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Abstract 
Fracture tests using notched micro-cantilever (MC) specimens are increasingly being 
used to measure the fracture toughness of materials at the micro-scale. Detailed finite 
element analyses (FEAs) of loading of self-similar micro- and bulk cantilever 
beam fracture specimens using isotropic, elastoplastic constitutive models, are conducted 
to critically examine the validity of the toughness data obtained using MC specimens. 
From the simulated normalized load versus load point displacement and the 
corresponding normalized energy release rate versus load curves, the transition of the 
failure regimes from crack propagation to plastic collapse of the uncracked notch 
ligament are identified. While the crack propagation regime allows for the estimation of 
valid fracture toughness of the probed material, the plastic collapse regime does not. The 
effects of specimen aspect ratios, material hardening, and yield criteria on the master 
curves and transition point are examined. A method to interpret the failure regimes, 
assess the validity and size effects in micro-cantilever fracture tests is proposed. An 
expression is derived for the minimum size requirements of MC fracture specimens in 
order to get a valid fracture test. The data reported in the literature from fracture tests 
on bulk metallic glasses, nano-crystalline materials and ultra-fine grained materials are 
assessed using the proposed methodology. The present work has important implications 
for specimen design, interpretation of failure regimes, and potential size effects in MC 
fracture tests. 
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1. Introduction 
Evaluation of mechanical properties of materials at nanometer to micron scale is an 
active area of research. This is mainly driven by the following two factors: (a) continued 
miniaturization of devices, and (b) the desire to connect the micro-scale material 
properties to the macroscale component performance. The latter aspect is complemented 
by the substantial advances in the computational tools and power over the past two-three 
decades. Property characterization of ‘small volume’ materials is facilitated by the advent 
of techniques such as nanoindentation and micro-pillar 
compression [1], [2], [3], [4], [5], [6], [7]. Through these, the size effects in several 
different materials, i.e., their mechanical properties at the small (micro/nano) scale, were 
investigated. It was often reported that the properties at the small length scales are 
substantially different from those at the bulk (mm or larger) scale [8,9]. Recently, the 
‘micro-cantilever fracture (MCF) test’ [5] was extensively used for evaluating the mode 
I fracture toughness, KIc, at the microscale. In it, a micro-scale cantilever beam (MCB) of 
rectangular cross-section containing a small pre-crack near the fixed end is fabricated 
by focused ion beam (FIB) milling. Then, a nanoindenter with a sphero-conical tip is used 
to load the free end of the cantilever quasi-statically until the beam fractures. The load (P) 
versus load-point-displacement (δ) history is recorded and the peak failure load (Pmax) 
sustained by the specimen is used to estimate KIc of the material at the micro-scale. 

Recently, Sorensen et al. [9] used MCF tests and reported KIc of Vitreloy 105 bulk metallic 
glass (BMG) at the microscale to be ∼9.03 MPam, which is an order-of-magnitude smaller 
than the value of ∼95.22 MPam reported by Raut et al. [8] for the same BMG in bulk. 
Sorensen et al. [9] termed KIc they measured as the ‘intrinsic toughness’ of the material 



and attributed its significantly small value to the size effect. However, a detailed 
mechanistic rationale for such a size effect was not provided. It is worth noting here that 
the size effects in Zr-based BMGs are only reported at 
the nanoscale [3,[10], [11], [12], [13], [14], [15]] —that too only for strength and 
plasticity—and not at the microscale. Observation of significant blunting of the notch 
tip and the spread of plastic zone all the way to the outer boundary of the specimen (see 
Fig. 6 of Sorensen et al. [9] paper) suggests that the specimen potentially failed due to 
plastic collapse of the uncracked ligament. This raises questions about the validity 
of KIc estimated from the MCF tests because fracture due to crack propagation might not 
have occured. Such a possibility of failure of MCF specimens through plasticization of the 
entire uncracked ligament also exists for other ductile and quasi-brittle materials. (Aside, 
it is worth noting that the confirmation of the mode of failure of a MCF specimen in actual 
tests is not always possible due to the difficulty in conducting direct in situ observations 
of the deformation, crack initiation, and growth to eventual failure.). 

The following larger scientific issue, which encompasses the utility of fracture 
mechanics (FM), is at stake in using MCF specimens for evaluating KIc. The success of FM 
in design of engineering components with assured structural integrity lies in the principal 
concept of similitude. It states that the the stress, strain, and displacement fields ahead 
of a crack tip are uniquely described by the stress intensity factor, i.e., the fields would be 
independent of the applied load, crack length, and specimen geometry. This allows for 
using KIc measured on a coupon in the laboratory to be utilized for much larger structures 
(for example). For similitude to hold, either K- or J-dominance conditions (for linear 
elastic and elasto-plastic FM, respectively) must be satisfied. If not, the 
measured KIc or Jc values would not truly represent the intrinsic fracture resistances of the 
probed material and hence can not be used in engineering design. Does KIc (or Jc) 
estimated using MCF specimens meet such conditions for different kinds of elasto-plastic 
materials is a question that has not been looked into critically yet. In the light of the above, 
detailed finite element (FE) analyses of notched micro- and bulk-cantilever beam 
specimens (made of BMGs as well as nanocrystalline (NC) and ultra-fine grained (UFG) 
alloys) is performed. We considered the two possible regimes of failure that a MCF test 
specimen could experience and on that basis suggest as to how to mechanistically 
interpret the validity of the test results. On that basis, some guidelines that researchers 
can follow for design of specimens for a valid MCF test are proposed. 

  



2. Constitutive models and analysis aspects 
The following three different material models are considered in this study: (1) an elastic-
perfectly plastic material that yields according to the von Mises [16] (VM) yield criterion 
(YC), (2) a work hardening solid that yields according to VM YC and strain hardens 
according to the Ramberg-Osgood hardening [17] (ROH) relationship, and (3) a material 
that obeys the Mohr-Coulomb (MC) based Anand and Su [18] elastic-
viscoplastic deformation model. These are briefly described below. In all the cases, the 
materials are isotropic because BMGs, NC and UFG materials considered in this study are 
isotropic, both at the micro- and macro-length scales. 

The VM YC is given by the following relationship [16]: 
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where, σij is the Cauchy stress tensor and σy is the yield strength. For the cases in which 
the solid work hardens, the nonlinear hardening response given by the ROH model 
(Walter and Osgood) [17] is used for capturing the plastic flow behavior: 
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where, ε¯is the total effective strain, σ¯ the VM effective stress, E is the Young's modulus, 
σyo is the initial yield strength, α is a coefficient given by α=0.002×(E/σyo),and n is the 
strain hardening exponent. Note that larger the value of n, smaller is the degree of strain 
hardening (as n → ∞, the model tends towards elastic-perfectly plastic response). In the 
present study, E and the Poisson's ratio, ν, are assumed to be 85.6 GPa, and 0.38, 
respectively [9], while the yield strength in tension, σyt, is assumed to be 1.87 GPa [8]. 
Various values of n (= 5, 10, and 20) are considered to explore the effect of different 
degrees of strain hardening. 

