed adaptive neural control along
with the main theoretical results. Section IV provides a sim-
ulation example to illustrate the effectiveness of the proposed
approach. Finally, in Section V we draw our conclusion.

Throughout the paper, A := B denotes that B is defined as
A, || - || denotes the Euclidean norm of vectors and induced
norm of matrices, A;,q.(M) denotes the largest eigenvalue
of a square matrix M, 4,5 and [ denote integer indices, and
1; denotes the subscription of the i;th component of the
corresponding items in the jth subsystem.

II. PROBLEM STATEMENT AND PRELIMINARIES
A. Problem Statement

Consider the following MIMO nonlinear systems with each
subsystem having the completely nonaffine pure-feedback
form

Ty, = Jjjﬂ'j (517(%—911)’ 527(11_—9j2)’ o
Ton,(ij—0jm)» Tisig+1), 85 = 1,2, ,pj — 1
Tjp; = [ip; (X, 05,d5(1))
Yj =751, ]:1,2,"',7?1
(D
with . )
Tji, € R, the i;th state of the jth subsystem;
Tji;  rja,@i0, 25,7 € RY;
Uj € R, the input of the jth subsystem;
Uj [ul,u27~-~,uj]T€RJ;
Yj € R, the output of the jth subsystem;
fjﬂ;j the unknown nonlinear functions;
Pj the order of the jth subsystem;

9j1 pj_pl7l:1727"'7m;
€ R, the external disturbance;
X [Z1,p1s T2, 0y "+ s Tmopyy ) € R¥F=1P the vector
of all state variables in the complete system.

Assume that f; ;. (-) and f; ,.(-,-,0),i5 = 1,2, , p; — 1,
7 =1,2,---  m, are smooth functions of their arguments, with
fi.p; (-0, -) satisfying the Lipschitz condition, and d;(t),j =
1,2,...,m, are bounded by unknown positive constants d,
ie., |d;(t)] < d5.

Remark I: For the order differences ¢j;, as introduced in
[10], there exist three cases to be considered: a) when j = [,
then g;; = 0, and accordingly state vector Z; (;, —,.,) = Zj.i;
exists in system (1); b) when j # [ and i; — 0;; < 0, then the
corresponding vector Z; (;, —,,,) does not exist, and does not
appear in system (1); and ¢) when j # [ and i; — g;; > 0,
then state vector T (;,—,,,) exists in system (1).

Remark 2: Compared with MIMO nonlinear system studied
in [10], where each subsystem is limited to the affine strict-
feedback form, system (1) is more general in the sense that it
includes not only the system inputs, %;, the control signals of
the first to the jth subsystem, but also the completely nonaffine
properties, which represent a large class of nonlinearities
including the affine strict-feedback form. These properties
imply that there exist strong couplings among the system states
and inputs, and accordingly cause the difficulty in finding
stable controllers for system (1). In reality, many practical
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systems possess these features, such as biochemical processes
[1], [15], flight control systems [16], mechanical systems [17],
etc. Recent examples of practical systems falling into this
category are dynamic models for a small-scale autonomous
helicopter [18].

The control objective is to synthesize an adaptive neural
tracking control for system (1) such that all the signals in
the closed-loop system remain SGUUB, while the output y;
tracks the reference signal y,; € R, the output of the following
reference model

i'ri = fri(xr)a 1 < 1 <n

Yrj = Trj, L <j<m<n (2)
where =, = [z,1,%02, ,Tpm]T € R™ is the measured
state, and f.;,i = 1,2,---,n are known smooth nonlinear

functions. Note that the states x, are assumed bounded in (2),
ie., x, € Qp ,Vt >0, where §2,, C R™ is a compact set.

B. Transformation of the system representation

For the control of system (1), define

afj ij ()
9j.i; (1) == 5,1, =1,2,...,p; — 1 3)
5 () Dz 1 Pi
afj p'(') .
g',j('):: e 7J:172a"'7m' (4)
1P 8’U,j
For convenience, denote z; ,.+1 = u; and
_ - T
Sy = (71, (i5—051)1 T2,(i;—052)7 " 7xm7(74‘j79jm)]
Using the MVT [19], it follows that
fjvij (Ejvij ’ x]ﬂ’frl) hJ ij (“J'=ij)
+ 95,5 (Bjiy 5 ,41)Tg0,41 )
Fip; (X 05,d5(1)) = hjp, (X, 05-1) + gj,p; (X, W51, uf)u;
+6;(t) (6)
where
hji, (Ejvij) = fj»ij (Ejﬂ'j ;0)

hjp; (Xs 1) = f,0,(X,15-1,0)
f;,ijﬂ e [min{xj,ijﬂ,0},max{x]—,ij+1,0}]
uj € [min{uy;, 0}, max{u;,0}]
6j(t) = fj,pj (X7 ﬂjv dj(t)) - fj’Pj (X’ aj’ 0)'

Consider f;; (-) and f;,. (-,-,0),i; = 1,2,---,p; — 1,
7 = 1,2,--- ,m, which are unknown smooth nonlinear
functions of their arguments. Accordingly, functions h;; (-)
and g;;,(-),i; = 1,2,--- ,pj,j = 1,2,---,m, are unknown
and smooth as well. Moreover, since f; ,.(-,0,) satisfies the
Lipschitz condition, there exists a constant d > 0 such that
16,(0)] < .

