
 1 

On the consistency of three-dimensional magnetohydrodynamical lattice 
Boltzmann models 

J. Li, K.T.E. Chua, H.Y. Li, V.-T. Nguyen, D.J. Wise, G.X. Xu, C.W. Kang, and W.H.R. Chan* 

Institute of High Performance Computing (IHPC), Agency for Science, Technology and 
Research (A*STAR), 1 Fusionopolis Way, #16-16, Connexis North, Singapore 138632, 

Republic of Singapore 

Abstract 

The lattice Boltzmann method (LBM) for magnetohydrodynamics (MHD) was first developed 
for two-dimensional (2D) flows. The magnetic component of the Lorentz force is obtained 
from the divergence of the Maxwell stress tensor, which is recovered by an appropriate 
modification to the LBM equilibrium distribution function for the solution of the velocity field. 
Although this method has subsequently been applied to three-dimensional (3D) flows, we 
show that several common modifications of the 3D equilibrium distribution function cannot 
simultaneously recover the Maxwell stress tensor and conserve mass exactly. Our study 
brings attention to this theoretical issue since such inconsistent models have been used in 
recent 3D LBM MHD simulations. Both requirements can be simultaneously satisfied by 
incorporating an additional model term to the 3D equilibrium distribution function. Three 
variants of Hunt’s flow in a rectangular channel are considered to illustrate the undesirable 
consequences of using inconsistent models: 1) flow driven by a pressure difference, 2) flow 
driven by an external body force, and 3) inclusion of a streamwise gradient in magnetic 
pressure. While spurious errors were observed using inconsistent models due to the violation 
of mass conservation or inaccuracy in the Maxwell stress tensor, the consistent model always 
achieves the correct solutions in these cases and is recommended for 3D MHD simulations.  

1. Introduction 

The lattice Boltzmann method (LBM) [1, 2, 3] is an efficient and scalable numerical method 
for the computation of fluid flows and is well suited for complex boundary conditions that can 
be challenging for finite-element and finite-volume methods. It has been employed in a 
variety of multi-physics situations, including microfluidics [4], porous-media flows [5, 6, 7, 8], 
phase-change heat transfer [8, 9, 10], as well as magnetohydrodynamical (MHD) flows [11], 
including those relevant to fusion energy systems [12]. In MHD flows, the motion of an 
electrically conductive fluid induces electric currents and magnetic fields, such as in the 
presence of an external magnetic field. The flow velocity can be significantly modified by the 
generated Lorentz force, particularly from motion perpendicular to the magnetic field lines. 
MHD flows in practical geometries and set-ups, such as open channels [13, 14] with field 
gradients [15] and free surfaces [16, 17], are increasingly important for the design, 
optimisation, and future operation of fusion reactors and energy systems, which are 
necessary in the global push towards sustainability. 

In the widely used LBM scheme for the magnetic induction formulation by Dellar [18], 
the magnetic component of the Lorentz force is absorbed into the stress tensor 
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conventionally placed on the left-hand side of the momentum equation, namely as −𝐽 × 𝐵⃗⃗ =

−(𝜇−1∇ × 𝐵⃗⃗) × 𝐵⃗⃗, and converted into 𝜇−1∇ ∙ (
1

2
𝐵2𝐈 − 𝐵⃗⃗⨂𝐵⃗⃗), where 𝐽 is the electric current, 

𝐵⃗⃗ is the magnetic field with magnitude 𝐵, 𝜇 is the magnetic permeability of the fluid, 𝐈 is the 

identity tensor, ⨂ is the dyadic product operator, and (
1

2
𝐵2𝐈 − 𝐵⃗⃗⨂𝐵⃗⃗) is the Maxwell stress 

tensor. Correspondingly, the equilibrium distribution function 𝑓𝛼
eq

 of the LBM flow solver is 

changed to 𝑓𝛼
MHD(eq)

 as follows 

𝑓
𝛼
MHD(eq) = 𝑓

𝛼
eq +

𝜔𝛼

2𝑐𝑠
4𝜇

[𝐶𝐵(𝐵⃗⃗⃗ ∙ 𝐵⃗⃗⃗)(𝑒⃗𝛼 ∙ 𝑒⃗𝛼) − (𝑒⃗𝛼 ∙ 𝐵⃗⃗⃗)
2
], (1) 

where 𝑒𝛼 and 𝜔𝛼 are, respectively, the lattice velocity and weight factor in the 𝛼 ∈ [0, 𝑄 − 1] 

direction of the flow solver, 𝑄  is the number of lattice velocities, 𝑐𝑠 = ∆𝑥/(√3∆𝑡) is the 
sound speed used in LBM, ∆𝑥 and ∆𝑡 are, respectively, the lattice distance and time step, and 

𝐶𝐵 is the model constant that will be discussed in the current study. The magnetic field 𝐵⃗⃗ is 
obtained using a separate vector-valued LBM routine [18] to solve the magnetic induction 
equation  

𝜕𝐵⃗⃗⃗

𝜕𝑡
= ∇ × (𝑢⃗⃗ × 𝐵⃗⃗⃗) +

1

𝜇𝜎
∆𝐵⃗⃗⃗, (2) 

where 𝑢⃗⃗ is the flow velocity, 𝜎 is the electrical conductivity, and 𝜂 = 1/(𝜇𝜎) is the magnetic 

diffusivity. The critical constraint ∇ ∙ 𝐵⃗⃗ = 0  is automatically enforced in LBM with high 
accuracy, which is a remarkable advantage over traditional computational fluid dynamical 
algorithms that usually require a divergence cleaning process. The detailed algorithm used to 
couple the flow and magnetic solvers is provided in the Appendix. 

