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We analyze the topological Hall conductivity experienced by conduction electrons whose spins are

strongly coupled to axially symmetric spin textures, such as magnetic vortex and skyrmion of types

I and II, theoretically by gauge theory, and numerically via micromagnetic simulations. The

numerical results are in agreement with the theoretical predictions. Divergence between the two is

seen when the vortex/skyrmion core radius is comparable or larger than the element size, and when

the skyrmion configuration breaks down at high Dzyaloshinskii-Moriya interaction strength.
VC 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4860060]

There has been much recent interest in utilizing mag-

netic elements with topologically nontrivial textures, such

as vortex and skyrmion configurations for spintronic and

memory applications. While magnetic vortices have long

been observed in circular nanomagnets,1 and much research

has been done to study their dynamics and switching

behavior,2 their skyrmionic counterparts have only recently

been seen in magnetic materials.3 In the adiabatic limit,

such nontrivial textures would give rise to an effective

magnetic field that induces a transverse topological Hall

conductivity (THC).4 It is thus useful to analyze the THC

in these systems, as the resulting Hall voltage may

constitute a readback output for vortex/skyrmion-based

memories.

We consider a system consisting of a two-dimensional

conductor in the x-y plane with local magnetic moments

n(r), whose orientation varies in spatial space r. A strong

coupling is assumed between the spin of the conduction elec-

trons within the conductor and the magnetic moments. The

Hamiltonian of the system is given by

H ¼ � �h2

2m
r2 � JðnðrÞ � rÞ; (1)

where J is the coupling strength. The magnetization or spin

texture can be represented by the vector

n ¼ ðsin h cos /; sin h sin /; cos hÞ; (2)

where h(r) and /ðrÞ, respectively, denotes the polar and azi-

muthal orientation of n in spin space. In general, the

Hamiltonian in Eq. (1) cannot be solved exactly for any arbi-

trary spin texture n(r). However, by applying the spin gauge

method,5 one can approximately describe the dynamics of

the electrons in the system.

To do this, we first rotate the reference spin axis of

the system from the z-direction to the local direction n of the

magnetization. Due to the spatial dependence of n, the

amount of rotation varies spatially, and hence this is known

as a local gauge transformation. There is a freedom in the

choice of the rotation matrix U which can align n to the

z-axis; we assume the convenient choice of U ¼ ðm � rÞ,
where m ¼ ðsin h

2
cos /; sin h

2
sin /; cos h

2
Þ, and r is the vector

of Pauli spin matrices.6 Explicitly, in the form of a (2� 2)

matrix, it is expressed as

U ¼
cos

h
2

e�i/ sin
h
2

ei/ sin
h
2
�cos

h
2

0
BB@

1
CCA: (3)

The operator U diagonalizes the exchange coupling term,

i.e., U†ðn � rÞU ¼ rz. However, U does not commute with

the momentum operator due to its dependence on r. It can

be shown that the transformed momentum operator is given

by p̂0w � U†p̂Uw ¼ ½p̂ þ ðU†p̂UÞ�w. Hence, applying the

gauge transformation on the Hamiltonian in Eq. (1), we have

H0 � U†HU ¼ � �h2

2m
r� ie

�h
AðrÞ

� �2

� Jrz; (4)

where the momentum acquires a gauge potential of

A ¼ iU0U†rU, with U0 ¼ �h
e being the flux quantum. The

gauge potential as a (2� 2) matrix is given by

A ¼ U0

sin2 h
2

� �
r/ �1

2
e�i/ðirhþ sinhr/Þ

1

2
ei/ðirh� sinhr/Þ �sin2 h

2

� �
r/

0
BBB@

1
CCCA:

The gauge potential is a pure gauge as it arises solely

from the rotation of axes, and thus would have no effecta)Electronic mail: elembaj@nus.edu.sg
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on the electron dynamics. However, in the strong coupling

limit, we can assume the electron spin to be aligned to the

local magnetization, thus diagonalizing the gauge potential

to diagðAÞ � A ¼ U0

2
ð1� cos hÞr/ rz. This is now a

force-ful gauge which can exert a transverse force on the

electron, just like a normal magnetic field. The effective

field can be obtained from the gauge curvature,

B ¼ r� A, i.e.,

Bi ¼ eijk@jAk ¼ eijk@j
U0

2
ð1� cos hÞ@k/

� �

¼ U0

2
eijk sin h @jh @k/þ @i@j/
� �

) Bz ¼
U0

2
sin h rh�r/ð Þ � ẑ: (5)

In the second line above, we made use of eijk@i@j/ ¼ 0 as

@i@j/ ¼ @j@i/, while in the third line we considered only the

nonzero field component, i.e., Bz. This vertical B field gives

rise to a transverse force which induces the THC. It is con-

venient to express Bz in terms of the magnetization direc-

tional cosines n. Expanding Bz, we find that it can be

expressed in terms of the Jacobean, i.e.,

Bz ¼
U0

2
sin h

@ðh;/Þ
@ðx; yÞ

� �
; (6)

while from the definition of n in Eq. (2), we can show that

ðn � @xn� @ynÞ ¼ @ðh;/Þ
@ðx;yÞ

h i
sin h

Bz ¼
U0

2
n � ð@xn� @ynÞ: (7)

