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Abstract: The resource allocation problem of minimizing transmisgi@wer with per user rate constraint is studied for energy
efficiency of multiuser multicarrier systems. We introdacealgorithm that deploys a flow-based decomposition gyatalled the
network-flow-based algorithm (NFBA), to circumvent the N&d complexity of the resource allocation problem. We prglobal
optimality of the algorithm for the case of a flat-fading chah For the general frequency selective channel, the flpgvisiadjusted
adaptively to minimize the transmission power. Also, a cantjnteger programming formulation is developed to previght lower
and upper bounds of the minimum power. Numerical resulte/ghat our proposed NFBA achieves near-optimal performaviite
polynomial complexity even for large-scale systems.

1 Introduction In this paper, we focus on developing an adaptive heuristic
algorithm with near-optimal performance and polynomiaheo
Resource allocation including subchannel (alternatigalycar-  plexity within a general framework. The resulting algonitfis
rier or subband) allocation and power assignment has been aceferred to as the network-flow-based algorithm (NFBA). The
tively considered in multiuser multicarrier systems, sashin proposed NFBA sequentially allocaté® resources in theth
orthogonal frequency-division multiple access (OFDMA) [1 iteration, until all resources are exhausted. A graph-thasku-
2]. Due to the increasing concern of energy efficiency, re-tion framework (i.e., minimum cost multi-commodity networ
cently much focus for resource allocation has been on miniflow) has been performed for utility maximization of OFDMA
mizing energy consumption. The energy optimization agplie resource allocation [15]. The utility is maximized by minin
to most types of wireless networks, such as cellular netsvork ing the flow cost representing the negative valuedavé rate.
which is the main application area of our work, and ad hoclIn contrast to maximum-utility resource allocation, thelpr
networks (e.g., [3]). The resource allocation problem for e lem of minimum power subject to rate target that we consider
ergy minimization is, however, NP-hard [4, 5]. Variableael =~ does not admit a single-stage multi-commodity flow formula-
ation, asymptotical approaches, and heuristic algorithen&e  tion. In the proposed NFBA, we maximize thetential power
been applied to circumvent the extremely high complexity tosaving (profit) on the flow, instead of minimizing the cost, in a
obtain near optimal subchannel allocations [6, 7, 8, 9, 10].sequence of stages. We study the key problem of decifiing
For example, minimization of weighted sum power and max-adaptively. To this end, we first consider NFBA-1 and NFBA-
imization of sum or minimum rate have been studied [6, 7, 8].max in which the flow size is fixed as its minimur( = 1)
In [9], the bandwidth-assignment-based-on-SNR (BABSpalg and maximum {* = max(N*, M)), respectively, wherd'* is
rithm decides the number of subcarriers each user getshand t the number of subchannels available in iterati@md /! is the
rate-craving-greedy (RCG) algorithm or the amplitudeving- number of users. Moreover, we justify the rationale of NFBA
greedy (ACG) algorithm is then used to assign specific subcarby proving that NFBA-1 guarantees global optimality for flat
riers and power allocation to users. The RCG and ACG algofading channels. To achieve both merits of NFBA-1 and NFBA-
rithms are greedy approaches that assign subcarriers based max, the flow sizeét is adapted according to the frequency se-
the maximum rate and the maximum effective channel, respedectivity of the channel, resulting in the so-called NFBdagt
tively. In [10], the successive user integration (SUSIpaiidim algorithm. For the adaptation, we employ a uniformity neetri
is proposed which proceeds in two stages. After selecting arthat reflects the power saving variation (from channel vimé.
initial candidate, the SUSI algorithm performs a local skar We show that the complexity of the NFBA with adaptation is
algorithm, i.e., it searches around neighboring solutiandi-  polynomial. We also develop a compact integer programming
dates, by continuously exploring if there is a net decreagies  formulation based on bounding the rate function to proviglett
transmission power by re-assigning one subchannel from usdower and upper bounds of the minimum power. In summary,
to another user. The algorithm stops when it reaches a locabur contributions include:
optimum, at which none of the neighboring solutions leads to
any improvement. Many other two-stage algorithms have been e A general NFBA representation for an orthogonal sub-

proposed recently, including sorting-and-assignmerntréthyms channel allocation problem.
