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The use of stru
turally 
omplex latti
e defe
ts, su
h as fun
tional groups, embedded nanoparti-


les, and nanopillars, to generate phonon s
attering is a popular approa
h in phonon engineering

for thermoele
tri
 appli
ations. However, the theoreti
al treatment of this s
attering phenomenon

remains a formidable 
hallenge, espe
ially with regard to the determination of the s
attering 
ross

se
tions and rates asso
iated with su
h latti
e defe
ts. Using the extended atomisti
 Green's fun
-

tion (AGF) method, we des
ribe how the numeri
ally exa
t mode-resolved s
attering 
ross se
tion σ

an be 
omputed for a phonon s
attered by a single latti
e defe
t. We illustrate the generality and

utility of the AGF-based treatment with two examples. In the �rst example, we treat the isotopi


s
attering of phonons in a harmoni
 
hain of atoms . In the se
ond example, we treat the more


omplex problem of phonon s
attering in a 
arbon nanotube (CNT) 
ontaining an en
apsulated C60

mole
ule whi
h a
ts as a s
atterer of the CNT phonons. The appli
ation of this method 
an enable

a more pre
ise 
hara
terization of latti
e-defe
t s
attering and result in a more 
ontrolled use of

nanostru
turing and latti
e defe
ts in phonon engineering for thermoele
tri
 appli
ations.

I. INTRODUCTION

The deliberate use of defe
ts to 
reate inhomogeneities

in the 
rystal latti
e is a known approa
h for redu
ing the

latti
e thermal 
ondu
tivity of a semi
ondu
ting material

in thermoele
tri
s. [1℄ The broken translational symme-

try due to the defe
t results in heat-
arrying phonons

undergoing phonon-defe
t s
attering, whi
h redu
es the

phonon mean free path (MFP) and generates resistan
e

to heat 
ondu
tion. This redu
tion in the MFP in turn

depends on the type and size of the defe
t and how

phonons intera
t with it. In materials 
ontaining a signif-

i
ant 
on
entration of defe
ts, the redu
tion in the ther-

mal 
ondu
tivity 
an also be explained by phonon-defe
t

s
attering. [2�5℄

Given the key role of phonon-defe
t s
attering in heat


ondu
tion, [6, 7℄ a theoreti
al des
ription of the s
atter-

ing pro
ess that takes into a

ount the atomisti
 stru
-

ture of the defe
t is important. In su
h a des
ription,

we asso
iate the defe
t with a s
attering 
ross se
tion

σ(ν, q) that depends on the polarization ν and wave ve
-

tor q of the in
ident phonon. Physi
ally, the s
attering


ross se
tion σ 
orresponds to the size of the intera
tion

of the phonon with the defe
t and vanishes if the phonon

does not intera
t with the defe
t. It also determines the

phonon-defe
t s
attering rates that are used as inputs

in semi
lassi
al phonon transport models. [8℄ Therefore,

the e�
ient 
omputation of σ is important for under-

standing phonon-defe
t intera
tions and developing new

approa
hes in phonon engineering for thermoele
tri
 ap-

pli
ations.

A popular atomisti
 approa
h to 
omputing σ is the

T -matrix method, [9℄ whi
h depends on the 
hanges in
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the interatomi
 for
e 
onstants and atomi
 masses in the

latti
e generated by the defe
t. In this method, the s
at-

tering 
ross se
tion is dire
tly 
omputed from the di-

agonal matrix element of the T matrix. [10℄ Although

this method has been applied to lo
al site defe
ts su
h

as isotopes, va
an
ies and substitutional impurities, [11�

14℄ it remains 
hallenging to extend it to a more gen-

eral 
lass of stru
turally 
omplex defe
ts, su
h as fun
-

tional groups, [15℄ surfa
e nanopillars, [16�18℄ embedded

nanoparti
les, [19, 20℄ or mole
ular impurities, [21℄ be-


ause of the additional degrees of freedom asso
iated with

su
h defe
ts.

In this paper, we propose an alternative approa
h for


omputing the s
attering 
ross se
tion σ, based on the

extended atomisti
 Green's fun
tion (AGF) method, [22�

24℄ whi
h is 
ommonly used to study ballisti
 phonon

transport [22, 25�29℄ and has also been applied to model

elasti
 wave s
attering [30℄ as well as to 
hara
terize the

boundary roughness s
attering of phonons. [31, 32℄ In the

extended AGF method, whi
h is a development of the

original AGF method introdu
ed by Mingo and Yang for

treating the total phonon transmission in nanowires, [25℄

mode-resolved quantities, su
h as the s
attering ampli-

tudes as well as mode-resolved transmission and re�e
-

tion 
oe�
ients, 
an be 
al
ulated from the s
attering

S matrix. [24℄ The method for σ is based on a rigorous

interpretation of the s
attering amplitude and thus does

not require any new 
omputational te
hnique as σ is de-

rived from the diagonal element of the transmission ma-

trix 
omputed within the extended AGF method. [24℄ For

the sake of simpli
ity, we limit the dis
ussion of our pro-

posed approa
h to quasi-one-dimensional systems, su
h

as nanotubes or nanowires, although the approa
h 
an

be easily extended to two or three-dimensional systems,

whi
h we brie�y dis
uss in Appendix B.

Our proposed approa
h leverages on the existing AGF
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method and enables the rapid 
omputation of s
atter-

ing 
ross se
tions and rates whi
h 
an be used to deter-

mine the redu
tion in phonon MFPs and fa
ilitate semi-


lassi
al phonon Boltzmann transport equation (BTE)

modeling of phonon transport in latti
es with defe
ts.

Although defe
ts destroy the translational symmetry of

the latti
e, we 
an treat the defe
ts as randomly dis-

tributed, independent perturbations to the translation-

ally symmetri
 defe
t-free latti
e, of whi
h the eigen-

modes are well-de�ned as phonons. If we assume that

the 
on
entration of defe
ts is dilute enough for multi-

ple s
attering and interferen
e e�e
ts between s
atterers

to be negle
ted, [8, 9℄ then the 
orresponding total defe
t

s
attering rate Γ
defe
t

for these phonons 
an be des
ribed

by summing over the s
attering 
ross se
tion and rate of

ea
h defe
t. In the phonon BTE, we 
an model the re-

du
tion in the phonon lifetime and the latti
e thermal


ondu
tivity, be
ause the inverse lifetime for the phonon

is given by τ−1 = Γ
phonon

+ Γ
defe
t

, where Γ
phonon

is the

s
attering rate due to anharmoni
 phonon intera
tions.