The flux of the above B-field translates to a Hall conductivity

of

rxy ¼ r0
xy

ð
S

n � @xn� @yn
� �

dxdy; (8)

where r0
xy ¼ rxx

es
2mS

� �
U0, with S being the sample area, rxx

the longitudinal conductivity, and s the scattering time. It

is instructive to consider the flux in the spin space. The

transformation of the flux integral to spin space is readily

effected by noting that @xn� @yn
� �

¼ @hn� @/nð Þ @ðh;/Þ
@ðx;yÞ

h i
.

Substituting this into Eq. (8), we immediately have

rxy ¼ r0
xy

ð
S0

n � @hn� @/nð Þdhd/ ¼ r0
xyXS0 ; (9)

where S0 is the enclosed area of the mapped spin texture on a

unit (Bloch) sphere in spin space, and XS0 is the correspond-

ing subtended solid angle. Thus, from Eqs. (8) and (9), one

can map the THC contribution from a spatial magnetization

distribution n(r) in real space to the spin texture nðh;/Þ on

the Bloch sphere, and thus more readily establish the topo-

logical nature of the THC.

We now consider the THC arising from the vortex and

skyrmion spin textures. In the ideal case, these can be repre-

sented in cylindrical coordinates ðr;uÞ as

cos hðrÞ ¼
P

a2

a2 þ r2
vortexð Þ

P
a2 � r2

a2 þ r2
skyrmion I and IIð Þ

8>>><
>>>:

;

/ðr;uÞ ¼
Wu� p

2
C vortex=skyrmion Ið Þ

Wu skyrmion IIð Þ
;

8<
:

(10)

where a is the skyrmion/vortex core radius, P¼C¼61

denote the polarity and chirality, and W 2 Z is the winding

number. We consider the case of unit winding number,

which is the case most usually observed experimentally. A

magnetic vortex is usually formed in thin magnetic disks,

and its magnetization points in the vertical (Pz) direction at

the centre (r¼ 0) and rotates to the planar direction as

(r!1). Simultaneously, it exhibits a clockwise (C¼�1)

or anticlockwise (C¼ 1) whirl about the vertical axis. A

magnetic skyrmion is formed in a medium with a strong

Dzyaloshinskii-Moriya (DM) interaction. The magnetization

points in the Pz direction at r¼ 0, and rotates by p to point in

the �Pz direction as r ! 1. If the DM vector is parallel to

the displacement vector between neighboring moments, then it

exhibits a whirl or chirality (C¼61) about the vertical, and

we call this skyrmion of type I.7 If the DM vector is parallel to

the displacement vector, then the spin texture points radially

without any chirality (C¼ 0) and we call it skyrmion of type

II. Since the skyrmion and vortex textures exhibit axial sym-

metry, one can readily evaluate the solid angle from Eq. (9).

From Eq. (2), we find that @hn� @/nð Þ ¼ n sin h, and from

Eqs. (9) and (10), the THC for a vortex and skyrmion element

of core and sample radii of a and R, respectively, evaluates as

rxy ¼
2pPr0

xy

R2

a2 þ R2

� �
vortexð Þ

4pPr0
xy

R2

a2 þ R2

� �
skyrmions of all typesð Þ

:

8>>><
>>>:

(11)

Note that due to the presence of the axial symmetry,

rxy /
Ð

d/ ¼
Ð

d u� p
2

C
� �

¼ 2p, regardless of the chirality.

Hence, the THC is independent of the chirality, as seen from

Eq. (11). We also observe the quantized nature of the THC.

If the polarity of the vortex or skyrmion is switched, i.e.,

(P! �P), then there will be a step change in the THC out-

put. This opens the way for future application of THC for

read-out of vortex/skyrmion based memories.

The above THC values hold for ideal vortex and spin

textures as represented by Eq. (10). However, actual mag-

netic skyrmion and vortex elements are subject to other inter-

actions such as anisotropy and magnetostatic fields, so that

their configurations after relaxation to equilibrium would dif-

fer from the ideal vortex and skyrmion textures. Hence, we

perform micromagnetic simulation of vortex and skyrmion

elements to (i) numerically verify the predicted THC values

given in Eq. (11) and (ii) robustness of the THC against dis-

tortion of the spin texture. The micromagnetic simulation

was performed using the OOMMF code,8 which is modified

in the case of skyrmions to include the DM interaction term.
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We assume the following magnetic properties—in-plane

