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We introduce the concept of photonic flatband resonances and demonstrate it for an array of high-index
dielectric particles. We employ the multiple Mie scattering theory and demonstrate that both short- and
long-range interactions between the resonators are crucial for the emerging collective resonances and their
associated photonic flatbands. By examining both near- and far-field characteristics, we uncover how the
flatbands emerge due to a fine tuning of resonators’ radiation fields, and predict that hybridization of a
flatband resonance with an electric hot spot can lead to giant values of the Purcell factor for the electric
dipolar emitters.
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Introduction.—The physics of the systems with flatband
spectra (or flatbands) has attracted a lot of attention recently,
in connection with the studies of electronic periodic struc-
tures with nontrivial topology [1,2]. One of the important
features of the flatband systems is that their density of states
grows with the system size, in contrast to regular lattices
where the density of states generally remains finite. The
enhanced density of states in flatbands allows one to achieve
strong interaction in electronic systems [3,4] and photonics
[5,6], with applications to quantum networks [7,8], on-chip
single-photon generation [9] and nanolasers [10], as well as
compact free-electron light sources [11].
Importantly, a majority of the previous studies of flat-

bands involved the systemswith engineered symmetries and
couplings that are short-ranged either in real space [12] or
Fourier space [13], being described by the tight-binding
models or coupled-mode theories. However, recent dem-
onstrations of electronic and photonic moiré superlattices
revealed that the flatbandsmay emerge fromparameter fine-
tuning in more general settings involving interactions
between many states in lattices with complex unit cells
[14–21]. While the physics of flatbands remains an open
question beyond the short-range coupling approximation,
minimal effective tight-binding models developed for
magic angle bilayer graphene suggest that fine-tuned
coupling between strongly and weakly localized states

may play an important role [22,23], in contrast to short-
range interaction that typically destroys the flatbands.
We notice that couplings between states of very different

nature occur routinely in photonics; while electronic
systems described by the Schrödinger equation support
localized negative energy bound states, light waves always
have a positive energy and thus generally couple to
radiation channels supported by the surrounding environ-
ment. Multipole-based models offer a powerful approach
for faithfully describing couplings between localized and
radiation states [24–27], taking into account the anisotropy
of near-field scattering, coupling and interference between
different scattering multipole orders, and all the radiation
channels in the surrounding three-dimensional (3D) envi-
ronment. However, these effects are expected to spoil the
fine-tuned wave interference leading to flatbands in simpler
effective models.
In this Letter, we employ the multipole Mie scattering to

demonstrate the emergence of photonic flatbands due to
fine-tuning of interaction in a simple one-dimensional (1D)
chain of high-index dielectric nanoparticles. Multiple
scattering theory (MST) plays a crucial role in many funda-
mental wave phenomena, such as the Anderson localization
of electrons and light [28]. The MST approach allows
one to identify flatbands emerging as exact solutions to
Maxwell’s equations and study how their hybridization
with electronic hot spot modes can lead to giant enhance-
ment of the Purcell factor for electronic dipolar emitters
[29]. We find that coupling between different multipoles,
which is typically considered in the context of short-range
interactions [30–32], also has a significant role in shaping
the radiative losses [29,33,34]. Most photonic flatbands
have been based on fine-tuned couplings between different
sublattices of resonators designed using tight-binding
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models [5]; our MST shows how flatband physics can
emerge in much broader classes of resonator lattices due to
competition between near- and far-field coupling.
Model.—We consider the interaction between a z-oriented

electric dipolar emitterSED withdipolemomentμ anda linear
chain of identical silicon spheres with refractive index 3.5,
radius 210 nm, and separation G embedded in vacuum,
shown inFig. 1. These parameters ensure thephotonicmodes
of interest fall within the near-infrared frequency range,
which is relevant for various scientific and technological
applications [35]. We expand the field scattered by the uth
sphere positioned at ru as a series of electric multipole fields
Nl;m [29,36]

EuðrÞ ¼
XLu

l¼1

pðuÞ
l;0Nl;0ðk½r − ru�Þ; ð1Þ

where the required truncation order Lu depends on the
vacuum wave number k and the spheres’ radius; here
Lu ¼ 10 is sufficient to obtain good agreement with a direct
numerical solutionofMaxwell’s equations (Lumerical FDTD)
[37]. Note that due to the axial symmetry the source excites
only the m ¼ 0 electric multipole modes.
In the multiple Mie scattering theory the interaction

between the dipolar emitter and the spheres, as well as the
coupling between the spheres’ scattering multipole expan-
sion coefficients (MECs) is described by

pðnÞ
l0;0¼ aðnÞl0

�
A1;0
l0;0ðOOn

��!Þμþ
X

u≠n

XLu

l¼1

Al;0
l0;0ðOuOn

���!ÞpðuÞ
l;0

�
; ð2Þ

where Al;0
l0;0ðOuOn

���!Þ translates the multipole field of Nl;0

from the uth sphere into the incident field approaching the
nth sphere [29]. Equation (2) accounts for both the short-
range (u ¼ n� 1) and long-range couplings (u ≠ n� 1)
between the multiple scattering fields; it also includes the
off-diagonal coupling between different multipolar orders,
i.e., l0 ≠ l. Implicitly, Eq. (2) also accounts for the coupling
between the near field and the fields of an extensive number

of radiation channels supported by the 3D vacuum, since
each multipole term Nl;0 contributes to the far field [33].
After solving Eq. (2) to obtain the individual spheres’