In systems with a higher 
on
entration of defe
ts, we


annot ignore multiple s
attering and alternative phonon

transport models should be used, be
ause the e�e
ts of

lo
alization [33℄ may play a signi�
ant role in phonon

transport. [34, 35℄

Before we des
ribe the methodology for 
omputing σ,

we give an intuitive explanation of how it works. In the

AGF framework, the system is partitioned into the left

lead, the devi
e region 
ontaining the s
atterer, and the

right lead. As an in
oming phonon mode propagates

from one lead a
ross the inhomogeneity within the de-

vi
e region and towards the other lead, part of its �ux

is s
attered by the inhomogeneity while the remaining

part of it is transmitted into the other lead. As a result

of the intera
tion with the inhomogeneity, the transmis-

sion amplitude, whi
h 
hara
terizes the outgoing phonon

wave fun
tion, a
quires an additional phase fa
tor in its

amplitude, whi
h we 
an determine from the S matrix.

Be
ause the S matrix is unitary and is essentially a book-

keeping devi
e that 
onne
ts the in
oming amplitudes to

the outgoing amplitudes [24℄, this phase fa
tor allows us

to determine the 
hange in the phonon wave fun
tion due

to s
attering, from whi
h we 
an �nd the s
attering 
ross

se
tion σ using the opti
al theorem. Sin
e we only exam-

ine the amplitude 
hange in the outgoing phonon wave

fun
tion in the lead, we 
an thus treat the devi
e as a

bla
k box so long as it has the same length as its homo-

geneous 
ounterpart. This treatment is more akin to the

analysis of the asymptoti
 behavior of the s
attered wave

fun
tion in s
attering problems. [36, 37℄ It is more �exible

as we are less 
onstrained by the stru
ture of the 
om-

plex defe
t, 
ompared to the T matrix approa
h where

one has to map the perturbed degrees of freedom to those

of the homogeneous system and to 
ompute dire
tly the

T matrix element asso
iated with the perturbation.

The organization of this paper is as follows. We �rst

des
ribe the theoreti
al basis for this method of 
om-

puting σ. We derive the key formula for the s
attering

n = 0n = -1 n = N n = N+1

DeviceLeft lead Right lead

W = Na

Figure 1. S
hemati
 of layered system in the AGF method.

The inhomogeneity or defe
t, whi
h is represented by the red-

shaded oval, is 
ontained within the layers n = 1 to N − 1

whi
h 
orrespond to the devi
e region. The distan
e between

the left and right leads is W = Na.


ross se
tion, given in Eq. (12), from the diagonal el-

ement of the transmission matrix. Next, we illustrate

the utility of the method using two examples. The �rst

example is the monoatomi
 harmoni
 
hain with a sin-

gle isotopi
 impurity while the se
ond example 
onsists

of the (10,10) arm
hair 
arbon nanotube (CNT) with an

en
apsulated C60 mole
ule a
ting as the s
atterer. In the

se
ond example, we 
ompute and analyze how the s
at-

tering 
ross se
tions asso
iated with the C60 mole
ule

depend strongly on the polarization and atomi
 motion

of the in
ident phonon modes in the CNT, espe
ially for

the low-frequen
y phonon subbands.

II. THEORETICAL BASIS OF AGF-BASED

APPROACH

In this se
tion, we derive the formula for the s
attering


ross se
tion by analyzing how the phonon wave fun
tion

is perturbed by s
attering in one dimension. Related

ideas are dis
ussed in the pedagogi
al review by Boya [38℄

although they apply only to 
ontinuous systems, su
h as

the S
hroedinger equation, and not to the dis
rete latti
e-

type system that the AGF method is designed for.

In the AGF method, [23, 24℄ whi
h is outlined in

Appendix A, we arrange the degrees of freedom in an

in�nite array of layers, whi
h we enumerate as n =
−∞, . . . , 0, 1, . . . ,∞ and assume are evenly spa
ed with

an interlayer distan
e of a, as shown in Fig. 1. Thus, we


an asso
iate a dis
rete 
oordinate x = na with the 
en-

ter of the n-th layer. As before, we partition the system

into three subsystems: the left lead (n ≤ 0), the devi
e

(1 < n < N − 1), and the right lead (n ≥ N). In the left

and right leads whi
h are homogeneous and identi
al to

one another, ea
h layer a
ts as a unit 
ell, has l degrees

of freedom and is identi
al to the other 
ells in the lead.

In the devi
e, the layers are not ne
essarily homogeneous

even though they are spa
ed evenly and 
an a

ommo-

date the additional degrees of freedom asso
iated with an

inhomogeneity. In our derivation, we dis
uss the s
atter-

ing 
ross se
tion asso
iated with the inhomogeneity for

an in
oming phonon propagating rightward from the left
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lead towards the devi
e.

A. Total outgoing phonon �ux from s
attering

In the left lead (n ≤ 0), we asso
iate the in
ident eigen-
wave Ψ

in


(x) with a phonon mode of wave ve
tor of k,
bran
h index ν (1 ≤ ν ≤ l), frequen
y ων,k and group

velo
ity vν,k > 0. For 
onvenien
e, we use νk to label

the phonon modes. We write the �ux-normalized [39℄

phonon `wave fun
tion' Ψ
L

(x) in the left lead as the sum

of the in
ident and s
attered waves:

Ψ
L

(x) = Ψ
L

in


(x) +Ψ
L

s
att

(x) , (1)

where Ψ
L

in


(x) = Φνk(x) ≡
√
|vνk|uνk(x)e

ikx
represents

the in
ident νk phonon mode [40℄ with group velo
-

ity vνk and uνk(x) denotes its Blo
h fun
tion satisfy-

ing the relationship uνk(x) = uνk(x + a). Be
ause of

�ux normalization, Eq. (1) only 
ontains the 
ontribution

from the propagating modes and none from the evanes-


ent modes. In the absen
e of s
attering, the phonon

wave fun
tion at any two layers at x and x′
only dif-

fer by a phase fa
tor determined by its wave ve
tor, i.e.,

Ψ
L

(x) = Ψ
L

(x′)eik(x−x′)
.

