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Abstract—Forecasting time series values based on historic
covariates has been an active area of research in statistics and
machine learning. With the availability of computation resources
and big data infrastructure supporting massive volume, velocity
and variety, the algorithms have evolved from classic statistical
learning to neural-network driven loss minimisation techniques.
While state of the art attention and self-attention-transformers
have shown promise of improved performance with sufficient
training data, most of them fail to generalise to different problems
of time-series modelling (such as classification and extremum
forecasting) with asynchronously sampled covariates. This paper
introduces the concept of a generalised time series embedding
and transfer learning for time series (analogous to token-to-
vector or image-to-vector embeddings in language and vision
models respectively) that allow joint training with a unified
interface. The major benefit of this work is a unified embedding
model employing multi-attention for feature representation which
enables benchmark performance against state of the art models
from recent literature.

I. INTRODUCTION

Predictive machine learning tasks on multi-variate time se-
ries have been cornerstones of different domains ranging from
operations research to healthcare, finance, business intelligence
and predictive maintenance for manufacturing operations.
Most traditional research on time-series focussed exclusively
on forecasting. Traditionally, statistical models like ARIMA
and other auto-regressive models have been the most reliable
tools for forecasting. Eventually, with the availability of big-
data and massive-computing resources, neural network based
computations consistently outperformed traditional models for
most forecasting tasks. Among many recent innovations, the
attention and transformer based models [1] continue to provide
the benchmark performance for many forecasting tasks.

However, in the prevalent literature on time series fore-
casting, the focus has been on forecasting future values at
later time-steps given historic data of multiple covariates [2].
Surprisingly little attention has been paid to related time
series problems such as classification of series, prediction
of future extremum (particularly relevant in inventory opti-
misation problems). Related to this issue, every time-series
problem needs to be dealt with customised feature engineering
technique for the sequential input data instead of exploiting
the transfer learning capabilities prevalent in the domains of

language processing or computer vision. In this regard, this
paper makes the following major contributions to fill the gaps
in research.

o The multi-attention feature embedding (MFE) network
enabled by two novel elements, i.e. Score Normalised
Attention (SNA) and Exponentially Decaying Attention
(EDA) that generalise the ideas of Bahdanau and Luong
attentions [3, 4].

o Use the feature embedding technique with transfer learn-
ing capability to achieve benchmark performance for
multiple tasks such as forecasting, classification and
extremum prediction.

o Extensive benchmarking of the simulation results with
state of the art models such as N-BEATS [5], Temporal-
Fusion-Transformer [2] and several other promising tech-
niques, to demonstrate competitive model performance.

II. BACKGROUND WORK

Multi-horizon time series forecasting evolved rapidly with
the invention of different recurrent layers aiding sequence-
to-sequence forecasting. However, the Recurrent Neural Net-
works (RNN) suffer from vanishing gradient problem, as a
solution to which frameworks like GRU and LSTM have
been proposed. As an example, the canonical structure of [6]
proposes an input sequence being mapped into a fixed dimen-
sional state vector, and the encoded state vector gives a context
to forecast the output sequence from an initial state.

However, [6] also argued that a single state representation
obtained from LSTM or GRU caannot capture longer term
dependencies in a multi-variate time series. The attention and
transformer architectures evolved to overcome the limitation.
The attention framework depends on the decoder’s ability to
attend to relevant parts of an input sequence ensuring that most
important state vectors will be considered with the highest
weights. The context can be mapped into an output by a
dense neural network. The attention values (forming a Markov
matrix) signify the weight of past tokens or time-steps to
forecast a future token or time-step.

Hence, the attention mechanism is also considered as an in-
formation retrieval mechanism [7] with multiple keys, queries



and values. hence, it is equivalent to learning f, ensuring that

c= f(q,k,v) (D

where q, ¢, v and k are the query vectors, context vectors,
value vectors and key vectors respectively. The goal of the
is to ensure f learns to minimise a loss function. Different
attention functions (e.g. [1, 3, 4]) can be formulated by (1).

