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Abstract—Accurate motion estimation plays a crucial role in
state estimation of an unmanned aerial vehicle (UAV). This
is usually carried out by fusing the kinematics of an inertial
measurement unit (IMU) with the video output of a camera.
However, the accuracy of existing approaches is hindered by the
discretization effect of the model even at a high IMU sampling
rate. In order to improve the accuracy, we propose a new IMU
motion integration model for the IMU kinematics in continuous
time. The kinematics are modelled using a switched linear system.
A closed form discrete formulation is derived to compute the
mean measurement, the covariance matrix and the Jacobian
matrix. Thus, it is more accurate and more efficient for online
estimation of visual inertial odometry (VIO), particularly when
there is a high dynamic change in the agent’s motion or the agent
travels with high speed. The proposed IMU factor framework is
evaluated using both real public datasets and indoor environment
under different scenarios of motion capture. Our evaluation
shows that the proposed framework outperforms the state-of-
the-art VIO approach by up to 22.71% accuracy improvement
on the EuRoc dataset and 38.15% accuracy improvement for
motion estimation under the indoor environment.

Index Terms—Sensor fusion, Visual inertial odometry,
Switched linear system, Factor graph based optimization, Taylor
expansion

I. INTRODUCTION

Visual-based motion estimation of an agent is crucial for
autonomous systems such as an unmanned aerial vehicle
(UAV) or an unmanned ground vehicle (UGV), particularly
when the global positioning system (GPS) [1] is not reliable
or when it is dominated by dynamic objects and with rapidly
changing pose [2]–[4]. Fusion with an additional sensor such
as the inertial measurement unit (IMU) could improve the
accuracy and reliability of the motion estimation of the agent.
In addition, it also increases the robustness of visual odometry
(VO) [5], [6] and lidar odometry (LO) [7]–[10].

Filtering based information fusion approaches are simpler
than graph based optimization approaches for online estima-
tion. However, they give lower state estimation accuracy than
the graph based optimization approaches [11]–[14]. This is
because the filtering based approaches only take the last state
estimation into consideration and marginalize all the other
previous states while the graph based optimization approaches
take all the previous states into consideration. Therefore, most
of the recent research effort focuses on making graph based
optimization more efficient for online estimation.

The online estimation using graph based optimization ap-
proaches is very challenging because the trajectory grows
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rapidly due to the high IMU sampling rate. The preintegration
theory established by Lupton and Sukkarieh [15] uses the IMU
measurements between two keyframes to integrate into a single
value to simplify it. The IMU preintegration on the manifold
SO(3) was introduced by Forster et al. [16]. They assume that
the linear acceleration in the world frame is constant and the
agent orientation is constant between two IMU measurements.
This assumption is applicable when the IMU sampling rate
is high. However, this assumption could be a problem when
the agent is traveling very fast which is equivalent to a low
sampling IMU (i.e. the high IMU sampling rate mitigate the
discretization effect) or when there is high dynamic changes of
the agent’s motion. Thus, the accuracy of the discrete methods
in [16], [17] is hindered because of discretization. On the other
hand, the numerical methods such as RK4 [18], [19] can be a
good and efficient solution in these cases. However, the high
sampling rate of IMU represents a great challenge because of
the high computational cost of the numerical methods.

In this paper, a new IMU integration model is introduced by
using a switched linear system [20]. The linear acceleration
is assumed to be constant in the local frame by the new
model instead of the world frame by the model in [16]. A
simple state space representation for a discrete linear system
is first developed to represent the kinematic dynamics between
two successive IMU measurements. Since both the linear
acceleration and the angular velocity between two successive
visual frames are usually time-varying, the overall system
between two successive visual frames is a switched linear
system [20]. The IMU preintegration is then obtained by
integrating all the IMU measurements between the two video
frames. The new IMU integration model provides a closed-
form solution for the IMU kinematics. Unlike the model in
[16], the proposed model does not require the agent orienta-
tion to be constant between two IMU measurements. It also
provides a closed-form solution for the state transition matrix
which is used to compute the covariance matrix. Moreover, all
Jacobian matrices with respect to the biases and residual error
Jacobian matrices are represented by the closed-form solution
in a discrete manner. Clearly, the new model takes the high
dynamic changes of the agent motion into consideration and
it is very useful for high speed applications. In order to illus-
trate the efficiency of the proposed approach, it is integrated
with a structureless model of visual measurements to form a
VIO pipeline. The pipeline is formulated as a factor graph
optimization problem which enables the use of incremental
smoothing algorithms. Evaluations done on real public datasets
and indoor experimental results show that the accuracy of VIO
on top of the proposed approach outperforms the accuracy of
VIO on top of state-of-the-art approaches in [16], with the
proposed method achieving 38.5% accuracy improvement over
[17]. The main contributions of this work are: 1) introduce



an accurate IMU motion integration model which provides a
closed-form solution for the IMU kinematics; 2) compute the
covariance matrix as a closed-form representations; 3) the bias
update is taken into consideration and represented in closed-
form; and 4) represents the residual error Jacobian matrix in
discrete closed-form for efficient online estimation.

