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Abstract—Extremely  large-scale = multiple-input-multiple-
output (XL-MIMO) is listed as one of the key 6G candidate
technologies due to its ability to exponentially increase the
communication spectrum efficiency. However, wideband XL-
MIMO channel estimation faces a new challenge known as
near-field beam split effect. To cope with this challenge, we
propose a deep learning based joint learned iterative shrinkage
thresholding algorithm with partial weight-coupled (Joint
LISTA-CP) to accurately recover the channel. Specifically, by
studying the characteristics of the near-field wideband channel,
we employ a frequency-dependent polar domain dictionary to
ensure that the sparse polar domain channel vectors across
different subcarriers share a common sparse support. Then, we
transform the near-field wideband channel estimation problem
into a multiple measurement vector recovery problem. Utilizing
the common sparsity structure of different subcarriers, we
design the Joint LISTA-CP network that integrates multiple sub-
networks. The proposed network employs a multidimensional
shrinkage thresholding operator to guarantee the common
sparse property of different subcarrier channels. In addition,
we rigorously demonstrate that the Joint LISTA-CP network
achieves lower recovery error. Simulation results show that the
Joint LISTA-CP method enhances the estimation accuracy of
the near-field wideband channel.

Index Terms—Deep learning, XL-MIMO, wideband channel
estimation, near-field.

I. INTRODUCTION

W ITH technological progress and rising user demand, the
sixth-generation (6G) mobile communication networks
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will have to accommodate higher data rates and increased com-
munication capacity [1]. Expanding on the massive multiple-
input multiple-output (MIMO) technology utilized in the fifth-
generation (5G), 6G will progress to extremely large-scale
MIMO (XL-MIMO) [2]-[5]. This will involve a substantial
increase in the number of antennas, thereby improving the
system’s spectral efficiency. Additionally, 6G networks will
utilize higher frequencies, such as millimeter wave (mmWave)
and terahertz (THz) bands, which provides a broader spec-
trum resource essential for achieving higher data rates. The
integration of XL-MIMO with mmWave/THz technology is
considered a key advancement for 6G [6]-[8].

In XL-MIMO systems, obtaining highly accurate channel
state information (CSI) is crucial for maximizing system
performance. However, due to the extremely large number of
antennas in XL-MIMO systems, the base station (BS) typically
employs a hybrid precoding architecture to lower hardware
costs and reduce power consumption. Considering that the
number of radio frequency (RF) chains in this architecture is
significantly lower than the number of antennas, the channel
sampling dimension is reduced, which poses significant chal-
lenges to accurate channel estimation [9]-[11]. On the other
hand, the transition from massive MIMO to XL-MIMO not
only entails a significant increase in the number of antennas
but also brings fundamental changes in the electromagnetic
(EM) structure [12]. The EM radiation field can be divided into
far-field and near-field regions, distinguished by the Rayleigh
distance. The Rayleigh distance is directly proportional to the
square of the array aperture and inversely proportional to the
carrier wavelength. In the far-field region, the EM field can
be approximated using a plane wave model. Conversely, in
the near-field region, the EM field must be modeled using a
spherical wave model. In 5G systems, the Rayleigh distance
is relatively small and is usually negligible. However, with a
significant increase in the number of antennas in 6G, the near-
field region also expands significantly [13]. Consequently, a
non-negligible portion of 6G communication will take place
in the near-field region.

In current 5G massive MIMO systems, researchers employ
a discrete Fourier transform (DFT) dictionary to represent the
sparse channel in the angle domain, aiming to minimize pilot
overhead for channel estimation. By leveraging angle domain
sparsity of massive MIMO channels [14]-[17], compressive
sensing (CS) algorithms have been proposed. For example, the
orthogonal matching pursuit (OMP) is used to estimate the
angle-domain channel of a single subcarrier in [14]. Taking
further advantage of the common sparsity structure across



multiple subcarrier channels, a simultaneous OMP (SOMP)
algorithm is proposed in [15]. Similarly, leveraging the com-
mon sparsity among channels, a dynamic sparsity-adjusting
approximate message passing (AMP) method is proposed in
[16], which iteratively prunes and updates the support set to
achieve more accurate sparsity estimation. These channel esti-
mation methods assume that the channel angles perfectly align
with the angle grids of the dictionary. However, in practical
communication systems, the angles may deviate from the grid,
reducing the sparsity in the angle-domain channel and leading
to performance degradation in the above methods. To resolve
this problem, the method proposed in [17] first uses singular
value decomposition (SVD) to obtain a coarse angle estimate,
and then iteratively refines the estimated angle towards the
actual value using gradient descent, thereby achieving super-
resolution estimation. In [18], the atomic norm minimization
algorithm is employed to search over an infinitely precise
range of angles, thereby improving the estimation perfor-
mance. In [19], high-accuracy channel estimation is achieved
by iteratively refining the angle estimates through minimizing
an objective function considering the orthogonality of the
subspaces. These schemes are designed based on the sparsity
of the channel in the angle domain. Unfortunately, when using
a DFT dictionary to transform the near-field channel into the
angular domain, the energy of a single near-field path spreads
across multiple angles. This results in the near-field channel
losing its sparsity in the angular domain.

To achieve the sparsity of the near-field channel, a method
leveraging the polar-domain dictionary is proposed in [20].
This polar-domain dictionary considers both angular and
distance characteristics, allowing the near-field channel to
exhibit sparsity in the polar-domain. A polar-domain based
SOMP algorithm (P-SOMP) is proposed for accurate channel
estimation in [20]. In [21], the authors address the hybrid-
field channel estimation problem, where the number of far-
field and near-field paths is known. The channel is estimated
based on the sparsity in the far-field angle domain and near-
field polar domain, respectively. When the number of far-field
and near-field paths is unknown, [22] proposes a channel esti-
mation scheme based on off-grid random gradient tracking to
address this issue. In [23], for the channel estimation problem
in ultra-large-scale reconfigurable intelligent surface-assisted
mmWave communication systems, a three-dimensional multi-
measurement vector compressive sensing framework based
on polar-domain sparsity is proposed to improve parameter
estimation accuracy. In addition to the traditional CS-based
algorithms mentioned above, deep learning (DL) methods
have been widely applied in the communication field [24]-
[26]. Here, we mainly introduce DL-based methods for near-
field channel estimation [27]-[31]. Specifically, a multiple
residual dense network for near-field channel estimation is
proposed in [27] to leverage the polar-domain channel sparsity.
A hybrid-field channel estimation method is introduced in [28],
where the orthogonal matching pursuit method is first used
for initial estimation, and then the convolutional autoencoder
(CAE) is used for refined estimation. To address the issue of
large storage overhead of polar-domain dictionary, a dictionary
learning layer is introduced into the learned iterative shrinkage

thresholding algorithm (LISTA) network in [29], leading to a
dictionary with fewer atoms.