Unlike crystalline metals and alloys, BMGs exhibit pressure-sensitive or normal-stress 
sensitive yield behavior [1,[19], [20], [21]]. Although the degree of pressure sensitivity in 
them is small, as compared to some other materials such as amorphous polymers, soil 
and clay, BMGs are found to obey the MC YC [1,[20], [21], [22], [23]]. On that basis, 
Anand and Su [18] proposed a MC based finite deformation constitutive model, which is 
applicable for elastic-viscoplastic, pressure-sensitive, and plastically dilatant 
isotropic amorphous materials undergoing finite deformations. In it, yielding due to 
shearing occurs at θ=±(45+ϕ/2)0 from the principal directions of stress, where ϕ is the 
angle of internal friction. ϕ = 0° corresponds to the Tresca YC. The Anand and 
Su [18] constitutive model was reformulated and implemented in an implicit numerical 
integration procedure by Tandaiya et al. [24] by writing a user material subroutine 
(UMAT) in ABAQUS/Standard FE program (see Refs. 
[8,18,[24], [25], [26], [27], [28], [29], [30]] for further details on this model and its 
implementation). Important material parameters in this model are β(>0) that defines the 
plastically dilatant behavior, cohesion (c), the MC friction parameter (μ), and the strain 
rate sensitivity parameter (m). As m → 0, the response becomes rate-independent. This 
model has been shown to be successful in capturing the response of BMGs under a variety 



of loading conditions such as tension, compression, bending, indentation, and fracture 
[8,18,24,25,[28], [29], [30], [31], [32]]. 

For the simulations using the Anand and Su [18] model in the present study, Vitreloy 105 
BMG's material parameters, listed in Table S1 of the Supplementary Information (SI), are 
used [8,9]. They were chosen to ensure that the simulated 𝜎௬

௧  and the yield strength in 
uniaxial compression, 𝜎௬

௖, agree with the experimental data. The material parameter c is 
defined as the yield strength in pure shear, and its initial value, c0, is taken as 980 MPa. 
Significant strain softening is not observed for Vitreloy 105, hence, b is taken as 0, which 
results in c0 = ccv = 980 MPa [8]. A very small value of m = 0.02 is chosen to ensure an 
almost rate-independent response because BMGs tend to be rate-insensitive at room 
temperature [2,18]. It is expected that the rate of dilatation in tension is higher than that 
in compression. Hence, as in Anand and Su [18], g0(T) in tension is taken higher than that 
in compression, g0(C), and their values are 0.4 and 0.04, respectively. Various values 
of µ = 0, 0.008, and 0.05 are considered, based on experiments reported in literature 
[29,[33], [34], [35], [36]]. A non-zero value of µ leads to tension-compression asymmetry 
in the yield strength of BMGs while µ = 0 leads to the Tresca YC. 

Two-dimensional (2D) plane strain FE analyses (FEAs) of self-similar notched cantilever 
beam (CB) specimens, schematic drawing of which is displayed in Fig. S1 of SI, are 
performed. Both micro- and bulk- CB specimens were considered for the simulations. The 
former's dimensions (load arm length, l = 11.5 µm, width, w = 7.5 µm, thickness, t = 6 µm, 
crack length, a = 2.25 µm, uncracked ligament length, b = 5.25 µm, and notch 
root diameter, d = 60 nm) are the same as the ones used in the experiments of Sorensen 
et al. [9] and are similar to those used by many researchers in their experiments 
[9,[37], [38], [39], [40]]. A thousand-fold scaled up version 
(l = 11.5 mm, w = 7.5 mm, t = 6 mm, a = 2.25 mm, b = 5.25 mm, and d = 60 µm) is 
simulated to represent the bulk CB specimen. Furthermore, simulations on 
the MCB specimens with various aspect ratios (t/w = 0.8, 1.2, 1.6, l/w = 1.5, 2.3, 3.1, 
and a/w = 0.2, 0.3, 0.5) are performed to investigate the effect of geometric 
parameters on the mechanical response of the specimens. 

The FE mesh used in the simulations and the magnified view in the region close to 
the notch tip are displayed in Fig. S2 of SI. The specimen geometry is discretized using 
continuum 2D plane strain finite elements, labeled CPE4H and available in ABAQUS. 
This hybrid element is used to alleviate the mesh locking effects due to plastic 
incompressibility. The mesh consists of a total of 42,318 elements with 32 elements 
provided along the semi-circumference of the notch root. A fine mesh is employed in the 
region close to the notch tip so as to accurately capture the stress gradients and shear 
bands in it. A mesh convergence study has been performed, and accordingly the size of 
the elements is decided such that the results obtained are mesh insensitive. 

Nodes on the specimen's left and bottom surfaces (see Fig. S2 of SI) are constrained in all 
the degrees of freedom to represent the fixed boundary conditions of the bulk material 
from which the MCB specimens are machined in the experiments. Downward 
displacements of 4 µm and 4 mm at the rates of 20 nms−1 and 20 μm s−1 are applied at a 
distance l from the notch plane towards the free end in the micro- and bulk-CB specimens, 
respectively, such that quasi-static loading conditions are maintained. The energy release 
rate for nonlinear elastoplastic materials, J, is calculated using the domain integral 



formulation available in ABAQUS. A sufficiently large domain that envelops the plastic 
zone surrounding the notch tip completely is employed for this purpose. 

  



3. Results 

3.1. Normalization scheme 
The P versus δ and J versus P responses of micro- and bulk- CB specimens (a/w = 0.3) 
made up of elastic-perfectly plastic material are displayed in Fig. S3 of SI. In both 
cases, P increases linearly with δ, for up to ∼4.66×10−3 N and ∼4.66×103 N, respectively. 
Corresponding values of maximum radius of the crack tip plastic zone, rp, at 
maximum P within the linear regime, Pmaxlinear, are ∼0.256μm and ∼0.256mm, 
respectively. Note that t, w, and l of the specimens are ≥ 20rp in both the cases at this 
juncture. On further loading, the size of the plastic zone becomes substantial, and the P-
δ responses becomes nonlinear. The slopes of the P-δ curves eventually become 0 
at ∼8.26×10−3 N and ∼8.26×103 N for micro- and bulk CB specimens, respectively. This 
corresponds to plastification of the whole uncracked ligament (which will be discussed 
later). 

Under the small scale yielding (SSY) conditions, the quadratic dependence 
of J on P results in nonlinearity in the J-P response (see Fig. S3(c) and S3(d) of 
SI). J within the linear regime of the P-δ curve increases slowly first. Following large scale 
yielding, J increases abruptly and leads to an infinite slope in the J-P curve, due to the 
plastification of the whole uncracked ligament. Since the CB specimens subjected to 
fracture under the mode I configuration experience bending, the following dimensionless 
normalized parameters, which are based on the Euler-Bernoulli beam theory [41], are 
used in order to bring the responses of micro- and bulk- CB specimens on to a common 
ground: load P¯=P/Py, J-integral J¯=J/( 𝜎௬

௧ ×l), and load point 
displacement δ¯=δ/l. Py =(t×b2× 𝜎௬

௧ )/(6×l). Physically, Py is the load required to cause 
yielding in a defect free CB having width b and the same t and l as the notched CB, while 
δ/l signifies the rotation angle of the beam. Plots of P¯ versus δ¯ and J¯ versus P¯ for 
micro- and bulk CB specimens are displayed in Fig. 1. Complete overlap of the normalized 
responses of micro- and bulk-CB specimens is noted, which validates the normalization 
scheme employed here. 
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Fig. 1. Normalized (a) P versus δ and (b) J versus P curves of micro- and bulk-CB 
specimens (a/w = 0.3) made of elastic-perfectly plastic material. The vertical line in (a) 
and the horizontal line in (b) dilineate the transition in the failure regime from fracture 
to plastic collapse. 