For physical consistency, the second moment of 𝑓𝛼
MHD(eq)

, expressed in terms of 𝑒𝛼, 
should recover the Maxwell stress tensor as follows 

∑ 𝑒⃗𝛼⨂𝑒⃗𝛼𝑓
𝛼
MHD(eq)

𝑄−1

𝛼=0
= ∑ 𝑒⃗𝛼⨂𝑒⃗𝛼𝑓

𝛼
eq

𝑄−1

𝛼=0
+ 𝜇−1 (

1

2
𝐵2𝐈 − 𝐵⃗⃗⃗⨂𝐵⃗⃗⃗), (3) 

where ∑ 𝑒𝛼⨂𝑒𝛼𝑓𝛼
eq𝑄−1

𝛼=0 = 𝜌𝑢⃗⃗⨂𝑢⃗⃗ + 𝑝𝐈  is required to recover the original compressible 
Navier–Stokes equations. Here, 𝜌 is the density and 𝑝 = 𝑐𝑠

2𝜌 is the thermodynamic pressure. 
Variables and constants with physical (SI) units are used in our formulation, which can be 
achieved by having ∆𝑥 and 𝑐 ≡ ∆𝑥/∆𝑡 take arbitrary values different from unity. Since the 

magnetic component of the Lorentz force, 𝐽 × 𝐵⃗⃗ , is included through the modified 

equilibrium distribution function 𝑓𝛼
MHD(eq)

, an LBM force model is unnecessary and 𝑢⃗⃗  is 
computed without an explicit force term in the absence of other force sources.  

For 3D LBM MHD models, different values for the model constant 𝐶𝐵 have been used 
in past simulations, e.g., 𝐶𝐵 = 1/2 [19, 20], 𝐶𝐵 = 1/3 [21, 22, 23], and 𝐶𝐵 = 1 [24]. As we 
show in the remainder of this paper, arbitrary modifications of 𝐶𝐵 can lead to inconsistencies 
in recovering the correct Maxwell stress tensor and in mass conservation. For ease of 
reference, variants of the 3D version of Eq. (1) with different 𝐶𝐵  values are henceforth 
referred to as the so-called “inconsistent models”. The paper is structured as follows: Section 
2 describes the recovery of the Maxwell stress tensor from the equilibrium distribution 
function, while Section 3 discusses the requirements on 𝐶𝐵 to maintain mass conservation. 
We introduce a consistent model that simultaneously recovers the Maxwell stress tensor and 
conserves mass in Section 4. In Section 5, we present simulation results comparing the 
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consistent model with inconsistent models in various rectangular channel flows. Finally, our 
conclusions are provided in Section 6. 
 

2. Recovering the Maxwell stress tensor 

The model constant 𝐶𝐵 in Eq. (1) was set to 1/2 for the D2Q9 lattice model in the seminal 
work by Dellar [18]. This modification for incorporating the Lorentz force has more recently 
been extended to the D3Q27 lattice model with 𝐶𝐵 set to 1/2 and 1 in Refs. [19] and [24], 

respectively, and the D3Q19 lattice model with 𝐶𝐵 = 1/2 [20]. The obtained 𝑓𝛼
MHD(eq)

 is then 
used to compute the equilibrium moments for the corresponding multi-relaxation-time 
simulations. 

We verify the value of the constant 𝐶𝐵 that recovers the Maxwell stress tensor for 

various lattice models. For the D2Q9 model, we have 𝑐𝑠 = 𝑐/√3, 𝜔0 = 4/9, 𝜔𝛼∈[1,4] = 1/9, 

𝜔𝛼∈[5,8] = 1/36, and  

{
|𝑒𝛼1⟩ = 𝑐[0,1,0, −1,0,1, −1, −1,1]T,

|𝑒𝛼2⟩ = 𝑐[0,0,1,0, −1,1,1, −1, −1]T.
 (4) 

Using the following identity 

∑ 𝜔𝛼𝑒𝛼𝑖𝑒𝛼𝑗𝑒𝛼𝑘𝑒𝛼𝑙

𝑄−1

𝛼=0
=

𝑐4

9
(𝛿𝑖𝑗𝛿𝑘𝑙 + 𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘), (5) 

we obtain the corresponding second moment   

∑ 𝑒𝛼⨂𝑒𝛼 (𝑓𝛼
MHD(eq)

− 𝑓𝛼
eq

)
𝑄−1

𝛼=0
= ∑ 𝑒𝛼⨂𝑒𝛼

𝜔𝛼

2𝑐𝑠
4𝜇

[𝐶𝐵(𝐵⃗⃗ ∙ 𝐵⃗⃗)(𝑒𝛼 ∙ 𝑒𝛼) − (𝑒𝛼 ∙ 𝐵⃗⃗)
2

]
𝑄−1

𝛼=0

=
9𝐶𝐵

2𝑐4 𝜇
𝑐4 (0 +

1 × 2 × 1

9
+

1 × 4 × 2

36
) (𝐵⃗⃗ ∙ 𝐵⃗⃗)𝐈 −

1

2𝜇
[(𝐵⃗⃗ ∙ 𝐵⃗⃗)𝐈 + 2𝐵⃗⃗⨂𝐵⃗⃗]

=
4𝐶𝐵

2𝜇
(𝐵⃗⃗ ∙ 𝐵⃗⃗)𝐈 −

1

2𝜇
[(𝐵⃗⃗ ∙ 𝐵⃗⃗)𝐈 + 2𝐵⃗⃗⨂𝐵⃗⃗] =

4𝐶𝐵 − 1

2𝜇
(𝐵⃗⃗ ∙ 𝐵⃗⃗)𝐈 −

1

𝜇
𝐵⃗⃗⨂𝐵⃗⃗. 

(6) 

The Maxwell stress tensor is recovered only if 𝐶𝐵 = 1/2, as used in Ref. [18].   

For the D3Q27 model, we have 𝑐𝑠 = 𝑐/√3, 𝜔centre = 8/27 for 𝛼 = 0, 𝜔face = 2/27 
for 𝛼 ∈ [1,6], 𝜔edge = 1/54 for 𝛼 ∈ [7,18], 𝜔corner = 1/216 for 𝛼 ∈ [19,26], and  

{

|𝑒𝛼1⟩ = 𝑐[0, 1, −1, 0, 0, 0, 0, 1, −1, 1, −1, 1, −1, 1, −1, 0, 0, 0, 0, 1, −1, 1, −1, 1, −1, 1, −1]T,

|𝑒𝛼2⟩ = 𝑐[0, 0, 0, 1, −1, 0, 0, 1, 1, −1, −1, 0, 0, 0, 0, 1, −1, 1, −1, 1, 1, −1, −1, 1, 1, −1, −1]T,

|𝑒𝛼3⟩ = 𝑐[0, 0, 0, 0, 0, 1, −1, 0, 0, 0, 0, 1, 1, −1, −1, 1, 1, −1, −1, 1, 1, 1, 1, −1, −1, −1, −1]T.

