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ABSTRACT
Although deep learning methods have achieved promising perfor-
mance on forecasting the future states of dynamical systems, most
of them perform as a black box. This paper aims to discover the
underlying equations of dynamical system from noisy observations.
A dual Recurrent Neural Networks (RNNs) equipped with a sparse
identifier is proposed for this problem. The identifier is optimized to
determine the fewest terms in possible differential equations repre-
senting the dynamics, and the identification loss is used to co-teach
the dual RNNs predicting the future dynamics. Experimental re-
sults on two benchmarking dynamical systems demonstrate the pro-
posed method’s capabilities on discovering the governing equations
and predicting for future states.

Index Terms— Dynamic identification, sparse regression

1. INTRODUCTION

Estimating future states of a dynamical process from historical mea-
surement data is important to a large number of applications in sci-
ence and engineering, such as optimizing energy consumption, mon-
itoring spread of disease, controlling traffic flow, simulating climate
changes, predicting financial markets, and so on ([1] [2] [3]). Deep
neural networks (DNNs) with powerful representation capability has
achieved remarkable success in forecasting tasks. However, most
deep learning models highly rely on the training data and lack inter-
pretability for what they have learned. However, dynamics identifi-
cation is a task aiming to automatically discover the explicit equa-
tions (i.e., ordinary differential equations (ODEs)) that describe the
dynamical phenomena from the measurement data. Therefore, an
intuition (Motivation 1) is that if DNNs and a dynamics identifi-
cation module perform parallelly on the same samples and learn to
predict for the same future states (see Figure 1(a)), when they make
the same decisions, the equations outputted by the dynamics identi-
fication module can be viewed as an explanation of what the DNNs
have learned and the DNNs helped identification module to boost the
performance based on their excellent learning capabilities.

For many dynamical systems, although the observed states have
complex, noisy and chaotic behaviours, there are only few domi-
nant terms in the ODEs that govern the dynamics. Therefore, the
assumption that the underlying equations are sparse combination of
simple functions is widely used in the literature [4] [5] [6]. One im-
portant contribution to dynamics identification based on the sparsity
assumption is SINDy (Sparse Identification of Nonlinear Dynam-
ics) method [4], which searched for sparse coefficients (i.e., a set
of coefficients, most of which are zeros) to combine a set of simple
candidate functions as the time derivatives of the states. However,
the SINDy method relied on accurate time derivatives of the mea-
surement data, as they are the target values of the sparse regression.

Fig. 1: Illustrated identification and prediction designs for 3-
dimensional example dynamics (i.e., Xt ∈ R3). (a) Naive parallel
structure (b) Revised structure (c) Co-teaching structure

The derivatives are unknown in most real-world cases and not easy
to be computed precisely if the measurement data are noisy.

To make use of SINDy as the dynamics identification module
in Figure 1(a), it requires to improve the robustness of SINDy for
noisy observations. Otherwise, it will mislead the learning proce-
dure when it learns together with DNNs. A simple adaptation, as
shown in Figure 1(b), is to move the identification module to later
time steps. Because the observed states X1 · · ·XT on the time step
1, · · · , T and the estimated states X̃T+1 · · · X̃T+k+1 on the time
step T + 1, · · · , T + k + 1 are governed by same equations, the
DNNs and the identification module are still guiding each other un-
der Motivation 1. In another view of point, DNNs works as a noise
filter for the identification module in the revised structure. However,
because the identification module in Figure 1(b) is optimized based
on the DNNs’ predictions, a concern is that the sparse identification
is inaccurate especially in the early training stage. Fortunately, the
research of neural network memorization effects [7][8] [9] overcame
this concern. They found that neural networks learn the main data
pattern first, gradually adapt to hard instances, and eventually mem-
orize these noisy samples if any. Applying to the case in this paper,
if the sparse assumption holds for the dynamics, then the sparse pat-
terns are the main and clean patterns. Therefore, Motivation 2 of
this paper is that if samples with more sparse pattern are chosen to
feedback to the DNNs, the learning will be guided towards more
sparse results, which is the true pattern of data.

Motivation 1 and Motivation 2 are instantiated together in this
paper by a co-teaching schema. Co-teaching networks [9] were pro-
posed for robust learning from noisy labels. This paper extends it to
learn sparse patterns. To be more specific, as shown in Figure 1(c),
the proposed framework consisting of two Encoder-Decoder fashion
RNNs (RNN-1, RNN-2) and a revised SINDy module (reSINDy).
RNNs use standard SGD optimizers to learn their weights separately
and the reSINDy uses LASSO [10] as the sparse regressor to solve
out the optimal coefficients. In each training iteration, a same batch
of samples is forwarded to both RNNs and the followed reSINDy.