 

To calculate the effective l of other types of notched bend specimens used in experiments 
that are reported in literature (such as three-point and four-point bend specimens), the 
moments at their notch planes are divided by P, such that their results can be compared 
with those of the notched MCB specimens. This methodology enables us to convert the 
experimental data obtained on other types of bend specimens and reported in literature 
to an equivalent CB specimen. 

3.2. Failure mechanisms/regimes in MCF tests 
The P¯−δ¯ and J¯−P¯ responses of the CB specimens can be portioned into two distinct 
regions using horizontal and vertical lines, respectively, as illustrated in Fig. 1. They both 
correspond to the onset of plastic hinge formation in the uncracked ligament of the 
notched cantilever specimens. The region to the left of the vertical line in the P¯−δ¯ curve 
in Fig. 1(a) (or that below the horizontal line in the J¯−P¯ curve in Fig. 1(b)) corresponds 
to the failure mechanism involving fracture by crack propagation, which is desired in the 
context of testing for fracture. The region to the right of the vertical line (or above the 
horizontal line) corresponds to failure by plastic hinge formation followed by plastic 



collapse of the specimen, which is not ideal from the fracture toughness testing 
perspective as the crack does not propagate. 

Experimental J values corresponding to the failure of micro- and bulk-
CB BMG specimens taken from literature [8,9] are marked on the J¯−P¯ curve displayed 
in Fig. 1(b). The corresponding P¯ values are used to mark the failure points on 
the P¯−δ¯ curve in Fig. 1(a). Red and blue stars in the 
normalized P¯−δ¯ and J¯−P¯ curves show the failure points of the micro- [9] and 
bulk- [8] CB specimens, respectively. They lie to the left and right sides of the line 
delineating the fracture regime in the P¯−δ¯ curve, respectively. 

Contour plot of equivalent plastic strain (PEEQ) obtained from the elastic–perfectly 
plastic FE simulation of the CB specimen corresponding to a/w = 0.3 at failure point of 
the bulk specimen (blue star symbol in Fig. 1), at the onset of plastic hinge formation 
(vertical line), and at failure point of the MCB specimen (red star symbol in Fig. 1) are 
displayed in Fig. 2 (a), (b), and (c), respectively. Initially, in both the CB 
specimens, plastic deformation occurs around the notch tip and at the bottom of the 
specimens. At the point of failure, the plastic zone size (rp≤(1/25)×(a,w,l)) in the bulk CB 
specimen remains small (see Fig. 2(a)). In contrast, the plastic zones grow and link up 
upon further loading in the MCB specimen (see Fig. 2(b)). The eventual failure of the 
MCB specimen occurs because of plastification of the whole uncracked ligament leading 
to plastic collapse. 
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Fig. 2. Contour plots of equivalent plastic strain (PEEQ) (a) at failure point of the bulk 
specimen (corresponding to Raut et al. [8], blue star in Fig. 1), (b) at failure regime 
transition point marked by the vertical line in Fig. 1a, and (c) at failure point of the MCB 



specimen (corresponding to Sorensen et al. [9], red star in Fig. 1) corresponding to plastic 
collapse. 

 

3.3. Effect of geometric parameters on the P¯−δ¯ and J¯−P¯ curves 
 
The effect of various geometric parameters such as t/w, a/w, and l/w, which define the 
aspect ratio of the MCB specimens, on the mode I fracture response of the CB specimens 
made up of an elastic-perfectly plastic material is investigated next. For this, t/w values 
of 0.8, 1.2, and 1.6 were considered, where t is changed according to the 
required t/w ratio while keeping other geometrical parameters constant. 
The P¯−δ¯ and J¯−P¯ curves for various t/w are displayed in Fig. S4(a) and (d) of SI, 
respectively. For all the specimens, the simulated responses coincide, and are exactly like 
those displayed in Fig. 1 (a) and (b).This is because Py, which is used to normalize P, 
contains t. Recall that J is defined as the energy released per unit increase in fracture 
surface area (Δa×t) [42]. Thus, the effect of t on J is also eliminated, which results in 
overlapping J¯−P¯ curves. Yellow star symbols in Fig. S4 of SI correspond to the onset of 
plastic hinge formation. Contour plots of PEEQ at the failure (δ¯= 0.35) of MCB 
specimens corresponding to t/w = 0.8, 1.2, and 1.6 are displayed in Fig. S5(a), (b), and (c) 
of SI, respectively. It can be noted that t does not affect the contour plots of PEEQ at the 
same normalized δ¯. 

Next, FEAs of MCB specimens having various crack length to width ratios, a/w = 0.2, 0.3, 
and 0.5 are carried out. In these simulations, the specimen's crack length a is varied such 
that the desired a/w is obtained and the other dimensions are kept the same as in the 
reference specimen. Resultant P¯−δ¯ and J¯−P¯ curves corresponding to a/w = 0.2, 0.3, 
and 0.5 are displayed in Fig. S4(b) and (e) of SI, respectively. These plots broadly 
resemble those presented in Fig. 1. A notable observation is that the slope of 
the P¯−δ¯ curve in the linear regime increases with an increase in a/w. Thus, it appears 
that the stiffness of the specimen increases with the a/w ratio. This trend appears to be 
counter-intuitive prima facie. However, the dependence of the normalization load, Py to 
the square of the uncracked ligament length (b2) can be used to explain it. An increase 
in a, at a fixed w, decreases b and leads to a decrease in Py, which in turn leads to an 
increase in P¯ for the same δ¯.On further loading, the P¯−δ¯ curve deviates from linearity 
due to significant plastic deformation (where 20rp≥t,w,l). Thus, different a/w ratios 
result in a family of P¯−δ¯ and J¯−P¯ curves. Star symbols on these curves represent the 
points corresponding to onset of plastic hinge formation. It occurs at δ¯ = 0.25 and 0.19 
for a/w = 0.3 and 0.5, respectively, while the corresponding P¯ is the same. Plastic hinge 
formation is not observed for a/w = 0.2 specimen, which is discussed later. The slope of 
the P¯−δ¯ curve for a/w = 0.3 specimen becomes 0 immediately after the plastic hinge 
formation. After the plastic hinge formation in a/w = 0.3 specimen, slope of 
the J¯−P¯ curve becomes infinity. However, the same is observed in a/w = 0.5 specimen 
after a significant drop in P¯. Overall, J¯ corresponding to plastic hinge formation 
decreases with increase in a/w. 

Contour plots of PEEQ for a/w = 0.2, 0.3, and 0.5 are displayed in Fig. S5 (d), (e), and (f) 
of SI, respectively. Initially plastic deformation is observed around the notch root and at 



the bottom of the beam. On further loading, both the regions undergoing plastic 
deformation linkup and lead to failure of a/w = 0.3, and 0.5 specimens. Also, in these two 
cases, it is observed that the plastic deformation localizes in the uncracked ligament with 
increase in a/w. However, linking of regions undergoing the plastic deformation is not 
observed in the a/w = 0.2 specimen. In this particular case, it is noted that the left lobe 
of the plastic zone near the notch tip links up with the plastic zone emanating from the 
tensile side of the root of the CB specimen while the uncracked ligament does not become 
fully plastic. 