Near-field wideband systems can significantly enhance data
transmission rates and system capacity, making them a focal
point of research [32]-[35]. However, in wideband XL-MIMO
systems, the large bandwidth and array aperture give rise to
beam split effects, resulting in inconsistent sparse supports
in the polar-domain channel across different frequencies. To
accurately estimate channels in near-field wideband systems,
[36] reveals that the sparse supports in both the distance
and angle domains grow linearly with the subcarrier fre-
quency. This property is utilized to estimate the angle and
distance parameters of near-field paths across all frequencies,
improving the accuracy of channel estimation. In [37], a
novel frequency-dependent polar dictionary is proposed, which
uses the unitary approximate message passing-sparse Bayesian
learning (UAMP-SBL) based deep unfolding method and
exploits the inherent properties of channel patterns for channel
estimation. With the use of frequency-dependent dictionaries,
a knowledge-driven wideband mixed-field channel estimation
network is proposed in [38]. By using frequency-dependent
redundant dictionaries, the sparse channel vectors of different
subcarriers exhibit common sparse supports. Utilizing this
property, a deep unfolding-based AMP algorithm is designed
to enhance channel estimation. While these methods enhance
the performance of channel estimation, they suffer from draw-
backs such as a large number of network parameters and high
computational complexity.

In this paper, we propose a novel deep unfolding-based
method for channel estimation in near-field wideband XL-
MIMO systems. To address the beam split effect in wideband
XL-MIMO systems, we employ a frequency-dependent polar
domain dictionary, which ensures that the sparse support set of
the corresponding channel remains consistent across different
frequencies. To achieve low-complexity channel estimation,
we design a channel estimation method that combines multiple
subnetworks, namely joint LISTA with partial weight-coupled
(Joint LISTA-CP). To reduce the number of learnable param-
eters in the proposed network, we adopt a LISTA with partial
weight-coupled (LISTA-CP) network with fewer parameters in
each subnetwork. Additionally, we rigorously prove that the
Joint LISTA-CP network achieves a lower recovery error com-
pared to a single LISTA-CP network. The key contributions
of this paper are summarized as follows.

o We propose a deep unfolding approach for channel es-
timation in near-field wideband XL-MIMO systems. To
overcome the impact of the near-field beam split, we
employ a frequency-dependent polar-domain dictionary,
ensuring that the near-field sparse channels across dif-
ferent subcarriers share a common sparse support set.
This allows us to transform the near-field wideband
channel estimation problem into a multi-measurement
sparse signal recovery problem.

o Leveraging the common sparse structure across different
subcarriers, we design a Joint LISTA-CP network for
channel estimation, where each subnetwork employs a
LISTA-CP network with fewer network parameters. Due
to the common sparse support, we combine multiple



sparse vectors into a matrix with group-row sparsity and
apply a multidimensional shrinkage thresholding operator
to ensure group-row sparsity.

o We conduct rigorous theoretical analysis to unveil why
the proposed Joint LISTA-CP network can achieve a
faster convergence rate. Theoretical analysis proves that
the Joint LISTA-CP network achieves a lower recovery
error. Finally, we show that the performance of the
Joint LISTA-CP algorithm, which combines multiple sub-
networks, is superior to that of the individual LISTA-CP
network.

The rest of the paper is arranged as follows. Section II pro-
vides a detailed explanation of the system model and problem
formulation. Section III presents the ISTA, LISTA, LISTA-CP
and the proposed Joint LISTA-CP algorithms for XL-MIMO
wideband channel estimation. The convergence analysis of the
proposed Joint LISTA-CP algorithm is presented in Section I'V.
Section V illustrates the simulation results of the Joint LISTA-
CP algorithm. Finally, the paper is concluded in Section VI.

Notations: Bold uppercase and lowercase letters represent
matrices and vectors, respectively. (-)~! denotes the inverse
operation and (-)7" defines the transposition operation. Let
R be the set of real numbers and C be the set of complex
numbers. Given index sets Z = {iy,...,i,} C N and
J ={j1,.-,dm} C M, for A € RV*M_A[T 7] denotes
the submatrix of A corresponding to the rows indexed by 7
and the columns indexed by 7. We denote the ¢-th row and the
j-th column of matrix A by A(i,:) and A(:, j), respectively.
For a matrix A, ||A||r represents the Frobenius norm, while
|Al2,0 and ||Al|2,1 denote the mixed £y/¢2 and ¢ /¢5 norms,
respectively. || -||,ow,0 represents the count of non-zero rows in
the input matrix. For a vector v,
which is used to count the number of non-zeros elements, and
|[v]1 means the ¢; norm, which is used to calculate the sum
of the absolute values of the vector elements. ||v||; represents
the Euclidean norm. The support of v = [vy,...,vx]T € RY
is represented as supp(v).

II. SYSTEM MODEL

In this section, we introduce a wideband near-field commu-
nication system based on the THz band. Then, we present
the XL-MIMO wideband channel model and a frequency-
dependent polar-domain dictionary. Finally, the XL-MIMO
channel estimation process is formulated as a classical sparse
signal recovery problem.