[11, 14], subcarrler—a_nd-powe_r allocation algonthms][lﬁu_j o Complexity analysis of NFBA-1, NFBA-max, and
user-and-rate allocation algorithms [13]. The aforenwerad NFBA-adapt.

heuristic algorithms, however, achieve loose gaps fronofiie L . .
timum, or their complexities are hard to predict as the nurobe » Optimality guarantee of NFBA-1 in flat-fading channel
iterations needed is a tuning parameter. Hence, it is otigedc and of NFBA-max when/ = N.

importance to study simple strategies that achieve netamap e A compact integer programming formulation providing
performance with tractable complexity. tight lower and upper bounds of the minimum power.



~~~~~~~ lem with weighted arcs [18], and its flow size adaptation &l
proposed in Subsection 3.3.

T @ > & Receiver 1 will be described after recapitulating the maximum flow prob

> & Receiver 2

Transmitter N subchannels ™ & Receiver M

_ _ _ o 3.1 Problem reformulation
Fig. 1: lllustration of OFDMA downlink communications: trans-
mission from one transmitter to A/ receivers through N subchan- Let ¢t be an iteration index in iteration st = {1,...,T},
nels. whereT is the iteration number which will be decided later.
Consider the following optimization problem:

Numerical results show that the bounds obtained from the

integer programming problem are within 0.35%, and NFBA- P;ng maximize Z Z Z ot ft (2a)
adapt achieves near-optimal performance to within 1.98@ef N frn Ymonath S ST e
minimum energy foR0 users with50 subchannels. stfl {01}, Vm,n,t (2b)
_ > fha <1, Ymit (2¢)
2 Problem formulation neN't
t 2d
Consider a multiuser multicarrier system in which one trans Z Z Z Jmn < (2d)

: . . . . EMIET neNt
mitter communicates withl/ receivers viaN subchannels as " "

shown in Fig. 1. DenoteM = {1,...,M} and N' =
{1,..., N} by the sets of\/ users andV subchannels, respec-
tively. In the OFDMA system, our task is to allocate each user
m € M to a subchannel sgf,,, C V. Also, we are to allocate
the transmission poweP,,,, > 0 to userm on subchannet,
which results in rate,,,,,(Pny) = 1ogs(1 + P gmn), Where
gmn > 0is the channel gain. Here, without loss of generality,

whereN* is the remaining subchannel set at iteratipif’,,
an assignmentindicator that is one if subchamnela55|gned to
userm at iterationt, and zero otherwise; and,,, is the poten-
tial power saving (profit) for usen at iterationt. If we allocate
subchanneh to userm at iterationt, the profit is written as

A t—1 t—1
we assume a unit variance noise. Hence the signal-to-raise r 9mn = Z Pl N ) = Z w N " U{n})
tio (SNR) is P, gmn- Each userm € M has its own target n/ NG n eNg U{n}
rate Ry, 1.6, 2, cnr,, Tmn(Pmn) > R Itis well-known that 3)

for each usern € M, given subchannel allocatio¥f,,, and tar- where./\/'é is the subchannels allocated to useuntil iteration
get rateR,,, the minimum energy (or interchangeably power) t With ), = 0,Vm € M. We can show thar;, ., is equiva-
allocation for any channel € N,, is unique and given by the lenttoP..;,, as follows. First, note that the constraints (2b) and
so-called water-filling solution [10], denoted B, (NV:n ). (2c) ensure orthogonality of all subchannel allocated llarser

In this paper, we jointly optimize the subchannel allocatio m € M and iteratiort € 7, and hence they are equivalent to
and power allocation to minimize the total energy. Since thethe constraint in (1). The last constraint (2d) is for theiten
optimal power allocation i, (NV;,), the essence of resource number. From (2a), moreover, we can show that

mn

allocation is to find the optimal subchannel sgt, ..., N/}

Mathematically, our original optimization problem is foum Z Z ot =
lated as: teT neN®
_ T— 1 T—1 T
Porig : minimize Z Z > (N (1a) = Z n (N Z w N " U{n"})
{Nm CN,Vm} meEM nEN,, n GN;{; 1 n GN;{; 1U{nT}
St Niny N Niny = 0,¥my #ma €M (1b) Y PR = Y Pra NG u (e
n’eNL 2 n'eNL™ 2U{nT 1}

where the constraint is for orthogonal (exclusive) subalehn
allocation among users. Because the orthogonal subchannel + " — "