It is observed in our simulations that δ¯ corresponding to plastic hinge formation 
decreases with increasing a/w. Thus, beams having smaller b, or those having higher a/w, 
plastify sooner than those with bigger b because the size of the region that needs to 
undergo plastic deformation for full plastification of the ligament is smaller in the former. 

The P¯−δ¯ and J¯−P¯ curves of MCB specimens corresponding to l/w = 1.5, 2.3, and 3.1 
are displayed in Fig. S4(c), and (f) of SI, respectively. The P¯−δ¯ curves for l/w = 2.3, and 
3.1 almost overlap within the elastic regime. On further loading they deviate from 
linearity due to significant plastic deformation and lead to plastic hinge formation 
(indicated by the star symbols on the plots) which eventually cause the failure of the 
specimens. Thus, different l/w ratios result in a family of P¯−δ¯ and J¯−P¯ curves. 
However, plastic hinge formation for all MCB specimens occurs at a similar δ¯ of 0.23 
and J¯ of 0.03, irrespective of the l/w. 

Contour plots of PEEQ for l/w = 1.5, 2.3, and 3.1 are displayed in Fig. S5(g), (h), and (i) 
of SI, respectively. Similar to other MCB specimens, region near the notch root and the 
bottom of the beam undergo plastic deformation. The right lobe of the plastic zone near 
the notch tip links up with the plastic zone at the bottom of the beam to form a plastic 
hinge and cause the failure of the beam due to plastic collapse. The contour plots of PEEQ 
in the region undergoing plastic deformation in all the cases are almost similar at the 
same normalized load point displacement δ/l = 0.35 (see Fig. S5(g), (h), and (i) of SI) 
corresponding to impending plastic collapse. 

The effect of geometric parameters on the responses of MCB specimens can be 
summarized as follows. The P¯−δ¯ and J¯−P¯ curves are independent of the thickness of 
the specimen. Effect of l/w on specimen responses is not significantly different for 
specimens with l/w≥2.3. Different a/w and l/w ratios result in a family 
of P¯−δ¯ and J¯−P¯ curves. 

3.4. Effect of material hardening on the P¯−δ¯ and J¯−P¯ curves 
The effect of strain hardening exponent, n, on the mechanical response of the MCF 
specimens made up of a material obeying ROH relationship is investigated next. 
While Fig. 3(a) shows the true stress-strain (σ-ε) responses of the material with different 
values of n, the P¯−δ¯ and J¯−P¯ responses of the MCB specimens are displayed 
in Fig. 3(b) and (c), respectively. In all the P¯−δ¯ curves, nonlinearity starts at δ¯ = 0.1, 
once significant plastic deformation sets in. While the slope of the P¯−δ¯ response of the 
elastic-perfectly plastic material becomes 0 when the whole ligament plastifies, those for 
ROH materials harden; the extent of hardening depends on n. Star symbols on the curves 
indicate the onset of plastic hinge formation. As seen, the 
corresponding δ¯ and P¯ increase with a decrease in n. The J¯ - P¯ curves, which are 



identical within the linear regime of P¯−δ¯ curve, diverge within the plastic regime with 
the slope of the J¯−P¯ curves decreasing with increasing degree of strain hardening 
(decreasing n). But, J¯ corresponding to the onset of plastic hinge formation increases 
with increasing degree of strain hardening. This implies that if the specimen fails due to 
plastic hinge formation leading to plastic collapse, it can withstand higher load, provided 
the material undergoes greater degree of strain hardening. 
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Fig. 3. (a) True stress versus true strain (σ-ε), (b) P¯−δ¯, and (c) J¯−P¯ curves for various 
values of ROH exponent, n. Star symbols indicate the transition in failure regime from 
fracture to plastic collapse. 

 

Contour plots of PEEQ on specimens in deformed configuration for n = 5, 10, 20, and 
elastic-perfectly plastic materials at δ¯ = 0.35 are displayed in Fig. 4. In all cases, the 
plastic zones develop ahead of the notch tip and the bottom of the CB specimen as 
discussed earlier. However, there are subtle differences in the plastic zones of specimens 
made up of materials undergoing different degrees of strain hardening. It is interesting to 
observe from Fig. 4(a)–(c) that for materials that undergo hardening (n = 5, 10, and 20), 
the top surface of the CB near its root under tension also undergoes plastic deformation 
and links up with the left lobe of the plastic zone near the notch root. The same is not 
observed for the elastic-perfectly plastic material. Alternately, the intensity of plastic 
strain in the plastic zones increases with decrease in the degree of hardening, which is 
along expected lines (see Fig. 4). Thus, the plastic strain is most localized in the specimen 
made up of the elastic-perfectly plastic material. 
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Fig. 4. Contour plots of PEEQ at impending plastic collapse (δ¯ = 0.35) for specimens 
made up of (a) n = 5, (b) n = 10, (c) n = 20, and (d) elastic–perfectly plastic materials. 

 

3.5. Effect of YC and material model on the P¯−δ¯ and J¯−P¯ responses 
 

In the preceding sections, we examined the response of MCB specimens made up of 
materials obeying the VM YC, exhibiting elastic-perfectly plastic response and strain 
hardening following the ROH equation. In this sub-section, we investigate the effect of 
choice of Tresca and MC YC on the response of MCF specimens. While the Tresca and VM 
YC are suitable for ductile, isotropic, polycrystalline elastoplastic materials such as nano-
crystalline and ultrafine grained materials, MC YC is suitable for isotropic, pressure 
sensitive materials such as metallic glasses. 

Tensile stress-strain (σ-ε) responses of BMGs using the Anand and Su [18] constitutive 
model corresponding to µ = 0, 0.008, and 0.05 are displayed in Fig. 5(a). Here µ = 0 
corresponds to the Tresca YC. All the σ-ε responses overlap within the linear regime 
because the same values of E and ν is used in all the simulations. Different σty are observed 
due to the use of different values of µ. σty of the material decreases with an increase 
in µ because of increased tension-compression asymmetry in strength. Beyond σty, ε 
increases for the constant value of σ as the response is assumed as elastic-perfectly plastic. 
In this work, we considered Vitreloy 105 BMG which does not show strain softening, 
although most of the amorphous alloys/BMGs are reported to exhibit strain softening 
[1,8,18,30]. 
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Fig. 5. (a) True tensile stress versus strain (σ-ε), (b) P¯−δ¯, and (c) J¯−P¯ curves for 
various values of the MC friction parameter, µ. Star symbols indicate the transition in 
failure regime from fracture to plastic collapse. 

 

The P¯−δ¯ and J¯−P¯ responses of MCF specimens obeying the MC based Anand and 
Su [18] model are displayed in Fig. 5(b) and (c), respectively. Again, the yellow star 
symbols on the curves indicate the onset of plastic hinge formation in individual cases. A 
small increase in the P¯ values corresponding to onset of plastic hinge formation with µ is 
noted. Also, a higher µ results in the BMG sustaining greater load up to failure. 