 (7) 

The corresponding second moment is 

∑ 𝑒𝛼⨂𝑒𝛼 (𝑓𝛼
MHD(eq)

− 𝑓𝛼
eq

)
𝑄−1

𝛼=0
=

5𝐶𝐵 − 1

2𝜇
(𝐵⃗⃗ ∙ 𝐵⃗⃗)𝐈 −

1

𝜇
𝐵⃗⃗⨂𝐵⃗⃗, (8) 

which recovers the Maxwell stress tensor only if 𝐶𝐵 = 2/5  (not 𝐶𝐵 = 1/2 [19] or 𝐶𝐵 = 1 
[24]).  

For the widely used D3Q19 model, we have 𝑐𝑠 = 𝑐/√3 , 𝜔centre = 1/3  for 𝛼 = 0 , 
𝜔face = 1/18 for 𝛼 ∈ [1,6], 𝜔edge = 1/36 for 𝛼 ∈ [7,18], and 
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{

|𝑒𝛼1⟩ = 𝑐[0, 1, −1, 0, 0, 0, 0, 1, −1, 1, −1, 1, −1, 1, −1, 0, 0, 0, 0]T,

|𝑒𝛼2⟩ = 𝑐[0, 0, 0, 1, −1, 0, 0, 1, 1, −1, −1, 0, 0, 0, 0, 1, −1, 1, −1]T,

|𝑒𝛼3⟩ = 𝑐[0, 0, 0, 0, 0, 1, −1, 0, 0, 0, 0, 1, 1, −1, −1, 1, 1, −1, −1]T.

 (9) 

The corresponding second moment is  

∑ 𝑒𝛼⨂𝑒𝛼 (𝑓𝛼
MHD(eq)

− 𝑓𝛼
eq

)
𝑄−1

𝛼=0
=

5𝐶𝐵 − 1

2𝜇
(𝐵⃗⃗ ∙ 𝐵⃗⃗)𝐈 −

1

𝜇
𝐵⃗⃗⨂𝐵⃗⃗, (10) 

which recovers the Maxwell stress tensor only if 𝐶𝐵 = 2/5 (not 𝐶𝐵 = 1/2 [20]). This is the 
same model constant required in the D3Q27 model to recover the Maxwell stress tensor.  

 Note that the following properties 

∑ 𝑒𝛼 (𝑓𝛼
MHD(eq)

− 𝑓𝛼
eq

)
𝑄−1

𝛼=0
= 0, 

∑ 𝑒𝛼⨂𝑒𝛼⨂𝑒𝛼 (𝑓𝛼
MHD(eq)

− 𝑓𝛼
eq

)
𝑄−1

𝛼=0
= 0, 

hold for the first and third moments, respectively, of the D2Q9, D3Q27, and D3Q19 models 
with arbitrary 𝐶𝐵 due to symmetry.  

3. Satisfying mass conservation 

Additionally, the mass conservation law requires ∑ (𝑓𝛼
MHD(eq)

− 𝑓𝛼
eq

)𝑄−1
𝛼=0 = 0.  

For the D2Q9 model, we have 

∑ (𝑓𝛼
MHD(eq)

− 𝑓𝛼
eq

)
𝑄−1

𝛼=0
= ∑

𝜔𝛼

2𝑐𝑠
4𝜇

[𝐶𝐵(𝐵⃗⃗ ∙ 𝐵⃗⃗)(𝑒𝛼 ∙ 𝑒𝛼) − (𝑒𝛼 ∙ 𝐵⃗⃗)
2

]
𝑄−1

𝛼=0

∝ 𝐶𝐵(𝐵⃗⃗ ∙ 𝐵⃗⃗)𝑐2 (0 +
1 × 4 × 1

9
+

1 × 4 × 2

36
) −

𝑐2

3
(𝐵⃗⃗ ∙ 𝐵⃗⃗) ∝ (

2𝐶𝐵

3
−

1

3
), 

(11) 

which is zero only if 𝐶𝐵 = 1/2.  This is the same model constant required to recover the 
Maxwell stress tensor. 

 For both the D3Q19 and D3Q27 models, we have 

∑ (𝑓𝛼
MHD(eq)

− 𝑓𝛼
eq

)
𝑄−1

𝛼=0
∝ 𝐶𝐵 −

1

3
, (12) 

which is zero only if 𝐶𝐵 = 1/3. This is different from the value of 2/5 required to recover the 
Maxwell stress tensor. Using 𝐶𝐵 = 1/3 for the D3Q19 and D3Q27 models to maintain mass 
conservation was also reported in Refs. [21, 22, 23], but fails to recover the correct Maxwell 
stress tensor due to Eqs. (8) and (10).  

4. A consistent 3D model for the equilibrium distribution function 

To eliminate the inconsistencies discussed above, an additional term can be added to Eq. (1), 
as proposed in Refs. [25, 26], as follows  
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𝑓
𝛼
MHD(eq) = 𝑓

𝛼
eq +

𝜔𝛼

2𝑐𝑠
4𝜇

[
1

2
(𝐵⃗⃗⃗ ∙ 𝐵⃗⃗⃗)(𝑒⃗𝛼 ∙ 𝑒⃗𝛼) − (𝑒⃗𝛼 ∙ 𝐵⃗⃗⃗)

2
−

𝑐2

6
(𝐵⃗⃗⃗ ∙ 𝐵⃗⃗⃗)]. (13) 

It may be verified that for the D3Q15, D3Q19, and D3Q27 models, the Maxwell stress tensor 
is recovered exactly, and we have the zeroth moment equal to zero for mass conservation. 
Additionally, the first moment is also equal to zero for momentum conservation, and the third 
moment is equal to zero for high-order accuracy. Therefore, it is recommended that this 
modification be used in three-dimensional simulations. For ease of reference, the model 
above is henceforth referred to as the “consistent model”. 

Note that modifying 𝑓𝛼
eq

 is also used to recover the desired bulk viscosity term in the 

stress tensor while keeping the zeroth, first, and third moments of 𝑓𝛼
eq

 unchanged, as 
examined in Ref. [27].   