This paper is organized as follows. Definition and the neces-
sary background concept are provided in section II. The VIO
is formulated in section III. A new motion integration model
is introduced in section IV by using the concept of switched
linear systems. The effect of biases and noises on the proposed
model is analyzed in section V while the performance of the
new model is evaluated in section VI using real datasets and
indoor experimental results. Finally, section VII concludes this
paper.

II. DEFINITION

Let θ(=
[

θ1 θ2 θ3
]T
) be a vector in the set R3, and

a skew symmetric matrix θ∧ ∈ R3×3 is defined as

θ
∧ =

 0 −θ3 θ2
θ3 0 −θ1
−θ2 θ1 0

 . (1)

It can be easily derived that (θ∧)2 =

 −θ 2
2 −θ 2

3 θ1θ2 θ1θ3
θ1θ2 −θ 2

1 −θ 2
3 θ2θ3

θ1θ3 θ2θ3 −θ 2
1 −θ 2

2


(θ∧)3 =−‖θ‖2θ∧

, (2)

where ‖θ‖2 is (θ 2
1 +θ 2

2 +θ 2
3 ).

Four matrices E(θ), Γ(θ), Λ(θ) and Φ(θ) are then defined
in Table I with the functions hi(y)(i = 1,2,3,4,5) being
defined as 

h1(y) = siny
h2(y) = 1− cosy
h3(y) = y− siny
h4(y) = 2cosy−2+ y2

h5(y) = 6siny−6y+ y3

. (3)

These four matrices will be used to build up an IMU integra-
tion model for the proposed VIO algorithm. The first order
approximation of E(θ), Γ(θ), Λ(θ) and Φ(θ) are given as

E(θ)≈ I3×3 +θ∧

Γ(θ)≈ I3×3 +
1
2 θ∧

Λ(θ)≈ I3×3
2 + 1

6 θ∧
, (4)

and they will be utilized to study the effect of noise and bias.
SO(3) is the group of 3-D rotation matrices and it is

formally defined as

SO(3) .
= {R ∈ R3×3,RT R = I,det(R) = 1}. (5)

The group operation is the conventional matrix multiplication,
and the inverse is the conventional matrix transpose. The
tangent space to the manifold (at the identity) is represented
by SO(3), which is usually called the Lie algebra and is the

TABLE I
COEFFICIENTS OF MATRICES E(θ), Γ(θ), Λ(θ) AND Φ(θ)

Matrix Coefficient of I Coefficient of θ∧ Coefficient of (θ∧)2

E(θ) 1 h1(‖θ‖)
‖θ‖

h2(‖θ‖)
‖θ‖2

Γ(θ) 1 h2(‖θ‖)
‖θ‖2

h3(‖θ‖)
‖θ‖3

Λ(θ) 1
2

h3(‖θ‖)
‖θ‖3

h4(‖θ‖)
2‖θ‖4

Φ(θ) 1
6

h4(‖θ‖)
2‖θ‖4

h5(‖θ‖)
6‖θ‖5

same as the space of 3× 3 skew symmetric matrices. Let R
be a matrix in the set SO(3). It can be derived that E(Rθ) = RE(θ)RT

Γ(Rθ) = RT Γ(θ)R
Λ(Rθ) = RT Λ(θ)R

. (6)

Using the first-order approximation, gives: E(θ +δθ)≈ E(θ)E(Γ(−θ)δθ)
Γ(θ +δθ)≈ Γ(θ)Γ(Λ(−θ)δθ)
Λ(θ +δθ)≈ 2Λ(θ)Λ(Φ(−θ)δθ)

. (7)

Defining an operation Log(·) as [16]

Log(E(θ)) = θ , (8)

it can be derived that

Log(E(θ)E(δθ))≈ θ +Γ−1(θ)θ , (9)

where Γ−1(θ) is given as

Γ
−1(θ) = I3×3−

h2(‖θ‖)(h1(‖θ‖)+h3(‖θ‖))
‖θ‖(h2

1(‖θ‖)+h2
2(‖θ‖))

θ
∧

+
h2

2(‖θ‖)−h1(‖θ‖)h3(‖θ‖)
‖θ‖2(h2

1(‖θ‖)+h2
2(‖θ‖))

(θ∧)2. (10)

III. PROBLEM FORMULATION ON VISUAL INERTIAL
ODOMETRY

We consider an agent which is equipped with an IMU and
a monocular camera. The IMU frame is assumed to coincide
with the body frame to be tracked. The transformation between
the camera and the IMU is fixed and known from a prior cal-
ibration. In addition, a front-end is supposed to provide image
measurements of the 3-D landmarks at unknown positions. A
subset of images called keyframes is selected to estimate the
pose of the agent.

The state of the agent X at time k is described by the IMU’s
orientation, position, velocity and biases

x(k) .
=
[

RBW (k) PW (k) VW (k) b(k)
]
, (11)

where PW =
[

P1 P2 P3
]T and VW =

[
V1 V2 V3

]T be
the position of the camera center and the linear velocity of
the agent having the camera in the world reference frame and
RBW be the rotation matrix from the body frame to the world
reference one. b(k) =

[
bg(k) ba(k)

]
∈R6. bg(k) and ba(k)

are the gyroscope and accelerometer bias, respectively.