A. Singal Model

We consider the uplink channel estimation in an XL-
MIMO system with orthogonal frequency division multiplex-
ing (OFDM). In this system, the base station (BS) employs
a uniform linear array (ULA) with Npg antennas and Ngp
radio frequency (RF) chains to serve K single-antenna users,
as shown in Fig. 1. In this system, we adopt a time-division
duplex (TDD) mode, where K users transmit orthogonal pilot
signals to the BS. Let s,,, denotes the pilot signal on the
m-th subcarrier in the p-th time slot. The length of the pilot

sequence is P. The received signal y,, , € CV% is denoted
as
Ymp = Wphi s p + D g, (1)

where W, € CNrrXNbs represents the combining matrix,
and n,,, € CNrF g complex Gaussian noise following
CN(0,0°Iy). Let 8y, = 1 for p=1,2,..., P. Considering
the total P time slots for pilot transmission, we can obtain

= Wh,,, + np,, 2)
where y,, = [}7%71,9%2, e ,SIZ;VP]T € CFPNrr and
n, = [ﬁ%l,ﬁ%Q,...,ﬁﬁ,P]T € CPNrr. Besides, W =
WI WI ... WIL|T ¢ CPNrr*Nes s the overall obser-

vation matrix, where each element is independently sampled
. . . . . 1
from the binomial distribution —=— {-1,1}.

B. Channel Model

Compared to massive MIMO narrowband channel model,
the wideband XL-MIMO channel model within the THz band
is more complex. It arises from the near-field beam split effect,
which influences the array response vector based on factors
like angles, distances, and subcarrier frequency. The Saleh-
Valenzuela channel model is adopted here. The channel h,,, €
CNBs at the m-th subcarrier is defined as

N
h,, = BS

Z Z a; jePTImTID (¢ 5,1 4, fm)s (3)

11]1

where N refers to the number of clusters, and N, represents
the number of subpaths in each cluster. The subscripts 7 and
7 correspond to the indices of the clusters and subpaths,
respectively. 7 denotes the delay of the subpath, and « denotes
the path gain. In addition, f,, = f. + (2m M) B represents
the frequency of the m-th subcarrier, where B represents
the bandwidth and M is the total number of subcarriers.
¢;,; denotes the AoA of the i-th cluster and j-th subpath.
b(¢; .7, fm) is the array response vector. Based on the
geometrical structure of the BS array, b(¢; ;,7i;, fm) is
formulated as

1 _iog_c (pO) .
b(¢i5,7i fm) =\ 7 [6 T T )
BS “)
. T
e i2m 7 (BT ) :

where 7; ; (") represents the distance between the scatterer and
the n-th BS antenna. As described in [20], Ti,j(") can be
expressed as

ri ;™ = \/sz + 0%2d* — 2r; j0pdsin ¢; j, &)
where 6, :n—%withne{OI .,Npsg — 1}
Additionally, d = =2 represents the antenna spacing, where
Am = fi is the carrler wavelength.

C. Problem Formulation

In communication systems, channel estimation based on
transform-domain sparsity is an effective method to reduce
pilot overhead and improve estimation performance. The core
idea is to transform the channel information from the time or
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Fig. 1. A Wideband THz XL-MIMO system with the hybrid precoding structure, where R4y represents the Rayleigh distance.

frequency domain to a sparse representation domain, where
the channel exhibits sparsity. This sparsity can be leveraged
to substantially reduce the number of pilots for channel
estimation, and the CSI can be accurately recovered using
algorithms such as OMP, AMP and UAMP-SBL. In far-
field channel estimation, researchers commonly utilize angle-
domain sparsity of the channel with the DFT dictionary.
However, in near-field channel estimation, the angle domain
based on the DFT dictionary is no longer sparse. A polar-
domain dictionary is proposed in [20] to capture the sparsity
of near-field channels. The polar-domain dictionary samples
from both angle and distance dimensions, and each column is
composed of the near-field steering vector. However, in near-
field wideband systems, due to the beam split effect, when
all subcarriers use the same polar-domain dictionary, different
subcarriers exhibit different sparsity support sets, which poses
significant challenges for channel estimation. To ensure that
different subcarriers in near-field wideband systems share the
same sparsity support set and thereby reduce the complexity
of channel estimation, we adopt a frequency-dependent polar-
domain dictionary. Specifically, the dictionary for the m-th
subcarrier is expressed as

B™ = [B{',BY,...,B% 4], (6)

where S represents the number of distance grids. The s-th sub-
dictionary BY" is made up of () near-field steering vectors

BT = [b(¢07 Ts,0, f’m)7 o 7b(¢Q—1a Ts,Q—1; fm)]) (7)

where () represents the number of angle grids. Thus, the total
number of grids in the polar domain is given by G = SQ.
To reduce the maximum coherence between any two atoms,
the angles need to be uniformly sampled, while the distances
should be sampled non-uniformly, as described

2 -Q+1
¢q:Ta q:Oa"'7Q_17 (8)
1
rqu:gZA(l—ng), 5:07"'75717 (9)
where Z5 = %, B is the threshold used to balance
A m

coherence level and grid resolution. S is the smallest integer

satisfying %Z A < Pmin With pp,., representing the minimum
distance [20]. Utilizing the dictionary in (6), the domain
transformation can be readily performed as

h,, = B"x, (10)
where x,, € CY denotes the m-th sparse polar domain sub-
channel. Therefore, we can rewrite (2) as

ym = WBme + ﬁm = Dmim + ﬁma (11)

where D,, = WB™ ¢ CPNrr*G represents the sensing
matrix for the m-th subcarrier. To facilitate the algorithm
design, we restructure (11) by stacking the real and imaginary
components together as

Ym = DX 0
-5}~ ] -

where Re{-} and I'm{-} represent the real and imaginary part
of the complex matrix, respectively. To estimate the sparse
signal x,,, we can address the optimization problem:
min %l
xm (13)
st [[ym — DmXmll2 <6,
where § denotes the error tolerance parameter. By substituting
the fp-norm with the ¢;-norm, various CS algorithms can be
employed to address this problem.

ITII. PROPOSED DL-BASED CHANNEL ESTIMATION

In this section, we begin with a classic sparse signal recon-
struction algorithm, i.e., the iterative shrinkage thresholding
algorithm (ISTA), to solve the problem mentioned above. The
main idea of ISTA is to iteratively approximate the solution
to the problem, enforcing sparsity through the use of a soft-
thresholding function. Although ISTA is capable of finding
the optimal solution to the problem, its convergence rate
is relatively slow. LISTA is an algorithm that accelerates
the convergence of ISTA using deep learning techniques.
The LISTA model with weight coupling algorithm (LISTA-
CP) is a variant of LISTA, which introduces partial weight
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Fig. 2. The structure of the LISTA network.