5. Results and Discussion 

While the inconsistent models discussed above may not have generated significant errors in 
particular set-ups, such as in those previously investigated by the 3D LBM-MHD studies of 
Refs. [19, 20, 21, 22, 23, 24], such mismatches in the moments of the equilibrium distribution 
function can have noticeable influence in more general scenarios. To systematically 
investigate these potential consequences of model inconsistencies, we have focused our 
discussion on specific set-ups where such inconsistencies are expected to manifest errors of 
significant impact. Three different categories of flow problems are simulated and 
quantitatively analysed to cover common scenarios in practical applications. The set-up for 
each category is simplified to enable general theoretical analysis, with the intention for the 
conclusions about the models’ consistency to be generalisable to more complex set-ups and 
geometries. Using 𝐶𝐵 ≠ 1/3, as was done in Refs. [19, 20, 24], violates mass conservation. 
This can lead to both unphysical results in open problems and remarkable errors in closed 
problems, as we will show in Sections 5.1 and 5.2, respectively. When 𝐶𝐵 = 1/3 is used to 
conserve mass without the extra model term, as adopted in Refs. [21, 22, 23], the mismatch 
in recovering the Maxwell stress tensor affects the magnetic pressure term. This can cause 
noticeable errors when the magnetic pressure gradient plays an important role in driving the 
flow, as we show in Section 5.3.  

We consider three variations of Hunt’s flow in a rectangular channel and perform 3D 
LBM MHD simulations with the consistent and inconsistent models. Schematics of the three 
cases to be considered, including the domain set-up and boundary conditions for the 
magnetic field, velocity, and pressure, are illustrated in Fig. 1. Variables and constants are 
hereinafter expressed in SI units, which can be numerically realised by adopting the 
appropriate ∆𝑥  and 𝑐 = ∆𝑥/∆𝑡  in the formulation. The corresponding dimensionless 
parameters are summarised in Table 1 for each case. 

Dimensionless parameter Case 1 Case 2 Case 3 

Reynolds number 𝑅𝑒 = 𝑢1,max𝐿2/𝜈 2.6 0.20 0.15 

Magnetic Reynolds number 𝑅𝑒𝑚 = 𝜇𝜎𝑢1,max𝐿2 2.6 0.20 0.15 

Magnetic Prandtl number 𝑃𝑟𝑚 = 𝜈𝜇𝜎 1.0 1.0 1.0 

Hartmann number 𝐻𝑎 = 𝐵ext,2𝐿2√𝜎/𝜇/2 4.0 4.0 4.0 

Table 1: Dimensionless parameters for the cases considered in this work. The field strength used for the Hartmann number 
of Case 3 is its maximum value in the domain. 𝐿2 is the length of the domain in the 𝑥2 direction. 
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Fig. 1: Schematics of Hunt’s flow and its variants considered in this work. 

5.1. Case 1: Hunt’s flow in an open channel 

In Case 1, a Hunt’s flow simulation is driven in the 𝑥1 direction of a rectangular channel with 
a domain size of 20 × 2 × 2  using a pressure difference, namely by having 𝑝in = 𝑝0 =
𝜌0𝑐2/3 at 𝑥1 = 0 and 𝑝out = 0.98𝜌0𝑐2/3 < 𝑝0 at 𝑥1 = 20. The boundary conditions for the 

magnetic field, 𝐵⃗⃗, are 𝜕𝐵⃗⃗/𝜕𝑛 = 0 for the conducting walls at 𝑥2 = 0 and 2, as well as for the 

inlet and outlet; and 𝐵⃗⃗ = 𝐵⃗⃗ext = (0, 𝐵ext,2, 0) for the insulating walls at 𝑥3 = 0 and 2. At the 
walls with 𝑢⃗⃗ = 0, the halfway bounce-back scheme is used for the no-slip velocity boundary 
condition. The magnetic boundary condition is implemented by the halfway bounce-back 

scheme for 𝜕𝐵⃗⃗/𝜕𝑛 = 0 and the halfway anti-bounce-back scheme for 𝐵⃗⃗ = 𝐵⃗⃗ext [28]. At the 
open boundaries, the non-equilibrium extrapolation scheme [29] is used to enforce fixed 

densities and pressures, while the vector-valued distribution function used for solving 𝐵⃗⃗ is 
retrieved from the corresponding neighbouring grid cell in the normal direction located inside 

the computational domain, which imposes 𝜕𝐵⃗⃗/𝜕𝑛 = 0 regardless of 𝑢⃗⃗. 

An external magnetic field of 𝐵ext,2 = 4 is imposed in the 𝑥2 direction. For simplicity 
of normalisation and discussion, we have selected the following fluid parameters: 𝜌0 = 1 for 
the reference density, 𝜎 = 1 for the electrical conductivity, 𝜈 = 1 for the kinematic viscosity, 
and 𝜇 = 1  for the magnetic permeability. Extension of our formulation to non-unity 
parameters is straightforward. A baseline grid-cell count of 400 × 40 × 40 (in addition to an 
extra grid layer inside each solid wall used to implement the halfway bounce-back scheme) is 
used in the LBM simulations. The grid-cell-to-time-step ratio 𝑐 = Δ𝑥/Δ𝑡 = 10/∆𝑥  is used 
such that 𝜈 = 𝑐∆𝑥(𝜏 − 0.5)/3 = 1 holds at a fixed relaxation time 𝜏 = 0.8 for the flow solver.     

We compare simulations using the consistent model of Eq. (13) and the inconsistent 
models of Eq. (1) with 𝐶𝐵 = 1/2 and 1. Fig. 2 shows the density variation along the driving 
direction, 𝑥1. The density in Fig. 2(a), obtained from the consistent model, varies from 1 at 
the inlet to 0.98 at the outlet as expected. However, the density variation has a peak at the 
channel centre when the inconsistent models are used. Due to the violation of mass 

conservation in the inconsistent models, the relative error in mass, ∑ (𝑓𝛼
MHD(eq)

− 𝑓𝛼
eq

)𝑄−1
𝛼=0 /

∑ 𝑓𝛼
eq𝑄−1

𝛼=0 , is 0.03% for 𝐶𝐵 = 1/2 and 0.12% for 𝐶𝐵 = 1. Although these errors are relatively 
small, they are compounded in all grid points over every time step via the collision process. 
While there is a depletion effect at open boundaries with fixed or lower densities, this 
depletion is much slower than the error compounding, particularly in the domain interior. 
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After long-time advancement, a balance is achieved with a sharply decreasing density from 
the centre towards the open boundaries, as shown in Fig. 2(b) and (c). The peak value 
associated with 𝐶𝐵 = 1 is higher than that associated with 𝐶𝐵 = 1/2 because the former has 
a larger relative error in mass conservation. Additionally, the density variation of the 
inconsistent models is almost symmetric in  𝑥1 because the small difference of 2% in the 
imposed densities at the two ends is negligible relative to the density variation resulting from 
the violation of mass conservation. 