The samples with less errors given by reSINDy learned from RNN-
1 outputs will be used to update RNN-2, and those with less errors
learned from RNN-2 outputs will be used to update RNN-1. When
the framework is well-trained, RNNs output the forecasting future
states and reSINDy produces the discovered equations.

2. RELATED WORK

Physics-aware deep learning For dynamics prediction task, many
attempts have been made to embed related physical knowledge into
deep learning models. Raissi et al. [11] proposed physics-informed
neural networks (PINNs) to learn nonlinear mappings from inputs
and outputs which are the observations from a given partial differen-
tial equation (PDE). Xu et al. [12] presented a physics-constrained
neural network which is guaranteed to numerically fulfill the PDE
constraints during training. However, these existing methods share
a basic assumption that the physical equations or PDEs are given in
certain formulations, and are not able to discover explicit underlying
equations automatically.

Sparse regression and sparse networks Sparse regression aims
to find sparse solutions for systems of linear equations, i.e., find β
for minβ∈Rm ‖β‖0 subject to y = Xβ, whereX ∈ Rd×m, y ∈ Rd.
‖β‖0 is defined as the number of non-zero entries in the regression
coefficients β. In the content of this paper, the systems of linear
equations are Ẋ = f(X)β, where Ẋ is the time derivates of X
and f(·) is a set of candidate mappings with fi(X) : Rd×m →
Rm, i = 1, · · · , d. Recent works attempted to introduce sparsity
into DNNs to reduce the network sizes and improve their generation
capabilities and training efficiencies. The three main categories of
methods include introducing `1 regularization to encourage sparsity
of network weights [13]; approximating `0 regularization on weights
[14]; and enhancing sparsity by revised activation functions [15].
However, sparse networks encourage the weights of random neurons
to be zero, while for the dynamics identification, the coefficients (if
implemented as weights of neurons in a network layer) in different
positions have specific meanings as associated to different candidate
functions. This issue gives difficulties to directly apply sparse DNNs
for dynamics identification.

Co-teaching neural networks Co-teaching [9] was proposed to
combat noisy labels for classification problems, which was justified
by the study [7] showing that DNNs would first memorize the train-
ing data of clean labels and then those of noisy labels. Co-teaching is
a sample selection strategy to train two DNNs jointly. In each train-
ing iteration, each network selects samples with small losses from
the mini-batch data and exchanges them with its peer network for up-
dating the parameters. Yang et al. [16] extended it to an asymmetric
sample selection criteria for the unsupervised learning scenario. Co-
Regularization [17] improved it further by selecting instances based
on a new joint loss and updating the parameters of both networks
simultaneously in each iteration. Inspired by co-teaching, this pa-
per explores whether an additional loss from a different view of the
problem can contribute to sample selection of DNNs training.

3. THE PROPOSED METHOD

For a dynamical system, a training dataset D = {Xi|i = 1, · · · , n}
with n instances is given, where Xi = (xi,t1 , · · · ,xi,tS , · · · ,
xi,tS+H )T ∈ R(S+H)×d is a S+H-length segment of observations
on the d-dimensional state. S is the length of historical series, and
H is the forecast horizon. For a simple presentation, when referring
to any instance in the training set, we omit the subscript i, i.e.,

Fig. 2: The proposed architecture.

denote an arbitrary instance as X = (xt1 , · · · ,xtS+H )T , where
xtk ∈ Rd is the observation of the d-dimensional measurement
at the time tk, tk = t1 + (k − 1) × δ, k = 1, · · · , S + H
and δ is the time interval. For each training instance X , the
historical series XS = (xt1 , · · · ,xtS )

T is given as input and
XH = (xtS+1 , · · · ,xtS+H )T as the ground truths of future states
for a certain forecast horizon H . XS can be also represented as
XS = (x

(S)
1 , · · · ,x(S)

d ), where x(S)
j ∈ RS is the observation of the

j-th dimension measurement within the period, and j = 1, · · · , d.
In other words, XS is a S × d matrix whose rows (i.e., xtk ) are
for time steps and columns (i.e., x(S)

j ) for state dimensions. Sim-

ilarly, XH = (xtS+1 , · · · ,xtS+H )T = (x
(H)
1 , · · · ,x(H)

d ). The
task of dynamics identification and prediction is to learn a model
based on D. Given a testing input X∗S = (x∗t1 ,x

∗
t2 , · · · ,x

∗
tS )

T ,
the model is expected being able to predict its future states X∗H =
(x∗tS+1

, · · · ,x∗tS+H
)T , and output the discovered differential equa-

tions ẋ = f(x, t), where x ∈ Rd is the state variable and ẋ ∈ Rd
is its time derivative. Denote the equation on the j-th dimension as
ẋj = fj(x, t) where fj : Rd × R→ R and j = 1, · · · , d.