Let C(i) be the image measurements at keyframe i. Mul-
tiple landmarks zl(i) are observed by the ith keyframe, i.e.,
zl(i) ∈ C(i). Let L(i, j) denote the set of IMU measurement
acquired between two consecutive keyframes i and j. The set
of measurements collected up to time k is

Z(k) .
= {C(i),L(i, j)}(i, j)∈K(k), (12)

where K(k) is the set of all keyframes up to time k.
The states of all keyframes in Kk is defined as

X(k) .
= {x(i)}i∈K(k). (13)

The posterior probability of the variables X(k), given the
available visual and inertial measurements Z(k) and prior
p(X(0)), p(X(k)|Z(k)) is proportional to

∏
(i, j)∈K(k)

p(L(i, j)|x(i),x( j)) ∏
i∈K(k)

∏
l∈C(i)

p(zl(i)|x(i)). (14)

The MAP estimation problem is then formulated as

argmin
X(k)
{ ∑

i, j∈K(k)
‖rL(i, j)‖2

Σi j
+ ∑

i∈K(k),l∈C(i)
‖rzl(i)‖

2
Σz}, (15)

where rL(i, j) and rzl(i) are the residual errors associated to
the corresponding measurements, and Σi j, and Σz are the
corresponding covariance matrices.

This is a nonlinear optimization problem. The first-order
Taylor expansion is adopted to convert it into a quadratic
optimization problem. One standard approach for optimization
on manifold is to use a retraction Rx, i.e.

min
x∈M

f (x)⇒min
δx

f (Rx(δx)). (16)

The reparametrization is called lifting. In this paper, the
following retraction is used for SO(3):

RR(δφ) = RE(δφ);δφ ∈ R3, (17)

and the following for SE(3) at T .
= (R, p)

RT (δφ ,δ p) = (RE(δφ), p+Rδ p),
[

δφ δ p
]
∈ R6, (18)

IV. A NEW IMU INTEGRATION MODEL USING SWITCHED
LINEAR SYSTEMS

An IMU provides both linear acceleration and angular ve-
locity in the body frame in the form of a 3-axis accelerometer
and 3-axis gyroscope data denoted by aB and ωB. The body
frame will be expressed by the suffix B notation while the
world frame will be expressed by the suffix W notation.

A. A Linear Kinematic Model

The motion integration can be obtained by introducing the
IMU kinematic model as [16], [21]: ṖW =VW

V̇W = aW
ṘBW = RBW ω∧B

, (19)

where ωB =
[

ω1 ω2 ω3
]T is the angular velocity of the

agent measured by a gyroscope in the body frame. aW is the
linear acceleration in the world frame, and it can be expressed
by:

aW = RBW aB +gW , (20)

aB =
[

a1 a2 a3
]T is the linear acceleration in the

body frame that is measured with an accelerometer. gW =[
0 0 −9.81

]T with gW being the gravity acceleration in
the world frame.

Let RWB =
[

R1 R2 R3
]

be the rotation matrix from the
world reference frame to the body frame. We introduce a new
state sub-vector as

[
PT

W V T
W RT

1 RT
2 RT

3
]T and a new

kinematics model is built using the new state vector as follow.
Using the equality that RBW = RT

WB, it can be derived that

RBW aB =

 RT
1 aB

RT
2 aB

RT
3 aB

=

 aT
BR1

aT
BR2

aT
BR3

 . (21)

Let I3×3 be a 3×3 identity matrix. It can be derived from
RWBRBW = I and the equations (19) and (21) that

ṖW
V̇W
Ṙ1
Ṙ2
Ṙ3

= A(1,aB,ωB)


PW
VW
R1
R2
R3

+


03×1
gW
03×1
03×1
03×1

 , (22)

where the matrix Ψ(s,a,ω) is given by

Ψ(s,a,ω) =


03×3 sI3×3 03×3 03×3 03×3
03×3 03×3 Â1(a) Â2(a) Â3(a)
03×3 03×3 −ω∧ 03×3 03×3
03×3 03×3 03×3 −ω∧ 03×3
03×3 03×3 03×3 03×3 −ω∧

 ,(23)

and the matrices Âi(a)(1≤ i≤ 3) are
Â1(a) =

[
a3×1 03×1 03×1

]T
Â2(a) =

[
03×1 a3×1 03×1

]T
Â3(a) =

[
03×1 03×1 a3×1

]T . (24)

B. The Proposed IMU Integration Model

The new kinematics model (22) is a time varying linear
system. Considering the small interval [k∆t,(k+1)∆t]. Assume
that the values of aB and ωB are fixed within the small interval.
The matrix Ψ(1,aB,ωB) is a constant matrix in the interval.
Subsequently, the system in the equation (22) is a linear time
invariant system during the interval. A discrete model can be
derived from the equation (22) as

PW (k+1) = PW (k)+VW (k)∆t
+( 1

2 gW +RBW (k)Λ(θB(k))aB(k))∆t2

VW (k+1) =VW (k)+(gW +RBW (k)Γ(θB(k))aB(k))∆t
RBW (k+1) = RBW (k)E(θB(k))

,

(25)
where θB(k) is ωB(k)∆t. The matrices E(θ), Γ(θ) and Λ(θ)
are defined in Table I. For the detailed derivations of the IMU
integration model, the reader is referred to [22].