From (5) and (6), system (1) can be rewritten as

Tii; =Ny (Ehiy) + 95 Ciiyr €54, 41)T5,05+15

ij = 1,2,"' 7pj -1
Tjp; = Ty, (Xs0-1) + g0, (X, 051, u§)uy + 65(¢)
Yj =Tj1, j:132a"'am

(7

Note that since g;;,(-),i; = 1,2,...,p;5,5 = 1,2,--- ,m,
are smooth functions, they are bounded within some compact
set. As commonly done in the literature, the following assump-
tions are made for system (7).

Assumption 1: The signs of g;; (-) are known, and there
exist positive constants gj),J and Tjii, such that for 7; =
1,2,...,p5,0=1,2,---

@ 1955, () > g, >
(ii) |gj,ij ()| < gj,ijvv(Ej,iwxj,ijJrl) € ij.'i
where Qm7
. Jj+1
sion space.

Assumption 1 means that g;;, is strictly either positive
or negative definite. Without loss of generality, assume that
9ji; > 9, > 0. It should be emphasized that the bounds
954, and gj 4, are not necessarily known.

Remark 3: In system (7), although functions g;,, are
similar to the affine terms in MIMO systems [10], major
differences lie in that: g;,.,7 = 1,2,---,m, are fully in-
terconnection terms, i.e., they include all the state variables
X; and gj;,,%5 =1,2,--+ ,p;,7 =1,2,--- ,m, are functions
of zji,41(xj ;41 := uy). Therefore, system (7) is still a
nonaffine nonlinear system, and is more general than the
MIMO system considered in [10].

V(uj,z‘j s Tjizyq)s and

j+1
is a compact subset of the appropriate dimen-

C. Gaussian radial basis networks

Due to its great capabilities in function approximation, the
following Gaussian radial basis function (RBF) NN [20] is
employed to approximate a smooth function h(Z) : R? — R:

gun(Z) =WTS5(Z) (8)

where Z € Qy C R? is the input vector, W € R! is the

weight vector, [ > 1 is the NN nodes number, and S(Z) =

[s1(2),52(Z),--- ,51(Z)]T € R! is the basis function vector

with s;(Z) being the commonly used Gaussian functions, i.e.,

—(Z = )" (Z — )
02

$;{(Z) = exp =121 (9
where f1; = [11, fliz, - -+, pig]” is the center of the receptive
field, and v is the width of the Gaussian functions.

It has been shown that any continuous function over a
compact set Z € Qz C RY can be approximated to any
arbitrary accuracy by using network (8), i.e.,

WZ)=WTS(Z)+e(Z),YZ € Qz

where W* denotes ideal constant weights, and £(Z) is the
approximation error. For clarity, write € := &(Z).

Assumption 2: For a given continuous function h(Z) and
NN approximator (8), there exist ideal constant weights W*
such that || < &*,VZ € Qz with constant ¢* > 0.

For the Gaussian RBF NN approximator (8) and (9), the
following lemma shows that there exists an upper bound on
the 2-norm of vector S(Z), which is useful in stability analysis
of the closed-loop system.

Lemma 1: For the Gaussian RBF NN approximator (8) and
(9), there exists a constant c,,, > 0 such that

1S(Z)|| < enn

(10)

Y
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where ¢, is the limited value of the infinite series {3¢(k +
2)1 120"k /v*} (] = 0,1, -+ , +00), with v being the width
of the Gaussian function, ¢ the dimension of input Z, and
p =g mini || # pgll (2], [210.

Remark 4: The positive constant ¢, is independent of the
NN input variables Z and the NN node number .

Note that in the following control system design, NN
approximation is only guaranteed with some compact sets.
Accordingly, the stability results on the considered systems are
semiglobal since there exists controller(s) with a sufficiently
large number of NN nodes such that all signals in the closed-
loop system remain bounded, as long as the input variables of
the NN remain within some compact sets that can be made as
large as desired.

III. ADAPTIVE NEURAL CONTROL

In this section, adaptive neural control for MIMO system
(7) is presented based on the backstepping approach and the
following coordinate transformation:

Zj1 Tj1— Trl (12a)
zjo = Tjo—aj1(Zj1,T, W) (12b)

Zj,i; Tji; — i —1(E54,-1, Try Wj,ij—1)7
2<i;<p; (120
Zj.p; Tjp; — O, pJ_l(E v_17xr,VAVj7pj_1)(12d)
where o ;. (+),i; = 1,2,---, p; — 1, are virtual controls to be

T .
j,ij} with

Wi being the estimates of the ideal constant weights W7, .
J55 VA%

determined later, and VAVN-J. = Wj?l, Wf?, W

The design of «;;, and ijij is achieved by constructing
appropriate Lyapunov functions at the recursive %;th step. The
actual control u; appears at the p;th step and the design of
u; and ij is performed to stabilize system (7).

Step 1: Differentiating both sides of (12a) yields

Zin = hj1(Ej1) + giatj2 — Tr1 (13)
where Ej’l = [-7751,(17@]'1)7 ey TGy 7jm,(1—gjm)]T with
0j1 = 0; —o1,0 =1,2,--- ,m. As mentioned in Subsection

II-A, for 1 — gj; < 0, the state Z; (;_,,,) vanishes in (14).
Note that g;; is a function of x; 5. From Assumption 1, we
get that g; 1 > 91 > 0, and (13) can be rewritten as

21 =9, (Vja + 252+ 9)1%52) (14)

%[hjvl(EJvl) - irl} and g]+1 — 21 L1 ~ 0.
91 "

Constructing]" a Lyapunov function candidate Vin =
(1/2)z3, and differentiating it, we have

where v; 1 =

. . +
Ve =250 =g, 20 (via + 22+ g51252) . (15)

The basic idea of the control design in this work is to
guarantee V,, , to be a Lyapunov function by setting the
terms involved in (15) suitably. This can be accomplished
by choosing «f, := ;2 as a virtual control input such

that (i) o, = —¢j12;1 — 5,1, where ¢j1 > 0 is a design

constant, and (ii) g; 123 101 < 0. After these mampulatlons
V.,, becomes a Lyapunov functlon and z;; = 0 is thus
asymptotically stable.