Contour plots of maximum principal logarithmic plastic strain (lnλ1p) for above cases 
at δ¯ = 0.35 are displayed in Fig. 6. In all cases, link up of the right lobe of the plastic zone 
near the notch tip with the bottom plastic zone leads to the plastification of the full 
ligament that results in failure of the sample. Plastic deformation progresses in the form 
of discrete shear bands. No prominent effect of µ on the deformation morphology could 
be seen. 
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Fig. 6. Contour plots of lnλ1p in specimens having (a) µ = 0, (b) µ = 0.008, and 
(c) µ = 0.05 at δ¯= 0.35. 

 

  



4. Discussion 

4.1. Validity of the MCF tests 
A MCF test could be invalid if it did not lead to crack propagation in the specimen. 
Therefore, and with reference to the P¯−δ¯ curve in Fig. 1(a), a MCF test would be valid 
if and only if the point at which the specimen fails lies to the left of the transition 
point (which is indicated by a vertical line in Fig. 1(a), and yellow star symbols in Figs. 
S4(a)–(c), 3(b), and 5(b)). In the crack propagation regime, it is observed from 
the contour plots of PEEQ and lnλ1p that the size of the plastic zone is small and it satisfies 
the SSY condition, which makes the stress intensity factor, KI, an appropriate fracture 
characterizing parameter. Alternatively, large scale yielding (LSY) would be applicable if 
SSY does not hold and the plastic zone size is large (as in the case of ductile elastoplastic 
solids). In such a scenario, J should be used as an appropriate fracture characterizing 
parameter. However, if the entire crack ligament undergoes plastic deformation forming 
a plastic hinge corresponding to a point beyond the transition point in the P¯−δ¯ curve, 
even J would not be a suitable fracture characterizing parameter as no J-dominant 
annulus surrounding the notch tip would exist. 

If, in a MCF experiment, fracture happens at an advanced stage of LSY when the ligament 
has formed a plastic hinge, then, J alone may not be able to characterize the near-tip fields 
and hence Jc would not be a valid measure of fracture toughness. In such cases, 
two parameter fracture theories such as J-Q theory [43] may need to be employed to 
characterize the crack tip fields. However, with extensive plastic deformation, even two-
parameter theories may breakdown and three parameter fracture mechanics theories 
such as J-A2-A4 theory [44,45] based on the asymptotic analysis of the crack tip field may 
be required. 

Formation of plastic hinge is followed by plastic collapse of the specimen at which ௗ௃¯

ୢ୔¯
 

→∞ as observed in Figs. 1(b), S4(d)–(f), 3(c) and 5(c). Thus, failure by plastic collapse 
may precede that by crack propagation. If this happens in a MCF specimen, it implies that 
fracture toughness of the material can not be measured with that specimen. In such a 
scenario, the values of J at which the specimen notionally fails would be lower than the 
actual fracture toughness Jc. Interpreting such lower J as the fracture toughness of the 
material being probed will, inevitably, lead to wrong conclusions about the size effects on 
fracture toughness of the material. It is observed from the available literature that many 
of the MCF specimens made up of ductile materials fail due to plastic collapse 
[9,38,46,47]. Such tests cannot be considered as valid fracture tests. 

One needs to ensure that they have a valid fracture test as evidenced from the direct 
observation of crack propagation before plastic collapse can set in. However, direct in 
situ observation of micro-cantilever specimen deformation and failure may be difficult. 
In the absence of such direct observations, excessive crack blunting and plastic hinge 
formation in the ligament and its subsequent rotation during the testing of ductile 
elastoplastic materials, may give an impression of crack propagation if one records only 
the P-δ response. One also needs to examine the failed MCB specimen to convince 
themselves of crack propagation in the specimen. 



An alternative approach to interpret the MCF test data is as follows. One can plot 
the P¯−δ¯ and J¯−P¯ curves for one's specimen based on FEAs of the MCF specimen and 
then mark the experimentally observed failure point of the specimen on those curves. If 
the failure point falls sufficiently to the left of the transition point, one can be assured of 
genuine fracture or failure by crack propagation. Then, the measured fracture toughness 
would be valid. And, if the measured fracture toughness is different from that measured 
from a bulk specimen, one could conclude positively about a possible size effect on 
fracture toughness. This would warrant an investigation into the change in fracture 
mechanism between bulk and micro-scale specimens. If, however, the failure point of the 
specimen happens to fall to the right of the transition point, it is highly likely that the 
failure of the specimen happened due to plastic collapse and the fracture test may not be 
valid. In such cases, one should refrain from concluding anything about the size effects or 
intrinsic fracture toughness of the material. The proposed criterion for validity of MCF 
tests is applicable not only for non-hardening materials but also for strain hardening and 
strain softening materials. 

4.2. Application of the proposed micro-cantilever failure regimes to 
BMGs 
In the light of the above results, the analysis performed by Sorensen et al. [9] and the 
interpretation of their experimental results are discussed below. We performed FEAs of 
loading of the MCB fracture specimen used in the work of Sorensen et al. [9] employing 
the MC based constitutive model of Anand and Su [18] with μ = 0.008 and geometric and 
other material parameter values mentioned in Section 2. The resulting 
normalized P¯−δ¯ and J¯−P¯ curves are displayed in Fig. 7. The P-δ curves and J at 
failure obtained using the simulation agree well with the reported experimental data of 
Sorensen et al. [9]. The failure point of the MCF specimens in Sorensen 
et al.’s [9] experiment is marked as filled green star symbol on 
the P¯−δ¯ and J¯−P¯ curves. As can be observed from Fig. 7(a), the failure point falls to 
the right of the transition point (indicated by the vertical line in Fig. 7(a)). This suggests 
that the MCB fracture specimens in Sorensen et al.’s [9] experiments failed not due to 
crack propagation but by plastic collapse. Indeed, extensive notch blunting and plastic 
hinge formation in the ligament upon plastic collapse can be clearly seen in the SEM 
images reported by Sorensen et al. [9] (see Fig. 8(a), which is reproduced with permission 
from Sorensen et al. [9]). Considerable plastic deformation around the notch and bottom 
of the beam in the form of shear bands, which is identical to what is predicted from the  
present FE simulations (see Fig. 6(b)), can be seen. 
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Fig. 7. Failure points of micro and bulk specimens marked on (a) P¯−δ¯ and 
(b) J¯−P¯ curves of CB specimens made of BMGs. The master curves are obtained from 
FE simulations using the MC based Anand and Su [18] model. The filled symbols 
correspond to the failure points of MCB specimens and other symbols correspond to the 
failure of bulk specimens. 
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Fig. 8. SEM images of the BMG specimens lying in the (a) failure due to plastic collapse 
regime [9], and (b) fracture due to crack propagation regime [48]. Reproduced with 
permission [65,66] from [9,48]. 

 

For their FEAs, Sorensen et al. [9] used VM YC and assumed exceptional hardening in 
Vitreloy 105 BMG with σyt increasing from initial value of 1950 to 3250 MPa at 0.005 
plastic strain. This was done, presumably, to obtain a match between the simulated and 
experimental P-δ curves. In doing so, they ignored the well established fact that most 
monolithic BMGs are pressure or normal stress sensitive and follow the MC YC 
[1,20,49,50]. More importantly, they do not undergo strain hardening but rather exhibit 
elastic-perfectly plastic or strain-softening behaviour [1,8,18]. Such deviations from the 
actual constitutive responses cannot be rationalized by recourse to size effects, since such 
effects are observed only at nm length scales [3,[10], [11], [12], [13], [14], [15]]. However, 
size effects are not expected in the experiments of Sorensen et al. [9], because 
their specimen dimensions are in the range of a few µm. 