Suppose that two video frames are captured at the time
instances k = i and k = j. The values of aB and ωB may be
changed in the next small time interval [(k+1)∆t,(k+2)∆t].
This implies that the time variant system in the equation (25)
is a switched linear system [20]. The discrete dynamic model



in the equation (25) will be used to integrate all the IMU data
between the two video frames as follows:

PW ( j) = PW (i)+Θ(i, j)+RBW (i)ζ (i, j)

VW ( j) =VW (i)+gW

j−1

∑
k=i

∆t +RBW (i)µ(i, j)

RBW ( j) = RBW (i)F(i, j)

, (26)

where the matrix F(i, j), and the vectors Θ(i, j), ζ (i, j) and
µ(i, j) are computed as

F(i, j) =
j−1

∏
k=i

E(θB(k))

Θ(i, j) =VW (i)
j−1

∑
k=i

∆t + gW
2 (

j−1

∑
k=i

∆t)2

ζ (i, j) =
j−1

∑
k=i

(F(i,k)Λ(θB(k))aB(k)∆t2 +µ(i,k)∆t)

µ(i, j) =
j−1

∑
k=i

F(i,k)Γ(θB(k))aB(k)∆t

.

(27)

V. ANALYSIS OF INTEGRATED IMU FACTORS

Since the computation of ∑
i∈K(k),l∈C(i)

‖rzl(i)‖
2
Σz

is the same as

that in [16], only the analysis on the integrated IMU factors
will be elaborated on in the section.

A. IMU Preintegration Measurements

The proposed IMU motion integration model in (26) has a
drawback since it depends on the position, the linear velocity
and the rotational matrix at ti. This is because the model in
(26) needs to repeat its integration whenever the system is
linearized at ti [23]. To avoid repeating the integration again
and again whenever the linearized point is changed at ti, the
preintegration principles in [15] will be used to reformulate
the model in (26). This could be defined when the position,
linear velocity and rotational matrix at ti with the gravity vector
being transferred into the left-hand side. Thus, three relative
motion increments which are independent of the position,
linear velocity and rotational matrix at ti are defined as

∆RBW (i, j) .
= RT

BW (i)RBW ( j) = F(i, j)

∆VW (i, j) .
= RT

BW (i)(VW ( j)−VW (i)−g
j−1

∑
k=i

∆t) = µ(i, j)

∆PW (i, j) .
= RT

BW (i)(PW ( j)−PW (i)−Θ(i, j)) = ζ (i, j)
(28)

Obviously, the right-hand side in (28) becomes independent
of the state at ti. Moreover, since the right-hand side depends
only on the IMU measurements, it can be computed between
two keyframes directly from the IMU measurements. It should
be pointed out that, the delta in Equation (28) does not imply
a physical change in the position ∆PW and the linear velocity
∆VW . However, it is a physical change in the case of the
rotational matrix ∆RBW . The measurements, namely ãB(k), and
ω̃B(k)(k ∈ [i, j]), are affected by additive white noise η and a
slowly varying sensor bias b as [16].

{
ãB(k) = aB(k)+ b̄a(i)+ηa(k)
ω̃B(k) = ωB(k)+ b̄g(i)+ηg(k) . (29)

By substituting the noisy IMU measurements from Equation
(29) in the preintegration model in Equation (28), we can
observe that, the right-hand side depends on the noises values
in the IMU measurements. Unfortunately, it is very compli-
cated for MAP estimation because MAP estimation requires an
accurately defined log-likelihood of the measurements. Thus,
we will try to isolate the noise from the IMU measurements.
The IMU biases: gyro biases bg and accelerometer biases ba

are first assumed to be constant between two keyframes, while
the changing in the biases will be discussed later in section
V-C.

B. Iterative Noise Propagation
In this subsection, the integrated noise covariance is com-

puted in an iterative form, which leads to simpler expressions
and is more friendly for online inference. Moreover, the new
model using the switched linear system allows us to express
it as a closed-form solution which it is crucial and has
strong influence on the MAP estimator. Thus, the proposed
IMU factor gives a higher accuracy compared to the discrete
approaches in [16], [17].

Let (ãB(k)− b̄a(i)) and (ω̃B(k)− b̄g(i)) be denoted as āB(k)
and ω̄B(k), respectively. By respectively replacing aB(k) and
ωB(k) by āB(k) and ω̄B(k) in Equation (27) and θ̄B(k) is
ω̄B(k)∆t we can obtain F̄(i, j), µ̄(i, j), and ζ̄ (i, j) which rep-
resent all the mean preintegrated measurements in the closed-
form. The closed-form solution provides an accurate state
estimation where the matrices Γ(θ) and Λ(θ) representing
the high dynamic changing between two successive IMU
measurements. Using the first-order approximation, it can be
derived that