allocation in OFDMA systems is an optimal strategy to max- 1
S . L . — U
imize sum rate as proven in [16], we retain it in our power min- + Z e (0) Z o (00U {n7})

imization problem to preserve backward compatibility foe t el n€0uin’}
OFDMA systems. = Z mn/’ (Z) Z mn’ m
Instead of optimally solving the original problem,, ;. el n eNT
which is NP hard even if the cardinalities pi/; ..., Ny} are (4)
given [5], we propose a network-flow-based algorithm (NFBA)
based on graph-based approach and aimed at near-optintal so(Nhere forallt € {1,...,7}, Nt = AL U {nt} and nt
’HL m

tions with tractable polynomial complexity. represents the a35|gned subchannel index(a¢., f}, = 0,

if n # n'forallt). Here,3° .y P, (0) = Pr(0)is an
. initial power value of usermn, which can be set as a constant
3 Network-flow-based algorithm (i.e., independent fromn) that is sufficiently large such that
at least one subchannel is allocated to every user. For dgamp
Before introducing NFBA, we reformulate the original pretsi P () can be set to the power satisfying the maximum rate, i.e.,

Porig in (1) @asPy,,, in Subsection 3.1. In Subsection 3.2, NFBA mgxmeM R,,, on the subchannel assuming the minimum gain,

orig



User nodes

Supply (or source) node

Subchannel nodes

Demand (or sink) node

Fig. 2: Example of a network with M = 2 and N* = 3. Circle and solid line with arrow represent node and arc with (flow f,,.,/capacity

1), respectively. The dotted line represents an example of allocation snapshot when F*

1, in which the second subchannel (n = 2,

denoted by node 7 = 4) is allocated to user 1. The dashed lines represents an example of allocation snapshot when F* = 2, in which
the second subchannel is allocated to user 2 and the third subchannel (n = 3, denoted by node 7 = 5) is allocated to user 1.

i.e., miny,emnen gmn. Consequently, maximizing the profit
in (2a) is identical to minimizing the cost in (1).

The reformulated problem (2) is still intractable because
all N'*'s should be entirely optimized for ail, (equivalently
N, ¥Vm in (1) or L, Vm in (4)). Nevertheless, the formu-
lation in (2) allows us to devise NFBA to simplify the origina
problem.

3.2 NFBA description

To tackle the complexity ;. ;, (or equivalentlyP,;,), NFBA
sequentially allocates™ subchannels in iteration) with 1 <
F' < M, until ), F* N. In other words, for given
{NE-1,¥m} and remaining subchannel seft at iterationt,
we formulate the sub-problem Bf

rlg

Pgrig : mtaxunlze Z Z st (5a)
{fin,vmon} meMneN't
s.t.ft  €{0,1}, Vm,n (5b)
> fha <1, 9m (5¢)
neNt
Z Z fmn - (Sd)
meMneNt

and solve it fromt = 1 to ¢ = T sequentially, which is a
suboptimal approach to solwg, ;,. During the iterations, pre-
viously allocated resources are not re-allocated subseigue
hence clearlyf* < min(N*, M), and we can reduce the com-
putational complexity. We wish to allocat& subchannels with
the restriction that each user.v is allocated at most one sub-
channel at iteration.

To solve the sub-problera! . via maximum weighted
flow, we first recapitulate the maximum flow problem. Consider

Now, we reformulatep’,;, as the maximum flow problem
with weighted arcs. We construct a network with one source,
M user nodes)N* subchannel nodes and one sink; see example
in Fig. 2 with M = 2 andN* = 3. The profitd’,,, and the as-
signment indicatorf,,, in (5) can be interpreted as the weight
and flow, respectively, in the network. To make the node ieslic

unigue, we map each subchannet N to the subchannel node

7 £ n + M. The supply nodé is connected to each user node
m only; each user node is connected to every subchannel node
n only; each subchannel node is connected to the demand node
D only. All arcs have unit capacity. The arc from user nade

to subchannel node(i.e., to subchannel) has weight’, . and

the remaining arcs connecteoﬁ@r D have zero weight. Then,
we can equivalently reformulagg, ;, as follows:

P;low: t m%tlelZG Z Z 6mn mn (63.)