The unphysical density variations obtained by the inconsistent models lead to 
unphysical pressure variations that drive the flow from the channel centre towards the two 
ends. Fig. 3(a) shows the variation in streamwise velocity, 𝑢1, at the mid-plane, as obtained 
from the consistent model. The inconsistent models result in completely different velocity 
profiles, as evidenced in Fig. 3(b) and (c). Similarly, the spatial distributions of the streamwise 
induced magnetic field, 𝐵1 , obtained by the inconsistent models are completely different 
from the corresponding distribution of the consistent model, as shown in Fig. 4. Note that the 
unphysical flow pattern obtained from the inconsistent model will also occur in other open 
problems where the pressure is fixed at the inlet(s) and/or outlet(s), since the internal 
pressure will accumulate due to the violation of mass conservation. 

We do not observe significant differences between the consistent model and the 
inconsistent model using 𝐶𝐵 = 1/3, which conserves mass. This is because the magnetic field 

𝐵⃗⃗ and magnetic pressure 𝐵2/(2𝜇) do not change along the driving direction and the error in 
magnetic pressure does not manifest. The corresponding comparison is omitted.  
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Fig. 2: Spatial variation of the density 𝑑 ≡ 𝜌 on the middle plane at 𝑥3 = 1 obtained using (a) the consistent 
model [25, 26], as well as the inconsistent models with (b) 𝐶𝐵 = 1/2 [19, 20] and (c) 𝐶𝐵 = 1 [24]. The white 
vertical lines denote the domain decomposition boundaries in our parallel simulation and may be neglected. 

Note the difference in colour bar ranges in the three panels. 
 

 
 

 

 

 
Fig. 3: Spatial variation of the streamwise (𝑥1) velocity 𝑢1 on the middle plane at 𝑥3 = 1 obtained using (a) the 

consistent model [25, 26], as well as the inconsistent models with (b) 𝐶𝐵 = 1/2 [19, 20] and (c) 𝐶𝐵 = 1 [24]. 
Note the difference in colour bar ranges between the top panel and the other two panels. 
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Fig. 4: Spatial variation of the streamwise induced magnetic field, 𝐵1, on the middle plane at 𝑥3 = 1 obtained  
using (a) the consistent model [25, 26], as well as the inconsistent models with (b) 𝐶𝐵 = 1/2 [19, 20] and (c) 

𝐶𝐵 = 1 [24]. Note the difference in colour bar ranges between the top panel and the other two panels. 

5.2. Case 2: Hunt’s flow in a closed channel 

In Case 2, the previous Hunt’s flow is simulated again but with the flow now driven by an 
external body force 𝑎1 per unit mass, with 𝑎1 = 1 in the current study. Correspondingly, the 
previous inlet and outlet boundaries are replaced by periodic boundaries. The external force 
is implemented using the exact difference method [30] and the flow velocity in the 𝑥1 
direction, 𝑢1, is computed with an additional force term 0.5∆𝑡𝑎1. To reduce computational 
cost, only 5 grid points are used in the driving direction in this case, but the channel cross-
section is still resolved by 40 × 40 grid points. For comparison with the analytical solution 
[31], the obtained velocity and magnetic field are divided by the external force 𝜌0𝑎1. 

 The spatial profiles of 𝑢1  and 𝐵1  are plotted in Fig. 5(a)–(c), which show good 
agreement between the consistent model of Eq. (13) and the analytical solutions. Although 
the inconsistent models of Eq. (1) with 𝐶𝐵 = 1/2 and 1 have the correct profile shapes as 
seen in Fig. 5(e)–(h), the magnitudes of the obtained 𝑢1  and 𝐵1  increase with time. The 
reason is that the mass conservation violation continuously increases the density 𝜌, since 
there is erroneous mass replenishment but no mass depletion in closed problems. 
Consequently, the body force 𝜌𝑎1 per unit volume increases with time. Assuming that the 
velocity solution 𝑢1 is unchanged, the viscous friction 𝜌𝜈∆𝑢1 will increase proportionally to 

𝜌𝑎1, while the magnetic component of the Lorentz force, 𝐽 × 𝐵⃗⃗ = (𝜇−1∇ × 𝐵⃗⃗) × 𝐵⃗⃗, remains 

unchanged like 𝑢1 according to Eq. (2). This implies that the driving force 𝜌𝑎1 becomes larger 
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than the total drag forces of 𝜌𝜈∆𝑢1 and (𝐽 × 𝐵⃗⃗)
1
. Therefore, a balance of forces requires 𝑢1 

to increase with 𝜌, and |𝐵1| increases as well. The increase in total mass, namely 𝜌, with time 
using the inconsistent models is also shown in Fig. 5(d).   

As with Case 1, we do not observe significant differences between the consistent 
model and the mass-conserving inconsistent model with 𝐶𝐵 = 1/3, and the corresponding 
comparison is omitted.   
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Fig. 5: Comparison of (a–c) the consistent model [25, 26], as well as the inconsistent models using (e,g,i) 𝐶𝐵 =

1/2 [19, 20] and (f,h,j) 𝐶𝐵 = 1 [24], with analytical solutions [31] for (a,b,e–h) 𝑢1 and (c,i,j) 𝐵1, and (d) with 
one another for 𝜌. Only half of each profile, which is symmetric with respect to either 𝑥2 = 1 or 𝑥3 = 1, is 

plotted. All spatial profiles are plotted with respect to 𝑥2 except panels (b), (g), and (h), which are plotted with 
respect to 𝑥3. The time step size is ∆𝑡 = ∆𝑥/𝑐 = ∆𝑥2/10 = 1/4000.  
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Based on results from the consistent model in Fig. 5(a)–(c), we note that, physically, 
the solutions are reasonably converged after 𝑡 = 4000∆𝑡. Therefore, the evolution/deviation 
of the magnetic field and velocity profiles in the inconsistent models after this time instant 
results from error accumulation (i.e., 0.03% of the instantaneous speed for 𝐶𝐵 = 1/2 and 
0.12% of the instantaneous speed for 𝐶𝐵 = 1 per time step). The speed is therefore reported 
as a function of the number of elapsed time steps (i.e., iterations) rather than the physical 
time. The time step size, ∆𝑡, is provided in the figure caption for clarity. 