III. PROBLEM FORMULATION

In spite of the wide array of attention methods available
in the literature (some of which will be used as benchmarks
in our experimentations later), the existing body of works is
inadequate in addressing the general problem of modelling
multi-resolution time series [8], where different covariates are
sampled at irregular intervals. Following the example of [3],
the context vectors in purely temporal attention is formulated

as
Cc;, = Z aijhj (2)
J

where j represents encoder output index for time step j, @
represents decoder output index for a future time-step, h;
is the j-th state output from the encoder and a;; is the
quantitative impact of past time step j on future time step <.
In the literature, the attention weights a;; are typically trained
(jointly with other layers) in a way so as to minimise loss
functions over the training samples. However, (2) assumes
that all the h; are based on samples located at equidistant
or synchronous sampling intervals, i.e. all the covariates were
sampled every day, or week etc. This renders the existing
attention techniques ineffective when this constraint is not
respected for irregular time series such as [9, 10].

As another problem related to this, the literature lacks any
general embedding technique for different time series as it is
available in Natural Language Processing or vision domain.
As a result, the goal of this work is to device a vector
space embedding technique for asynchronously and irregularly
sampled time series with dynamic (forecasting or extremum
prediction) or static (classification) targets. We divide the
covariates into three categories

e Cumulative Covariates: These dynamic covariates accu-
mulate over time-intervals such as hour, day or week.
Examples include sales quantities, traffic flow through a
junction etc. all measured over finite time intervals.

e Instance Based Covariates: These are dynamic covariates
that are sampled at discrete time instances, and vary
continuously, but do not accumulate over time. Examples
include temperature, humidity data from sensors, health
data such as blood pressure etc.

o Static Covariates: These are static features in a time series
that do not vary with time. Examples include attributes of
a specific patient (e.g. gender, nationality etc.), attributes
of a specific store (e.g. size of store, distance from closest
competitor etc.)

The goal is to arrive at a feature embedding technique
exploiting the concept of Luong attention that can take these
different types of features and outputs an embedding vector.

IV. ATTENTION DRIVEN FEATURE EMBEDDING

This paper aims to generalise the traditional attention to
make it resolution-aware, as pointed out in Section II. The
unified model architecture consisting of different blocks is
shown in Fig. 1. The encoder block uses the well-known
Gated Recurrent Unit (GRU) to encode the dynamic features
into a sequence of states. However, unlike previous literature,
this paper makes no assumption about the synchronisation of
sampling among different dynamic features. To address the
issue of asynchronous sampling (which adversely affects the
performance in traditional attention mechanism, as shown in
Section V later), this paper proposes two novel architectures
to deal with cumulative and instance based covariates, as
described next.

A. Attention for Cumulative Covariates

As discussed previously in Section II, cumulative time series
demonstrate additive behaviour over disjoint time intervals,
which qualifies them as renewal process [11]. In other words,
with evolution of time, their values are non-negative and non-
decreasing. Mathematically speaking, if ¢; and ¢, are non-
overlapping but consecutive time intervals, ¢(t¢) is the number
of events (such as customer traffic) over an interval ¢, then

e ¢(t1) and c(t2) (both being random variables) are inde-

pendent

o Ele(ts +t2)] = Efe(t1)] + E[c(t2)]

The distributions of ¢(t1) and ¢(t2) depend on specific domain
details, and can be modelled by several statistical tools.
However, in this paper, the goal is to featurise past 7' values
over consecutive, non-overlapping intervals via the Score
Normalised Attention (SNA) mechanism.

Assume the past T look-back values are given by
(t1,h1), (t2,ha),- -+, (tr,hr) where t;i=T are disjoint, con-
secutive time-intervals, and hiilT are states of dynamic co-
variates'.

1) Review of Traditional Attention: The standard practice in
traditional attention mechanisms ([4], as an example) typically
discard the t;°=7" values (assuming all of them are equally
spaced) and encode the state values higle into a context vector

as follows.
=T

cizzaijhj Vi<i<T (3)
j=1
where c; represents the context vector at ¢-th future time-step
to be predicted, j represents the look-back time step and a;;
represent the attention scores, which is a measure of how much
state value at look back step j influence the state value at future
step 1.