A particular reason for the invalidity of the MCF tests in the context of BMGs is the 
following. Plasticity in BMGs at the micro- and macro-scales manifests through 
localization of flow. In the absence of a microstructure, unhindered propagagtion of ‘shear 
bands’ leads to the failure of the unnotched specimens in uniaxial tension. Upon 
propagating over a critical length, the shear bands become shear cracks. In the context of 
a notched specimen, shear band mediated ‘ductile’ fracture of a BMG is governed by the 
criterion that the propagating crack will become unstable only after a certain plastic strain 
is exceeded over a characteristic length scale [30]. The latter is often several tens of 



microns. Indeed, Tandaiya et al. [30] found that for Vitreloy-1 BMG stable crack 
growth occurs inside a dominant shear band ahead of the notch tip upto a characteristic 
length scale of ∼60 μm, beyond which crack propagates catastrophically. Furthermore, 
based on their FEAs and experiments, Tandaiya et al. [29] found that the fracture 
initiation in Vitreloy-1 BMG was very well predicted by attainment of a critical plastic 
strain of 0.1 over a critical distance of ∼60 μm from the notch tip. For the Vitreloy 105 
BMG examined by Sorensen et al. [9], this characteristic length scale is ∼80 μm as 
reported in Ruat et al. [8]. Since the uncracked ligament length in the experiments of 
Sorensen et al. [9] is smaller than this, the critical condition for shear bands to turn into 
unstable shear cracks is never attained. 

The applicability of the proposed MCF regimes to identify the validity of other fracture 
tests on BMGs, performed on both microscale as well as bulk specimens, reported in 
literature is explored next. Failure points taken from literature are mapped on 
the P¯−δ¯ and J¯−P¯ curves displayed in Fig. 7. All the failure points of the bulk 
specimens [8,30,[51], [52], [53]] lie to the left of the transition point in the regime 
implying fracture due to crack propagation and hence valid fracture toughness 
measurements. While the failure points of some MCF specimens [37], [38], [39] lie to the 
left of the transition point, others (such as that reported by [9,38,46]) lie to the right. A 
SEM image of the failed MCF specimen taken from Qu et al. [48] is displayed in Fig. 8(b). 
It can be noticed that the size of the plastic zone surrounding the crack tip is small and 
the specimen failed due to crack propagation, which indicates that this was a valid 
fracture test. 

4.3. Application to nanocrystalline and ultra fine grained materials 
The results reported in the present paper are not restricted to BMGs but can also be 
applied to other isotropic elastoplastic solids as well. We examine this possibility for 
nanocrystalline (NC) and ultra-fine grained (UFG) materials. (We do not consider coarse 
grained metals as the MCF specimens would be single crystalline in such cases. For brittle 
materials like ceramics and inorganic and non-metallic glasses, the fracture toughness 
values will be so low that the failure points would always lie to the left of the transition 
point, i.e., the MCF tests would be valid even when the specimen sizes are micron-scaled.) 
Failure points of the microscale [54], [55], [56], [57], [58] and bulk [59] NC 
alloy specimens taken from literature are plotted on the P¯−δ¯ and J¯−P¯ master curves 
of a MCF specimen subjected to mode I loading obtained from FE simulation, as displayed 
in Fig. 9. For generating these master curves, the material is assumed to be elastic-
perfectly plastic and obeys VM YC. (A log-log scale is used keeping the large range of 
reported values in mind.) As seen, all the failure points lie in the regime involving fracture 
due to crack propagation. Locations of the failure points suggest that these fracture tests 
are valid. A representative SEM image of a MCB specimen made up of a NC 
material (NbMoTaW), tested in mode I loading, and taken from Xiao et al.’s [55] work is 
displayed in Fig. 10. Negligible plastic deformation around the notch tip confirms the 
validity of the test performed. This is because NC alloys show limited ductility that results 
in small plastic zone sizes. 
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Fig. 9. Failure points of microscale and bulk specimens marked on (a) P¯−δ¯ and 
(b) J¯−P¯ curves of a MCB specimen made of nano-crystalline materials. The open 
symbols correspond to the failure points of bulk specimens and other symbols correspond 
to the failure of MCB specimens. 
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Fig. 10. A representative SEM image of a nanocrystalline MCB specimen tested in mode 
I. Reproduced with permission from [55]. Reproduced with permission [67] from [55]. 

 

Reported values of the failure points for the microscale as well as bulk UFG alloy 
specimens, assumed to be elastic-perfectly plastic and obeying VM YC, subjected to mode 
I loading conditions are plotted on P¯−δ¯ and J¯−P¯ curves in Fig. 11. Failure points of 
the bulk specimen [60] and some MCB specimens [47,61] lie in the crack propagation 
regime. However, the result of the MCB fracture tests performed by Issa et al. [47] on 
ultra-fine grained Chromium falls in the regime of failure due to plastic collapse. 
Representative SEM images of the failed specimens lying in the regimes of fracture due 
to crack propagation and failure due to plastic collapse are displayed in Fig. 12(a) and (b), 
respectively. These SEM images indicate that the former specimen has a smaller plastic 
zone size while the whole ligament is plastic for the latter specimen and is large enough 
to interact with the boundaries of the specimen such that the validity of fracture test is 
questionable. 
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Fig. 11. Failure points of micro-scale and bulk specimens marked on (a) P¯−δ¯ and 
(b) J¯−P¯ curves of MCB specimens made of ultra-fine grained materials. The open 
symbols correspond to the failure points of the bulk specimen and the filled symbols 
correspond to the failure points of MCB specimens. 
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Fig. 12. SEM images of the failed ultra-fine grained specimens lying in the (a) fracture due 
to crack propagation [61], and (b) failure due to plastic collapse regimes [47]. Reproduced 
with permission [68] from [61]. 

 

4.4. Design of MCF specimens for a valid fracture test 
The present set of results allow for making recommendations on the desired design (in 
particular, dimensions) of the MCF specimens in order to ensure valid fracture tests that 
yield meaningful fracture toughness data. For that, the failure point of the specimen 
should always be to the left of the transition point on the P¯−δ¯ curve. Let this transition 
point or the point of onset of plastic hinge formation be denoted by 𝑃௧௥

¯ , whose value can 
be obtained from a master curve, such as that in Fig. 1(a). Typically, one has an in 
situ small scale testing setup which has a limit on the maximum load it can apply (say Pmax) 
and the maximum load-point-displacement it can record (say δmax). One wants to limit the 
dimensions of the MCF specimen in such a way that during the test, the load sustained by 
the specimen should not exceed Pmax and the load-point-displacement should not exceed 
δmax. Let Pf represent the failure load of the MCF specimen. Using these parameters as the 
boundary conditions, we will derive an expression for the minimum dimensions that must 
be employed for a valid MCF test specimen. 