In Fig. 6, we focus on the physical convergence process using the consistent model 
with different 𝜏, 𝑐, ∆𝑡, and correspondingly different relaxation times 𝜏𝑔 for the magnetic field 

solver. Hence, the results are presented at fixed physical times instead of a fixed number of 
elapsed time steps. As before, the channel cross-section is resolved with 40 × 40 grid points 
and ∆𝑥 = 1/20. Unlike the baseline set-up (𝜏 = 0.8 and 𝑐 = 10/∆𝑥 to match 𝜈 ≡ 𝑐∆𝑥(𝜏 −
0.5)/3 = 1 ), we adjust 𝑐  here for arbitrary 𝜏  according to 𝑐 ≡ 3𝜈/[∆𝑥(𝜏 − 0.5)] . 
Furthermore, the relation 𝜏𝑔 ≡ 0.5 + 4/(𝜇𝜎𝑐∆𝑥)  indicates that 𝜏𝑔  changes with 𝜏  via 𝑐 . 

Keeping 𝜈 = 𝜇 = 𝜎 = 1  and ∆𝑥 = 1/20 , we have 𝑐 = 60/(𝜏 − 0.5)  and 𝜏𝑔 = 0.5 + 4(𝜏 −

0.5)/3 when varying 𝜏 for a parametric study. In Fig. 6, we consider 𝜏 = 0.6, 0.7, and 0.9. We 
find that the transient results obtained using different 𝜏, 𝑐, ∆𝑡, 𝜏𝑔 at the same physical time 

are essentially identical, demonstrating the parameter-independent property of the solvers. 
Additionally, all results converge to the analytical solutions after about 1 second of physical 
time, as further demonstrated by convergence in subsequent snapshots (not shown here).  
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Fig. 6: Simulations with different values of 𝜏, 𝑐, ∆𝑡, and 𝜏𝑔 = 0.5 + 4(𝜏 − 0.5)/3 in the consistent model [25, 

26].  The dash-dotted green, dashed blue, and solid red curves correspond to 𝜏 = 0.6, 0.7, and 0.9, 
respectively. Reasonable agreement across the parameters demonstrates that the solvers are parameter 

independent. 

5.3. Case 3: Flow driven by a difference of magnetic pressure in an open channel 

In Case 3, we adopt the previous set-up of Section 5.1 with two open boundaries (Case 1), but 
we impose the same density 𝜌0 = 1  at the two ends. The corresponding difference in 

thermodynamic pressure is zero. The boundary conditions for the magnetic field 𝐵⃗⃗  are 

𝜕𝐵⃗⃗/𝜕𝑛 = 0 for the conducting walls at 𝑥2 = 0 and 2, as well as for the inlet and outlet. 

Additionally, instead of using a constant 𝐵ext,2 = 4 in 𝐵⃗⃗ = 𝐵⃗⃗ext = (0, 𝐵ext,2, 0) for the walls 
at 𝑥3 = 0 and 2, we apply a linear variation in the imposed field strength along 𝑥1, such that 
𝐵ext,2 = 4(𝐿1 − 𝑥1)/𝐿1 , where 𝐿1 = 20 is the channel length. The top and bottom walls, 
which are conducting, have an electric current 𝐽3 < 0 , which drives the flow in the 𝑥1 

direction as (𝐽 × 𝐵⃗⃗)
1

≈ −𝐽3𝐵2 > 0.      

Throughout the computational domain, the obtained density and thermodynamic 
pressure are almost uniform (plots omitted here). The flow is mainly driven by the magnetic 

component of the Lorentz force, 𝐽 × 𝐵⃗⃗ = 𝜇−1∇ ∙ (−
1

2
𝐵2𝐈 + 𝐵⃗⃗⨂𝐵⃗⃗). Note that the induced 𝐵3 

is almost zero, and 𝐵1 is much smaller than 𝐵2 as shown in Fig. 7 and Fig. 8. The magnitude of 
the induced 𝐵1  decreases with an increase in 𝑥1  as the imposed 𝐵ext,2  does. For the 𝑥1 
magnetic component of the Lorentz force, the first term corresponding to the gradient of 

magnetic pressure is −
1

2𝜇
∂𝑥1

(𝐵2) ∝ 𝐵2
2, which is the driving force of the flow. The second 

term, 𝜇−1𝐵⃗⃗ ∙ ∇𝐵1 ∝ 𝐵2𝐵1, corresponds to a drag force. The first term is much larger than the 
second term since 𝐵2 ≫ 𝐵1 . When the inconsistent model with 𝐶𝐵 = 1/3  is used, the 

magnetic pressure changes from 
1

2𝜇
𝐵2 to 

1

3𝜇
𝐵2 [see Eqs. (8) and (10)], which can be balanced 

if both the drag force 𝜇−1𝐵⃗⃗ ∙ ∇𝐵1  and the viscous friction 𝜌𝜈∆𝑢1  are also decreased by a 
factor of 2/3. This is exactly what is observed in the comparisons of Fig. 7–Fig. 9, where  
𝐵2 ≈ 𝐵 is almost unchanged while 𝐵1 and 𝑢1 are decreased by a factor of 2/3. Therefore, 
noticeable errors will occur when using the inconsistent model with 𝐶𝐵 = 1/3 if the magnetic 
pressure plays an important role in driving the flow. 
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Fig. 7: Spatial variation of the streamwise induced magnetic field, 𝐵1, on the middle plane at 𝑥3 = 1 obtained  
using (a) the consistent model [25, 26] and (b) the inconsistent model with 𝐶𝐵 = 1/3 [21, 22, 23]. Note the 

difference in colour bar ranges in the two panels. 
 
 
  

 

 
Fig. 8: Spatial variation of the 𝑥2 component of the magnetic field, 𝐵2, including its imposed and induced 
contributions, on the middle plane at 𝑥3 = 1 obtained using (a) the consistent model [25, 26] and (b) the 
inconsistent model with 𝐶𝐵 = 1/3 [21, 22, 23]. There is negligible difference between the two solutions.   
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Fig. 9: Spatial variation of the streamwise velocity, 𝑢1, on the middle plane at 𝑥3 = 1 obtained using (a) the 
consistent model [25, 26] and (b) the inconsistent model with 𝐶𝐵 = 1/3 [21, 22, 23]. Note the difference in 

colour bar ranges in the two panels. 