Figure 2 shows the proposed framework. It consists of a dual
networks: RNN-1 and RNN-2. Each of them includes d recurrent
predictors for d dimensions of the state. Encoder, temporal atten-
tion and decoder layers are connected following the structure of
DARNN[18] to constitute each one of recurrent predictors. DARNN
was originally proposed for time series forecasting which takes both
exogenous features and 1d historical series as inputs and estimate
the future values of the 1d series. In this study, we input xtk as
the exogenous features at time tk and xj [1, · · · , tk] as the history
of dimension j of the state. Let φj(XS , θj) be the mapping func-
tion of DARNN for dimension j specified by network parameters
θj , which estimates H-horizon future steps of dimension j: x̃(H)

j =
φi(XS , θi). Therefore, the estimation for the future states is con-
catenated by the d predictions, i.e., X̃H = (x̃

(H)
1 , · · · , x̃(H)

d ). Both
RNN-1 and RNN-2 have the same neural structure and receive the
same mini-batch of input series in each training iteration. They are
supervised by Prediction Loss defined in Eq. 1:

L1(D, θ) =
1

|D|
∑

X=(XS ,XH )T

1

d

d∑
j=1

‖φj(XS , θj)− x
(H)
j ‖

2
2 (1)

where θ = {θj |j = 1, · · · , d}. L1 is the mean square loss on the



estimation of future states.
In each training iteration, a mini-batch of instances is inputted

into RNN-1 and RNN-2, but only those instances with small iden-
tification loss will be used to compute L1 and back-propagated
to the networks. The identification module reSINDy aims to dis-
cover differential equations ẋ = f(x, t) from the predictions of
RNNs. Following SINDy method [4], we search fj as ẋj = fj(x, t)
by sparse regression for each dimension j separately. A prede-
fined function library {g1(x, t), g2(x, t), · · · , gm(x, t)} includes
m candidate functions (i.e. gj : Rd × R → R) in simple for-
mulations, such as polynomial functions, triangular functions, and
so on. Define a vector gx,t = (g1(x, t), · · · , gm(x, t))T ∈ Rm
which concatenates function values of all candidate functions
for an input (x, t). Furthermore, construct the matrix GX̃H

=

(gx̃tS+1
tS+1 , gx̃tS+2

tS+2 , · · · ,gx̃tS+H
tS+H )T ∈ RH×m by sub-

stituting x̃tS+1 , · · · , x̃tS+H into all candidate functions. Figure 4
gives an example of 3-dimensional dynamics, where the candidate
function library includes polynomial functions {x1, x2, x3, x21, x1x2,
x1x3, x

2
2, x2x3, x

2
3}. The goal of sparse identification is to find co-

efficients βj ∈ Rm that ẋj = βj1x1 + βj2x2 + · · · + βjmx
2
3 fits

dimension j data and most βjk are zeros where k = 1, · · · ,m. The
objective function is defined for dimension j by Eq. 2:

min
βj∈Rm

1

|D|
∑
X∈D

‖ẋ(H)
j −GX̃H

βj‖22

s.t. βjk ∈ {0} ∪ [λ,+∞) k = 1, · · · ,m λ > 0 (2)

where ẋ
(H)
j ∈ RH is the time derivatives of XH on dimension j,

βj ∈ Rm is the coefficients and λ is a constant hyper-parameter.
While optimizing Eq. 2 , the sparsity of coefficients βj is controlled
with λ by setting the feasible domains of βjk: if βjk is smaller than
λ, then it must be zero. An iterative algorithm 1 based on least square
optimizer is used to achieve an approximate solution of Eq. 2.

As shown in Figure 2, Identification Loss is used to select sam-
ples to update the networks parameters. Eq. 3 gives its definition,
which is the mean square loss on all dimensions of one instance
based on the solved βjs.

L2(D, β) =
1

|D|
∑
X∈D

1

d

d∑
j=1

‖ẋ(H)
j −GX̃H

βj‖22 (3)

For each iteration in the proposed co-teaching flow, a mini-batch of
input series is forwarded to both RNN-1 and RNN-2 and output the
network predictions G(N1)

X̃H
and G(N2)

X̃H
. With respect to these two

outputs, the identification module reSINDy optimizes βN1 and βN2

by solving Eq. 2. Then the instances are ordered by the identifica-
tion loss L2. Small-loss instances are selected out (as highlighted
in colour in Figure 2) and are exchanged to update its peer RNN.
The dual RNNs are trained in a standard SGD optimizer for loss
L1. The final prediction is conducted by the RNN with small train-
ing loss and the coefficients deciding the ODEs are produced by the
reSINDy with small training loss.