MECs pðuÞ
l;0 , the far field can be obtained by summing the

source field and the scattering fields from the spheres and
performing a multipolar expansion of order Ltot about the
origin using the vector addition theorem [29,38,39]

EtotðrÞ ¼
XLtot

l¼1

αl;0Nl;0ðkrÞ; ð3Þ

where the eigenfunctions Nl;0 represent modes of the
Universe including the emitter, spheres, and their environ-
ment. The coefficients αl;0 implicitly take into account
interference between the dipole source and scattered fields.
The enhancement of the local density of states (LDOS) at
SED provided by the modes of Eq. (3) is described by the
Purcell factor

FP ¼ 1

2jμj2
XLtot

l¼1

lðlþ 1Þjαl;0j2; ð4Þ

which is given by the total power radiating into the far-field
P divided by the radiating power of an isolated SED source,
P0 ¼ cjμj2=ð4πÞ. Thus, after obtaining the field generated
by a dipolar source as a function of k by solving Eq. (2),
FPðkÞ can be computed using Eq. (4) to identify resonances
associated with excitations of the collective modes of the
chain of nanospheres.
Collective resonances.—Figures 2(a) and 2(b) present

the near-field distributions and FP spectrum of three
collective L1;2;3 resonances supported by a 30-sphere
chain and excited by an SED source located at the center
of the gap between the 7th and 8th spheres. Although the
near-field distributions may appear similar to Fabry-
Perot cavity modes [40,41], it is important to note that
the latter are due to propagating waves and only experience
radiative losses at the ends of their cavity, as observed in
nanowires [10,42]. In contrast, the radiative losses of the
three L1;2;3 resonances, described by Eq. (2), occur along
the entire chain, with the main contributors being the
scatterings by the middle spheres [37].
Figure 2(b) demonstrates the essential role of long-range

couplings in the physics of collective resonances. The exact
MST model, incorporating both short- and long-range
couplings as described in Eq. (2), reveals three resonant
peaks around the wavelength of 1000 nm. In contrast, the
blue line, representing short-range coupling alone, fails
to capture the manifestation of collective resonances.
Equation (2) with the omission of long-range coupling
can be analogously viewed as a tight-binding model,
focusing solely on interactions between neighboring
spheres. Therefore, our findings may provide novel insights
into the results of similar models centered on the interaction

FIG. 1. Schematic of multipole Mie scattering for an electric
dipole SED interacting with a chain of dielectric spheres. The
flatband resonance and electric hot spot modes are inseparable
from the collective resonances and their far-field patterns.
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of nearest-neighbor particles [40,43]. Figure 2(b) also
shows the significant impact of the electric hot spot mode
on the LDOS, visible as a enhancement of FP by more than
2 orders of magnitude even for off-resonant wavelengths.
The multiple Mie scattering theory highlights the critical

role played by both short- and long-range couplings in
nanophotonics. Our chain extends over tens of wavelengths
while maintaining a subwavelength period. As a result, the
short-range coupling primarily engages near-field inter-
actions, whereas the long-range coupling encompasses
interactions in the far-field domain, including radiation
losses. The interplay and competition between these near-
and far-field couplings emerge as pivotal elements contrib-
uting to the formation of collective resonances. Furthermore,
the off-diagonal couplings between different multipole
orders are also crucial to accurately describe the LDOS
enhancement [44–46].
Figure 2(c) shows the merging of the three collective

resonances, visually represented through their respective

peak FP values and corresponding wavelengths when fine-
tuning G. As we increase G from 0 to 1.5 nm, the chain
transitions into the supercavity regime, corresponding to a
crossing of the resonances; the L3 resonance merges with
and enhances the lifetime of the L2 resonance to become
even stronger than the L1 resonance [35]. The enhancement
of the L2 resonance comes at the cost of reducing the
lifetime of the L3 resonance, completely obscuring it for
G∈ ð1.5; 3.5Þ nm. The L2 resonance reaches its peak at
G ¼ 1.8 nm, where its FP is sixfold higher than that of the
L1 resonance [37].
The outstanding performance of the supercavity L2

