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Abstract—Continuum manipulators have infinite degrees of
freedom and high flexibility, making it challenging for accurate
modeling and control. Some common modeling methods include
mechanical modeling strategy, neural network strategy, constant
curvature assumption, etc. However, the inverse kinematics of
the mechanical modeling strategy is difficult to obtain while a
strategy using neural networks may not converge in some appli-
cations. For algorithm implementation, the constant curvature
assumption is used as the basis to design the controller. When
the driving wire is tight, the linear controller under constant
curvature assumption works well in manipulator position control.
However, this assumption of linearity between the deformation
angle and the driving input value breaks upon repeated use of
the driving wires which get inevitably lengthened.This degrades
the accuracy of the controller. In this work, the Koopman
theory is used to identify the nonlinear model of the continuum
manipulator. Under the linearized model, the control input is
obtained through model predictive control (MPC). As the lifted
function can affect the effectiveness of the Koopman operator-
based MPC (K-MPC), a novel design method of the lifted function
through the Legendre polynomial is proposed. To attain higher
control efficiency and computational accuracy, we use a selective
control scheme according to the state of the driving wires. When
the driving wire is tight, the linear controller is employed;
otherwise, the K-MPC is adopted. Finally, a set of static and
dynamic experiments have been conducted using an experimental
prototype. The results demonstrate high effectiveness and good
performance of the selective control scheme.

Index Terms—Continuum manipulator, Koopman operator,
constant curvature assumption, model predictive control, non-
linear system.

I. INTRODUCTION

W ITH the advancement in control technology and new
material, the development of continuum manipulators
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increasingly gathers traction. Compared with traditional indus-
trial robots, continuum manipulators have the characteristics of
small volume, lightweight, structural compliance and flexibil-
ity [1]. These traits are important for the application scenarios
that require safe human-robot interaction, such as surgical
[2] and rescue [3] robotics. Due to the deformable nature of
the continuum manipulator, controller design is a challenge
[4]. The control algorithms of continuum manipulators can be
summarized into two categories: model-based and model-free
methods.

In model-based methods, the physical structure of the con-
tinuum manipulator is analyzed to design a system model [5].
The common control methods of the continuum manipulator
involve force control and angle control of the motor, which
divide the model-based methods into mechanical modeling
strategy and constant curvature assumption. Under mechanical
modeling strategy, the principle of virtual power [6], Cosserat
rod theory [7], Timoshenko beam [8] etc., are adopted to
analyze the continuum manipulator’s deformation. Then, using
the D-H method, forward kinematics can be derived through
the obtained deformation angle [9]. However, inverse kinemat-
ics is hard to obtain, making the controller design difficult.
Moreover, the generalization of this method is poor. On the
other hand, under the constant curvature assumption approach,
the continuum manipulator’s deformation is assumed to be
an arc for easy calculation of its kinematics [10]. The ef-
fectiveness of the constant curvature assumption is verified
by 1-degree-of-freedom (1-DoF) and multi-DoF continuum
manipulators [11], [12]. Therefore, considering the feasibility
of the master-slave algorithm for continuum manipulators,
angle control of the motor is commonly used in model-based
method. Nevertheless, it is further assumed that the continuum
manipulator’s driving wires are tight in this modeling process.
A common driving method of the continuum manipulator is
the wire-driven mode. The driving wire is made of ductile steel
wire ropes which causes the ‘slack’ problem against usage.
Using the Da Vinci surgical robotics system as the reference of
a typical wire-driven robot, its instruments need to be repaired
after 10 surgical procedures [13]. After the driving wire is
slack, the effectiveness of the constant curvature assumption
will deteriorate and affect the control system performance (i.e.,
precision and accuracy).

On the other hand, the model-free methods use the data-
driven approach [14]. For example, machine learning is used to
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design the controller without making any physical assumption
[15]. The data set required for controller design is collected
when the continuum robot is in good operating condition. Ho
et al. designed a soft robot and a learning-based controller
[16]. Due to the uncertainty of the operating environment, the
online inverse kinematic model is obtained by a non-parameter
learning method. In [17], a pneumatic serial-parallel soft robot
is developed by Lakhal et al. and its inverse kinematics
is calculated through geometric methods. Since its forward
kinematics is difficult to express explicitly, it is trained through
a neural network. However, the mapping relationship between
input and output is a ‘black-box’ and may not guarantee
convergence.