Fig. 3. The structure of the LISTA-CP network.

coupling mechanisms to reduce the parameters that need to
be learned, making the training process more efficient. To
fully leverage the common sparsity structure provided by the
frequency-dependent dictionary, the Joint LISTA-CP algorithm
is proposed based on the LISTA-CP network. Joint LISTA-
CP utilizes the parallel processing of multiple LISTA-CP sub-
networks to improve channel estimation accuracy.

A. ISTA and LISTA Based Channel Estimation

The ISTA method is a popular algorithm to address the
problem of sparse channel recovery. The core principle of
the algorithm is to iteratively approximate the sparse solution
through continuous refinements. It has the following iterative
steps:

1
X =10, (5, + T D (Ym = Dmxy,)), (14)
where A denotes the largest eigenvalue of DL D,,. 1y repre-
sents the soft-thresholding function. The effect of this function
on each component can be expressed as:

No(Xpm) = sign(X,, )max(0, |x,,| — 6), (15)
where 0 = % denotes the threshold parameter and L is

a hyperparameter. In general, for any given dictionary D,,,
ISTA recovers a sparse signal x,, with sublinear convergence
in terms of the objective function. LISTA, as presented in
[39], is an accelerated version of ISTA, aiming to reduce the
number of iterations and improve solution efficiency through
machine learning methods. The LISTA algorithm improves the
performance of the ISTA algorithm by using learned weights
and threshold. The recursive expression for each layer of
LISTA is:

Xt =16, (S1y + S5%7,), (16)

where S; = D7, S, = I — 1DID,,. Unlike ISTA,
which has no learnable parameters except for the parameter
A, LISTA is regarded as a neural network with a specific
structure. It is trained by applying stochastic gradient de-
scent on the given training dataset {y,,,x, }. The parameters

e = {(Stlast%et) zﬂ;al

is formulated as

are subject to learning. The training

2
b (17)

where xI1(-) denotes the output of the LISTA network after T}
unfolding layers. Some empirical results indicate that during
the training of a LISTA network, the number of layers is
typically set between 10 and 20. Fig. 2 illustrates the structure
of the LISTA network.

m@in IE{HXZL1 (Yim»> X0, ©) — X |

B. LISTA-CP Based Channel Estimation

Although LISTA achieves faster convergence and improved
performance compared to ISTA, it involves a large number of
learnable parameters. In particular, it requires the learning of
two weight matrices with high dimensionality, which increases
the difficulty of network training. To solve this problem, [39]
proposed LISTA-CP, which proved a necessary condition for
LISTA convergence, i.e., the partial weight coupling relation-
ship is satisfied between the parameter matrices Sy, So:

St =1-S!D,,. (18)

Therefore, using the above form of partial weight coupling
for the network and setting S* = (S*)7, the simplified deep
unfolding network structure for the 7T-th layer is obtained as

x4 =g, (xh, + (S (ym — DmxL,)), (19)

where {S, 9}20 are the learnable parameters. The architecture
of the LISTA-CP network is illustrated in Fig. 3.

The LISTA-CP algorithm preserves the fast convergence
property of LISTA, while significantly reducing the number
of learnable parameters through parameter coupling.

C. Joint LISTA-CP Approach Based Channel Estimation

The aforementioned methods are all channel estimation
techniques based on the sparsity of channel vectors in the
polar domain. Considering that the observations across the M
subcarriers share a common sparse structure, we can exploit
this property to further improve the accuracy of channel
estimation. Based on (13), we can reformulate the optimization
problem into

2G
g 3 1Xls.
g:

, (20)
M
St Y [[ym = DinXmll2 < e,
m=1
where X = [xy,...,xy] € R2XM 5 the matrix formed

by channel vectors from M subcarriers, and X|g, :| represents
the g-th row of the matrix X. ¢ > 0 is the allowable error
threshold. As we employ frequency-dependent dictionaries to
mitigate the beam split effects, this results in distinct sensing
matrices for each subcarrier channel vector. Therefore, exist-
ing sparse channel recovery methods based on the multiple
measurement vector (MMV) problem with a shared sensing
matrix cannot be directly applied to solve (20).

Here, we modify the ISTA to jointly estimate sparse
channels of different subcarriers. During each iteration, the



modified ISTA jointly estimates M column vectors X,,, using
a multidimensional shrinkage thresholding function to enforce
the common sparse structure. Each iteration of the modified
ISTA is given by

X =t

=7, ([x{ — (D1)" (y1 — D1x}),
L xhy = D) (ym — Duxiy)]),

21

where 0; represents the thresholding parameter at the ¢-th
layer,and 79 denotes the multidimensional shrinkage thresh-
olding function, defined as

1X(g, )l = 6
1X(g, )l

where X (g, :) denotes the g-th row of X. The main function
of the multidimensional shrinkage thresholding function is to
shrink the signal’s multidimensional structure, removing the
unimportant parts and achieving sparsification of the signal.
To further improve the performance of channel estimation, we
extend the modified ISTA method to the learning-based Joint
LISTA. The recursive expression for each iteration of Joint
LISTA is given by:

(X(9.9) = max {0 b, e

X =[]

=g, ([S11y1 — Shax1, -, Siayar — Shrxiyl),

(23)

where the learnig parameters of Joint LISTA include ® =
{St,,Sb,..., St Sh, 0 25  The dimension of Sy is
2G x 2P Ngrr and the dimension of S,y is 2G x 2G. These
large-dimensional learning parameters total 2M, resulting in
significant storage and computational overhead during network
training. To address this challenge, we propose a Joint LISTA-
CP algorithm with fewer learnable parameters. The Joint
LISTA-CP network enhances the accuracy of sparse channel
estimation by simultaneously estimating multiple vectors shar-
ing a common sparse structure. The Joint LISTA-CP algorithm
is described as follows.