∆RBW (i, j) = F̄(i, j)E(−δφ
η

BW (i, j))
∆VW (i, j) = µ̄(i, j)−δV η

W (i, j)
∆PW (i, j) = ζ̄ (i, j)−δPη

W (i, j)
, (30)

where δφ
η

BW (i, j), δV η

W (i, j), and δPη

W (i, j) are approximated
by

δφ
η

BW (i, j) =
j−1

∑
k=i

F̄T (k+1, j)Γ(−θ̄B(k))ηg(k)∆t

δV η

W (i, j) =−
j−1

∑
k=i

F̄(i,k)(Γ(θ̄B(k))āB(k))∧δφ
η

BW (i,k)∆t

− 1
2

j−1

∑
k=i

F̄(i,k)Γ(θ̄B(k))(āB(k))∧Λ(−θ̄B(k))ηg(k)∆t2

+
j−1

∑
k=i

F̄(i,k)Γ(θ̄B(k))ηa(k)∆t

δPη

W (i, j) =−
j−1

∑
k=i

F̄(i,k)(Λ(θ̄B(k))āB(k))∧δφ
η

BW (i,k)∆t2

− 1
3

j−1

∑
k=i

F̄(i,k)Λ(θ̄B(k))(āB(k))∧Φ(−θ̄B(k))ηg(k)∆t3

+
j−1

∑
k=i

F̄(i,k)Λ(θ̄B(k))ηa(k)∆t2 +
j−1

∑
k=i

δV η

W (i,k)∆t

,

(31)



Instead of using Equation (31) to compute δφ
η

BW (i, j),
δV η

W (i, j), and δPη

W (i, j), an iterative method is provided as
below.

Defining a (3×3) matrix A( j) as

A11( j) = F̄T ( j, j+1)
A12( j) = A13( j) = 03×3
A21( j) =−F̄(i, j)(Γ(θ̄B( j))āB( j))∧∆t
A22( j) = I3×3
A23( j) = 03×3
A31( j) =−F̄(i, j)(Λ(θ̄B( j))āB( j))∧∆t2

A32( j) = ∆tI3×3
A33( j) = I3×3

, (32)

and a (3×2) matrix B( j) as

B11( j) = Γ(−θ̄B( j))∆t
B12( j) = 03×3
B21( j) =− 1

2 F̄(i, j)Γ(θ̄B( j))(āB( j))∧Λ(−θ̄B( j))∆t2

B22( j) = F̄(i, j)Γ(θ̄( j))∆t
B31( j) =− 1

3 F̄(i, j)Λ(θ̄B( j))(āB( j))∧Φ(−θ̄B( j))∆t3

B32( j) = F̄(i, j)Λ(θ̄B( j))∆t2

,

(33)
it can be derived that δφ

η

BW (i, j+1)
δV η

W (i, j+1)
δPη

W (i, j+1)

=A( j)

 δφ
η

BW (i, j)
δV η

W (i, j)
δPη

W (i, j)

+B( j)
[

ηg( j)
ηa( j)

]
.

(34)
Subsequently, it can be computed the preintegrated mea-

surements covariance iteratively in the closed-form as

Σ(i, j+1) = A( j)Σ(i, j)AT ( j)+B( j)Ση( j)BT ( j). (35)

A great advantage from computing the covariance matrix in
an iterative manner is that, when a new IMU measurement is
received, the covariance matrix is updated immediately rather
than calculating from scratch. Such an iterative form is less
compute intensive and hence is suitable for online estimation.

C. Analytic Bias Update

In the previous subsection, the bias is assumed to be
constant during the video keyframes i and j. However, in
practice the bias will be changed by a small amount. The
measurements can then modelled by{

ãB(k) = aB(k)+ b̄a(i)+δba(i)
ω̃B(k) = ωB(k)+ b̄g(i)+δbg(i) . (36)

Similarly in section V-B, it can be derived that
∆RBW (i, j) = F̄(i, j)E

(
∂ F̄(i, j)

∂bg δbg(i)
)

∆VW (i, j) = µ̄(i, j)+ ∂V̄ (i, j)
∂ba δba(i)+ ∂V̄ (i, j)

∂bg δbg(i)
∆PW (i, j) = ζ̄ (i, j)+ ∂ P̄(i, j)

∂ba δba(i)+ ∂ P̄(i, j)
∂bg δbg(i)

, (37)

where the Jacobian matrices with respect to the biases can
be expressed in closed-form as



∂ F̄(i, j)
∂bg =−

j−1

∑
k=i

F̄T (k+1, j)Γ(−θ̄B(k))∆t

∂V̄ (i, j)
∂bg =−

j−1

∑
k=i

F̄(i,k)(Γ(θ̄B(k))āB(k))∧
(

∂ F̄(i,k)
∂bg

)
∆t

+ 1
2

j−1

∑
k=i

F̄(i,k)Γ(θ̄B(k))(āB(k))∧Λ(−θ̄B(k))∆t2

∂V̄ (i, j)
∂ba =−

j−1

∑
k=i

F̄(i,k)Γ(θ̄B(k))∆t

∂ P̄(i, j)
∂bg =−

j−1

∑
k=i

F̄(i,k)(Λ(θ̄B(k))āB(k))∧
(

∂ F̄(i,k)
∂bg

)
∆t2

+ 1
3

j−1

∑
k=i

F̄(i,k)Λ(θ̄B(k))(āB(k))∧Φ(−θ̄B(k))∆t3

+
j−1

∑
k=i

(
∂V̄ (i,k)

∂bg

)
∆t

∂ P̄(i, j)
∂ba =−

j−1

∑
k=i

F̄(i,k)Λ(θ̄B(k))∆t2 +
j−1

∑
k=i

(
∂V̄ (i,k)

∂ba

)
∆t

.