{fiis fems frpYm.n} meEM ReR?
S.t. fnm fSrn? nD € {0 1} Vm n (Gb)
> fn=F (6¢)
meM
> fp=TF" (6d)
neR?
Y Foi = Fom, ¥m (6e)
nER?
Z f'fnn - nD’ n (6f)
meM

Description of the variables, objective function, and ¢raists:
Variables:

o flow f! -, f¢,... fip,Vm,n are flow variables.

Objective function:

a network represented by a directed graph. Every arc from ver

texv; tovy (v1 # v2) can deliver a flow off,, v, < ¢y, 0, tO give

a weighted flow 0f5,,,, fv,+,, Where the capacity,,,, > 0
and the weight9,,,, > 0 on arcs are fixed. The flow starts
from one node (supply or source) and ends at another node (d
mand or sink). The optimization task is to find a flow pattern
to maximize the total weighted flow_,, > v, 0vivs for0s
subject to the flow conservation at the network nodgese.,

ZVUl fvw = ZVUQ fvvz-

e The objective function in (6a) is a total weighted flow;
Y onert Omalfinq 1S €quivalent toyy, in (5a); andR’ is a
remaining subchannel node setJust before iteratiwith
€& R'={1+M,...,N+M}.
Constraints:

e (6b) is a capacity constraint.



e (6¢) and (6d) formulate the production (outgoing) and

Theorem 2: If the channels are flat fading, then NFBA-1 solves

consumption (incoming) of flow at the source and sink problemp,.;, optimally with time complexityO (M N).

nodes, respectively.

e (6e) and (6f) model flow conservation with zero net flow
at user and subchannel nodes, respectively.

Assignment mapping:

o N, < U {n|n =n— M wheref!

Vt,n

=1}, Ym.

mn

Note that constraints in (6b)—(6f) sustain the constraimts
(5b) and (5¢). We can readily soh&&, , through a network
flow algorithm or solver. Because of the total unimodular-
ity of minimum-cost flow [18] and unit capacity, the optimum
flows {f -} on all arcs are either zero or one, even if the in-
tegrality requirement (6b) are replaced by the linear cairss
0< fmi < 1,0 < fs5 < 1,and0 < fip < 1. The assign-
ment with " is repeated until all subchannels are allocated, i.e.,
R = 0.

A pseudo-code of NFBA is given in Algorithm 1.

Algorithm 1: Network-Flow-Based Algorithm (NFBA)

set up t=1, R'={a:n=n+M;neN}, and
N2 =0, Ym.
while R #£ ()

conpute §¢ - in (3), YmeM and Vne R
find {fn:} by solving (6a)-(6f) for a
gi ven F*.

updat e an Ni=tu{n} and Rl =R\ {7}
it fon=

updat e tet+1.

end while

3.3 Adaptation of flow sizeF"

In NFBA, flow sizeF'? is a control parameter which influences
performance. Finding the optimal setff’s, however, requires
enormous number of comparisons for all possiié} combi-
nations. Hence we adapt’ on an iteration-by-iteration basis.
We consider two fixed-flow schemes including greedy alloca-
tion (i.e., NFBA-1) and bipartite matching (i.e., NFBA-max

and an adaptive flow scheme that is a generalization of thesgerations. Hence the complexity (A N).

two fixed flow schemes.

3.3.1 NFBA-1(* = 1)

In NFBA-1, we fix F* = 1fort = 1,---, N. NFBA-1 can

Proof: For flat-fading channels, the problem degenerates to de-
termining the number of subchannels for each user. Consider
userm € M. It is optimal to split the rate of each user
evenly among the allocated subchannels; otherwise by the co
vexity of the rate function, the sum energy can be reduced.