4. EXPERIMENTS

To evaluate the proposed method SpaCo-RNN, numerical experi-
ments are performed and forecasting performance is evaluated by

Root Mean Square Error
√

1
H|D|

∑|D|
i=1

∑H
i=1

∑d
j=1(x̃

(H)
ij − x

(H)
ij )2

where D is the testing set, H is the forecasting horizon, and d is the
number of dimensions of the dynamics.

Algorithm 1 Pseudo code of solving Eq. 2

Input: {ẋ(H)
j ∈ RH |X ∈ D}, {GX̃H

∈ RH×m|X ∈ D}, λ, M.
Output: βj .

1: Concatenate all ẋ(H)
j together as ẋj . (ẋj ∈ RH|D|)

2: Concatenate all GX̃H
together as G. (G ∈ RH|D|×m)

3: Set big ids = {1, · · · ,m}
4: for iteration = 1 to M do
5: βj [big ids] = lstsq(ẋj , G[big ids])
6: for k = 1 to m do
7: if βjk < λ then
8: Set βjk = 0, remove k from big ids
9: if big ids is not changed then

10: break
11: end for
12: Output βj .

4.1. Benchmarks

Lorenz-63 dynamics is a 3-dimensional chaotic system with but-
terfly attractor. It is defined by the following ODEs: ẋ1 = σ ×
(x2 − x1), ẋ2 = x1 × (ρ − x3) − x2, ẋ3 = x1 × x2 − β × x3,
where x1, x2, x3 are states changing upon the time and ẋ1, ẋ2, ẋ3
are their time derivatives respectively. Following [19], we use 250
different random initial states to generate 250 series of 180-length
with the time interval δ = 0.01, and randomly split them as 200:50
training/testing partition. Then we construct two corrupted datasets
by adding Gaussian noise with 15% signal-noise ratio (i.e., r =
stdε/stdx) and 33% signal-noise ratio into random 50% of training
series. Two forecasting horizons are tested - 2 steps ahead and 20
time steps ahead. For the 50% noisy training series, both input seg-
ments (XS) and target segments (XH ) are noisy. Int testing phase,
we do not assume any ideal noise-free time points can be observed.
Therefore, all input segments of testing series are noisy, and clean
ground truth (X∗H ) are only used to compute the evaluate metrics.

Lorenz-96 dynamics [20] is a 40-dimensional chaotic system. It
is defined by ẋi = (xi+1−xi−2)×xi−1−xi+F with i = 1, · · · , 40
and cyclic boundaries x−1 = x39, x0 = x40, x41 = x1. The
forcing parameter F is chosen as 8 in the experiments as previous
works [21][19][22]. Lorenz-96 is used to evaluate the performance
of methods on high dimension. We use 250 different random initial
states to generate 250 series of 800-length with time step δ = 0.01,
and randomly split them as 200:50 training/testing partition. The
horizon and noise ratio settings are the same as those for Lorenz-63.

4.2. Baseline methods & implementation details

Firstly, three state-of-the-art DNNs-based forecasting methods
specially designed for noisy time series are compared: classic
sequence-to-sequence RNN network (“rnn-seq2seq”), GRU-based
ODE network (“ode-gru”) [23] and Latent ODE [24] network (“La-
tent ODE”). These methods only focus on future prediction but not
able to identify the explicit underlying equations. The implementa-
tions are using code [25]. For the experiments on Lorenz-63 dataset,
2 generative layers and receive layers are used. The mini-batch size
is 200, and the number of training epochs is 1000 for rnn-seq2seq
and LatentODE, 300 for ode-gru, and the learning rate is 0.01. For
Lorenz-96 dataset, 3 generative layers and receive layers are used,
and the number of training epochs is 300.