6. Conclusions 

We investigated different 3D LBM models for MHD flows that modify the equilibrium 
distribution function of the flow solver to recover the Maxwell stress tensor, as proposed in 
the original 2D model to incorporate the Lorentz force. Most 3D models adopt one free 
parameter 𝐶𝐵, which cannot simultaneously recover the Maxwell stress tensor and conserve 
mass exactly. The violation of mass conservation by using 𝐶𝐵 ≠ 1/3 could lead to unphysical 
results and significant errors in simulating open and closed problems, respectively. Using 
𝐶𝐵 = 1/3 can conserve mass and the obtained solutions are accurate in problems where the 
magnetic pressure is uniform. However, there is a mismatch in the magnetic pressure when 
using 𝐶𝐵 = 1/3. We show that noticeable errors can occur if the magnetic pressure gradient 
plays an important role in driving the flow of interest. On the other hand, a consistent 3D 
model that incorporates an additional term has been previously proposed, albeit without 
widespread uptake, and can simultaneously satisfy the two requirements discussed above. 
We show that its simulation results agree very well with the analytical solutions in a 
representative reference problem. The extended 3D model is simple to implement, does not 
cause significant increase in computational cost, and is broadly recommended for 3D MHD 
simulations due to its theoretical consistency and simplicity for practical implementations.  

It is worth noting that the Lorentz force can also be directly implemented through a force 
model [12, 23, 28, 32] without consistency issues, as an alternative to modifying the 
equilibrium distribution function as studied in the current work. A performance comparison 
between these two approaches is deferred to future work. 
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Appendix 

The detailed algorithms of solving the flow and the magnetic field are provided here for 
completeness. The scalar distribution function, 𝑓𝛼 , is used for the flow simulation and evolves 
according to a relaxation–propagation process 

𝑓𝛼(𝑥⃗ + 𝑒𝛼Δ𝑡, 𝑡 + Δ𝑡) = 𝑓𝛼(𝑥⃗, 𝑡) +
𝑓𝛼

MHD(eq)
(𝑥⃗,𝑡)−𝑓𝛼(𝑥⃗,𝑡)

𝜏
,                             (A1) 

where 𝑓𝛼
MHD(eq)

 is modified from 𝑓𝛼
eq

 using 𝐵⃗⃗  via Eq. (1), and 𝑓𝛼
eq

 is computed from the 

density 𝜌 = ∑ 𝑓𝛼
𝑄−1
𝛼=0  and the velocity 𝑈⃗⃗⃗ = (1/𝜌) ∑ 𝑒𝛼𝑓𝛼

𝑄−1
𝛼=0  as follows 

𝑓𝛼
eq

(𝜌, 𝑈⃗⃗⃗) = 𝜌𝜔𝛼 [1 +
3

𝑐2 𝑒𝛼 ∙ 𝑈⃗⃗⃗ +
9

2𝑐4 (𝑒𝛼 ∙ 𝑈⃗⃗⃗)
2

−
3

2𝑐2 𝑈⃗⃗⃗ ∙ 𝑈⃗⃗⃗].                      (A2)  

The relaxation time 𝜏 is selected to match the kinematic viscosity 𝜈 = 𝑐∆𝑥(𝜏 − 0.5)/3. The 
D3Q19 lattice model is used to determine 𝜔𝛼  and 𝑒𝛼 . The thermodynamic pressure 𝑝  is 
computed as 𝑝 = 𝜌𝑐2/3 and imposed at open boundaries by fixing 𝜌 in the non-equilibrium 
extrapolation scheme [29]. The halfway bounce-back scheme of 𝑓𝛼  is used for the no-slip 

velocity boundary condition. The computed 𝑈⃗⃗⃗ is the flow velocity 𝑢⃗⃗ in the absence of other 
force sources different from the Lorentz force.   

For problems with an extra body force 𝑎⃗ per unit mass, such as in Case 2, an additional 
term ∆𝑓𝛼(𝑥⃗, 𝑡) is added to the right-hand side of Eq. (A1) by using the exact difference method 
[30] 

∆𝑓𝛼 = 𝑓𝛼
eq

(𝜌, 𝑈⃗⃗⃗ + ∆𝑡𝑎⃗) − 𝑓𝛼
eq

(𝜌, 𝑈⃗⃗⃗).                                        (A3)  

Correspondingly, the flow velocity becomes 𝑢⃗⃗ = 𝑈⃗⃗⃗ + 0.5∆𝑡𝑎⃗. Note that 𝑓𝛼
eq

 is used only to 

compute ∆𝑓𝛼 and 𝑓𝛼
MHD(eq)

. The full 𝑓𝛼
MHD(eq)

 is used throughout the code.   

 The magnetic field 𝐵⃗⃗ governed by Eq. (2) is modelled separately by a vector-valued 
distribution function 𝑔⃗𝛼, which evolves as follows [18]  

𝑔⃗𝛼(𝑥⃗ + 𝜉𝛼Δ𝑡, 𝑡 + Δ𝑡) = 𝑔⃗𝛼
rel(𝑥⃗, 𝑡) = 𝑔⃗𝛼(𝑥⃗, 𝑡) +

𝑔⃗⃗𝛼
eq(𝑥⃗,𝑡)−𝑔⃗⃗𝛼(𝑥⃗,𝑡)

𝜏𝑔
,                          (A4) 

where 𝑔⃗𝛼
eq

 is computed from 𝐵⃗⃗ = ∑ 𝑔⃗𝛼
𝑀−1
𝛼=0  and the flow velocity 𝑢⃗⃗ 

𝑔⃗𝛼
eq

(𝐵⃗⃗, 𝑢⃗⃗) = 𝜔̅𝛼 [𝐵⃗⃗ +
1

𝑐𝑔
2 𝜉𝛼 ∙ (𝑢⃗⃗⨂𝐵⃗⃗ − 𝐵⃗⃗⨂𝑢⃗⃗)].                             (A5) 