(38)
It can be shown from (32) and (38) that the proposed

IMU factor provides a closed-form solution for the state
transition matrix in a discrete manner. These equations based
on the matrices Γ(θ) and Λ(θ) represent the high dynamic
changes between two successive IMU measurements. Thus,
the covariance matrix and Jacobian are more accurate than
that obtained in [16], [17].

D. Jacobian of Residual Errors
In this subsection, the proposed preintegrated IMU fac-

tor

{
∑

i, j∈K(k)
‖rL(i, j)‖2

Σi j

}
can be expressed in terms of the

preintegrated measurements in Equation (37) and their noise
represented by zero-mean Gaussian distribution with covari-
ance matrix (35). Thus, we can write the residual errors
as r∆ = [rT

∆R(i, j),r
T
∆V (i, j),r

T
∆P(i, j)] ∈ R9 which also include the

biases estimation update from (37) as follow:

r∆R(i, j) = Log((F̄(i, j)E( ∂F(i, j)
∂bg(i) δbg(i)))T RT

BW (i)RBW ( j))

r∆V (i, j) = RT
BW (i)(VW ( j)−VW (i)−g

j−1

∑
k=i

∆t)

−(µ̄(i, j)+ ∂V̄ (i, j)
∂ba δba(i)+ ∂V̄ (i, j)

∂bg δbg(i))
r∆P(i, j) = RT

BW (i)(PW ( j)−PW (i)−Θ(i, j))
−(ζ̄ (i, j)+ ∂ P̄(i, j)

∂ba δba(i)+ ∂ P̄(i, j)
∂bg δbg(i))

.

(39)
Analytic expressions are provided for the Jacobian matrices

of the residual errors. These Jacobians are crucial when
using the iterative optimization techniques to minimize the
cost. According to the lift-solve-retract method, the retraction
functions (17) and (18) are used to re-parameterize (39) at each
Gauss-Newton iteration. The “solve” step requires the use of
the first-order Taylor expansion to linearize the resulting cost
function around the current estimate.

The residual errors become functions which are defined on
a vector space by the process of lifting. As such, it is easy to



compute the Jacobians. Similar to the derivations in [16], the
Jacobians of r∆P(i, j) are computed as

∂ r∆P(i, j)
∂δφ(i) = (RT

BW (i)(PW ( j)−PW (i)−Θ(i, j)))∧
∂ r∆P(i, j)
∂δφ( j) = 0
∂ r∆P(i, j)
∂δP(i) =−I3×3

∂ r∆P(i, j)
∂δP( j) = RT

BW (i)RBW ( j)

∂ r∆P(i, j)
∂δV (i) =−

j−1

∑
k=i

∆tRT
BW (i)

∂ r∆P(i, j)
∂δV ( j) = 0
∂ r∆P(i, j)

∂ δ̃ba(i)
=− ∂ζ (i, j)

∂ba(i)
∂ r∆P(i, j)

∂ δ̃bg(i)
=− ∂ζ (i, j)

∂bg(i)

, (40)

the Jacobians of r∆V (i, j) are computed as

∂ r∆V (i, j)
∂δφ(i) = (RT

BW (i)(VW ( j)−VW (i)−g
j−1

∑
k=i

∆t))∧

∂ r∆V (i, j)
∂δφ( j) = 0
∂ r∆V (i, j)
∂δP(i) = 0

∂ r∆V (i, j)
∂δP( j) = 0

∂ r∆V (i, j)
∂δV (i) =−RT

BW (i)
∂ r∆V (i, j)
∂δV ( j) = RT

BW (i)
∂ r∆V (i, j)

∂ δ̃ba(i)
=− ∂ µ(i, j)

∂ba(i)
∂ r∆V (i, j)

∂ δ̃bg(i)
=− ∂ µ(i, j)

∂bg(i)

, (41)

and the Jacobians of r∆R(i, j) are computed as

∂ r∆R(i, j)
∂δφ(i) =−Γ−1(−r∆R(i, j))RT

BW ( j)RBW (i)
∂ r∆R(i, j)
∂δφ( j) = Γ−1(−r∆R(i, j))
∂ r∆R(i, j)
∂δP(i) = 0

∂ r∆R(i, j)
∂δP( j) = 0
∂ r∆R(i, j)
∂δV (i) = 0

∂ r∆R(i, j)
∂δV ( j) = 0
∂ r∆R(i, j)

∂ δ̃ba(i)
= 0

∂ r∆R(i, j)

∂ δ̃bg(i)
=−Γ−1(−r∆R(i, j))ET (r∆R(i, j))Γ(−M) ∂F(i, j)

∂bg(i)

.

(42)
where M is given as

M =
∂F(i, j)
∂bg(i)

δbg(i) (43)

VI. EXPERIMENTAL RESULTS

The proposed IMU factor is integrated with visual inertial
odometry framework to test its accuracy compared to the state-
of-the-art. In this section, we evaluate the proposed IMU factor
using both real public datasets and indoor environment test.
Since the main contribution of the paper is IMU factor, we
integrated the IMU factor only in the state-of-the-art open
source while we kept all other factors the same to ensure fair
comparison.