I'The states may represent the raw values of the covariates, or the raw values
passed through recurrent/LSTM networks [6].
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Fig. 1. Unified Model Architecture Combining SNA and EDA

B. Score Normalised Attention

Instead of discarding the lengths of time intervals tj;iT, this
work proposes normalising the attention scores a;; with by the
corresponding time interval. As a result, the newly normalised
attention score are given by

norm _ %ij

CL”

VI<i<T,1<j<T )
J
Based on this, (3) can be modified to incorporate the new
attention weights as

j=T
> al™hy VI<i<T

j=1

C; =

®)

To be noted, this attention score normalisation is different
from typical batch normalisation [12] in deep learning which
normalises feature values to fit within the same scale. The
major advantage of SNA is, it can exploit existing deep learn-
ing frameworks (tensorflow, for example) for jointly training
the (unnormalised) attention weights. It works by appending a
normalisation layer depending on the values of ¢;°=T after the
established Bahdanau or Luong attention [3, 4] methods. As
the values of tj:;z,]; are directly available as part of training
data or inference feature, no further processing is necessary
other than carrying out the normalisation of (4). Complexity
of the normalisation operation is O (T"). The mechanism is
described in Fig. 1.

C. Exponentially Decaying Attention

Instance based covariates do not subject themselves to
the rules of counting process as discussed in Section IV-B.
As they are (irregularly) sampled on different instances, as
opposed to being measured on an interval, it is not possible to
normalise the attention scores by the interval lengths. Hence,
to featurise irregularly sampled instance based covariates, this

paper proposes the Exponentially Decaying Attention (EDA)
to modify the vanilla attention in (3).

Similar to Section IV-Al, the covariates are given as
(t1,h1), (t2,hs), -+, (tr,hr). But in this case, ;=7 rep-
resent the instants (counted from some arbitrary reference
instant or epochz). However, assume they are instance based
covariates, which implies the value is sampled at an instant,
instead of accumulated over an interval.

As a result, the following exponential normalisation is
applied on attention weights from (3).

norm _ @ij
" exp ()\ (tj+1 — tj))
The proposed Exponentially Decayed Attention (EDA)
of (6) penalises data points that are further away along the
look-back line with an exponential decay along the time axis.
The trainable parameter A > 0 represents the decay rate, which
is fine-tuned via back-propagation [14] of errors, similar to
other co-efficients in a neural network. The EDA block in
Fig. 1 demonstrates the proposed decayed attention method.
Note that, in contrast to SNA, the EDA introduces another
additional trainable parameter A which is the decay rate of
attention for instance based covariates, and should be learnt
from the training samples. Similar to SNA, complexity of the
decay operation is O (7).

a

ViI<i<T,1<j<T (6)

V. EXPERIMENTAL RESULTS

This paper considered five datasets to compare the perfor-
mance of the proposed embedding techniques against multiple
benchmarks from recent literature on time-series-forecasting.
A. Datasets

1) Favorita Grocery Sales: This grocery items sales dataset

from Favorita corporation comes from multiple provinces in

2 An example is the widely used Unix epoch [13].



Ecuador. Each province is considered a class for the classifi-
cation problems, and for forecasting problems, the objective
is to predict the sales of different items.

2) San Francisco Traffic: The (normalised) road occupandy
on an hourly basis was captured by 963 sensors San Francisco.
We consider only five sensors, each as a separate class, which
provide enough data for convergence and validation of the
proposed approach.

3) Portugal Electricity Consumption: This shows hourly
electricity load from households in Portugal. Similar to Sec-
tion V-A2, five households are considered to demonstrate the
effectiveness of the algorithm.

4) Physionet Challenge: The mortality data for hospital
ICU patients was published in [9]. For classification purpose,
the mortality of the patients is used as a binary target (1 means
survival, 0 means diseased). For time series forecasting and
extremum prediction, the temporal data is used.

5) Human Activity Dataset: The human activity
dataset [10] was collected from a group of volunteers,
each performing one of six different activities wearing a
sensor-enabled smartphone on the waist. The sensor signals
(accelerometer and gyroscope) are recorded together with the
video recordings of each activity for manual labelling.

B. Metrics for the Categories of Problems

As the experimentations were conducted on different down-
stream tasks based on a similar feature-learning architecture, it
calls for suitable metrics according to the problem class. This
section summarises the metrics with relevant justifications.

1) Forecasting: As forecasting involves prediction of a
wide range of output values of the time-series, it is imper-
ative to normalise the errors (difference between prediction
and ground truth) with the actual values. Hence, the Mean
Absolute Percentage Error (MAPE) has been one of the widely
used metric in recent literature [15] and used in this paper as
well.