With = subchannels, the sum power for useris p,,(z) =

(27 e 1)/gm. Treatingz as a continuous variable, it can
be shown that functiop,, (x) is strictly decreasing and strictly
convex forz > 0. For any two positive integers < wo, it fol-
lows thatd,, (v1) > 6, (va), Whered,, (v) £ pp,(v) —pm (v+1)
is the power saving (profit). In other words, as the number of
allocated subchannels increases, the power saving byaglloc
ing one additional subchannel strictly decreases. Dengte b
N}, and N, the number of subchannels of user at opti-
mum and the number of subchannels allocated to usen
the solution returned by NFBA; respectively,ym < M.
Suppose solutiof Ny, ..., Ny) # (N7,...,Nj;), and let
= mem | Nm — N |. Note that) > - v |N | = N. Thus
if A > 0, there must exist at least two users, say usend2,
such thatV; > Ny andNy < N3.

Consider the iteration in which useéris allocated its last,
N;th channel. Denote by, the number of subchannels allo-
cated to use? at this stage. Because NFBRAapplies greedy
selection by power saving, we obtain(N7 — 1) > d2(N3),
as otherwise the channel would have been allocated to user
2 instead. Becaus&) < N, d2(N)) > 62(N3). Hence,

91 (N1—1) > §2(N2). BecauséV;—1 > Ny andNy < N3 —1,

we obtaind; (N; — 1) < 61 (N7) andda(Na) > d2(Ny —1), re-
spectively. Using the three inequalities for profits, capsntly,

we arrive ato; (Ny) > d2(Ny — 1). Strict inequality would
contradict the optimality of N7, ..., Nj,). Assume therefore,
equality, meaning that there is an alternative optimum,hictv

the numbers of subchannels of usé@nd2 are increased and
decreased by one, respectively. Note thais strictly reduced

for the alternative optimal solutions. Considering theraia-
tive optimum and applying the same line of argument, eventu-
ally A = 0, hence squUor@Nl, ..., Ny) is optimal. Finally,
-finding the optimum in each iteration amounts to selecting a
maximum-profit user among/ users, and there are exact\y

O

However, the channels are typically frequency selective.
Hence in general the greedy allocation of a single subchanne
in each iteration is suboptimal. Nevertheless, from Theo2e
we expect intuitively that the performance of NFBAs close

be considered as a pure greedy algonthm whereby in eaeh itef0 Optimalif the channels are not experiencing severe #aqy

ation, we select the subchannel that results in the largsetip

saving (or profit) for allocation. As a consequence, the -algo

rithm complexity is polynomial as shown in Theorem 1 below.
Theorem 1: The complexity of NFBA-1 i<D(M N?).

Proof: Finding the optimum in iteratiom amounts to simply
selecting the maximum-profit arc among a totalléfV; arcs.
There are exactIW iterations. Hence the amount of computa-
tions |szt 1 M(N + 1 —t), giving an overall complexity of
O(MN?). O
The motivation for NFBA-1 is from Theorem 2, which
states that NFBA-1 is optimal if the channels are flat fadireg,
every usetn € M has the same channel gain, = gm,n €
N. Note that the channel gains still differ for different user

selectivity.

3.3.2 NFBA-max (F* = min(N*, M))

In NFBA-max, we setf' to its maximum possible value in all
iterations, i.e.F"* = min(N*, M), Vt. Note that each iteration

with F'* = M is equivalent to solving optimal matching in a bi-
partite graph [18]. Accordingly, the complexity of NFBA-ma

follows Theorem 3.

Theorem 3: The complexity of NFBA-max i€)(N3).

Proof: The flow problem reduces to maximum-weighted match-
ing in a bipartite graph. Without loss of generality, assuvhis
divisible by M, and letT" = N/M. There are exactl{ itera-



tions. The numbers of nodes and corresponding arcs inigaral
t={1,2,...,T}are(T+2—t)M and(T'+1—¢)M? respec- | L
tively. By the complexity of maximum weighted matching [18] 5 ety = i
thetth iteration ha®) (T +1—¢)(T +2—t)M?) running time, o
leading to an overall complexity @d(73M3) = O(N?). For ol
completeness, one has to account for the time of computang 4r R4 1
profit values. Note that the computation in (4) does not inepo P l B
the computational bottleneck. O L, S ’l 'l e |
s Y AdE emn P
The NFBA-max scheme resolves the potential problem 3 ' ‘
NFBA-1 because it considers the impact of channel allonati Al ,' segment [ (I = 2) i
with F* resources in the same iteration. The following theore 1
states a condition for optimality of NFBA-max. ! - .