In (14), v; 1 is an unknown smooth function of =; 1 and Z1.
Thus, v; 1 can be approximated by employing a Gaussian RBF
NN Wjj:lsj,l(zj,l)’ where Zj71 = [Ejﬁl,élﬂrl]T € QZ_;‘,l’ i.e.,

W Sjl( j1)+€j1,vzj1€QZ 1 (16)
with W7, denoting the ideal constant weights, and |e; | <
€; 1 the approximation error with constant 7 ; > 0.
Choose the virtual control «; 1 as
Q41 = —Cj12j,1 a7

— @ WS51(Z;1)

where Wj’l is the estimate of neural weights W]fl, and

Wj,lztanh(f?’j),wg, =WhSii(Z)za  (8)
J

)

with €51 > 0 being a small constant.
According to (12b), (16) and (17), (14) becomes

. 27T
41 =g, (Cj,lzj,l +@;aW;1551(Z51)

T 1 +
= Wi1S51(Zj1) —€j1 — =22 — 9j,1%1)
9ia

In light of Assumption 1, the following inequality holds

Wj.1
patlie] wj 1 <0.
€j,1

19)

+ — .t 2
951%j,105,1 = =951 [Cj,lzj,l + tanh (

Remark 5: Note that for the control of the dynamics in
(13), if g;,1 is independent of the state :cj 2, then the most
commonly used control structure is o i1 = = (- hj1+ @1 +

v*)/g;,1 with v* being a new control; and if g;.1 is a function
of Zjz2, and «j, is unknown and is approximated by NN,
then the circular control construction problem will arise since
Z ;2 has to be chosen as an input of the NN approximation,
which is one part of the virtual control z; z, 5. On the other hand,
by guaranteeing the couphng term g] 17505, < 0 in (15)
instead of approximating «; ;, such problem can be completely
handled using control (17), as the coupling term is removed.
Moreover, to use less neurons, ©,; € R is chosen as an input
to W 1595,1(Z;.1) rather than =, € R™ since f,1 and x, are
known and then &,1 = f.1(z,) is available. Thus, the online
computation load is lightened. The same ideas of constructing
the adaptive NN control and choosing the inputs of NN are
also used in the following design steps.

Consider a Lyapunov function candidate Vj ; as

[
Via = 5%‘,1

Gy oo
+ = WD W (20)

where Wj,l = Wj,l — Wj‘,l, and I';; = F}?l > 0 is an
adaptation gain matrix.
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Using (19), the derivative of Vj; is

y _ T
Vit =g;,%1 ( = ¢inzjn = @aW;i1551(Z51)

* gjn
+WiTS51(Zj1) +eja+ gJ zj2 + gf,laj,l)
9ja
+yg; 1WJT1F;11WJ’1

<g. cj1722 -+
—= s 1
=7,1 ( s g

ZJ 1252 + 21651 + 5, 1)
=j,1

2y

where ¥, = 157 (Z;j1)zj1 —wj, 1w31—|—W r; Wl
Consider the facts that

U1 =wjn — @jawin + WhHT W0 — WHS;1(Z1)z254
= W51 — tanh <Wj71) Wj,1
€51
+ Wil [Wj,l Lj1851(Z5,1) 25 (22)

and the following nice property of function tanh(-) [22]:

0 < |w| — wtanh (f) < 0.2785¢,¥e > 0,Yw € R, (23)
€

Design adaptation law for Wj,l as

Wj,l = Fj,l {Sj,l(Zj,l)Zj,l - O’j71Wj’1:| (24)
where 01 > 0 is a design parameter, and the o-modification
term o 1 ;.1 is designed to improve the controller robustness
[23]. Without such a modification term, it will result in
variation of a high-gain control since the NN weight estimates
WjJ might drift to very large values in the presence of the
NN approximation errors [24].
Using (23) and (24), then (22) becomes

W1 <0.2785¢51 — Uj,1WJ;,F1Wj,1 (25)

From Young’s inequality [25], we have
7 Wi Wi,

T 17 _ T a7
70’j,1Wj71W‘71 = *O'],le’le’l -

~ 2 -
S —0ja HWIH T 051 HijlH W5 |
2N L) I
;| i1
Zj12j2 < |2,
Zi1 gjvl
Ciq §21
J,1 2 2> 2
< T BT 2 R 27)
195
Ci1 1
g1 2 2
%181 S =gt o €1 (28)

Substituting (25)-(28) into (21), we have

. g. - 2
=j,1 2 * 2
Vip < — ¢j1%z51 + 051 HWJyl H + 951750 + M

2
(29)

—=2
9i1

.
J,1gj,1

where g7, = and

2
U o %5 Wil
a€j¢1+f .

Let /Bj,l := min {g Cj’l’)\ma(rl‘)} with Amax( ]%)

being the largest eigenvalue of matrix I' Jll then

M1 =9, (0.2785@-,1 +

Vj,l < =B Vi + 9;12]2;2 +nj,1- (30)