2) Extremum Prediction: The extremum prediction is tack-
led within next 7 time-steps for each dataset®. As the variance
of outcome here is limited to 7 by definition, no normalisation
is deemed necessary here. Hence, the Mean Absolute Error
(MAE) is used as a metric.

3) Classification: For multi-class classification problem,
accuracy has been the simplest metric to judge a model.
However, it fails particularly when the classes are imbalanced,
and accuracy metric cannot account for performance variation
of the model on different classes. Hence, this paper uses the
micro-F1 score [16] as a metric which weighs the individual
class’ F1 scores by the class counts.

C. Forecasting of Future Values
The following models were chosen from recent literature as
benchmarks for future value forecasting.

e N-BEATS: The neural basis expansion technique by pass-
ing input features through a fork architecture and residual
tracking was proposed in [5].

3The 7 values can be read from Table L.

e TFT: The temporal fusion transformers was proposed
in [2] to account for exogenous covariates in multi-
horizon forecasting, as an extension of the original
multi-head attention [1], providing interpretable attention
weights.

e SeFT: The use of set functions for time series modelling,
discarding the individual time stamps, was proposed
in [17]. The approach is computationally parallelisable
and has an efficient memory requirement, making it a
good candidate for benchmarking in our experiments.

e Informer: The prob sparse attention for long sequence
forecasting was published in [18] as a suitable alterna-
tive to self-attention for sparsely populated series with
insufficient training data.

e Perceiver: This combination of latent transformers and
cross-attention layers was proposed in [19], demonstrat-
ing competitive performance in multiple datasets.

The experiments were performed on a 64 bit Ubuntu
machine running with 16-Core i9 processors and NVIDIA
GeForce RTX 3050 GPU. The models were implemented with
tensorflow version 2.10.0.

125 u MFE
B N-Beats
100 TET
W SeFT
W Perceiver
Informer

Favorita Traffic Electricity Physionet Human activity

Fig. 2. Comparison of MAPE across Models

For comparison of forecast values against ground truth, the
Mean Absolute Percentage Error (MAPE) is used for loss
function. Fig. 2. Table I show the MAPE achieved by the
benchmark models together with MFE. Table I also shows
the properties of the datasets such as how many different
classes (such as province, in case of Favourita, or number
of traffic junctions) are considered (/V), the look-back time
steps (T') and the number of future steps (7") considered for
forecasting and extremum prediction. The overall competitive
advantage of MFE to featurise the cumulative and instance
based covariates is evidenced from the figure.

Most existing benchmarks such as Informer and N-BEATS
do not account for differing resolutions on cumulative and
instance based covariates, which adversely affect the predic-
tion performance. Particularly, the Informer model [18] is
based on prob-sparse attention that produces accurate result for
sparse time series with efficient computational complexity. The
experiment results show inadequacy of benchmark methods to
model asynchronously sampled covariates.

D. Downstream Tasks based on Learnt Representation

The idea of MFE (enabled by SNA and EDA) also enable
us to perform other downstream tasks based on the represen-
tation learnt from the raw features consisting of covariates,