Definition 1 (Joint LISTA-CP): The t-th layer of the Joint
LISTA-CP network is characterized by the following iterative
process:

XU ]
i (1, = (81)7 s ~ Dix)

.- ;ng - (SRI)T(ZYM - DMXSM)Dv

(24)

where the learning parameters of Joint LISTA-CP include ® =
{St,..., S, 003t

As illustrated in Fig. 4, the proposed Joint LISTA-CP
consists of M subnetworks. Each subnetwork employs a
LISTA-CP network with fewer parameters. Joint LISTA-CP
network exploits the property that the sparse channels of dif-
ferent subcarriers have common sparse support and applies a
multidimensional shrinkage thresholding operator to guarantee
the group-row sparsity property.
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Fig. 4. The structure of the proposed Joint LISTA-CP network.
The Joint LISTA-CP is trained using the Adam optimizer
to reduce the MSE loss function, which is defined as
U
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where U denotes the number of training data in each batch
set. ©,, represents the trainable parameter of the m-th sub-
network. 7(-) denotes the neural network (NN).

IV. THEORETICAL ANALYSIS

In the preceding section, we introduced a deep unfolding-
based framework for estimating near-field wideband channels.
This approach reduces the number of parameters that the
network needs to learn, thereby enhancing the effectiveness
of sparse channel estimation. Unlike conventional NNs, which
are often viewed as inscrutable black boxes, this section
examines the convergence properties of the proposed Joint
LISTA-CP. With the proposed network adopting the ISTA
structure, its interpretability can be analyzed from an opti-
mization standpoint.

For theoretical analysis, we assume the matrix X* and noise
Z belong to the set:

X(B,5,0) ={(X* Z)[|X7[i :]]l2 < B, Vi,

* (26)
X ”row,o < s, ||Z||r< o}

In other words, X* and Z are bounded, and X* contains no
more than s non-zero rows.

Theorem 1: [Convergence Rate of Joint LISTA-CP] Given
{Sy}M_, and {6;}]2,, let {X;}1L, be generated by Joint
LISTA-CP with layers in (24). The initial point is set as Xg =
0. If s is sufficiently small, then (X*,Z) € X(8,s,0), and
the error bound is given by:

||X'5Jrl — X*||r < sBexp(—at) + Ao, 27

where a and A are positive constants, and their specific
expressions will be provided in the subsequent proof. For the
noiseless case, i.e., 0 = 0, it can be observed that as the
number of layers approaches infinity, the error bound decreases
to O at a linear rate.



The steps of proving Theorem 1 include defining “good”
learned parameters, establishing an error bound for one sam-
ple, and extending this bound to the entire dataset. The detailed
proof process is presented as follows.

A. “Good” Learned Parameters

In this subsection, we define the “good” learned parameters
in the Joint LISTA-CP algorithm that ensure a linear conver-
gence rate.

To begin, it is essential to present some basic definitions
and a lemma.

Definition 2: The mutual coherence u,, of D,, €

R2PNrRFX2G can be described as
m(Dy) = max  |D,[Ld D 7],
D) = (DA Dlill
1<4,5<2G

where D,,, denotes the sensing matrix corresponding to the
m-th subnetwork, and each column of D,,, is normalized.

The generalized mutual coherence of D,,,, with its columns
normalized, is defined as

fim (D)
— ; . AT .
= WmeR%?zvaszc max W[, 4] D2, 5]
(Win[i]) "Dy [r,g]=1 \ 1507526

(29)
Lemma 1: There exists a matrix W,, € R2PNrrx2G
satisfying the infimum given in (29) and

(W[5, i) D5, i

=1
|Wm[i,i]TDm[:,jH = [i- (30)

max
)
1<i,j<2G
The proof of this lemma follows the process outlined in [39].
Definition 3: For the m-th subnetwork, given D,, €
R2PNrFX2G the “good” weight matrix satisfies the following
conditions:

D,,) = i { W
Wm( m) ngﬂgg}vnz\}g;xzc 1<Izn]a<XZG‘ m[l ‘7”
max (Wl ) D]l = i 31
1<i,j<2G

(Wl i) D[] = 1}.

With definitions in (29) and (31), the “good” parameters of
the Joint LISTA-CP satisfy

Wi e W,.(D,,),

0 = Jimin sup X' — (32)
(X*,2)

X*|l2.1 + cCw,

where fi,,;, denotes the minimum of all the M generalized
mutual coherence ji,,, the best weight matrix of the m-
th subnetwork corresponding to fii, is W, and Cy =
rilfg(HWHQ,l. In the next section, we use these good parame-

ters to prove the convergence rate of the Joint LISTA-CP.

B. Error Bound for One Sample

To obtain information about group-row sparsity, we first
introduce a new function (X):

Y(X) = 2 1X02, |2, -+, [1X[2G, ] 2]

For a vector a = [a1, ag, . . ., asg]? € R2Y, we have vy(a[i]) =
la;|, # € [2G]. Using this function, supp(y(X)) can reveal the
sparsity of a matrix X. To analyze the error of Joint LISTA-
CP, we first demonstrate that none of the rows in X? for any
t false positives.

Lemma 2: With (X*,Z) € X(8,s,0), as long as good
parameters are used, we have

supp(y(X")) C supp(y(X*)), Vt.

The proof can be found in Appendix A. The no false
positives indicates this property in the Joint LISTA-CP:

X"i, )] =0, Vi ¢ S, Vt,

(X[ (33)

(34)

(35)

where S = supp(y(X*)). This indicates that for elements not
included in the set S, the recovery process is perfect with no
error.