To ensure that the specimen failure point is to the left of the transition point, we require: 
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¯ <𝑃௧௥

¯ /χ 

 
௉೑

௉೤
 <𝑃௧௥

¯ /χ 

஧ሺ଺௉೑௟ሻ

ሺ௧௕మఙ೤
೟ ሻ

 < 𝑃௧௥
¯  

Let α=aw, β=tw and γ=lw. χ > 1 is a safety factor to ensure that the failure point lies 
sufficiently to the left of the transition point on the P¯−δ¯ curve. The ligament 
length b=w−a=(1−α)w. Substituting them in Eq. (3), we get, 
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Simplifying the above inequality, we get the expression for the minimum width, wmin, of 
the MCB fracture specimen as: 
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Thus, it is recommended that MCB fracture specimens should be designed 
with w sufficiently greater than that given by Eq. (5) in order to have a good chance of 
getting a valid fracture test. 

We will now utilize Eq. (5) to estimate the wmin of the MCB specimens that is required for 
performing a valid mode I fracture test in two studies where the estimated fracture 
toughness is contentious. Assuming χ = 3 to calculate wmin required to perform a valid 
MCB fracture test. Based on the aspect ratio of MCF specimen used by Sorensen et al. [9], 
we consider α = 0.3, β = 0.8, and γ = 1.53. The Pf value for Vitreloy 105 in Sorensen 
et al.’s [9] experiment is ∼9.1 mN and σyt can be taken as 
1.87 GPa [8]. 𝑃௧௥

¯ =1.4 from Fig. 7(a). Substituting these numbers in Eq. (5) yields the 
result that wmin of the MCB specimen to get a valid fracture test should be greater than 
15.63 μm, whereas it was only 7.5 µm in the experiments of Sorensen et al. [9]. Due to this 
insufficiency in meeting the required conditions for obtaining a valid fracture test, failure 
by plastic collapse precedes that by crack propagation at a much lower J (0.818 N/mm) 
than the material's actual fracture toughness (Jc), which was reported to be 
72.8 N/mm [8] under mode I loading conditions at room temperature. A similar analysis 
is conducted for MCF tests performed by Issa et al. [47] on ultra-fine grained Cr 
(see Section 4.3), by substituting α = 0.1875, β = 0.575, γ = 4.625.  𝜎௬

௧  ∼2130 MPa for 
ultra-fine grained Cr and 𝑃௧௥

¯ =1.8 from Fig. 11(a). Further, they recorded an expected 𝑃௙ 
∼2.26 mN. From Eq. (5), the wmin for valid MCF tests on this material is ∼11.37 µm. 
However, since they performed tests on an MCB specimen with w ∼8 µm, the specimen 
undergoes failure due to plastic collapse, as was discussed in Section 4.3. 

From the preceding discussions, it is evident that to determine 𝑃௧௥
¯  and determine whether 

the failure is governed by plastic collapse or fracture via crack propagation, a FE 
simulation of the MCF test, incorporating the correct constitutive response of the tested 
material needs to be performed. However, it is worth asking if it is possible to ascertain 
the validity of a fracture test solely from the experimental P¯−δ¯ data with the same 
degree of confidence. This question can be addressed by reviewing the 
simulated P¯−δ¯ responses of materials that exhibit different constitutive responses. For 
materials that exhibit elastic-perfectly plastic constitutive response, such as BMGs, ultra-
fine grained and NC alloys (see Figs. 1 and 3(b)), the P¯−δ¯ response is initially linear but 
becomes non-linear when significant plastic deformation occurs at the crack tip. The 
slope of the non-linear part of the P¯−δ¯ curves decreases continuously and eventually 
becomes 0. Irrespective of the material model and specimen dimensions considered, the 
transition in the failure regime from crack propagation induced fracture to plastic 

collapse, which is represented by P¯tr, occurs the moment 
dP¯

dδ¯
 →0. Based on this 

observation, the MCF test of elastic-perfectly plastic materials can be considered invalid 

if 
dP¯

dδ¯
 ∼0 at failure, in the experimentally determined P¯−δ¯ curves. If the test is deemed 

invalid, a reference value of  𝑃௧௥
¯ <𝑃௙

¯ can be chosen from the experimental P¯−δ¯ curves and 
substituted in Eq. (5), to calculate the appropriate dimensions of MCB specimen that 
would result in valid MCF tests. 



However, in materials that exhibit significant strain hardening the transition in the failure 

regime may occur much before 
dP¯

dδ¯
 of the P¯−δ¯ curve ∼0 (see Fig. 3(b)). This implies that 

the  
dP¯

dδ¯
 →0 cannot be used as a metric to determine the validity of fracture tests in these 

materials. Therefore, for MCF tests performed on materials that undergo significant 
strain hardening, complementary FE simulations are necessary for identifying P¯tr and 
gauging the validity of the test.  

4.5. Crack tip constraint effects in MCF specimens 
Since the MCF specimen is a relatively new geometry in the fracture 
mechanics community as compared to the other more studied fracture specimen 
geometries such as Compact Tension (CT), Single Edge Notched Tension (SENT), Center 
Cracked Panel (CCP), Single Edge Notched Bend (SENB) and Four Point Bend (4PB) 
specimens, it is instructive to investigate the local crack tip fields and crack tip constraint 
in the MCF specimen. Here, we have done this under both 2D plane strain and three 
dimensions (3D) as the transition in the deformation of the specimen occurs from SSY to 
LSY. For this purpose, we performed an additional FE simulation of loading of a MCF 
specimen in 3D. This 3D model has geometry and dimensions identical to the MCF 
specimen used in the work of Sorensen et al. [9]. The FE mesh and boundary conditions 
are shown in Fig. S6. It should be noted that in this 3D simulation, instead of the regular 
rectangular cross-section beam, a realistic pentagonal cross-section beam was used as in 
the experiments of Sorensen et al. [9]. The cantilever support end of the beam was 
connected to a large cubic portion of the wall representing the bulk material from which 
the beam was machined. These cantilever support conditions are very realistic and 
representative of the actual scenario. In order to facilitate a direct comparison of the crack 
tip fields in the specimen with the standard HRR fields, we employed von Mises plasticity 
with Ramberg-Osgood hardening parameter n = 10 in the simulation. 

We extracted the stress fields ahead of the notch tip from 2D plane strain and 3D FE 
simulations of loading of the MCF specimens. In the case of 3D, the stress fields at the 
mid-plane and free side-surface of the specimen were extracted. The variations of 
normalized hydrostatic stress (σh/σo) with normalized radial distance (r/(J/σo)) ahead of 
the notch tip are presented in Fig. 13 (a)–(c) corresponding to 2D plane strain, 3D mid-
plane, and 3D free side-surface, respectively. Here, σo is the initial yield strength. In each 
of the subfigures, the stress field obtained from the standard HRR field [62] is presented 
and compared with those prevailing in the MCF specimen in three different regimes of 
loading: crack propagation regime (chosen to be the stage where SSY applies), transition 
point (where LSY applies) and plastic collapse regime (advanced stages of LSY). It can be 
observed from these figures that the hydrostatic stress prevailing in the MCF specimens 
ahead of the notch tip is considerably lower than the standard HRR field suggesting a loss 
of crack tip constraint in the specimen. Furthermore, it can be observed that the 
hydrostatic stress field decreases progressively as the loading on the specimen increases 
from the crack propagation regime (SSY), to the transition point (LSY) and to the plastic 
collapse regime (advanced LSY). Thus, the specimen progressively loses crack tip 
constraint with loading or deformation. 
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Fig. 13. Variations of normalized hydrostatic stress versus normalized radial 
distance ahead of the notch tip for (a) 2D plane strain, (b) 3D mid-plane, and (c) 3D free 
side-surface, in the MCF specimens. 