el original rate function 7, (P ]
Theorem4: If M = N, then NFBA-max solves problerf=ie AEEEEROINNE approximation from above
optimally with time complexityO(M3). - - = - approximation from below
O 1 1 1 1
Proof: NFBA finds the optimal allocation fof™ att. When 0 1 2 8 4 5
M = N, F!' = N and only one iteration is required, henc: power P

NFBA-max is optimal. In this iteration, NFBA-max Solves rig 3. For subchannel n of user m, approximation of the rate
one bipartite matching problem of size(\) (after addition  function 1y, (P,nn) with three segments. The second segment
of dummy subchannel nodes with zero weight), from which the(; — 9) and its slope 6!,,, and its hight v, in the rate axis are

complexity follows. illustrated. Rate p',,, varies within the segment /.

However, NFBA-max is suboptimal wheW < N. Thisis
because all users are allocatéd/M | or | N/M | + 1 subchan- ) , ) ,
nels in the final solution, whereas at optimum, the numbens ca_ Regardless of whatis chosen in each iteratignthe over-
be highly unbalanced, especially when the target ratesabus all complexity of NFBA-adapt is bounded W(N*) from the
are asymmetric. following theorem.

Theorem5: The complexity of NFBA-adapt i€ (N?).

3.3.3 NFBA-adapt (F* = 1 or min(N?t, M)) )
Proof: WhenN > M, the complexity of NFBAt and NFBA-
In NFBA-adapt, we combine the advantages of NFBA-1 andmax areO(M N?) andO(N?), respectively, from Theorems 1

NFBA-max, by choosing™ adaptively: and 3. They incutN and [N/M] iterations, respectively, so
their complexity for one iteration ar®(M N) and O(N2M).
, min(Nt, M), if st >r Suppose NFBA-adapt employsiterations of NFBA1 andb
Fr=9 otherwise (7)  iterations of NFBA-max. Since < N andb < [N/M] is

sufficient to allocate all subcarriers, the complexity ofByW-
L _ _ adapt isO (aMN + bN2M) < O (MN? + N*) < O (N?),
where T is a fixed threshold and! is a metric that reflects 3
. ; . i.e., atmosO (N?). O
the uniformity of the power saving/, .. We propose to use a
uniformity metric defined by! = GM(S*)/ AM(S?). Here,

GM(S) and AM(S) are the geometric mean and the arith-
mc;:ttic mean of the elemen;cs in s8f respectively, andt £

0. > 0,m € M,n € R'} denotes the set of strictly pos- .
ﬁive power savings. We no}ie that< st < 1; st =1 if anpd 4 Bounds for gIObal minimum power
only if the power savings (elements &) are the same and so
GM(S") = AM(S?), while s* decreases to zero as the power
savings become more non-uniform. Hen€egescribes the de-
gree of uniformity of the power saving, .

The strategy in (7) is devised from the observation that
NFBA-max works well if the power savings are close to be-
ing uniform, while NFBAA1 is a greedy allocation that works . . . : P
well otherwise; therefore, we can expect that NFBA-adapt-ov lrlgteeafrlJLuCr:iC(Jt:]O\l;]vlitthlﬁ:Jers 3363#2':?;% the approximationtio
comes the pitfalls of both NFBA-1 and NFBA-max with an '
appropriate choice of threshold Noting that NFBA-1 and For the representation of approximation, we use line seg-
NFBA-max are identical to NFBA-adapt with= 1 andr =0, ~ mentl, segment slopé,,,,, and segment heighf, . In general,
respectively, we can see that the NFBA-adapt strategy isia ge the number of segments can vary by useand subchannei,
eralization of both NFBA-1 and NFBA-max. It is difficult to  yet we assume that it is uniform merely for presentationat si
find the optimum ofr analytically because the optimalde-  plification, i.e.,l € {1,...,L} = £ whereL is the number of
pends on various system parameters sucR,as¢.», M, and segments. The amount of rate of a segment is bounde, by
N. Nevertheless, an exhaustive search can be conducted to desrresponding to segmehtand the segment slope is obtained
termine the optimat numerically, as performed in Section 5, from the approximated rate function as illustrated in FidJ3-
for a given simulation environment. ing the approximated rate function with givéé, ., Vm, n, 1},

In this section, we obtain upper and lower bounds for the mini
mum power inP,.;, Via a compact integer program, which can
be solved with moderate complexity. To this end, we bound the
rate functionr,,,, (P..) from above or below, so that we can
approximate the original rate function as a concave pieswi



the compact integer programming is formulated as 5 Numerical results

t

ip:

Description of the variables, objective function, and ¢raists:

l . . .