Although there is no physical analogy to justify using a kinetic model for 𝐵⃗⃗, the developed 
LBM algorithm can be taken as a numerical solver of the magnetic induction equation (2) in a 
kinetic form that has numerical advantages. The relaxation time 𝜏𝑔 is selected to match the 

magnetic diffusivity/resistivity 𝜂 = 1/(𝜇𝜎) = (𝜏𝑔 − 0.5)𝑐𝑔
2∆𝑡. The D3M7 lattice model [21] 

with 𝑐𝑔 = 𝑐/2 is used to determine another set of the weight factors 𝜔̅𝛼 and lattice velocities 

𝜉𝛼  in the 𝛼 ∈ [0, 𝑀 − 1]  directions. The constraints of such a model selection are  
∑ 𝜔̅𝛼

𝑀−1
𝛼=0 = 1  and ∑ 𝜔̅𝛼𝜉𝛼𝑖𝜉𝛼𝑗

𝑀−1
𝛼=0 = 𝑐𝑔

2𝛿𝑖𝑗 , in addition to the symmetry requirements 
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∑ 𝜔̅𝛼𝜉𝛼𝑖
𝑀−1
𝛼=0 = 0 and ∑ 𝜔̅𝛼𝜉𝛼𝑖𝜉𝛼𝑗𝜉𝛼𝑘

𝑀−1
𝛼=0 = 0 up to the third order. It is easy to verify that 

∑ 𝜉𝛼⨂𝑔⃗𝛼
eq𝑀−1

𝛼=0 = 𝑢⃗⃗⨂𝐵⃗⃗ − 𝐵⃗⃗⨂𝑢⃗⃗ , which recovers ∇ ∙ (𝑢⃗⃗⨂𝐵⃗⃗ − 𝐵⃗⃗⨂𝑢⃗⃗)  on the left-hand side, 

equivalent to ∇ × (𝑢⃗⃗ × 𝐵⃗⃗) on the right-hand side of Eq. (2).  

 The components 𝐽𝑘 of the current density 𝐽 = 𝜇−1∇ × 𝐵⃗⃗, if needed, can be computed 
by a local summation of the non-equilibrium distribution as follows [18] 

𝐽𝑘 =
1

𝜇
𝜖𝑖𝑗𝑘

𝜕𝐵𝑗

𝜕𝑥𝑖
=

−1

𝜇∆𝑡𝜏𝑔𝑐𝑔
2 𝜖𝑖𝑗𝑘(Λ𝑖𝑗 − Λ𝑖𝑗

eq
),                                    (A6) 

where 𝑖, 𝑗, 𝑘 take all the three values 1,2,3 for the three spatial dimensions, 𝜖𝑖𝑗𝑘 is the Levi-

Civita tensor, Λ𝑖𝑗 = ∑ 𝜉𝛼𝑖𝑔𝛼𝑗
𝑀−1
𝛼=0 , and Λ𝑖𝑗

eq
= ∑ 𝜉𝛼𝑖𝑔𝛼𝑗

eq𝑀−1
𝛼=0 = 𝑢𝑖𝐵𝑗 − 𝐵𝑖𝑢𝑗 . Note that 𝑔𝛼𝑗 used 

in computing Λ𝑖𝑗 for 𝐽𝑘 is the value after propagation, which is different from the value 𝑔𝛼𝑗
rel 

after relaxation. For the single-relaxation-time model of Eq. (A4), we have 

𝑔𝛼𝑗
rel − 𝑔𝛼𝑗

eq
=

𝜏𝑔−1

𝜏𝑔
(𝑔𝛼𝑗 − 𝑔𝛼𝑗

eq
),                                         (A7) 

which indicates that a coefficient 𝜏𝑔/(𝜏𝑔 − 1) should be included if 𝑔𝛼𝑗
rel − 𝑔𝛼𝑗

eq
 is used instead.    

Here, we verify the divergence-free condition for 𝐵⃗⃗ using three methods. Firstly, the 

divergence can be computed from a local summation: ∇ ∙ 𝐵⃗⃗ =
−1

∆𝑡𝜏𝑔𝑐𝑔
2 (Λ𝑗𝑗 − Λ𝑗𝑗

eq
) =

−1

∆𝑡𝜏𝑔𝑐𝑔
2 Λ𝑗𝑗 

[18]. Secondly, the gradient of an arbitrary scalar 𝜑 can be computed by the LBM inherent 
discretisation scheme using a summation over the nearest grid points:  

𝜕𝜑/𝜕𝑥𝑖 =
3

𝑐∆𝑥
∑ 𝜔𝛼𝑒𝛼𝑖𝜑(𝑥⃗ + 𝑒𝛼Δ𝑡)

𝑄−1
𝛼=0 , which can also be used to compute the divergence 

of an arbitrary vector by considering each vector component separately [10]. Thirdly, ∇ ∙ 𝐵⃗⃗ 
can also be computed from a finite difference scheme. Case 2 studied in Section 5.2 (see  
Fig. 5) is used for verification. The steady-state divergence using the consistent model [25] is 

shown in Fig. A1, demonstrating ∇ ∙ 𝐵⃗⃗ ≈ 0 with each of the three divergence computation 

schemes. Note that the largest values of |∇ ∙ 𝐵⃗⃗| ≈ 10−6 occur around the conducting walls, 

while the divergence is much smaller in the domain interior. Therefore, the kinetic solver for 

𝐵⃗⃗  will have better accuracy in enforcing ∇ ∙ 𝐵⃗⃗ = 0 for problems where all boundaries are 
periodic, and the influence of various boundary conditions can be completely removed.    

The magnetic boundary condition has been comprehensively studied in Ref. [28]. The 

insulating walls with 𝐵⃗⃗ = 𝐵⃗⃗ext are modelled by the halfway anti-bounce-back scheme for 𝑔⃗𝛼, 

while the perfectly conducting walls with 𝜕𝐵⃗⃗/𝜕𝑛 = 0 are modelled by the halfway bounce-
back scheme. A modification for moving walls is provided and the on-node moment-based 
scheme is also derived in the reference. Additionally, extensions have been made to 
implement the Shercliff thin-wall boundary condition for high-fidelity simulations of the wall 
effects of finite electrical conductivity, which will be considered in future work. 
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Fig. A1. Verification of ∇ ∙ 𝐵⃗⃗ = 0 in Case 2 with the magnetic field divergence computed by (a) the local 
summation scheme, (b) the nearest-grid-points summation scheme, and (c) the finite difference scheme. 
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