Next, we focus on the components in S. For each i € S,
the Joint LISTA-CP in (24) gives

Xt+1[i7 :] = ﬁ(’f, (Xt[zv :] —a; + 32)

€ X'i,:] —ay +as — 0,0 X4, ]|z, (36)
where a; = [(W}[2,i))7Di [ 8](x][S] — x{[S])...... (W,:
ADTDarl Sk [S] — xSl and @ — (Wi

,z])Tzl,...,(Wt [:,i))Tzp). 9|2 is the sub-gradient of
X[, :]:
= e if X[i,:] #0
el = { s <y, xhd o
(37

Since (W*[:,i])TD[:,4] = 1, (36) can be written as

X0, ) — X*[i,:] € —a; + az — 00| X i, |2, (38)
where a; = [Zjesj;éz(wt[ )"Da [ jl(xE ] —
x7[5]) "'7ZJES]¢1(W]V[[ i) "D, 4)(xh, 5] = x5, 1]

)]
According to (37), we can get [|O(]| X! 1[i,:]||2)|l2 < 1. By
taking the norm of both sides of (38), we can obtain

||Xt+1[i7 :] - X*[i> :]”2
S (W DA ] - <D
JES,j#i

S W )T D sl )< ] — x5 D]
JES,j#i
+ 0y + [laz ]l
(b) ) .
Stmin 31X = Xl + 00+ (WL, ] 212l e,
JES A
(39)
where (a) is derived from the triangle inequality. The first term
in (b) uses the smallest generalized mutual coherence fi,in
and the optimal parameters given in (32). The third term in



(b) is obtained through ||(W*[:,i))TZ||2 < W[, 4]|2]|Z] 7.
Since there are no false positives, relationship | X" —X*||5,; =
XS, :] — X*[S,:]||2,1 holds. Based on (39), we can get

X — X*la,1
= X ] = X[
€S
:Mmzn(|s| - 1) Z||Xt[Z’ :} - X*[i7 :]”2 + ‘Swt +0Cw
€S
<pmin(|S] = DX = X

2,1 + |S|9t + O'CW.
(40)

Now, we derive the recovery error of [ ;-norm for one sample
data.

C. Error Bound for Complete Support Set

To obtain the error bound for the entire support set of the
sparse signal, we first establish a bound on the number of
nonzero support indices, denoted as |S| = supp(y(X*)) < s.
Taking the upper bound on both sides of (40) gives:

sup [|X* — X*|lo1
(X*,Z)

t * t (41)
<pmin(s —1) sup || X" —X*||2,1 + 0" + oCw
(X*,Z)

According to (32), the “good” parameters satisfy ! =
Fimin SUP(x+ 7| X" — X*||2,1 + 0Cy, then we have

sup [| X — X2,
(X*.2)
(s+1)Cw (42)

1 + Hmin — Q,Llfmins

S(Q,U/mzns - Mmin)t+186 +

(s+1)Cw

By lettlng a=- log(Z'U/man o Mmln)’ A= 14+ pmin —2Hmin$’

we can obtain

sup [|X' — X*[|21 < sBexp(—a(t + 1)) + Ao. (43)
(X~.2)

Since || X||r < ||X]|2,1 for arbitrary X, we have the upper
bound in the Frobenius norm as

sup [ X = X*[|p < sup X - X"z
(X*,Z) (X*,Z) (44)

<sBexp(—at) + Ao.

Aslong as s < (14+1/ttmin)/2, a = —10g(2pmins — omin) >
0, the error bound holds for all X*. This completes the proof
of the error bound in (27). The procedure for proving the error
bound for a single LISTA-CP network is provided in Appendix
B.

Remark: The analysis shows that the error bound of Joint
LISTA-CP algorithm is smaller than that of the single LISTA-
CP network, indicating that the Joint LISTA-CP achieves
improved recovery performance by leveraging the group-row
sparsity property.
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Fig. 5. The NMSE performance of different methods in noiseless cases.
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Fig. 6. The NMSE performance of different methods under SNR=15dB.

V. NUMERICAL RESULTS

In this section, we design a series of experiments to illustrate
the efficiency of the proposed Joint LISTA-CP method in
general scenarios and XL-MIMO near-field wideband systems.
In general cases, we use the randomly generated Gaussian
matrix as the sensing matrix. We demonstrate the advantages
of Joint LISTA-CP method in terms of convergence rate
and accuracy when solving sparse reconstruction problems in
both noiseless and noisy conditions. For XL-MIMO wideband
system channel estimation, we demonstrate the performance
of the Joint LISTA-CP method under varying conditions of
signal-to-noise ratio (SNR), system bandwidth, and number of
antennas and pilots. These experiments are designed to demon-
strate the performance enhancements achieved through joint
estimation across multiple LISTA-CP networks. Additionally,
in this paper, the training and testing datasets used for network
training are obtained through simulation.

A. Simulation Experiments

In this experiment, we set that D,,, follows the Gaussian
distribution, and its column vectors have unit norms. The non-
zeros indexes in the sparse vector x are distributed according
to a Bernoulli distribution, while the values follow a Gaussian
distribution. We set the number of subnetworks to 16, and the
dimension of the sparse signal X to 1000 x 16. For training
the network, we use online training with the batch size of 128.
The learning rate is adjusted in stages, starting with an initial
rate of 0.001. If the loss function fails to decrease after 200



iterations, the learning rate is reduced by a specific percentage.
This adjustment is made three times, with the learning rate
being scaled by 0.5, 0.1, and 0.01, respectively. We utilize the
NMSE as the evaluation metric to measure the performance
of different methods, and it is described as follows

T 2
NMSE(X, X)(dB) = 10log;, <E <”XIX}§”F>> . (45)
F

To demonstrate the performance advantages of the Joint
LISTA-CP algorithm in terms of reconstruction accuracy
and computation complexity, we compare the NMSE of the
reconstructed sparse signal X obtained by various methods
with varying numbers of iterations. As each layer of the
Joint LISTA-CP network corresponds to one iteration of the
traditional algorithm, the change of NMSE with network depth
can be used to demonstrate the convergence property [40].
As shown in Fig. 5 and Fig. 6, the Joint LISTA-CP demon-
strates faster convergence and higher accuracy compared to the
other methods in both noiseless and noisy scenarios. Since
the proposed network has the same iteration complexity as
the original algorithm ISTA but requires significantly fewer
iterations to attain the same accuracy, its overall complexity is
lower. Compared to the LISTA-CP network, the Joint LISTA-
CP method achieves performance improvements through joint
estimation across multiple LISTA-CP networks. The experi-
mental results using random matrix demonstrate the potential
of the proposed Joint LISTA-CP in other applications.