TABLE I
MAPE SCORES (IN PERCENTAGE) FOR FORECASTING OF FUTURE VALUES

Name N T T MFE N-BEATS TFT SeFT Perceiver Informer Wslglzut V\gchzut
Favorita 15 120 30 67 82 78 91 102 83 112 128
Traffic 5 192 24 29 49 33 35 41 48 74 61
Electricity 5 192 24 9 19 8 11 28 15 26 22
Physionet 2 15 5 18 21 32 28 29 31 54 39
Human activity 6 15 5 26 42 49 33 47 43 56 61
TABLE II
DOWNSTREAM TASKS WITH MFE AND COMPARISON WITH BENCHMARKS
Dataset and Downstream Tasks MFE Cat-Boost XGBoost LGBM LDA DCNN Without Without
SNA EDA
MAE for Prediction of Maximum
Favorita 12.84 18.36 213 15.04 21.02 16.94 21.02 32.05
Traffic 9.47 18.38 20.54 14.95 28.7 15.94 30.94 28.01
Electricity 8.38 8.04 19.24 11.02 12.93 9.31 12.39 19.01
Physionet 8.32 7.91 10.48 13.75 11.38 9.18 19.06 234
Human activity 12.47 18.04 1391 14.9 21.28 19.17 18.47 21.09
MAE for Prediction of Minimum
Favorita 11.29 12.04 18.73 21.03 18.02 12.38 18.02 17.9
Traffic 6.01 5.29 9.37 13.19 17.04 11.06 19.93 15.38
Electricity 7.52 9.23 11.98 10.46 12.04 15.02 29.83 18.05
Physionet 9.27 8.18 19.19 12.05 21.04 16.94 18.01 12.04
Human activity 10.02 11.93 20.91 16.47 15.49 18.5 21.48 19.03
Micro-F1 Scores for Classification (in percentage)
Favorita 11.29 12.04 18.73 21.03 18.02 12.38 15.6 17.04
Traffic 6.01 5.29 9.37 13.19 17.04 11.02 13.33 12.48
Electricity 7.52 9.23 11.98 10.46 12.04 15.02 19.57 26.40
Physionet 9.27 8.18 19.19 12.05 21.04 16.94 24.05 21.03
Human activity 10.02 11.93 20.91 16.47 15.49 18.5 16.49 19.03

basically exploiting the idea of transfer learning. The three
other downstream tasks targeted in this paper are

« Prediction of maximum and minimum in the future

o Classification of the specific individual time series (such
as which patient does a series represent, or which traffic
junction).

As tree based learning models have been more competitive
in literature in such tasks, the following combination of tree
based boosting models, discriminant analyses based models,
and convolutional network were chosen as benchmarks for the
tasks of classification as well as extremum prediction.

e CatBoost: The ordered boosting and novel encoding of
categorical features was introduced by [20] and since then
became a benchmark model for supervised classification
and regression problems.

¢ XGBoost: The sparsity aware end-to-end tree boosting for
supervised learning problem was proposed in [21] and is

widely used for supervised prediction at massive scale
using innovative cache access patterns.

e LGBM: The gradient based sampling and exclusive fea-
ture bundling to further improve prediction efficiency was
proposed in [22].

e LDA: Linear discriminant analysis has been a classic
probability theory based method applied on massive data
sets [23], assuming a Gaussian distribution of target when
conditioned upon the input feature.

e DCNN: Dilated convolutions have been an important
technique for spatial pattern detection in images, and [24]
extended the concept to time series featurisation using
temporal patterns.

The benchmarking results for three downstream tasks
against the five datasets, are presented in Table II. The
advantage of representation learning via MFE is apparent
from the table. T he classical tree boosting methods use



a combination of lag features (for dynamic covariates) and
static covariates for modelling. However, they cannot usually
account for the asynchronous sampling of dynamic covariates,
which is the major contribution of this paper for featurisation
of these variables. However, even among the classical models,
the Category Boosting has shown significant promise dealing
with problems involving multiple static covariates. This is
evidenced in Table II where CatBoost provides a competitive
performance.

E. Ablation Study

The experiments also included an ablation study of remov-
ing the proposed SNA and EDA mechanisms (separately),
replacing them with traditional Luong attention layers which
do not account for the different resolution and asynchronous
nature of the time series. The results of the ablation analysis
for forecasting and downstream tasks are also presented in
the final two columns of Tables I and II. It is seen that the
performances for downstream tasks are significantly impacted
by the absence of SNA and EDA layers. For future value
forecasting, the absence of EDA is more critical for Favorita
dataset than absence of SNA. This is due to the presence of
fewer instance based covariates in the Favorita dataset, and
most feature variables are cumulative covariates. This is also
observed for the human activity dataset. For the other dataset
(with more instance based covariates) show better performance
without EDA than without SNA.

VI. CONCLUSIONS& THE WAY AHEAD

The paper proposed the novel multi-attention feature embed-
ding algorithm generalising Bahdanau and Luong attention. In
addition to forecasting of future values, the feature embedding
techniques enable exploiting transfer learning in time series
(similar to BART in natural language processing domain) to
handle distinct downstream tasks such as classification and
forecasting. The proposed algorithm allows for a joint training
with the downstream DNN layers, and the benchmarking
shows competitive performance against relevant state-of-the-
art methods in literature. Further work will focus on more
distributed and parallelised learning algorithms for feature
embedding.
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