Step i;(2 < i; < p; — 1): Considering (12¢), its derivative
is
iy = g5 (Bgiiy) + 950 %5,0,41] — dgiy 1

— * . . . + .
= TY5,i;-1%54; +gj,ij (V.Mj + Lji;4+1 + gj,ijxjxlj"rl)

(31)
7 g

% Grij—1 + 90y

where g7; ;= —yy 950 = g 1> 0 and
Zjij—1 Zj,ig
1

Viji; = [hj,lj (‘_‘Jﬂj) Qjij—1 + gj,ijflz]ﬂj:| (32)

=745
Qjij—1 = —Cji;—1%j,i;—1 w]ﬂjfle,ijflsjﬂjfl(ZJM*1>

(33)

-1
Wiij—1 = = tanh ()
€5 i;—1

i y - w7T y y y V.. i
withwj i1 =W, 1854,-1(Zi;-1)%4,i;-1, Wji;—1 being

the estimate of W;ij _1» €j,i;—1 being a small positive constant,
= . _ [ - = T _
Eii; = [T1G,—050)  Tidgs > Tm(iy—pm)] » a0 051 =
0; — 01,0 = 1,2,--- ,m. Again, as mentioned in Subsection

-A, if ij — ;i < 0, then the state vector Z; (;,, ) does not
appear in (31). Note that g; ;. is a function of x;; 1.

Constructlng a Lyapunov function candidate V., =
(1/2)22 23, its derivative is

* 2
95,4;—1%5,i;

—+
Zj.ij (Vj,z'j T Tji+1+ gj,ijffj,ijﬂ) - (34

ZJ,'L]-

+9; i
;. ‘= Tji;+1 as a virtual control input such

If we choose o ;
that (i) o ; = —¢ji; 25,4, VJ i;» where c; ;. > 0 is a design
<0, then, V__ , is

constant, and meanwhile (ii) g] i, %, lJ i
a Lyapunov function, and z;;, = 0 is asymptot1cally stable.
From (33), «j;,—1 is a function of Z;; 1,7, and

Wia,--+,Wji,—1. Thus, ¢, 1 can be written as

m ij—1—pj
' J j 80[ i
Qjij—1 = Z Z aka(hl K+ 9Lkt k1) + G —1
=1 k=1 )
where
Oaji. 1 .
Gij—1 = #xr
i;—1
Oa; i—1 ~
+ Z # |:Fj,k (Sj,k(Zj,k)Zj,k — o'j’ij"k>i| 35)
k=1 OWj i

is computable.
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From (32), v;;, is an unknown smooth function of
Considering (35), v;,;, can
be approximated by employing a Gaussian RBF NN

Wi, (Zj;), ie., vj;, can be expressed as

:j,ijaaj,ij—l and aj,ij—l-

Vi, = Wi S5, (Zia,) + €5y V54, €Qyz,,  (36)

where W,
Jrt

is the approximation error with constant €54

T T

- 30@-71-_7._1 Q

Zji; = |Zji; = 1 Caig—1 Qig—1| €z,
Eji;—1

denotes the ideal constant weights, |e; ;| < E;yij
> 0, and

Choose the virtual control oy ;. as

_ 7T
iy, = —Cji; Zji; — @i Wi, Sji;(Zji;) (37

where ij is the estimate of neural weights W;ij, and

w;, —tanh(6 >, Wi, = W S]Z]( Zji; )24, (38)
Jtj

with €;;, > 0 being a small constant.
From (12c¢), (36) and (37), (31) becomes

S P * .. J— .. ..
Rji; = gj,ij—lzjﬂj +Q<i. < Cj,i;%4,i;

_w] W Sjﬂj( ]713)+W*TS711( ],11)+€]a

)T

g'_’ .
+ Jtj Zji; 41 + g;ij Oéjyij> . 39

ZJ5%5

According to Assumption 1, the following inequality holds

Wi
T o s = It
9j,i; %53, Xgriy = 93 i [CNJ Zji; T tanh (e ) Wi, i; } < 0.
Jrtj

(40)
Consider a Lyapunov function candidate Vj ;, as
1 i T pl
V&ﬂj = ‘/Jﬂy‘—l + 5 2 j 17 ! W ],z] WJ 5 41
where W; i = VAijij — W, and FJ i = FjTﬂ-j > 0 is an

adaptation gain matrix.
Using (39) and (40), the derivative of Vj ;. is

* 2 2
Vi, < Vid—1 = 0,15, + 9, < = Cii; 2]
gjvij \I] 42
+ Zji; %1 T Z44;€50; + Vi (42)
=7t
where
. *T T
i =W; Sj i;(Z5,4,) 25,0, —@54,4,wj, ZJ—l—W ]Z7WJ i

Consider the fact that

\Ilj,ij = — tanh ( > wj,ij
€j,i;
+ W5, [Wj,z‘j - szjsjﬂ,-(zj,ij)zjﬂj} - (43)
Design adaptation law for Wj’ij as
Wjaij =Ly [Sj’ij (Zj.i;)%54; = 054, ijij} (44

where 0;;. > 0 is a design parameter.