The Blo
h fun
tion uνk(x) is a 
olumn ve
tor whose l
elements 
orrespond to the displa
ement degrees of free-

dom in a unit 
ell. Thus, all the phonon wave fun
tions

are also 
olumn ve
tors. On the righthand side (RHS)

of Eq. (1), Ψ
L

s
att

(x) represents the s
attered wave in the

left lead and is given by

Ψ
L

s
att

(x) =
∑

ν′k′

S(ν′k′, νk)Φν′k′(x)Θ(−vν′k′) , (2)

whi
h is written as a sum of the re�e
ted leftward-

propagating �ux-normalized ν′k′ eigenmodes asso
iated

with the s
attering amplitudes S(ν′k′, νk).[41℄ The sum

over ν′k′ in Eq. (2) is over all possible bran
hes and

wave ve
tors at the in
ident phonon frequen
y ωνk, i.e.,

ων′k′ = ωνk. We 
an asso
iate two �uxes with the left-

lead wave fun
tion: one from the in
ident mode and the

other from the modes re�e
ted from the devi
e into the

left lead. The normalized in
ident �ux is jL
in


(νk) = 1
while the re�e
ted �ux is

jL
s
att

(νk) =
∑

ν′k′

|S(ν′k′, νk)|2Θ(−vν′k′) . (3)

In the right lead (n ≥ N), we 
an likewise write

the �ux-normalized phonon wave fun
tion as the sum of

transmitted rightward-propagating �uxes, i.e.,

Ψ
R

(x) =
∑

ν′k′

S(ν′k′, νk)Φν′k′(x)e−ik′WΘ(vν′k′) . (4)

The RHS of Eq. (4) 
ontains the in
ident and outgo-

ing forward-s
attered wave fun
tions. Ea
h summand

has a phase fa
tor of e−ik′W
, where W denotes the

width of the s
atterer and is taken as the distan
e be-

tween the lead edges (from n = 0 in the left lead to

n = N in the right lead), so we have W = Na. In

the absen
e of a s
atterer (e.g. homogeneous waveg-

uide), the forward-s
attering amplitude in the right

lead is S(ν′k′, νk) = δν′νδk′,ke
ik′W

where δk′,k denotes

the Krone
ker delta fun
tion, and we re
over the solu-

tion Ψ
R

(x) =
∑

ν′k′ S(ν′k′, νk)Φν′k′e−ik′WΘ(vν′k′) =
Φνk(x), whi
h is just the in
ident eigenmode.

Like in Eq. (1), we 
an express Eq. (4) as the sum of

the in
ident and s
attered wave fun
tion or

Ψ
R

(x) = Ψ
R

in


(x) +Ψ
R

s
att

(x) , (5)

where Ψ
R

in


(x) = Ψ
R

(x) is the in
ident eigenwave. This

implies that the s
attered wave fun
tion in the right lead

is the remainder or Ψ
R

s
att

(x) = Ψ
R

(x) − Ψ
R

in


(x) =∑
ν′k′ [S(ν′k′, νk) − S(ν′k′, νk)]Φν′k′(x)e−ik′WΘ(vν′k′).

Therefore, the asso
iated �ux for Ψ
R

s
att

(x), whi
h repre-

sents the s
attered �ux exiting into the right lead, is

jR
s
att

(νk) =
∑

ν′k′

|S(ν′k′, νk)−S(ν′k′, νk)|2Θ(vν′k′) . (6)

The total outgoing �ux from s
attering in the left and

right leads is the sum of the outgoing s
attered �uxes,

i.e., j
s
att

(νk) = jL
s
att

+ jR
s
att

=
∑

ν′k′ |S(ν′k′, νk) −

S(ν′k′, νk)|2, whi
h 
an be expanded to yield a sum with

three terms in the summand, i.e.,

j
s
att

(νk) =
∑

ν′k′

{|S(ν′k′, νk)|2 + |S(ν′k′, νk)|2

− 2Re[S(ν′k′, νk)S(ν′k′, νk)∗]} .

The sum over ea
h of the �rst two terms yields a value

of unity be
ause the unitarity of the S matrix im-

plies that

∑
ν′k′ |S(ν′k′, νk)|2 =

∑
ν′k′ |S(ν′k′, νk)|2 =

1. The sum over the remaining term yields

−2Re[S(νk, νk)S(νk, νk)∗], given that S(ν′k′, νk) = 0
for ν′k′ 6= νk. Hen
e, we obtain

j
s
att

(νk) = 2Re

[
1−

S(νk, νk)

S(νk, νk)

]
. (7)

The expression in Eq. (7) relates the total outgo-

ing �ux from s
attering to the transmission amplitude

S(νk, νk). In the absen
e of any s
atterer, Eq. (7) van-

ishes as expe
ted sin
e S(νk, νk) = S(νk, νk). Although
this is not immediately obvious, Eq. (7) is just a re-

statement of the well-known opti
al theorem for a one-

dimensional multimodal system. For 
onvenien
e, we de-

�ne the forward-s
attering amplitude F(νk) via the rela-

tionship S(νk, νk) = S(νk, νk)[1 + F(νk)] or

F(νk) = S(νk, νk)e−ikW − 1 . (8)

This allows us to simplify Eq. (7) to obtain the 
ompa
t

expression j
s
att

(νk) = −2Re[F(νk)].
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B. S
attering 
ross se
tion from the

transmission-matrix diagonal element

Given that the in
ident wave fun
tion is Ψ
in


(x) =
Φνk(x), the in
oming �ux for the in
ident νk mode is

j
in


= 1. Therefore, the s
attering 
ross se
tion asso
i-

ated with the s
atterer between the two leads is

σ(νk) =
j
s
att

j
in


A = −2ARe[F(νk)] , (9)

where A denotes the geometri
al 
ross se
tion of the

system. It is worth remarking that the expression in

Eq. (9) agrees with that obtained by Boya and Mur-

ray [37℄ for quantum-me
hani
al s
attering in a 
ontinu-

ous system, even though the derivation leading to Eq. (9)

is purely 
lassi
al. This suggests that the generalized op-

ti
al theorem obtained in Ref. [37℄ 
an be extended to

non-quantum-me
hani
al settings.