 

In order to quantify the above loss in crack tip constraint, a constraint parameter (Q) is 
evaluated. Q was first introduced by O'Dowd and Shih [43,62,63] as a part of two 
parameter (J and Q) description of the elastoplastic crack tip fields called as the J-
Q theory. The crack tip fields deep inside the plastic zone are represented by a sum of the 
HRR fields and a difference field. This difference field corresponds approximately to a 
uniform hydrostatic shift of the stress field in front of the crack tip. The 
parameter Q indicates the amplitude of this approximate difference field. 
The Q parameter is evaluated using the following formula [63]: 
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Negative (positive) Q values mean that the hydrostatic stress is reduced (increased) 
by Qσofrom the Q = 0 reference state. Negative values of Q indicate a loss in crack tip 
constraint. Table 1 presents the evaluated Q values for 2D plane strain, 3D mid-plane and 
3D free side-surface of the MCF specimens at various stages of loading. 
 

Table 1. Constraint (Q) parameter for 2D plane strain, 3D mid-plane, and 3D free side-
surface of the MCF specimens at various stages of loading. 

Stage of loading Q for 2D plane 
strain 

Q for 3D mid-
plane 

Q for 3D free side-
surface 

MCF crack propagation regime 
(SSY) 

-1.03 -1.05 -1.70 

MCF transition point (LSY) -1.15 -1.54 -2.08 



Stage of loading Q for 2D plane 
strain 

Q for 3D mid-
plane 

Q for 3D free side-
surface 

MCF plastic collapse regime 
(advanced LSY) 

-1.40 -1.86 -2.14 

 

It can be noted from Table 1 that there is a considerable constraint loss (Q = -1.03) in the 
MCF specimen even in the crack propagation (SSY) regime under 2D plane strain. In the 
same regime, for the 3D MCF specimen, there is a similar constraint loss (Q = -1.05) at 
the mid-plane but substantially higher constraint loss (Q = -1.70) at the free side-surface 
which is understandable as it is a traction free surface. With progressive increase in 
loading, as the deformation transitions from SSY to LSY, to advanced LSY, Q becomes 
increasingly negative (see Table 1). Thus, the highest constraint loss is in the plastic 
collapse or advanced LSY regime. 

The normalized P-δ and J-P curves corresponding to the 3D MCF specimen simulation 
are displayed in Fig. 14. The points corresponding to the three stages of loading, 
mentioned in Table 1, namely: MCF crack propagation regime (SSY), MCF transition 
point (LSY), and MCF plastic collapse regime (advanced LSY) are indicated on the curves. 
Similarly, the corresponding points for the 2D plane strain case mentioned in Table 1 are 
indicated on normalized P-δ and J-P curves for n = 10 in Fig. 3(b) and (c) by hollow 
square, star and filled square symbols, respectively. 
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Fig. 14. (a) Normalized P versus δ, and (b) normalized J versus P curves for the 3D MCF 
specimen simulation. The points corresponding to the three stages of loading mentioned 
in Table 1 are indicated on the curves. 

 



Contour plots of PEEQ in the 3D MCF specimen at crack propagation regime (SSY), at 
transition point (LSY), and at the plastic collapse regime (advanced LSY) are displayed in 
Fig. S7. It can be observed from this figure that, initially, the notch tip region, top and 
bottom of the beam undergo plastic deformation. Further loading results in linking of the 
plastic zone at the top of the beam with that near the notch tip. This combined plastic 
zone later interacts with the plastic zone present at the bottom of beam causing a plastic 
hinge to form and the MCF specimen to fail due to plastic collapse. 

The implications of the above results are discussed next. The crack tip constraint in the 
3D MCF specimen at the free side-surface is lower than that at the mid-plane which 
means that the crack is more likely to initiate form the mid plane rather than at the free 
side-surface. The near tip fields ahead of the notch tip in the MCF specimen are not 
reaching the HRR level of triaxiality due to constraint loss. One of the reasons of this 
constraint loss could be the lower value of a/w = 0.3 considered in this work. It could also 
be an intrinsic characteristic of the MCF specimen as is the case for CCP and SENB 
specimens [43]. A consequence of the loss in crack tip constraint in the MCF specimen is 
that the activation of stress-controlled fracture micro-mechanisms might get delayed or 
suppressed altogether due to hydrostatic stress levels ahead of the crack tip not reaching 
critical values [64] required for fracture initiation. If crack initiation gets delayed or 
suppressed in the MCF specimen due to loss in constraint, the specimen is more likely to 
fail due to plastic collapse invalidating the fracture test. 

  



5. Summary and conclusions 
In this paper, a normalization scheme is proposed which results in load versus load-point-
displacement curves, and energy release rate versus load curves of micro- and bulk CB 
fracture specimens to fall on master curves. The effects of CB fracture specimen aspect 
ratios, mate¯rial hardening, and YC parameters on the master curves is investigated. 
While t/w is found to have no effect on the master curves, different values of a/w, l/w, 
n and μ result in a family of master curves. A transition point divides the master curves 
into two regimes which correspond to failure of the specimen by crack propagation, and 
that by plastic collapse of the uncracked ligament. The transition point on the master 
curves corresponds to the stage of loading of the specimen when the plastic zone around 
the notch tip starts interacting with the plastic zone at the bottom of the CB specimen. 
Beyond the transition point, the entire crack ligament undergoes plastic deformation, 
forms a plastic hinge causing specimen rotation followed by its failure by plastic collapse. 

The implications of present results on the validity of MCF tests, interpretation of their 
failure regimes and size effects on fracture toughness are discussed. An expression is 
derived for the minimum size requirement of the MCF specimen in order to get valid 
fracture tests. 

Application of the proposed failure regimes of MCF specimens to isotropic, elastoplastic 
materials such BMGs, NC materials and UFG materials are discussed. While the failure 
points of bulk specimens made of BMGs and UFG materials lie in the regime of fracture 
due to crack propagation, failure points of some MCF specimens of these materials taken 
from literature lie in the regime of failure due to plastic collapse, suggesting invalid 
fracture tests and possibly incorrect interpretation of size effects. However, it is found 
that failure points of all the fracture specimens made of NC materials considered from 
literature fall in the regime of failure due to crack propagation implying valid fracture 
tests. 

Before closing, it must be mentioned that the present results have important implications 
for the design of MCB fracture specimens, interpretation of their failure regimes, 
assessment of validity of test data, and potential size-effects on fracture toughness, as 
measured through the micro-cantilever beam fracture test which has become a popular 
technique in recent times for micro-scale fracture toughness measurement of several 
technologically important materials. Lastly, it should be highlighted that although the 
present results are discussed in the context of micro-cantilever fracture specimens, the 
analyses performed, and results discussed here are valid not only for micro-cantilever 
fracture specimens but also hold for all sizes (nano/micro/milli/macro-sized) of notched 
cantilever beam fracture specimens. This is due to the proposed normalization scheme 
for P¯ −δ¯andJ¯−P¯curves and the fact that the constitutive models used in the present 
simulations do not incorporate any material length scale. 
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