Using the property of function tanh(-) in (23) and combin-
ing (44), then (43) becomes

U, < 0.2785¢;,, — 0y, 7JVV WJ i 45)
Using Young’s inequality [25], we have
- 2
. Tjis (Wi Tjis Wi,
~0,5, Wi, Wi, < = : —— (40)
2 2
g, i, 72,
= Zjyis Zisig+1 S ]42'7 232}1’] ; ,J Z; zjg',ijJrl (47)
i, i,
< cj’ij 2 ]‘ *2 48
2jii€ha = 4 Zjiz + Ci i (48)
s
Substituting (45)-(48) into (42), we have
v Vi — 20 2 Wz [
Jrij = ﬂ] i;—1Vj, 2 ijij Zj,’ij + iji_i J)ij
* 2
+ 95, %5041 1 Mg, (49)
where | |2
_ 1 %2 75,35 | Wi
nj,ij = gj,ij 0.27856%1']- + ﬁgj,ij + ! ) J +
Nj,i;—1
Let /qu,ij = min Bjﬂj_l’gj’i.cj,ij’ )\mdxj(if‘ll) with
)\maX(I‘ ) being the largest eigenvalue of matrix I' ] i then
‘/le— ley‘/}l]+g]z7 Jyij +1+nJ17 (50)

Step p;: Considering (12d), its derivative is
= [hjp, (X, 8j-1) + gjp,05 + 85(1)]

7. {Vj,pj +uj+ g5, Uj} +6;(t)
(51

Zj,p; — Qpi—1

= —Yj.p;—1%i.p0; +2j,p

—2
gj,pjfl +  _ 9.p5

Cjp.— » 950, =
301 o TP G,

where g7 , 1 = —1>0and

‘ -

—_— . T — 3 . * .
Vip; = [hmpj (X,05-1) — Ay p,—1 +gj,pj—1z.77/)j:| .

RS

JsPj

It should be noticed that g; ,. is a function of u;.
Constructing a Lyapunov function candidate szypj =

(1/2)z3 p,» its derivative is

* 2
95, —1%4p;

+9; ,.%00; (ijpj +u;+ ), Uj) +2j,p,05(t)- (52)

Zipj

If we construct the actual control input u; such that (i)
Uj = —Cjp. Zj.p; Z/J p;» Where ¢, >0 is a design constant,
and meanwhile (ii) g] p; 20U < 0, then, V. ,, converges to
a small neighborhood of VZ7 o = =0.
. Y .

From the design at the former step, it can be seen that
ajp;—1 is a function of Z; , 1, @, and Wj1,--- ,W; , 1.
Thus, dj7pj_1 can be written as

m pr—1

Z Z 50‘1 pj—l

=1 k=1

Qjp;—1 = (hie + Grrik+1) + Gjpy—1
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where
0 pi-1 .
Chps—1 = oz,
pj—1 8&' 1 j
+ ajlipj [Fj,k (Sj,k:(Zj,k)Zj,k - Uj”“Wj*’“ﬂ 43
k=1 gk

is computable.

In (51), vj,;, is an unknown smooth function of
X,uj-1,¢5,,—1 and «j, 1. Considering (53), v;,, can
be approximated by employing a Gaussian RBF NN
W7, Sjp;(Zjp;)s i€, vj,, can be written as

*T
Wi, Si0i(Zjp;) + €1pss VZjp; € Qz,,,

(54)

Vjv/’]

where W7, denotes the ideal constant weights, |e;, pJ| <€,

is the appr0x1mat10n error with constant €7 o = 0, and
T T
Oa;
o = Jpi—1 ) )
Zjp; = [X’ Uj—1, (8: 1Cips =1, QXp;—1| € QZ.j,pj'
=J,p;—1

Design the actual control input u; as

— @, Wi 810, (Zigy)  (59)

Uj = —Cj,p;Z,p;

where W; , is the estimate of neural weights W7 p;?

Wi g ~
J5Pj . _ T . . .
) » Wip; = ijPjS]’Pj(ZLP]‘)Z]-,PJ'

wj,p; = tanh (
. ej)pj (56)

with €; ,. > 0 being a small constant.
Then, the dynamics of z; ,. are governed by

*
“Y95,p,—1%5.p;
2T
Y50, ( = s Zip; ~ Do Wi S50 (Zion;)

+ W*T Sj7pj (ijpj) + €j.p; =+ g;pjuj) =+ (5j(t). 67

J:Pj

Zj.p; =

According to Assumption 1, the following inequality holds

w;
+ , Pj
950,250 Wi = 9] 0; |:CJ p;i%j,p; + tanh (e ) wj, p;] < 0.
70

(58)
Consider a Lyapunov function candidate Vj ,. as
_ 1 g] p] T F W 5
VJ’»P;‘ _Vj,ﬁjfl"_ 2’ij WJ pi— i’ IPj (39
where W, = W, — Wi, ,and T, =TT ~>0isan

adaptation gain matrix.
Using (57) and (58), the derivative of Vj ,. is

) ) * 2
Vj,ﬁj < Vj,ﬁjfl ~ Y5.0,—1%4,p;

9, <_C77m Zip; T Zipi€ip; T ‘I’y,pj)
+ 25,0, 05 (1)

*T" . .
W 3.0 Si.0i(Zj,p5)%j,p;

(60)

where \Ilj’,?j

211 vy
J:Pi ijj J:Pj
Consider the fact that

_ . J:P; .
U p; = wjp, — tanh ( ) Wy, p;
€,
J5Pj

+W}, T [Wj,py L0, S50, ( JPJ)ZJPJ}' (61)

J:Pi™ 3:Pj

— Wp;Wip; T

Design adaptation law for Wj’ p; a8

Wjp =Tjp S

3:05 (Zj,pj )Zj,pj ~ O4,p; ij} (62)

where 0 ,, > 0 is a design parameter.
Using the property of function tanh(-) in (23) and combin-
ing (62), then (61) becomes