In the absen
e of a s
atterer, Eq. (9) yields σ = 0 as

expe
ted sin
e S(νk, νk) = S(νk, νk) and F(νk) = 0.
On the other hand, we note that σ ≤ 4A, i.e., the max-

imum value of the total s
attering 
ross se
tion 
an be

as large as four times the geometri
al 
ross se
tion when

S(νk, νk) = −S(νk, νk) and F(νk) = −2. [38℄ While it

appears to be 
ounterintuitive and even possibly unphysi-


al, this result also o

urs in quantum me
hani
s for s
at-

tering by a hard sphere in three dimensions. [42℄ This is

a 
onsequen
e of our partitioning of the wave fun
tion in

Ψ
L

(x) and Ψ
R

(x) into two non-orthogonal 
omponents:

the in
ident wave Ψ
in


and the s
attered wave Ψ
s
att

whi
h represents the part of the original wave that has

been perturbed.

To �nd S(νk, νk) for the νk mode in the left lead, we use the AGF method to 
ompute the l× l transmission matrix

for the inhomogeneous waveguide, given by [23, 24℄

t
RL

(ω) =
2iω

a
[V ret

R

(+)]1/2[U ret

R

(+)]−1Gret

RL

[Uadv

L

(−)†]−1[V adv

L

(−)]1/2 , (10)

where ω = ωνk and Gret

RL

denotes the Green's fun
tion between the rightmost left-lead (n = 0) and the leftmost

right-lead (n = N) layers. In Eq. (10),V ret

R

(+) and V adv

L

(−) 
orrespond to the velo
ity matri
es for the outgoing

right-lead phonons and the in
oming left-lead phonons, respe
tively, while U ret

R

(+) and Uadv

L

(−) 
orrespond to the

outgoing right-lead eigenmodes and the in
oming left-lead eigenmodes, respe
tively. A more detailed des
ription of

these matri
es is given in Eqs. (A6)-(A8) in Appendix A. The transmission matrix element [t
RL

(ω)]pq 
onne
ts the

�ux amplitude of the p-th outgoing right-lead modes to the q-th in
oming left-lead modes for p, q = 1, . . . , l. Be
ause
the left and right leads are identi
al, the set of in
oming extended left-lead modes, as indexed by νk, is the same as

the set of outgoing extended right-lead modes, and we 
an order the extended phonon modes by their wave ve
tors

su
h that k1 < k2 < . . ..

If we dis
ard the evanes
ent modes and order the row

and 
olumn indi
es a

ording to the size of k, then we


an express Eq. (10) as a l̄ × l̄ matrix

t
RL

(ω) =




S(ν1k1, ν1k1) · · · S(ν1k1, νl̄kl̄)
.

.

.

.

.

.

.

.

.

S(νl̄kl̄, ν1k1) · · · S(νl̄kl̄, νl̄kl̄)


 , (11)

where l̄ ≤ l is the number of extended propagating in-


oming or outgoing phonon modes at frequen
y ω. Using
Eqs. (8) and (9), we obtain the s
attering 
ross se
tion

for the in
oming νpkp phonon (1 ≤ p ≤ l̄):

σ(νpkp) = 2ARe(1− [t
RL

(ω)]ppe
−ikpW ) . (12)

In the absen
e of any s
attering, the expression for

σ(νpkp) in Eq. (12) vanishes as expe
ted, be
ause

[t
RL

(ω)]pp = eikpW
whi
h is equal to the phase 
hange of

the phonon wave fun
tion as it moves from layer n = 0
to layer n = N .

Here, we note one limitation of our method for 
al-


ulating the s
attering 
ross se
tion. In Eq. (10), the

transmission matrix depends on the phonon group ve-

lo
ities. Hen
e, the s
attering 
ross se
tion is ill-de�ned

for eigenmodes that have zero group velo
ity and 
annot

propagate spatially.

III. EXAMPLES

A. Monoatomi
 harmoni
 
hain with a single

isotopi
 impurity

To illustrate the AGF method for 
al
ulating the s
at-

tering 
ross se
tion, we apply it to the simple ar
hety-

pal example [43℄ of phonon s
attering by a single iso-

topi
 impurity of mass m
C

in a monoatomi
 harmoni



hain with an interatomi
 distan
e of a, as shown in

Fig. 2(a). In this system, we treat the isotopi
 impurity

as the devi
e; the mass and interatomi
 for
e 
onstants

of the rest of the system are given by m and ζ, respe
-
tively. For the monoatomi
 harmoni
 
hain, the phonon

dispersion is given by ω(k)2 = ω2
m sin2(ka/2), where

ωm = 2
√

ζ/m, and the phonon group velo
ity is given by

v(ω) = ± 1
2a(ω

2
m − ω2)1/2. As there is only one phonon

bran
h, all the terms in Eq. (10) are s
alars. Thus,
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Figure 2. (a) S
hemati
 of monoatomi
 harmoni
 
hain with

a single isotopi
 impurity mc. (b) Plot of the ω − k phonon

dispersion for the single phonon bran
h and the normalized

s
attering 
ross se
tion σ/A values of the phonon eigenmodes,

with values indi
ated by the 
olor bar, for ǫ = 1.

Eq. (10) simpli�es to t
RL

(ω) = iω(ω2
m − ω2)1/2Gret

RL

(ω).

1. Analyti
al expression for Green's fun
tion

At frequen
y ω < ωm , the Green's fun
tion of the

devi
e is given by [28℄

Gret

C

(ω) = [ω2 + i0+ −
2ζ

m
C

− Σret

L

(ω)− Σret

R

(ω)]−1 ,

where Σret

L/R(ω) = ζ2

mm
C

g(ω) denotes the self-energy

term asso
iated with the left/right lead and g(ω) =
1
2 (ω

2 + i0+ − 2ζ
m ) − 1

2 [(ω
2 + i0+ − 2ζ

m )2 − 4( ζ
m )2]1/2.

The analyti
al expression for the Green's fun
tion

Gret

RL

(ω), whi
h des
ribes the 
orrelation between the

ends of the left and right leads, is given by Gret

RL

(ω) =
g(ω)H

RC

Gret

C

(ω)H
CL

g(ω), [22�24℄ where H
RC

= H
CL

=
ζ/

√
mm

C

denotes the lead-devi
e 
oupling term.