resonance is well recognized within Feshbach’s theory
of overlapping resonances, which is described by a
coupled-channel Schrödinger equation. When two closed
channels couple to one open channel, a Friedrich-Wintgen
bound state in the continuum (BIC) supported by a finite
potential structure can be observed for anticrossing
modes [47–49]. The supercavity L2 resonance can be
considered similar to a Friedrich-Wintgen BIC because its
linewidth is much narrower at G¼ 1.8 nm (Δλ≈0.012 nm,
or equivalently a quality factor of Q ≈ 8.3 × 104) than at
G ¼ 0 nm (Δλ ≈ 0.22 nm, or Q ≈ 4.5 × 103). We also
observe a supercavityL1 resonance peaking atG¼3.225 nm
with Q ≈ 1.4 × 106, where the L2 resonance crosses into
the L1 resonance. In the supercavity regime, the multiple
scattering fields of the spheres interfere destructively at
distant locations while constructively enhancing at the
central spheres. This phenomenon results in a remarkable
near-field enhancement at the center accompanied by a
merging of scattering loss channels [35,37].
In contrast to the compact Friedrich-Wintgen BICs for

matter waves, which in theory have a vanishing linewidth,
light waves always have a positive energy and thus
practically couple to an extensive number of radiation
channels supported by the surrounding 3D vacuum, leading
to a nonzero linewidth (Δλ ≠ 0 nm). The Friedrich-
Wintgen BIC theory assumes that two closed channels
couple to one open channel, but this assumption is not valid
for photonic systems due to the presence of the extensive
number of radiation channels, approximated in terms of
a finite number of multipoles in multipole scattering
theory [33]. Feshbach’s theory shows that one can math-
ematically reduce open channels to one continuum; elimi-
nating an open channel results in an effective complex
potential with an imaginary part that accounts for the energy
loss associated with the eliminated open channel [47].
While Feshbach-type matter BICs facilitated by complex-
potential structures remain unexplored, we expect their
characteristics to be similar to our supercavity modes,
drawing from the analogy between matter and light waves
exhibiting positive energies [28].
We present the internal field and far-field characteristics

of the supercavity resonances in Fig. 3. The spheres’
internal fields can be expanded as a multipole series with

FIG. 2. Collective Mie resonances and their crossing regime.
(a) Electric near-field distributions of the three collective quadru-
pole resonances excited by a dipolar emitter in a 30-sphere chain
with the interparticle gap size G ¼ 0 nm. (b) The tight-binding
(TB) model, which considers short-range couplings only, fails to
capture the collective resonances present in the red line of the
exact multiple scattering theory (MST). (c) Crossing and dis-
appearance of the three collective L1;2;3 resonances from the fine-
tuning of G.
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coefficients ζðuÞl;0 , which are related to to the scattering

MECs pðuÞ
l;0 in Eq. (1) via ζðuÞl;0 ¼ pðuÞ

l;0 c
ðuÞ
l =aðuÞl , where aðuÞl

and cðuÞl are the Mie coefficients [50]. The collective
resonances are dominated by the internal electric quadru-
pole (EQ) coefficients.
Figure 3(a) presents the magnitude and phase of the EQ

coefficient representing the internal field of the 8th sphere
for the two cases of G ¼ 1.8 nm and G ¼ 3.225 nm. The
spectral profiles of the magnitude, which agree with the FP
evolution in Fig. 2(c), show that the crossing of the two L1;2

modes leads to the disappearance of the L2 mode at
G ¼ 3.225 nm. In contrast to the magnitude plots, the
phase plots always exhibit the signatures of all the three
L1;2;3 resonances. In the case of G ¼ 3.225 nm, the
disappearance of the L2 resonance manifests itself as a
strong phase fluctuation around the black L1 peak, resulting
in a small phase trough marked by the red P2. This
phenomenon is consistent with Feshbach’s theory of two
interfering resonances, where one resonance becomes
sharper and the other becomes more lossy. Additionally,
the phase jumps across the peaks in the spectral phase plots
are not exactly π, due to coupling to other multipoles [47].
At the enhancement and suppression points, the EQ
coefficient becomes real, causing the phase changes of 2π.
Figures 3(b) and 3(c) present the physics of the super-

cavity L1 resonance from a far-field perspective. Without
the resonance crossing (G ¼ 0 nm), the collective L1

resonance exhibits high radiative losses, as shown in

Fig. 3(b), which displays 27 circular fringes. Each fringe
may be understood as a separate scattering loss channel.
The far-field distribution of the supercavity L1 resonance in
Fig. 3(c) shows a reduced number of only 8 scattering loss
channels, giving improved light trapping efficiency com-
pared to the normal L1 resonance. Remarkably, this non-
vanishing far field of the supercavity resonance is also a
characteristic feature of Feshbach-type BICs–which
include the Friedrich-Wintgen BICs–in the context of
formal scattering theory [35,51].
Flatband resonance.—As the number of spheres is