3,05

T
\Ilj,pj S 0.27856},,]4 - O—j,pj W 5,05 Wj,pj. (63)
Using Young’s inequality [25], we have
— T *
—0Oj.p; WJ i WJ p; = T95,p; WJ pj WJ pi — 94 W] Pj Wj»ﬂj
2
Oj.p; Wj,pj H O3j,p; W;:pj
< - +
2
(64)
Cipi 2 I
Zj.pi€h.p; S 47 G T Cim € (65)
€i0id5 0, 4 )
2j,p,05(t) < 1 25 p,; g d; (66)
IPidj p;

Recall that at Step p; — 1, Vj’pj,l can be expressed as

3 * 2
VJ}ijl < _Bj,ijlvj,ijl +gj,pj*12j,p]‘ + Mo —1 (67)

Substituting (63)-(67) into (60), we have
VJEPJ' < _/Bjal)j_l‘/ja/)j_l

g.
=1,Pj
- 2 C]v/)J ]7 + 0-.7»/7]

- 2
WJ‘TPJH ) +Njp; (68)

2
oW
“’JH -N’J‘H
— 5 |t

= min{ B R Y7 R G
Let Bj,, = mm{ﬁj,p]‘bgjp.cmpw F. (F;; ) with
J

>\max (F then

being the largest eigenvalue of matrix I';’ Py

es)

Vis < =Bio; Vips + Mjsp; - (69)

Based on the above analysis, the following theorem states
the stability and control performance of the closed-loop sys-
tem.

Theorem 1: Consider the closed-loop system consisting of
the plant (1) satisfying Assumptions 1, the reference model
(2), the controller (55) and the NN weight updating laws
(24), (44) and (62). Assume that there exists a sufﬁciently
large compact set €2z, ,ij =12 ,p;,7 =12,---,m,
such that Z;;. € Qz, ’ vt > 0. Then for bounded 1n1t1a1
conditions,

(i) all signals in the closed-loop system are bounded, and
for the state vector X and the neural weights Wj =
{W W ... WT

T .
7,1 ) 7.pj , ) = 1727"'
tually converge to the compact set

,m, they even-

Qs = {X,Wl,WQ,"' an ‘V §
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where 8 = min{f1,p,, 52,05 »Bm,pn )t and n =
> ity Mj,p, are positive constants, and

(i) the tracking error E = [z11,%21, " ,zm,l]T € R™
converges to a small neighborhood around zero by ap-
propriately choosing design parameters.

Proof: (i) Consider the Lyapunov function candidate

V=> Vi, 1)
j=1
From (69), differentiating V' yields
. m
V< (Bin Vi, + 130 < —BV 40 (72)

j=1

where 3 = min {51,/71 ) 527/727 o ’/Bm)p'rn} and n =

Z;’;l nj,p,; Are positive constants.

Let x(t) = (X(t),Wl(t),--~ ,Wm(t)). If the initial
values x(0) € €, where €, is defined in (70), from The-
orem 2.14 in [26], signals X and Wj stay inside g, i.e.,
x(t) € Qs Vt > 0; if x(0) € Qf, where Q¢ denotes the
complimentary set of ), then the dynamics (72) drives X
and W to enter and remain inside {2s. In summary, all z;;
and W“ yij = 1,2,--- ,p;,5 = 1,2,--- ,m, are uniformly
ultimately bounded for bounded initial conditions.

From (12), (17) and (37), system state variables x; ;. ,i; =

1,2,---,pj,j=1,2,--- ,m, can be expressed as
Tj1 = 21+ T
xj,ij Zj,ij _Cj zjflzj ij—1

73
_w‘le71W Zj—lsjljfl( Jljfl) ( )

TPy ] 12

From Lemma 1, we have ||SJ (Zji)ll < Cnn, ., With finite
constant Cpy, . > 0. Moreover from the facts that the
reference signajls x, are bounded and w;;, € (—1,1), we
obtain from (73) that z;;.,4; = 1,2,--- ,p;,7 = 1,2,--- ;m,
remain bounded. Using (55), control u;,j = 1,2,---,m,
are bounded as well. Therefore, all signals in the closed-loop
system remain bounded.
(ii) Denote ¢ := n/B > 0, then (72) satisfies

0 <V(t) <¢+V(0)exp(—pt). (74)
From (74), we can obtain
1 m  Pj
3 Z Z zfl] < ¢+ V(0) exp(—pt). (75)
j=1i;=1
Furthermore, we have
D 22, < 2+ 2V/(0) exp(—ft) (76)

Jj=1

which implies that, given 7 > +/2¢, there exists 7' > 0 such
that

1

2

<YVE>T (77)

m
2
1El = sz,l
j=1

where v is the size of a small residual set which depends on
the NN approximation error €;;, and controller parameters
Cjiz Ojiizr Lji u

Remark 6: Based on Lemma 1 and the coordinate trans-
formation (12), although there exist interconnections between
the subsystems, the stability of the whole closed-loop system
can be concluded by stability analysis of individual subsystem
separately without complex analysis in a nested iterative
manner as in [10].

Remark 7: From (68)- (70) it can be seen that the size
of Q; depends on W*L V€5 i ,dj and all design parameters.
Since there is no analytlcal result in the NN literature to give
an explicit expression of the NN node numbers [;, the ideal
constant weights WJ*Z , and the approximation error £ i We
here point out the followrng relationships: (i) increasing [;
will help to decrease 5] i and therefore decrease (),; and
(ii) increasing c;;, and decreasing 0ji; and €; ;. might lead
to smaller (5. However, in practical applications, there is a
certain trade-off between the choice of the design parameters
and the numerical precision of the tools involved in the MIMO
control design [27], [28].