2. S
attering 
ross se
tion and rate

After some algebra, we obtain from Eq. (12) the ex-

pression for the s
attering 
ross se
tion of the single iso-

topi
 impurity, normalized by the geometri
al 
ross se
-

tion A,

σ(ω)

A
=

2ǫ2ω4

ǫ2ω4 + ω2(ω2
m − ω2)

, (13)

where ǫ = (m
C

−m)2/m2
is the dimensionless parameter

for the mass di�eren
e. In Eq. (13), σ/A, whi
h in
reases

monotoni
ally with ω and is shown in Fig. 2(b) for ǫ = 1,

-1 0 1 12 13 14n = 2 3 4 5 6 7 8 9 10 11

Left Lead D����� Right Lead

......

Figure 3. S
hemati
 of the layer arrangement in the (10,10)

arm
hair 
arbon nanotube with a C60 mole
ule (pink-shaded

atoms) en
apsulated within the devi
e region (turquoise-

shaded atoms) in layers n = 1 to 12. The layers in the leads,

whi
h extend semi-in�nitely to the left or right, are repre-

sented by the yellow-shaded atoms.

has a value between 0 (no s
attering) and 2 (total s
at-

tering) and never rea
hes the theoreti
al upper bound of

4 from Eq. (9). The s
attering rate is

Γ(ω) =
Niσtot(ω)v(ω)

NaA
= ni

ǫω4(ω2
m − ω2)1/2

ǫω4 + ω2(ω2
m − ω2)

, (14)

where ni = Ni

Na denotes the lineal 
on
entration of iso-

topi
 impurities. In the ǫ ≪ 1 limit, Eq. (14) redu
es

to

Γ(ω) =
niǫω

2

(ω2
m − ω2)1/2

+O(ǫ2) ,

in agreement with the result [44℄ obtained in Ref. [43℄.

B. Carbon nanotube with an en
apsulated C60

mole
ule

Next, we apply the AGF method to the more 
omplex

problem of a single C60 mole
ule en
apsulated in the


enter of a (10,10) arm
hair CNT, as shown in Fig. 3.

The purpose of our dis
ussion, whi
h is not meant to be


omprehensive, is to illustrate how the s
attering 
ross

se
tion depends on the properties of the phonon mode

and its intera
tion with the external s
atterer. Unlike

the monoatomi
 
hain in whi
h the atoms 
an only move

along the longitudinal axis and there is only one phonon

bran
h, the CNT has 120 phonon bran
hes be
ause of

the 40 
arbon atoms in the unit 
ell and the three de-

grees of freedom in atomi
 motion. These di�eren
es in

the atomi
 motion of the phonons a�e
t their intera
tion

with the C60 mole
ule. In the system shown in Fig. 3, the

�nite CNT region en
apsulating the C60 mole
ule a
ts as

the devi
e while ea
h lead 
omprises a semi-in�nite ho-

mogeneous CNT, in whi
h ea
h layer 
orresponds to the

unit 
ell. Be
ause the C60-CNT intera
tion breaks the

translational symmetry of the interatomi
 for
es in the

CNT, the in
oming phonons from the leads are s
attered
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and we 
an asso
iate a s
attering 
ross se
tion for ea
h

phonon mode of the CNT.

We model the 
ovalent C-C bonds within the CNT

or C60 mole
ule using the Terso� potential optimized for

graphene [45℄ and the weak van der Waals for
es between

the CNT and the C60 mole
ule using the Lennard-Jones

(LJ) potential with parameters from Ref. [46℄. In Fig. 3,

the devi
e region spans 12 layers (n = 1 to 12) in the CNT
as the C60 mole
ule 
ouples to the atoms in them through

the LJ potential. We also observe a small bulge in the

CNT in the devi
e region from the C60-CNT intera
tion.

We optimize the stru
ture using GULP [47℄ and extra
t

the interatomi
 for
e 
onstants needed as inputs for the

AGF 
omputations, whi
h are des
ribed in Refs. [23, 24℄,

and the phonon dispersion of the CNT shown in Fig. 4(a).

1. Distribution of mode-dependent s
attering 
ross se
tions

We 
ompute the area-normalized s
attering 
ross se
-

tion σ(νk)/A for ea
h rightward-propagating νk phonon

mode in the (10,10) arm
hair CNT using Eqs. (10) and

(12) for a range of angular frequen
ies ω in intervals of

∆ω = 2 × 1012 rad/s from ω = 2 × 1012 to 3.16 × 1014

rad/s. At ea
h ω, we obtain a set of phonon modes with

the wave ve
tors k1, k2, . . ., whi
h we plot as solid 
ir
les

in Fig. 4. As in Fig. 2, we indi
ate the value of σ/A of

ea
h mode by the 
olor of its solid 
ir
le symbol. For

ease of interpretation, the solid 
ir
le symbols are super-

imposed on the ω − k phonon dispersion 
urves for the

(10,10) arm
hair CNT. [48℄

In Fig. 4(a), there are 66 distin
t ones due to the de-

genera
ies in the (10,10) arm
hair CNT. [48℄ At k = 0 in

the ω → 0 limit, there are four a
ousti
 phonon bran
hes


orresponding to the longitudinal a
ousti
 (LA), the az-

imuthal twisting (TW) and the doubly degenerate ra-

dial transverse a
ousti
 (TA) phonons. [49, 50℄ In addi-

tion, there is a breathing mode (BR) asso
iated with the

radial os
illation of the CNT at k = 0. The remain-

ing phonon bran
hes 
onsist of subbands with ω > 0 at

k = 0. We observe two distin
t σ/A trends for the lower-

frequen
y phonon subbands in Fig. 4(a). In the subbands

with higher group velo
ities and near-linear dispersion,

σ/A is vanishingly small be
ause the atomi
 motion for

the phonon modes is primarily along the longitudinal di-

re
tion [48℄. On the other hand, in the subbands with

smaller group velo
ities and a more paraboli
 dispersion,

σ/A in
reases signi�
antly with ω, indi
ating stronger in-
tera
tion with the C60 mole
ule. For the subbands 
or-

respond to the high-frequen
y opti
al phonons, we have

σ/A ∼ 2, whi
h indi
ates strong s
attering.