4

20

-4

Y-d
ist

an
ce

 [m
]0

-2

X-distance [m]

0 -2

1

2

-44

Z
-d

is
ta

n
c
e
 [

m
]

2

3

Vins-mono

Proposed Model

Ground Truth

Start Point

End Point

Fig. 1. Aligned estimation trajectories against ground-truth for
V2 03 difficult sequence

A. Real World Dataset

The proposed model is compared with the VINS mono al-
gorithm [17] using the EuRoC dataset where the measurement
is provided using a micro aerial vehicle (MAV) in different
places with different conditions in flight dynamics [24]. The
VINS mono algorithm is one of the top benchmarks [17],
[25]. The evaluation has been done using high sampling IMU
200Hz and all key frames have been selected at 10Hz. The
loop closure has also been disabled to show the effectiveness
of the proposed IMU factor. Since the estimation output from
VINS mono benchmark has a different reference from the
ground truth reference, the estimated raw data has been aligned
with the ground truth reference using the trajectory evaluation
toolbox in [26]. The alignment process has been done using the
full trajectory states, i.e., by solving the following optimization
problem:

argmin
s,R,t

N−1

∑
i=0
||Pi− sRP̂i− t||2 (44)

where {P̂i}N−1
i=0 is the raw estimation data and {Pi}N−1

i=0 is
the ground-truth data. Moreover, the results are averaged
over 10 runs. In addition, the proposed IMU factor has been
implemented using mid-point integration for fair comparison.

1) Difficult Conditions Sequences: V1 03 difficult and
V2 03 difficult sequences have been selected from EuRoC
datasets to represent the most challenging conditions in
terms of lighting, texture-less environment and high flight
dynamics. In this subsection, the proposed approach has been
evaluated on both sequences compared to the-state-of-the-
art. The estimation trajectory of both the proposed approach
and VINS mono model on V2 03 difficult sequence after
alignment against the ground-truth are shown in Fig. 1. Fig.
2(a) and Fig. 2(b) demonstrate the Root Mean Square Error
(RMSE) of both position and orientation comparison over
ten runs respectively. To provide more insight into the error,
Fig. 2(c) shows the absolute position error in x-direction, y-
direction and z-direction. The result shows that our proposed
approach outperforms the-state-of-the-art model and achieves
a higher motion accuracy. The proposed approach outperforms
the model in [17] by 18.43% and 8.65% on mean square
error of the position over the full path on V2 03 difficult
and V1 03 difficult, respectively. The reason is that the as-
sumption of the proposed approach is more reasonable and
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Fig. 2. RMSE and position analysis on V2 03 difficult Sequence for the
proposed model and VINS mono [17]

the kinematics of the MAV between two IMU measurements
is well considered by the proposed model. As such, it can
compute the covariance matrix with higher accuracy which is
crucial for optimization process. The RMSE errors of both
sequences, total travelled distance and linear velocity are
shown at Table II.

2) Comparison on Different Sequences: Table II shows the
RMSE on position over the full path for different sequences
in flight dynamics, illumination and texture. Moreover, it
illustrate the total travelled distance and linear velocity of
UAV to give a better indication for different speed application.
The results show that our proposed approach outperforms the
VINS mono model in all the sequences, especially when the

conditions turn into difficult as demonstrated in both sequences
V1 03 difficult and V2 03 difficult whereby the metric error
is increased proportionally with the difficulty degree of the
sequences. This implies that the proposed approach achieves
higher accuracy than the-state-of-the-art especially in cases
with high dynamic changes in angular velocity or signifi-
cant illumination changing environment with texture-less area.
Moreover, we observed that the linear velocity is increased
with the degree of difficulty of the datasets. The results show
that the proposed approach gives a higher accuracy when
the agent is traveling at a high speed compared to the-state-
of-the-art, making our proposed approach suitable for those
applications that require high linear velocities.

B. Indoor Environment Test

In this subsection, an indoor environment experiment was
performed to evaluate the proposed approach. MYNT-Eye
camera with built-in inertial sensor was mounted on DJI F450
quadcopter frame kit with 3DR pixhawk flight controller as
shown in Fig. 3 [27]. Both camera and camera-IMU calibration
were done using Kalibr toolbox [28]. The measurements were
recorded at 200Hz for IMU and 10Hz for images. As we
evaluate both models on monocular visual inertial odometry,
only the images from the left camera were used. The proposed
approach and the-state-of-the-art were run simultaneously on-
board using Intel NUC with CPU i7−7567U@4.00GHz×4
and 32 GiB RAM for fair comparison. The estimated motion
of both algorithms are compared to the ground-truth obtained
using OptiTrack. The OptiTrack was used as a feedback
position to the controller. Moreover, the data were recorded
and rerun again for five times offline to show the reliability of
our proposed approach compared to the state-of-the-art.