Remark 8: In the above systematic design procedure, by
guaranteeing the coupling terms g] i;%9, 2704” < 0 in the
derivatives of Lyapunov function candidates rather than ap-
proximating o i the coupling terms have been removed, and
consequently, both the circular control construction problem
and the singularity problem have been handled by the devel-
oped adaptive NN control.

IV. SIMULATION STUDIES

In this section, simulation examples are presented to illus-
trate the effectiveness of the proposed control approach.

Example 1: Consider the following MIMO nonlinear system
with each subsystem having the completely nonaffine pure-
feedback form:

3
-
=x11+T12+ 12

T1,1

T12 =1, 1x12+x21+u1+ +d1() (78)
To1 = T1121, + T2 +ur +up + 2 + da(t)

Yj = Tj,1, J=12

where d;(t) = 0.1cos(0.01¢)cos(z;1),j = 1,2. Clearly,
system (78) consists of two subsystems (p; = 2; po = 1), with
each subsystem in the nonaffine pure-feedback form. Since
1 — p12 = 0, the state vector T (;_,,,) dose not appear in
system (78).

The control objective is to make the outputs y; and yo track
the desired reference trajectories .1 and ¥,2, which are the
outputs of the famous van der Pol oscillator [29]

Tp1 = Tp2
jf'r2 =—Trm + ﬁ(]- - x$1)$r2 (79)
Yrj = Trj, ] =1,2

where the output trajectories of the van der Pol oscillator
approach a limit cycle when 8 > 0.

The adaptive NN controllers and the design parameters for
system (78) are chosen as follows:

Uj = —Cj2252 — Wj’QW]TQSj’Q(Zj’2)7j = ].7 2 (80)
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where 211 = 11 — Yr1,212 = T12 — Q11,221 = T2 —
T 3

Yr2, Z1,1 = [x1,1,%71]" € R* and

60[171

a?,ﬁ,ham]T €R°
1,1

Zio=[21,1,%1,2,T2,1,

_ . T 5
Zoy = [x1,1,%1,2,T2,1,U1, T2 €R

with
&7
= —crp211 — @iaWi1811(Z1,1)
TR OJaq 1 . OJar 3
Ci1= —Tr1 + =Xy + ——Wi
0 0o 8W1,1
2T
Wi St (Z1i)zi |
w1, = tanh ,ip=1,2
€1,iq
5T
W5'182,1(Z2,1)22,1
w2,1 = tanh
€21

and NN weights Wj,,;j are updated by
Wii; = 154;085,(Z3.i;) %38, = 054, Wil (81)

In practice, the selection of the centers and widths of RBF
NN has a great influence on the performance of the designed
controller. According to [10], Gaussian RBF NN arranged on
a regular lattice on R™ can uniformly approximate sufficiently
smooth functions on closed, bounded subsets. In the following
simulation studies, NN Wf:l S1,1(Z1,1) contains 9 nodes (i.e.,
1171 = 9), with widths Vil,k = 2 (k’ = 1, 27 e 711,1)
and centers py1% (K = 1,2,---,l11) evenly spaced in
[—2.5,2.5] x [=7,7]; WEQSLQ(ZLQ) contains 729 nodes (i.e.,
1172 = 729), with widths Vi2,k = 4 (k = ].,2,"‘ ,ZLQ)
and centers p12x (K = 1,2,---,l12) evenly spaced in
[—2.5,2.5] x[—3,2] x[-2, 2] x[-1.9, —1.6] x [—4, 4] x [-4, 4];
W2T7152,1(Z271) contains 243 nodes (i.e., lo1 = 243), with
widths ve 1, =2 (k=1,2,---,l2,1) and centers o1 (k=
1,2,---,ls1) evenly spaced in [—2.5,2.5] x[—3, 2] x [-2, 2] x
[—3.5,3.5] x [—4,4].

Time (sec)

Fig. 1. Output y; (“—”) follows y,1 (- -”)

-2 1 1 1 1
0 5 10 15 20 25

Time (sec)

Fig. 2. Output y2 (“—") follows yr2 (- -”)

20
101 1
0 \/W
_10 + 4
-20 I I I I
0 5 10 15 20 25
Time (sec)
Fig. 3. Control input u
2 T T T
0f ]
_2 - 4
_4 - 4
_6 - 4
-8 I I I I
0 5 10 15 20 25
Time (sec)
Fig. 4. Control input ug
5
o e N SN AN
N A N Nl N
_5 - 4
-10 ‘ ‘ ‘ ‘
0 5 10 15 20 25
Time (sec)
Fig. 5. Unknown function v1,1 (“- -”) and its estimate
W1,1W1T,151,1(Zl,1) “—")
20
101 1

_10 L B
_20 Il Il Il Il
0 5 10 15 20 25
Time (sec)
Fig. 6. Unknown function 1 2 (“- -”) and its estimate
@1,2Wi 551,2(Z1,2) (“—)
15
101 1
5F ]
0 - = =~ !
7 7
~z N N4 S
_5 Il Il Il Il
0 5 10 15 20 25
Time (sec)

Fig. 7. Unknown function v21 (“- -”) and its estimate
W2,1W§152,1 (Z2,1) (“—=)