increased, the chain transitions into a quasi-1D photonic
crystal (PC) [52–54]. Previous studies have shown that the
bandwidth of this type of PC corresponds to the spectral
range enclosing all the collective resonances of the same
Mie modes [10,37,55]. The spectral degeneracy of the three
collective L1;2;3 resonances to form the supercavity L1

resonance suggests that the associated PC bandwidth
vanishes, resulting in a flatband. To obtain a more accurate
estimation of the bandwidths of the associated PC we
consider chains of up to 100 spheres [10].
Figure 4(a) shows the dependence of the supercavity L1

resonance on the number of spheres, demonstrating the
convergence of its resonant wavelength and the correspond-
ing G toward 986 nm and 4.5 nm, respectively. This
suggests that a flatband of the PC with a period of
424.5 nm will occur at a single wavelength of 986 nm,
which is confirmed in Fig. 5. In finite chains, the flatband is
represented by the supercavity L1 resonance, which pro-
vides extreme enhancement of the LDOS as shown in
Fig. 4(b). For comparison, the Purcell factor FP for the case
of G ¼ 10 nm is also shown. The supercavity L1 reso-
nances provide much larger enhancement compared to the
normal L1 resonances. For the chain of 100 spheres, the
supercavity resonance has a Q factor of 6.6 × 109 and a
giant FP factor of > 1010. Such high FP and Q values are
useful for quantum networks [7], on-chip quantum light
sources [9], and on-chip nanolasers [10].

(a)

(b) (c)(b) (c)

FIG. 3. (a) Magnitude and phase of the EQ coefficient ζð8Þ2;0 for
the two cases of G ¼ 1.8 nm and G ¼ 3.225 nm. Far-field
patterns of the L1 resonance for the two cases of G ¼ 0 nm
(b) and G ¼ 3.225 nm (c) show the merging of the scattering
channels.

(a) (b)

FIG. 4. Dependence of the supercavity L1 resonance on the
number of spheres. (a) The optimal gap and its associated
wavelength of the mode converge to G ¼ 4.5 nm and
λ ¼ 986 nm, respectively. (b) Purcell factor in logarithmic scale.
Two plots associating with the supercavity L1 resonance (optimal
G) and the normal L1 resonance at G ¼ 10 nm are presented for
comparison.
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Figure 5 displays the band structure of the quasi-1D PC
for three different gap sizes obtained from a numerical
solution of Maxwell’s equations [10]. Intriguingly, these
PC bands can also be derived from a multipole expansion
approach concerning the Bloch waves supported by infinite
arrays of high-index spheres, where the long-range cou-
pling is accounted for [25]. However, we note that Bloch
waves fall short in comprehensively representing both
propagating and standing waves within finite arrays of
spheres [37]. All three bands in Fig. 5 are situated below the
light line, which characterizes them as guided PC modes. A
remarkably flat band appears at λ¼ 986 nm forG¼ 4.5 nm,
or equivalently a ¼ 424.5 nm. The other two bands, with
G ¼ 0 nm and G ¼ 10 nm, have bandwidths of 6 and
5 nm, respectively. The positions of the two band edge L1

modes for G ¼ 0 nm and G ¼ 10 nm, relative to their
bands, reflect the crossing of the collective Mie resonances,
as presented in Fig. 2(c). This confirms that the origin of the
Bloch flatband at λ ¼ 986 nm is due to the degeneracy of
the collective resonances. In the PC context, since the
flatband is situated below the light line, its origin is the
degeneracy of a continuum of guided PC modes achieved
via fine-tuning. While conventional wisdom expects the
Bloch flatband to decouple from the far-field region, here
the flatband forms a resonance with a large but finite Q
factor. This phenomenon is similar to photonic flatband
resonances above the light line, as discussed in [11].
Therefore, the multiple scattering theory provides a power-
ful framework for probing flatband physics from both PC
and scattering perspectives.
Conclusions.—We have elucidated the origin of the

flatband resonances in themultiplemultipoleMie scattering,
and have demonstrated that they arise from a degeneracy of
the collective resonances. Hybridizing the flatband reso-
nance with an electric hot spot mode can lead to a giant
enhancement of the Purcell factor of an electric dipolar
emitter. Our findings not only shed light on the physics of
other flatband systems, including those based on moiré
structures [16,56], but also suggest a smart optimization of
nanophotonic quantum devices. Our multiple multipole

scattering approach is applicable to cavities of arbitrary
shapes, and it offers a powerful semianalytical approach for
the study of the quantum interaction between nanostructures
and multipolar emitters [57]. Each multipole mode can
also serve as a quasinormal mode for the second quantiza-
tion of the electromagnetic field in a nanophotonic system
[44–46,58,59], providing a node in a quantum network [60].
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