1) Arbitrary Trajectory: In this subsection, a free flight
was done using RC. An arbitrary trajectory was generated
with high speed and with high dynamic changing rate. Fig. 4
shows the aligned estimation trajectories of both our proposed
approach and VINS mono against the ground-truth, while Fig.
7(a) shows the RMSE on position. The results show that the
proposed approach gives a superior performance compared to
the state-of-the-art. The proposed approach outperforms the
model in [17] by 38.15% on RMSE over the full-traveling-
path with an average linear velocity of 0.8108 m/s as shown

Fig. 3. Test Rig Setup (MYNT-Eye camera with built-in IMU mount on DJI
F450 quadcopter with 3DR pixhawk).
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in Table II. The reason is that, the proposed approach takes into
consideration the dynamic changes between measurements
even when there is a high IMU sampling rate.

2) Eight Trajectory: In this subsection, the drone followed
a pre-defined trajectory in the shape of the digit ”eight”.
This trajectory represents medium challenging conditions to
evaluate the proposed approach. In this test there is no high
dynamic change and the linear velocity is 0.1937 m/s. Fig. 5
shows the aligned estimation trajectories of both the proposed
approach and VINS mono against the ground-truth, while Fig.
7(b) shows the RMSE on position. The results show that the
proposed approach outperforms the-state-of-the-art by 25.07%
on RMSE over full-traveling-path as shown in Table II.

3) Square Trajectory: For easy condition, the drone fol-
lowed a square pre-defined trajectory. The linear velocity is
reduced to 0.077 m/s. As shown in Table II, the proposed
approach still outperforms the-state-of-the-art by 12.71%.
However, both the accuracy improvement and metric error
are smaller compared to the difficult condition such as in
cases of arbitrary and Eight trajectories. The reason is that the
high IMU sampling rate mitigate the effect of discretization of
the-state-of-art. The aligned estimation trajectories against the
ground-truth is shown in Fig. 6, while the RMSE on position
is shown in Fig. 7(b).

C. Analysis on Computational Cost

In this subsection, a full analysis on computational cost has
been done to show the usefulness of our proposed approach.
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Table III shows the CPU and memory consumption. The pro-
posed approach has almost the same consumption compared
to the state-of-the-art. The reason is the proposed approach
require only discrete operation even though it has a closed-
form solution. This allow our approach to have both high
accuracy estimations without increase in the computational
cost. However, the execution time of the proposed IMU
factor is about 0.02 ms higher than the state-of-the-art as the
proposed approach needs to calculate additional matrices such
as Γ(θ) and Λ(θ).

VII. CONCLUSIONS AND FUTURE WORKS

This paper introduces an accurate IMU Factor for graph-
based optimization for visual-inertial navigation. The proposed

0 5 10 15 20 25 30 35 40

Time [sec]

0

0.5

1

R
M

S
E

 [
m

]

P
o
si

ti
o
n

Vins-mono

Proposed-Model

(a) RMSE on Position Error (Arbitrary Trajectory)

0 50 100 150

Time [sec]

0

0.2

0.4

0.6

0.8

R
M

S
E

 [
m

]

P
o
si

ti
o
n

Vins-mono

Proposed-Model

(b) RMSE on Position Error (Eight Trajectory)

0 50 100 150 200 250

Time [sec]

0

0.05

0.1

0.15

0.2

R
M

S
E

 [
m

]

P
o
si

ti
o
n

Vins-mono

Proposed-Model

(c) RMSE on Position Error (Square Trajectory)

Fig. 7. RMSE on position of the proposed approach against VINS mono
[17] using different indoor trajectories.



TABLE II
RMSE ON POSITION FOR DIFFERENT REAL SEQUENCES

Sequence VINS-mono [17] [cm] Proposed [cm] Metric Error [cm] Percentage [%] Total Distance [m] Linear Velocity [m/s]
V1 01 easy 8.89 7.59 1.3 14.62 58.01 0.4177

V1 02 medium 11.25 9.81 1.44 12.8 70.81 1.0130
V1 03 difficult 18.84 17.21 1.63 8.65 77.68 0.7960

V2 01 easy 8.82 7.61 1.21 13.72 36.95 0.3363
V2 02 medium 16.29 12.59 3.7 22.71 82.48 0.7516
V2 03 difficult 27.84 22.71 5.13 18.43 87.11 0.8002

Square Trajectory 8.97 7.83 1.14 12.71 26.96 0.0770
Eight Trajectory 24.29 18.2 6.09 25.07 37.73 0.1937

Arbitrary Trajectory 38.43 23.77 14.66 38.15 44.25 0.8108

TABLE III
ANALYSIS ON COMPUTATIONAL COST

Sequence VINS-mono Proposed

CPU [%] Memory [GB] Time [ms] CPU [%] Memory [GB] Time [ms]

Square 33.56 3.6 0.0505 34.57 3.54 0.0699

Eight 37.06 3.87 0.0376 37.44 3.81 0.0522

Arbitrary 25.91 3.31 0.0455 26.04 3.25 0.0683

framework includes a novel IMU motion integration model
and a closed-form solution for the mean measurement, the
covariance matrix and the Jacobian matrix. The proposed
IMU factor integrated with the visual measurements through a
graph-based optimization technique. Our experimental results
demonstrate that the proposed framework outperforms existing
state-of-the-art visual inertial odometry (VIO) approaches. As
the proposed IMU factor can be applied to LIO [29] and
parking systems of UGVs [30], [31] that utilized VIO, these
would be future research shall focus on.
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