Figs. 1-7 show the simulation results of applying controller
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(80) and the NN weight updating laws (81) to system (78)
for tracking reference signals y,;,7 = 1,2 with 8 = 0.001
and the initial conditions =z = [0.5;2;1.3],z, = [1.5;0.8].
According to [27], [28], there is a certain trade-off between
the choice of the design parameters and the control action. The
design parameters of the above controller are chosen as ¢ 1 =
3,8172 = 6,6271 = 5,F1,1 = F172 = F271 = diag{Q.O},aLl =
012 =021 = 176171 = €1,2 = €21 = 0.1. FlgS 1-2 show the
fairly good tracking performance. From Figs. 3—4, it follows
that the control signals u; and ug are bounded and become
periodic signals after 2s. Figs. 5-7 illustrate the learning ability
of neural networks by plotting the nonlinear function as well
as its estimate. Note that the tracking performance improves
with increase of matching between the nonlinear function and
its estimate. Hence, the proposed adaptive controller possesses
the abilities of learning and controlling the unknown MIMO
nonlinear system.

Example 2: Consider a SISO nonaffine pure-feedback sys-
tem as in [2]

23
$1+LL‘2+?2

T =
Yy =,

where d(t) = 0.1 cos(0.01¢) cos(y).

The control objective is to design a controller for system
(82) such that the output y tracks a desired reference trajec-
tories y,, which is the output 3,1 of the famous van der Pol
oscillator (79), where 8 = 0.2 in this simulation. According to
system (82), the adaptive NN controller is chosen according
to (55) (i.e. j =1, p1 = 2) as follows:

T
u = —cozy — waWy S2(Z2), (33)
T
where 21 = X1 — Xyp1,R82 = To — Ozl,Zl = [.%1,.’1%2]
and 7, = [x,aal/ﬁxl,cl,al]T with a7 = —C121 —
T o . o . le] T
WS (Z1), G = gptdn + gptdn + S Wi, @ =

vT )z . . ~
tanh (M> ,¢ = 1,2 and NN weights W; are updated

by Wz = FZ[SZ(Zl)Zz — O'iWi}.

NN WlTSl(Zl) contains 9 nodes, with widths v =
2 (k = 1,2,---,11) and centers pi i (K = 1,2,---,1)
evenly spaced in [—2.5,2.5] x [=7,7]; W S5(Z5) contains
243 nodes, with widths va, = 4 (K = 1,2,---,1l3) and
centers p2r (k=1,2,---,l2) evenly spaced in [—2.5,2.5] x
[-3,2] x [-4,0] x [—6,6] x [—4,5]. The design parameters
of the above controller are chosen as ¢; = 9,¢, = 3,11y =
Iy = diag{5.0},01 = 02 = 0.1,€; = €3 = 0.1, and the initial
conditions x = [0.5;1.8].

From Fig. 8, we can see that fairly good tracking perfor-
mance is obtained. The boundedness of control signal u and
NN weights w1 W7 and wyWs are shown in Figs. 9 and 10,
respectively. Comparative tracking errors of the ISS-modular
approach in [2] and the proposed approach in this paper are
given in Fig. 11.

0 5 10 15 20 25
Time (sec)

Fig. 8. Output y (“—7) follows y, (“- -”)

401
201
0 /\MW
-20p ‘ ‘ ‘ ‘
0 5 10 15 20 25

Time (sec)

Fig. 9. Control input u

0 5 10 15 20 25
Time (sec)

Fig. 10. L2 norm of the NN weights: w01 W1 (“—") and e Wa(“- -7)
0.5

0 5 10 15 20 25
Time (sec)

Fig. 11. Comparative tracking errors: the proposed approach (“—7) in this

paper and the ISS-modular approach (“- -”) in [2]

Keeping all design parameters as before, Figs. 12—15 show
the simulation results of applying controller (83) to system
(82) for tracking reference signal y, = 0.5[sin(¢) + sin(0.5¢)],
and confirm the effectiveness of the developed approach. Fig.
12 shows fairly good tracking performance obtained by the
same adaptive controller (83). Figs. 13 and 14 show that
control signal w and NN weights w;W; and weW, are
bounded, and Fig. 15 gives comparative tracking errors of the
ISS-modular approach in [2] and the proposed approach in
this paper. It is shown that the convergence of the ISS-modular
approach in [2] is slower compared to the developed approach
in this paper.
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15

Time (sec)

Fig. 12. Output y (“—7) follows y, (“- -”)

50

50 ‘ ‘ ‘ ‘
0 5 10 15 20 25
Time (sec)
Fig. 13. Control input u
0.2 1
i
i N .
0.1p / Sl PR T~ - LA
. -~
0 ‘ ‘ ‘ ‘
0 5 10 15 20 25
Time (sec)
Fig. 14. L2 norm of the NN weights: w01 W7 (“—") and e Wa(“- -7)
15
1f 1

0 5 10 15 20 25
Time (sec)
Fig. 15. Comparative tracking errors: the proposed NN control (“—") in this

paper and the ISS-modular approach (“- -”) in [2]

V. CONCLUSION

In this paper, we have proposed adaptive neural tracking
control for a class of uncertain MIMO block-triangular non-
affine pure-feedback systems in the continuous-time form.
Theoretical analysis and simulation studies suggest that our
approach can tackle the difficulties in controlling MIMO
block-triangular nonaffine pure-feedback systems and simplify
the control design process. All signals in the closed-loop
system are guaranteed to be semiglobal uniform ultimate
bounded, and the system outputs are proven to converge to
a small neighborhood of the desired trajectory. The adaptive
NN scheme can be applied to a large number of uncertain
MIMO pure-feedback nonlinear systems without repeating the
complex controller design procedure.
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