B. Wideband Channel Estimation for Near-field

In the experiment, the number of BS antennas is set to 256
and the number of RF chains is set to 8. The carrier frequency
is set to 100GHz, with a bandwidth of 10GHz. The number of
clusters is 3, and each cluster contains 10 subpaths. Assume
that the distances and angles of subpaths within a cluster
follow Laplacian distributions, with their means following
uniform distributions within specified ranges. Specifically, the
mean of the angles ranges from 0° to 360°, while the mean of
the distances ranges from 5 meters to 30 meters, with standard
deviations of 4° and 1 meter, respectively. The parameter
B of the polar dictionary is 0.8. The number of angle-
domain samples is 512 and distance-domain samples is 4.
Thus, the polar-domain dictionary A is constructed with 2048
sampled grids. In addition, the environment for the experiment
is Python 3.6 and Tensorflow 1.12. The experiments are
conducted using the GTX1050 GPU.

The Adam optimizer is used to train the Joint LISTA-CP
network to minimize the loss. The batch size that we employ
for network training is 128. In addition, the learning rate is
adjusted at different stages of the model training process to
better fit the data and improve the learning effect of the model.
The learning rate is adjusted in the same way as explained in
the previous section. To evaluate the performance, we compare
the proposed Joint LISTA-CP method with existing traditional
CS-based methods and DL-based methods.

o P-SOMP [9]: The polar domain-based SOMP (P-SOMP)
method is used to solve the sparse channel recovery
problem for near-field multi-measurement vectors. In
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Fig. 7. The NMSE performance versus different SNRs with P = 64 and
Npgs = 256.
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Fig. 8. The NMSE performance against different numbers of pilots with
SNR = 10dB and Npg = 256.

each iteration, the channel estimate is refined by updating
the residual.

o P-SBL [41]: It is a sparse signal recovery method based
on sparse Bayesian learning (SBL) in the polar domain
(P-SBL). The core of the P-SBL method is to model
the sparsity of each signal element, assuming that each
element follows some Gaussian distribution. Through the
process of Bayesian inference, the sparsity of the signal
can be modeled and estimated.

o P-SBL-DU [37]: It is a deep unfolding version of the P-
SBL (P-SBL-DU) method. The key idea of P-SBL-DU
is to unfold the expectation-maximization (EM) iterative
process, mapping each iteration to an SBL layer. In each
SBL layer, the expectation step remains unchanged, while
the original maximization step is implemented using a
deep neural network (DNN).

o LISTA-CP [42]: It is a weight-coupled version based on
LISTA, which has been described in detail earlier.

« Joint LISTA-CP: The method proposed in this paper pri-
marily involves jointly using multiple LISTA-CP subnet-
works to achieve near-field wideband channel estimation.

The computational complexity of the above algorithms is
analyzed as follows. The computational complexity of Joint
LISTA-CP mainly arises from the matrix multiplication oper-
ations, with a complexity of O(MGPNgp) per iteration. The
computational complexity of P-SBL and LISTA-CP algorithms
per iteration is the same as that of Joint LISTA-CP. The com-
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putational complexity of P-SOMP is O(N.N,MGPNgp),
where N.N,, is the total number of paths. Additionally, the
computational complexity of P-SBL-DU is O(MGPNgrr +
800M G). Although P-SOMP, LISTA-CP, and Joint LISTA-
CP have the same computational complexity, Joint LISTA-
CP exhibits faster convergence, thus effectively reducing the
computational cost. The simulation results of Joint LISTA-CP
and the comparison algorithms are analyzed below.

In Fig. 7, we compare the performance of near-field channel
estimation under different SNR, with the number of pilots is
64. As observed in Fig. 7, the NMSE values of all methods
decrease as the SNR increases. However, the rate of decrease
and the final NMSE values achieved by different algorithms
vary. First, the NMSE of P-SOMP decreases slightly as the
SNR increases. By comparing the P-SBL and P-SBL-DU
algorithms, it can be observed that P-SBL-DU achieves better
performance. This performance improvement comes from the
effective utilization of the inherent characteristics of the chan-
nel by deep neural networks. The Joint LISTA-CP algorithm
shows the best performance at all SNRs. Specifically, at SNR
= 20 dB, the performance of Joint LISTA-CP is 4 dB better
than that of LISTA-CP. This performance gain comes from the
joint learning of multiple networks.

Fig. 8 shows the NMSE performance of various algorithms
with different numbers of pilots. As the number of pilots in-
creases, the NMSE values of all algorithms show a downward
trend. This trend indicates that when the system receives more
pilot information, the error in channel estimation decreases,
which is the expected result. The NMSE of P-SOMP decreases
at a slower rate as the number of pilots increases, and even
when the number of pilots reaches 96, its performance is
still significantly lower than the other algorithms. This in-
dicates that P-SOMP is not sensitive to the increase in the
number of pilots. Across all the numbers of pilots, P-SBL-
DU outperforms P-SBL. This indicates that P-SBL-DU is
more effective in improving channel estimation accuracy when
handling more pilot data. Joint LISTA-CP achieves the best
NMSE performance under different pilot lengths. For example,
to reach NMSE = -14dB, P-SBL-DU requires 76 pilots, while
Joint LISTA-CP only needs 64 pilots. This indicates that the
Joint LISTA-CP algorithm can effectively save pilot resources.

In Fig. 9, the NMSE performance of the comparison meth-
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Fig. 10. The NMSE performance against different numbers of antennas with
SNR = 20dB and P = 64.

ods under different system bandwidths is presented. Notably,
the NMSE of all algorithms in the figure remains nearly
unchanged across different bandwidth conditions. This is due
to the use of a frequency-dependent polar-domain dictio-
nary, which allows the near-field channel to maintain good
channel sparsity and sparse structure in the polar domain,
effectively overcoming the beam split effect. Additionally, the
Joint LISTA-CP method exhibits better NMSE performance
under all considered system bandwidth conditions, indicating
its robustness and accuracy in near-field wideband channel
estimation.