arg minimize }: }: Z P;nn (8a)  Inthis section, we evaluate total power consumption of twe p
{Ffmns Pluns Tmn,Ym,n,l} 0L posed network-flow-based algorithms. Power gap (%) from the
meMneN leL . X K
lower bound of the minimum power is also shown in Table 1.

s.t. Z fon <1, ¥n e N (8b)  More results regarding to NFBA-adapt are provided in Fig. 4.
meM
XA:[:C =1,VmeM (8c) 5.1 Scenarios
ne

I We assume Rayleigh fading channels with unit variances. We
men T R, Vm € M, V€ N (8d) consider a small-scale system with/, N) = (3,8) and a

lfﬁ l large-scale system withM, N) = (20,50). For each sys-
Prmn < U, Vm € M, Vn e N, Ve L (88)  tem, we use either symmetric or asymmetric target rates. In
Tomn < fon, YMm € M, ¥n € N (8f) symmetric target rates, all users target rates are idérdga
R,, = 1, Ym. In asymmetric target rates of the case when
l m ’
fmn S {07 1}; Pmn >0, xpn >0 (89) (M7N> = (3,8), Ry = 2R; and R3 = 4R;, and the case

when (M, N) = (20,50), R,,, = Ry formy = 2,---,8,
ng = 2R, formy = 9,.---,18, andeg = Rog = 4R;.

Variables:

fmn is the binary variable representing assignment thatis5.2 Schemes

one if subchannet is assigned to user and zero other- ) )
wise. Numerical results are obtained for NFBA-NFBA-max, and

_ _ NFBA-adapt as described in Section 3. For small-scale sys-
Pl i the continuous rate allocated to segmlem sub-  tems, we also consider the NFBA-opt scheme, where we opti-
channeh for userm, which cannot exceel,, .. mize NFBA with an exhaustive search of all possible combina-

tions of { F'*}. In NFBA-adapt, we set the adaptation threshold
710 0.7, which yields the closest performance to NFBA-opt in
small-scale system. Moreover, the upper and lower bounds of

T.mn 1S the fraction of rate of usen allocated to subchan-
neln.

Obijective function: the minimum power are obtained by solving the integer pnogra

_ in Section 4 (we shall use the lower bound for subsequent com-
(8a) represents the total power consumption of all useryarisons); for small-scale systems, we also obtained thetex
on all subchannels and line segments. minimum power via an exhaustive search. For the sake of com-

Constraints: parison, we include the amplitude-craving-greedy (ACGJ an

Assignment mapping:

Note

) ) rate-craving-greedy (RCG) algorithms in [9]. To do this, we
(8b) is for orthogonal subchannel allocation. modify the ACG and RCG algorithms with a continuous rate

(8c) ensures that the fractions of rate on all channels mfunctlon and an exact water-filing solution.
each user sum over t®0%.