2. Low-frequen
y phonon subbands

For a more detailed analysis of how the C60 mole
ule

s
atters di�erent phonon modes, the low-frequen
y σ/A
distribution is shown in Fig. 4(b). The individual phonon

0 0.5-0.5
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Figure 4. (a) Plot of s
attering 
ross se
tion σ/A for

ea
h rightward-propagating phonon mode (solid 
ir
le) in

the (10,10) arm
hair CNT, distributed over the 66 distin
t

phonon bran
hes. The values of σ/A are between 0 and 4 and

are indi
ated by 
olor a

ording to the 
olor bar. (b) The


orresponding plot at low frequen
ies (ω < 4 × 10
13

rad/s).

We observe the three distin
t a
ousti
 phonon bran
hes (LA,

TW and TA) and the radial breathing mode (BR) as well

as the �ve lowest phonon subbands whi
h are indi
ated by

brown dashed arrows and labeled SB1 to SB5. The phonon

bran
hes are also 
olored a

ording to the per
entage of their

eigenmode atomi
 displa
ements parallel to the longitudinal

axis, with the 
olor varying 
ontinuously between bright ma-

genta (100%) and bla
k (0%).
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dispersion 
urves for the a
ousti
 phonons (LA, TW and

TA) and the �ve lowest phonon subbands (SB1 to SB5)

are also displayed, with the 
olor of the individual 
urves

indi
ating the per
entage of the eigenmode atomi
 dis-

pla
ements parallel to the longitudinal axis. We ob-

serve that the σ/A values for the a
ousti
 phonons ap-

proa
hes 0 in the long wavelength (k = 0) limit and in-


reases monotoni
ally with k, similar to the results for

the monoatomi
 
hain in Fig. 2. In parti
ular, the LA

and TW phonons, whose atomi
 motions are in the longi-

tudinal and azimuthal dire
tions, respe
tively, have very

small σ/A values whi
h we 
an attribute to their weak


oupling to the C60 mole
ule. The TA phonons however

see a signi�
ant in
rease in σ/A as k in
reases be
ause of

the radial motion of their modes.

On the other hand, the modes in the low-frequen
y

phonon subbands (SB1, SB2, SB3 and SB5) have a �nite

σ/A in the k = 0 limit and in
reases with ω. This im-

plies that that these modes, whi
h are polarized in the

plane normal to the longitudinal axis and whose atomi


motions are mainly in the radial and azimuthal dire
-

tions, [46, 49, 50℄ are sensitive to intera
tion with the

C60 mole
ule. However, in the SB4 subband, the low

σ/A values indi
ate that its phonon modes, whi
h are

longitudinally polarized like those in the LA bran
h, in-

tera
t weakly with the C60 mole
ule. This observation is


onsistent with the results for 
arbon nanotube peapods

in Ref. [46℄ where the authors report a weak redu
tion

in the low-frequen
y LA phonon lifetimes. The results in

Fig. 4(b) support the �nding that the phonon s
attering

by the C60 mole
ule is strongly dependent on phonon

polarization, with phonon modes whose atomi
 motions

have a radial 
omponent being more strongly s
attered

by the C60 mole
ule.

IV. SUMMARY AND CONCLUSIONS

In summary, we have shown rigorously how the mode-

dependent s
attering 
ross se
tions and rates in a latti
e


an be determined using the extended AGF method. [23,

24℄ This AGF-based approa
h allows us to treat s
atter-

ing problems in whi
h additional degrees of freedom from

an external s
atterer are present. Its utility is demon-

strated with two examples: (1) the monoatomi
 har-

moni
 
hain with a single isotopi
 impurity, and (2) the

(10,10) CNT with an en
apsulated C60 mole
ule. In the

�rst example, we derive the exa
t analyti
al expressions

for the s
attering 
ross se
tion and rate. To �rst order

in perturbation, the latter is identi
al to the result in

Ref. [43℄. In the se
ond example, we illustrate how the

s
attering 
ross se
tion varies with the properties of the

phonon mode (phonon bran
h and frequen
y), and show

how phonon modes with radial atomi
 motion are more

strongly s
attered by the C60 mole
ule.

This approa
h allows us to 
ompute the phonon-defe
t

s
attering rates whi
h 
an be used as inputs in semi
lassi-


al phonon transport models. It 
an also be used to study

how the atomi
 stru
ture of a defe
t a�e
ts the s
at-

tering 
ross se
tion of di�erent phonon modes and thus

enable the more 
ontrolled use of nanostru
turing and

latti
e defe
ts in phonon engineering for thermoele
tri


appli
ations. [1℄ With some straightforward modi�
ation,

this approa
h 
an also be extended to tightbinding latti
e

models to determine the s
attering 
ross se
tions asso
i-

ated with perturbations by external degrees of freedom,

be
ause of the 
lose analogy [26, 29, 51℄ between the AGF

method and 
ommonly used quantum transport models

for ele
trons. [52, 53℄
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Appendix A: The extended Atomisti
 Green's

Fun
tion method

For the 
onvenien
e of the reader and the sake of 
om-

pleteness, we give a brief des
ription of the extended AGF

method, in whi
h the transmission and re�e
tion matri-


es 
an be 
al
ulated, largely following our earlier papers

on extending the AGF method [23, 24℄. Here, we dis-


uss only the transmission matri
es, whi
h are relevant

to Eq. (10).

In the AGF setup in Fig. 1, the system is partitioned

into three subsystems: (1) the left lead, (2) the devi
e

region, and (3) the right lead. Ea
h lead 
onsists of

a semi-in�nite one-dimensional array of prin
ipal layers

while the devi
e region 
orresponds to layers n = 1 to

N − 1. In Fig. 1, the left and right leads are materially

identi
al with the same interlayer spa
ing a
L

= a
R

and

interatomi
 for
es.

We 
an write the mass-normalized for
e-
onstant ma-

trixH, whi
h represents the harmoni
 
oupling of the en-

tire system in Fig. 1 and has the blo
k-tridiagonal stru
-

ture, as

H =




.

.

.

.

.

.

.

.

. H00
L

H01
L

H10
L

H00
L

H
LC

H
CL

H
C

H
CR

H
RC

H00
R

H01
R

H10
R

H00
R

.

.

.

.

.

.

.

.

.




,

(A1)
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where H
C

, and H
CL

(H
CR

) are respe
tively the mass-

normalized for
e-
onstant submatri
es 
orresponding to

the devi
e region, and the 
oupling between the devi
e

region and the semi-in�nite left (right) lead. We 
an

asso
iate ea
h layer in Fig. 1 with a blo
k row in H.