Secondly, original SINDy is compared. All parameters are set as
default in [26]. Polynomial functions to 2nd order are used as candi-



Table 1: RMSE results on Lorenz-63 dynamics
h = 2 h = 20

r=15% r=33.3% r=15% r=33.3%
rnn-seq2seq 0.6972 1.3102 0.7637 1.2342

ode-gru 0.7708 1.1658 0.8634 1.4388
LatentODE 0.7394 1.3173 0.9874 1.5143

SINDy 1.0873 2.5002 1.5462 3.4590
att-RNN 0.4315 0.8413 0.4943 1.0282

dual-RNN 0.4540 0.8253 0.4892 0.8589
SpaCo-RNN 0.4195 0.7792 0.5161 0.9090

Table 2: RMSE results on Lorenz-96 dynamics
h = 2 h = 20

r=15% r=33.3% r=15% r=33.3%
rnn-seq2seq 2.0395 2.1716 2.9088 3.0212

ode-gru 1.4765 1.9738 3.2870 3.3001
LatentODE 1.8661 2.1759 3.6118 3.3858

SINDy 0.5467 1.2154 0.7822 1.5207
att-RNN 0.4966 0.8077 1.1784 1.2330

dual-RNN 0.5079 0.8319 1.5066 1.6442
SpaCo-RNN 0.4906 0.7955 1.1467 1.1072

date function library, e.g., for 3d dynamics (x1, x2, x3)T , the candi-
date functions include {x1, x2, x3, x21, x1x2, x1x3, x22, x2x3, x23}.
SpaCo-RNN uses the same candidate library as SINDy for both
Lorenz-63 and Lorenz-96 datasets.

Lastly, single set of RNNs in Figure 2 (“att-RNN”) and the dual
set of RNNs using typical co-teaching strategy (“dual-RNN”) are
compared to evaluate the benefits of different components of the
proposed method. Both att-RNN and dual-RNN are not able to out-
put the ODEs for the dynamical systems. The RNNs in att-RNN,
dual-RNN and SpaCo-RNN are implemented as same architecture
by using DARNN code [27], where the number of units in both en-
coder hidden layer and decoder hidden layer are 24. As DARNN
is window based approach, the input instances are segmented fur-
ther into 25-length sub series as inputs for all these three models.
For both Lorenz-63 and Lorenz-96 datasets, the mini-batch size is
2048, learning rate is 0.01 for all att-RNN, dual-RNN and SpaCo-
RNN. The number of training epochs is 100 and 200 for forecasting
of horizon 2 and horizon 20 respectively.

4.3. Performance on Lorenz-63

Table 1 summarizes the results of different noise ratios and hori-
zons on Lorenz-63 dataset. For horizon 2 forecasting, the proposed
method SpaCo-RNN outperforms all baselines. For horizon 20 fore-
casting, dual-RNN leads the performance. Because the co-teaching
strategy based on an observation that in the early stage of deep net-
work training, networks learn the primary features even from the
noisy label. When we use sparse regression to solve the optimal co-
efficients based on the early stage estimation, noise affects more on
regressor than pure networks as in dual-RNN. However, it should be
emphasized that att-RNN and dual-RNN are not able to identify the
underlying equations. The goal of this study is using deep network
to discover the ODEs while not sacrifice forecasting accuarcy much.

Figure 3 shows examples of predictions, where red dots are test-
ing inputs, blue lines are ground truths and red lines are predictions
of the proposed method. The identified coefficients for Lorenz-63
datasets are listed in Figure 4. Comparing Figure 4(c) and (d), with
the increasing noise level, the coefficients identified by SpaCo-RNN
become inaccurate, e.g., the coefficient of x2 in β2 is identified as

(a) Testing instance with r=15%

(b) Testing instance with r=33.3%

Fig. 3: Examples of prediction results

Fig. 4: Identification results on Lorenz-63 system.

zero which is −1 in the true dynamics. While for SINDy method,
the identified equations on data with r=33.3% (i.e., Figure 4 (f)) are
far away from reasonable estimation of true equations.

4.4. Performance on Lorenz-96

The results of Lorenz-96 are summarized in Table 2. The three deep
learning methods rnn-seq2-seq, ode-gru and latentODE perform
worse than SINDy and the proposed method with different com-
ponents. The traditional co-teaching strategy dual-RNN decreases
the accuracy of its peer model att-RNN without co-teaching. The
SINDy method identifies equations first and then forecasts future
values based on the equations. Therefore, predicting for different
horizons of same data, the results of SINDy are not changed as much
as the proposed method. Because in SpaCo-RNN, deep networks
take in charge of prediction, and identification module focuses on
outputting the equations. With the increasing length of horizons, the
prediction performance drops due to the difficulty of decoding. Tak-
ing H = 20 as an example, the input series of encoder is 25-length
rolled by window, and the output target is 20-length series, which is
challenging for the DARNN network.

5. CONCLUSIONS

This paper integrates a sparse regression model with a dual RNNs
under co-teaching framework for dynamic identification and predic-
tion problems. The RNNs are trained end-to-end guided by a sparse
loss in the stochastic mini-batch manner, and the underlying differ-
ential equations and future states of dynamic systems are learned by
the identification module and prediction module simultaneously.
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