(8d) states that for each user the rate to be supported of-3 Observations
a channel (the right-hand side) equals to the sum of th

rates allocated to the segments (the left-hand side). eThe numerical results are shown in Table 1 wiign= 1. From

the last column of Table 1, the lower and upper bounds aré tigh
(8e) simply sets the upper limit of rate that can be sup-to less than 0.33%. (In defining the approximation for ratefu
ported by each segment. Since the inverse function of ratéion in (8), we have ensured that the error is at most 1% for the
function is convex, the first segment will be filled first at entire rate range of every user and channel). This allows for
optimum, before moving to the next. In other words, the comparisons of the various schemes to the global optimum to
optimal solution will allocate power to segmeatonly within 0.33% error. In the table, the additional total power
after saturation of power allocation on all segmehts quired compared to the lower bound is given as a percentage in
with 17 < [5. boldface. ForM, N) = (3,8), NFBA-adapt achieves almost
, . identical performance to that of NFBA-opt, which verifieath

(8f) connects two sets of variables. In effect, it ensuresthe adaptation in (7) works well. With symmetric and asym-
that a usern can use subchannelfor serving (any frac-  metric target rates, the optimality gaps of NFBA-adapt ave n
tion of) its rate demand, only if the subchanneb allo-  more than 0.64% and 3.68%, respectively. Actually, the per-
cated to usen. formance gap between NFBA-adapt and real global optimum
from the exhaustive search is only 0.1%. Similar obsermatio
apply to(M,N) = (20,50). In fact, with asymmetric target
Now = U{n|fmn = 1}, Vm. rates, the gap is smaller compared with small-scale systies

vn performance gap to global optimum is only 1.98%. Hence, we
that variabler,,,,, can be eliminated by variable substitu- can conclude that the proposed NFBA-adapt can achieve a near

tion using (8d). Formulation (8) is compact, namely, the Aum optimal solution even for large-scale systems.
bers of variables and constraints are both polynomial iblera In Fig. 4, we compare total power consumption over various
size, so that an off-the-shelf integer solver is applicable R;. Figures 4(a) and (b) show the results for the small-scale an



Table 1: Additionally Required Total Power (% in Boldface) Compared to The Lower Bound (Fix R, = 1).

ACG RCG NFBA-1 NFBA-max NFBA-adapt NFBA-opt | Exhaustive | min. power — min. power
search lower bound  upper bound
Sym (M,N) = 1.45865 1.40492 1.38192 1.33334 1.33261  1.33187 1.33110 1.32807 1.33465
ta¥ elt (3,8) 9.83% 5.79% 4.06% 0.40% 0.34% 0.29% - +0.24% from avg.
ra?e (M,N)=| 504133 477191 458144 453945 453803 - - 450932 453790
(20,50) 11.80% 5.82% 1.60% 0.69% 0.64% - - +0.31% from avg.
Asym. | M. N) =] 557202 4.95168 5.14846 4.96429 484466  4.82482 4.68700 467292 4.70441
taryet. (3,8) 19.24% 5.97% 10.18% 6.24% 3.68% 3.25% - +0.31% from avg.
ra?e (M,N) = |11.48617 10.65136 | 10.336865 10.35249 10.11387 - - 9.91701 9.98222
(20, 50) 15.82% 7.40% 4.55% 4.39% 1.98% - - +0.33% from avg.
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Fig. 4. Power consumption comparison for different target rates. In the x-axis, we vary the target rate of user 1, Ry, and vary the
rates of other users as follows: (a) (M, N) = (3,8) with symmetric target rates where R, = R, = Rs; (b) (M, N) = (20,50) with
symmetric target rates where R,, = Ry form = 2,---,20; (c) (M, N) = (3,8) with asymmetric target rates where R, = 2R; and
Rs = 4Ry; (d) (M, N) = (20, 50) with asymmetric target rates where R,,, = Ri formy = 2,---,8, R, = 2R1 formgs =9, .-+ |18,
and Ri9 = Rao = 4R;.

large-scale systems, respectively, with symmetric targets, 6 Conclusions
while Figs 4(c) and (d) show the results for the small-scakt a
large-scale systems, respectively, with asymmetric taeges.
For the small-scale systems, the exhaustive search (dpisna
also included. From the results, we can verify that the NFBA-
adapt algorithm achieves the nearest performance to thelglo
optimal for all simulation setup.

We introduced a network-flow-based representation of regou
allocation problem and proposed a heuristic network-flow-
based algorithm (NFBA) requiring polynomial complexitythwi

a flow size adaptation strategy. Furthermore, a compaaénte
programming problem was formulated to provide tight lower



and upper bounds of the minimum power. Numerical results
verified that the proposed NFBA with flow size adaptation can
achieve near optimal performance and that the bounds aye ver

tight.
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