The blo
k row submatri
es H00
α and H01

α , where α =
L and α = R for the left and right lead, respe
tively,

des
ribe the lead phonons. If we set the layers to be large

enough so that only adja
ent layers 
an 
ouple, then H00
α

denotes to the intralayer for
e-
onstant matrix for ea
h

layer while H01
α (H10

α ) denotes the interlayer harmoni



oupling between ea
h layer and the layer to its right

(left) in the lead. Here, α is used as the dummy variable

for distinguishing the leads, with α = L and α = R


orresponding to the left and right leads, respe
tively.

We also maintain the 
on
eptual distin
tion between the

left-lead and right-lead for
e-
onstant matri
es of H00
α

and H01
α even though H00

L

= H00
R

and H01
L

= H01
R

in

our method for 
omputing the s
attering 
ross se
tion.

We note here that in spite of the in�nite number of

layers making up the system, only a �nite set of unique

for
e-
onstant matri
es (H
C

, H
CL

, H
CR

, H00
L

, H01
L

,

H00
R

and H01
R

) are needed as inputs for the AGF 
al
u-

lation be
ause the leads are made up of identi
al layers

and the Hermiti
ity of H implies that H
LC

= (H
CL

)†

and H
RC

= (H
CR

)†, and H01
α = (H10

α )†. For the sake

of 
onvenien
e, we also represent the N − 1 layers in the

devi
e region by a single matrix H
C

.

In prin
iple, the system dynami
s are determined by

the in�nitely large H in Eq. (A1). However, for the

e�e
tive dynami
s at a �xed frequen
y ω, the latti
e

dynami
s problem be
omes more tra
table as we need

only to proje
t the dynami
s onto a �nite portion of the

system, [29, 54℄ 
orresponding to layers n = 0 to N in

Fig. 1, to determine phonon s
attering by the devi
e re-

gion. Hen
e, we 
an use the submatri
es in Eq. (A1) to


onstru
t the e�e
tive harmoni
 matrix for this subsys-

tem, [29℄

H
′ =




H ′
L

H ′
LC

0
H ′

CL

H ′
C

H ′
CR

0 H ′
RC

H ′
R


 , (A2)

where H ′
L

= H00
L

+ H10
L

gret
L,−H

01
L

and H ′
R

= H00
R

+

H01
R

gret
R,+H

10
R


orrespond to the left and right edges, re-

spe
tively while H ′
C

= H
C

and H ′
CL/CR

= H
CL/CR

=

(H ′
LC/RC

)†. The retarded surfa
e Green's fun
tions

gret
L,−(ω) and gret

R,+(ω) are given by

gretα,− = [(ω2+ i0+)Iα−H00
α −H10

α gretα,−H
01
α ]−1 , (A3a)

gretα,+ = [(ω2+ i0+)Iα−H00
α −H01

α gretα,+H
10
α ]−1 . (A3b)

Physi
ally, Eq. (A3a) denotes the retarded surfa
e

Green's fun
tion for a de
oupled semi-in�nite latti
e ex-

tending in�nitely to the left (denoted by the �-� in the

subs
ript of gretα,−) while Eq. (A3b) denotes the 
orre-

sponding surfa
e Green's fun
tion for a de
oupled semi-

in�nite latti
e extending in�nitely to the right (denoted

by the �+� in the subs
ript of gretα,+). In addition,

the advan
ed surfa
e Green's fun
tions 
an be obtained

from the Hermitian 
onjugates of Eq. (A3), i.e., gadvα,− =

(gretα,−)
†
and gadvα,+ = (gretα,+)

†
.

Given Eqs. (A2) and (A3), we 
an assemble the pie
es

needed for the phonon s
attering 
al
ulations. The �rst

pie
e is the 
orresponding Green's fun
tion for Eq. (A2)

Gret = [(ω2 + i0+)I′ − H
′]−1

, where I
′
is an identity

matrix of the same size as H
′
; the Gret

matrix 
an be

partitioned into blo
ks in the same manner as H
′
, i.e.,

Gret =




Gret

L

Gret

LC

Gret

LR

Gret

CL

Gret

C

Gret

CR

Gret

RL

Gret

RC

Gret

R


 . (A4)

The next step is the 
omputation of the advan
ed and

retarded Blo
h matri
es [22, 53, 55℄ of the left and right

leads, F adv/ret

α (+) and F adv/ret

α (−), whi
h des
ribe the

bulk translational symmetry of the layers along the di-

re
tion of the heat �ux and 
an be 
omputed dire
tly

from the formulas:

F adv/ret

α (+) = g
adv/ret

α,+ H10
α , (A5a)

F adv/ret

α (−)−1 = g
adv/ret

α,− H01
α . (A5b)

The bulk eigenmodes for the lead, whi
h des
ribe the

mode-dependent atomi
 displa
ement in ea
h layer at

frequen
y ω, 
an be determined dire
tly from the Blo
h

matri
es,

F adv/ret

α (+)Uadv/ret

α (+) = Uadv/ret

α (+)Λadv/ret

α (+) ,
(A6a)

F adv/ret

α (−)−1Uadv/ret

α (−) = Uadv/ret

α (−)Λadv/ret

α (−)−1 ,
(A6b)

where U ret

α (+) [U ret

α (−)℄ is a matrix with its 
olumn

ve
tors 
orresponding to the rightward-going (leftward-

going) extended or rightward (leftward) de
aying evanes-


ent modes and has the form U ret

α = (e1e2 . . . eN ) where
en is a normalized eigenve
tor of the Blo
h matrix in the

n-th 
olumn of U ret

α (+) [U ret

α (−)℄. Similarly, Uadv

α (−)

[Uadv

α (+)℄ is a matrix with its 
olumn ve
tors 
orrespond-

ing to rightward-going (leftward-going) extended or left-

ward (rightward) de
aying evanes
ent modes. The ma-

trix Λ
adv/ret

α (+) [Λadv/ret

α (−)℄ is a diagonal matrix with

matrix elements of the form eikna
where kn is the phonon

wave ve
tor 
orresponding to the n-th 
olumn eigenve
-

tor in Uadv/ret

α (+) [Uadv/ret

α (−)℄. In a 
omplex pseudo-

1D system su
h as the 
arbon nanotube, we 
an also

atta
h to ea
h eigenmode an extra label 
orresponding

to the bran
h index ν so that ea
h eigenmode has a label

νnkn.
The �nal pie
e of ingredient needed for the phonon

s
attering 
al
ulations is the diagonal velo
ity matrix [29,
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53℄