cubic anisotropy of K1¼ 4.8� 104 J/m3, saturation magnet-

ization Ms¼ 1000 emu/cm3, and exchange constant

A¼ 2.1� 10�11 J/m, and set the initial magnetization to the

ideal vortex configuration of Eq. (10) with a core radius of

a0¼ 5 nm. The radius of the disk elements ranges from

R¼ 12.5 nm to 30 nm and the thickness is set as 1 nm. The ini-

tial spin texture is then relaxed to equilibrium in the absence

of field. From Fig. 1(a), it is observed that the actual core ra-

dius of the relaxed configurations is significantly larger than

a0 (approximately a¼ 15 nm). From the equilibrium spin tex-

ture n(r) across the disk element, we numerically calculate the

corresponding THC from Eq. (8), the result of which is plot-

ted in Fig. 2(a) as a function of the disk radius. We find that

when the disk radius is comparable to the core radius (R� a),

the THC is approximately pr0
xy in agreement with Eq. (11).

As the disk radius increases beyond a, the THC approaches

the asymptotic (topological) value of 2pr0
xy corresponding to

a hemispherical solid angle (X¼ 2p), as predicted by Eq.

(11). However, the approach to this asymptotic value is

significantly faster than the theoretical prediction. This may

be due to the edge interaction which tends to cause the mag-

netization near the boundary to point closer to the in-plane

direction, thus bringing the effective solid angle closer to 2p.

Next, we performed micromagnetic simulation of sky-

rmionic elements. The DM vector is set either parallel or

perpendicular to the displacement vector, in order to simulate

skyrmions of type I or II, respectively. We assume the follow-

ing magnetic properties: Ms¼ 600 emu/cm3, uniaxial anisot-

ropy of Ku¼ 600 kJ/m3, and A¼ 2.1� 10�11, disk radius of

50 nm and thickness of 1 nm. The strength of the DM interac-

tion is varied from D¼ 5 mJ/m3 to 15 mJ/m3. As before, the

initial magnetization for both skyrmion types was set to the

ideal configuration of Eq. (10) with a core radius of

a0¼ 25 nm. The resulting equilibrium spin textures for sky-

rmions of Type I of different D values are shown in Fig. 1(b).

The actual core radius of the skyrmions increases with D.

However, at the highest value of D¼ 15 mJ/m3, the skyrmion

pattern breaks down, and a four-fold configuration emerges.

We then calculate the corresponding THC from the equilib-

rium textures based on Eq. (8), the result of which is plotted in

Fig. 2(b). The smallest D value of 5 mJ/m3 yields the closest

agreement with the asymptotic topological value of 4pr0
xy,

which can be obtained from Eq. (11) in the limit of R� a, and

corresponds to a spherical solid angle of X¼ 4p in spin space.

As the value of D increases, the size of the core increases, and

this leads to a reduction in the THC value, in agreement with

the theoretical result of Eq. (11). For D¼ 15 mJ/m3, the disap-

pearance of the skyrmion texture is accompanied by a sudden

change in the THC value. Skyrmions of type II yield almost the

same THC value as that of type I. Even though the two types of

skyrmions appear very distinct in real space, they are topologi-

cally equivalent as far as the THC is concerned. This is borne out

by analyzing the component of the spin texture, e.g., ny for both

types of skyrmions (see insets of Fig. 2). They exhibit almost

identical spatial distribution except for a rotation of u ¼ p
2

about

the vertical. The slight difference in the numerical THC values

for the two skyrmion types is due to edge interactions. Skyrmion

of type II will be more affected by edge interactions since its ra-

dial character leads to more magnetic poles along the edge. The

resulting distortion leads to a lowering in the THC and greater

divergence from the ideal value. However, the THC difference is

small, indicating its robustness to minor disturbances.
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FIG. 1. Equilibrium configurations of magnetic vortex and skyrmion ele-

ments obtained via micromagnetic simulation. (a) Magnetic vortex elements

with polarity P¼ 1 of varying sizes. Red denotes magnetization pointing out

of plane of the paper, while white indicates magnetization in the in-plane

direction. (b) Magnetic skyrmion elements with polarity of P¼�1 for dif-

ferent DM interaction strengths D. Red (blue) denotes magnetization point-

ing out of (into) the plane of the paper. For the highest D value, the

skyrmion configuration is replaced by a four-fold symmetry pattern.

FIG. 2. THC of vortex and skyrmionic elements obtained numerically from the

equilibrium configurations such as those in Fig. 1. (a) THC of vortices as a func-

tion of element radius R. The THC approaches the ideal topological value

(denoted by red line) with increasing R, helped by edge interactions. (b) THC of

skyrmion element of R¼ 50 nm, as a function of the DM interaction strength D.

Red and blue curves denote the THC of skyrmions of types I and II, respectively.

The THC decreases gradually with increasing D. However, at D¼ 15 mJ/m2, the

THC changes suddenly due to the breakdown of the skyrmion pattern. Top and

bottom insets are contour plots of ny for skyrmions of type I and II, respectively.
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