Fig. 10 illustrates the NMSE performance of different
methods under different numbers of antennas. As the number
of antennas increases, the NMSE values for all algorithms also
increase. This is because channel estimation becomes more
challenging as the number of antennas increases, resulting in
a decrease in performance of all methods. The figure shows
that the P-SBL algorithm performs effectively in channel
estimation when the number of antennas is limited. However,
as the number of antennas increases, the channel estimation
performance decreases dramatically. The reason is that in-
creasing the number of antennas leads to greater correlation
among the sparse dictionary atoms, which negatively impacts
the channel estimation result of the P-SBL method. However,
the P-SBL-DU algorithm improves estimation performance by
leveraging the inherent characteristics of the near-field channel
through a DNN network. The Joint LISTA-CP shows the best
performance at all antenna numbers and has the least increase
in NMSE as the number of antennas increases, which indicates
its good robustness and stability.

C. Other Simulation Results

To further verify the accuracy and adaptability of the
proposed Joint LISTA-CP method, we refer to the channel
model used in [29] and conduct corresponding simulations
using this model.

First, we introduce the channel model used in [29]. The
narrowband channel considered in [29] is extended to a
wideband scenario, and the corresponding channel model is
as follows:

6—]‘271',fm7—lb(¢l,7"l, fm)v (46)

L
/ Am
=\ Y

3/2
— 47)3/2p,
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where A, represents the wavelength of the m-th subcarrier.
p represents the path loss coefficient, L denotes the number
of paths. r; represents the distance from the scatterer to the
BS antenna for the [-th path. f,, represents the frequency of
the m-th subcarrier. 7; denotes the delay of the [-th subpath.
b(¢i, 71, fm) is the array response vector. As introduced
earlier, it is not be repeated here.

In the simulation experiment, the BS is equipped with 256
antennas and 8 RF chains. The system bandwidth is 10 GHz,
and the carrier frequency is set to 100 GHz. The number
of paths is assumed to be 6, with 16 subcarriers. The polar
domain dictionary has 512 samples in the angle domain and
4 samples in the distance domain. The training setup for the
Joint LISTA-CP network remains consistent with the previous
section. The following are the simulation results based on the
channel model (46).

Fig. 11 presents the NMSE performance of different meth-
ods under varying SNR conditions based on channel model
(46). It can be observed that the proposed Joint LISTA-CP
method still achieves favorable near-field wideband channel
estimation performance under channel model (46). At high
SNRs, the Joint LISTA-CP achieves lower NMSE compared
to other methods. This indicates that the proposed method
exhibits good robustness across different channel models and
achieves superior channel estimation performance.

VI. CONCLUSIONS

In this paper, we propose a deep learning-based algorithm
for wideband near-field channel estimation in XL-MIMO sys-
tems. To address the beam split effect in wideband near-field
scenarios, we employ a frequency-dependent polar-domain
dictionary, ensuring that the corresponding channel sparse
support set remains consistent across different subcarriers.
Then, we propose a channel estimation method that joint
multiple LISTA-CP networks, namely Joint LISTA-CP. The
proposed method uses a multidimensional shrinkage thresh-
olding operator to ensure the common sparsity of different
subcarrier channels. Additionally, we rigorously prove that
the Joint LISTA-CP network achieves a lower recovery er-
ror. Simulation results demonstrate that the Joint LISTA-
CP method achieves high channel estimation accuracy in
XL-MIMO wideband systems. Generalization is a common

issue in DL methods, while the main focus of this paper is
the performance of the proposed Joint LISTA-CP method in
near-field wideband channel estimation. Generalization is an
additional technical aspect that can be further explored and
improved in future work.

APPENDIX A
THE PROOF OF LEMMA 2

We demonstrate that the no-false-positives property holds
for the Joint LISTA-CP. Specifically, we prove that if (32) is
satisfied, then X*[i,:] = 0,Vi ¢ S, Vt.

Proof: Let (X*,Z) € X(8,s,0) and S =

(i) When t =0, X% =0.

(i) Assume X'[i,:] = 0 for all 4
follows that

supp(7(X*)).

¢ S. Then by (24) it

X, =[x il - xG])
=7o([x{[i] = (S1[5,i))" (y1 — Dax})), - -,
X li] = (Saels i)™ (yar — Duxiy)))
=7 ([x1[7] — (Sa[:, ])TDl(X1 - X1)
+ (Sus i)z, Xy (il
(Sl ]) (XM_X?W)
+ (Sals, ) 2m]),

(47)

for all ¢ ¢ S. For any given vector X,,, it follows from the
triangle inequality that

[=(Sml:, ])TD (%7, = X5 |2
<SSl Do I, = Xl + 1Sy ) 2l
JjES
Sfimin|X5, = Xll2 + Cw|Zm]|2-
(43)
Combine M vectors,
Xt+1[i,:]
=[x, - X ] (49)

<imin| X5, — X3, ll21 + Cw | 2] < 6",

The last inequality holds because 0° = fimin Sup(x- z) X" —
X*|l2,1 + oCw . This implies XT1[i,:] = 0,Vi ¢ S by the
definition of thresholding function 7. Using induction, we
obtain that || X"[i,:]|l2 = 0,Vi ¢ S, Vt.

APPENDIX B
CONVERGENCE RATE OF LISTA-CP

According to the bounds and sparsities of X, for any x,, ,
the corresponding bounds and sparsities are denoted by

a0 ) ={(x",2)[x! 2

o B
Py 9 <2 v
M7 = M’ b
[x*[lo < s, [|z]|2<

(50)
—=1
\/7
The “good” weight matrix satisfies (31), the “good” parameter
of the LISTA-CP satisfy

W! e W,,(D,,),

~ N o
(6" = Jim sup ' = x|y + —==Cy O
(x*,2)

VM



For the convergence proof procedure of LISTA-CP sparse
vector signal refer to [39]. Here we give the convergence
bound for LISTA-CP:

sup [[x"1 —x"|2

(x*,2)
2sCw o (52)

(1 + fim — 2fims)VM

<o — )5+

For the M vector signal x,,, the convergence bound for
LISTA-CP:

where ¢ =

sup (| X7 = X1

(X*,2)

o 25Cwov/M 53
<(fims = fim)*sB + 37— -

=sfBexp(—ct) + Co,

_250wVM_ provided

—l0g(2fims — fim), C = TF firn —2fim S

that s < (14+1/fim)/2, ¢ = —l0g(2fims — fim) > 0, the error
bound in (53) holds for all (X*,Z).
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