V adv/ret

α (+) =
iaα
2ω

[Uadv/ret

α (+)]†H01
α [g

adv/ret

α,+ −

(g
ret/adv

α,+ )†]H10
α Uadv/ret

α (+) , (A7)

whi
h has group velo
ities of the eigenve
tors in

Uadv/ret

α (+) as its diagonal elements. Likewise,

V adv/ret

α (−) is de�ned as

V adv/ret

α (−) =− iaα
2ω

[Uadv/ret

α (−)]†H10
α [g

adv/ret

α,− −

(g
ret/adv

α,− )†]H01
α Uadv/ret

α (−) . (A8)

For evanes
ent modes, the group velo
ity is always zero

while for propagating modes that 
ontribute to the heat

�ux, the group velo
ity is positive (negative) in V ret

α (+)

and V adv

α (−) [V ret

α (−) and V adv

α (+)℄. In addition, we de-

�ne the diagonal matri
es Ṽ
adv/ret

α (+) and Ṽ
adv/ret

α (−)
in whi
h their nonzero diagonal matrix elements are the

inverse of those of V adv/ret

α (+) and V adv/ret

α (−), respe
-
tively.

From Eqs. (A3) to (A8), we 
onstru
t the �ux-

normalized transmission matrix used in Eq. (10):

t
RL

=
2iω√
a
R

a
L

[V ret

R

(+)]
1/2[U ret

R

(+)]−1

×Gret

RL

[Uadv

L

(−)†]−1[V adv

L

(−)]
1/2 . (A9)

Ea
h row of t
RL


orresponds to either a transmitted

right-lead extended or evanes
ent mode. For an outgo-

ing evanes
ent mode, the row elements and group ve-

lo
ity, given by the diagonal element of V ret

R

(+), are

zero. Conversely, ea
h 
olumn of of t
RL


orresponds

to either an in
oming left-lead extended or evanes
ent

mode, and the 
olumn elements and group velo
ity of

the evanes
ent modes, given by the diagonal element of

V adv

L

(−), are zero. If the m-th row and n-th 
olumn

of t
RL


orrespond to extended transmitted and in
om-

ing modes, then |[t
RL

]mn|2 gives us the probability that

the in
oming left-lead phonon is transmitted a
ross the

devi
e region into the right-lead phonon. Similarly, we


an de�ne the �ux-normalized transmission matrix for

phonon transmission from the right to the left lead:

t
LR

=
2iω√
a
L

a
R

[V ret

L

(−)]
1/2[U ret

L

(−)]−1

×Gret

LR

[Uadv

R

(+)†]−1[V adv

R

(+)]
1/2 . (A10)

Appendix B: Generalization to two or three

dimensions

Although the examples given in this paper are only ap-

plied to 1D (monotatomi
 
hain) or pseudo-1D systems

(e.g. 
arbon nanotube), the generalization of our method

to 2D or 3D systems merits a more detailed dis
ussion.

It should be noted that the original AGF method [28℄

has been applied to the investigation of phonon trans-

port in 2D and 3D systems [27, 56, 57℄ and its extension,

as des
ribed in Appendix A, 
an be applied in a straight-

forward manner. The key di�eren
e between a 1D sys-

tem and its 2D or 3D 
ounterpart is that in the latter,

ea
h phonon eigenmode of the lead, from Eq. (A6), is


hara
terized by its transverse momentum (ky, kz) in ad-

dition to its longitudinal momentum kx, frequen
y ω and

bran
h index ν. Examples of the 
hara
terization of lead

phonon eigenmodes by their transverse momenta 
an be

found in Refs. [24, 31, 32, 58℄.

For simpli
ity, we will only sket
h the 2D 
ase as the

3D 
ase 
an be generalized from the 2D 
ase. In a 2D

system su
h as a graphene sheet with a �nite but su�-


iently large geometri
al width of T and 
oplanar with

the x− y plane, we impose periodi
 boundary 
onditions

in the transverse (y) dire
tion and open boundary 
ondi-

tions in the longitudinal (x) dire
tion. We should more

a

urately 
hara
terize the system as being quasi -2D be-


ause of its �nite width. When T is su�
iently large,

the 
omputed s
attering of 
ross se
tion is expe
ted to

approa
h the exa
t value.

In the 
ase of a single-layer graphene, the leads are

pristine graphene sheets semi-in�nite in the longitudinal

dire
tion while the devi
e is a graphene sheet of �nite

length with either a defe
t or has some external s
atterer

(e.g. a fun
tional group) atta
hed to it. Hen
e, in su
h a

system, every extended phonon mode of the lead is a 2D

phonon mode and is 
hara
terized by a dis
rete trans-

verse momentum ky, [57℄ whi
h is given by 2πn/T for

n = 0,±1,±2, . . ., in addition to its longitudinal momen-

tum kx, whi
h is a fun
tion of ω and ky. In a phonon

bran
h with the linear dispersion ω = ck where c is the

group velo
ity, the longitudinal momenta kx of the eigen-

modes at frequen
y ω would be dis
retized and given by

kx = ±
√
(ω/c)2 − (2πn/T )2 for n = 0,±1, . . . ,±N and

N = ⌊ ωT
2πc⌋. In the T → ∞ limit, we re
over the idealized

2D system and the transverse and longitudinal momenta

are 
ontinuous.

After labeling ea
h lead phonon eigenmode by its

transverse momentum, we 
an 
ompute its s
attering


ross se
tion using Eq. (12) with the geometri
al 
ross

se
tion A repla
ed by T . In the 
ase of a 2D system, we


an rewrite Eq. (11) as:

t
RL

(ω) =




S(ν1k1, ν1k1) · · · S(ν1k1, νl̄kl̄)
.

.

.

.

.

.

.

.

.

S(νl̄kl̄, ν1k1) · · · S(νl̄kl̄, νl̄kl̄)


 , (B1)

where the momentum of the phonon mode is represented

by a ve
tor k = (kx, ky) instead of a s
alar k, with k = kn

and 1 ≤ n ≤ l̄. From Eq. (B1), we 
an determine the

s
attering 
ross se
tions σ(ν1k1) to σ(νl̄kl̄).
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