Comparing the above control methods, it is noted that the
constant curvature assumption has advantages in terms of
computational efficiency and algorithm implementation. When
the driving wire is tight, the relationship between the motor
angle and the deformation angle of the continuum manipulator
is linear. When the driving wire is slack, the accuracy of the
constant curvature assumption decreases because the slack of
the driving wire breaks the linear relationship between the
length of the driving wires and the motor angle. This results
in nonlinearity between the motor angle and the continuum
manipulator’s deformation angle. An effective solution to this
problem is to identify this nonlinear relationship. Machine
learning-based approaches can be a good solution. However,
global convergence may not be guaranteed [18]. An alternative
data-driven approach is K-MPC. The key to the K-MPC is
the linearization of the nonlinear model by Koopman theory,
which is for the nonlinear model. Moreover, the essence of
the Koopman theory is that the finite-dimensional nonlinear
system can be lifted to an infinite-dimensional linear system.
In this way, the information of the original system can be
retained. In practice, computing an infinite-dimensional Koop-
man operator is not achievable. Therefore, a finite-dimensional
approximation of the operator is carried out through extended
dynamic mode decomposition (EDMD) [19]. Based on the
EDMD method, the global linearization of a nonlinear system
can be realised with experimental or simulation data, which
consists of control input and other information about the
nonlinear system. Based on the linearized model constructed
under the Koopman theory, the control input of the system
can be obtained through MPC [20]. The MPC solves a
convex optimization problem, which can converge to a specific
solution. Therefore, a data-driven controller can be constructed
by the K-MPC method. In addition to reducing computational
and feedback complexity, the K-MPC controller could per-
form better than the controller constructed directly through
the original nonlinear system. K-MPC has been successfully
applied to control various robots, such as robotic fish [21]
and soft robots [22], [23]. The difficulty in designing the K-
MPC is the selection of the lifted function of the Koopman
theory. For example, in [22], [23], the polynomials with a
maximum degree of two were selected as the lifted function.
The trajectory tracking accuracy is poor based on such lifted
functions.

Since the mechanical modeling strategy has low applica-
bility with its inverse kinematics being difficult to obtain

while the machine-learning-based approach requires a large
amount of training data without convergence guarantee, we
propose to use the constant curvature assumption as the basis
for the controller design in this work. When the driving
wire is tight, a controller of the continuum manipulator can
be constructed using the linear relationship of the angles.
However, many works ignore the slack problem of the driving
wires which degrades the accuracy of the controller. This
nonlinear relationship needs to be identified so as to improve
accuracy. To linearize this nonlinear relationship, Koopman
theory is adopted. Based on the linearized model constructed
by the Koopman theory, the control input is obtained through
MPC. Therefore, by using the K-MPC, the controller of the
continuum manipulator can be constructed. Since the lifted
function affects the effectiveness of the K-MPC, in this work,
a novel design method of the lifted function through the
Legendre polynomial is proposed. The designed lifted function
solves the problem of low control accuracy in [22], [23].
To the best of our knowledge, no prior art discussions on a
Koopman operator-based framework that solves the control
problem due to the slack of driving wires. Compared with
mechanical modeling strategies, this K-MPC is not affected
by the configuration of the continuum manipulator, this al-
gorithm can be reused by reacquiring experimental data.
Moreover, the K-MPC requires much less data as compared to
machine-learning-based approaches, and its convergence can
be guaranteed by the eigenvalues of the Koopman operator. To
attain higher control efficiency and computational accuracy, a
selective control scheme is proposed according to the state
of the driving wires: when the driving wire is tight, use
the linear controller under the constant curvature assumption;
otherwise, K-MPC is adopted. On the premise of ensuring
control accuracy, this selective control scheme can reduce
the maintenance times of the continuum manipulator. It also
improves the operational efficiency of the controller.

In this paper, the main contributions include:

• This is the first work to investigate and analyze the effects
of the driving wire’s states (especially when it is slack)
on the system modeling and control performance of the
continuum manipulator.

• A position controller using the Koopman theory and
MPC is designed to deal with the issues due to system
nonlinearity when the driving wire is slack. Therein,
a novel design method of the lifted functions for the
Koopman operator through the Legendre polynomial is
proposed.

• To attain higher control efficiency and computational
accuracy, a selective control scheme according to the state
of the driving wires is proposed.

The rest of this paper is organized as follows. In Section
II, we summarize the structure of the continuum manipulator.
Next, the selective control scheme is proposed in Section III.
An experimental setup is constructed. The effectiveness of the
proposed selective control scheme is verified in Section IV.
Discussion is given in Section V. Finally, Section VI concludes
this paper.
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Fig. 1. Schematic diagram of the underactuated wire-driven continuum
manipulator.

II. OVERVIEW OF THE STRUCTURAL ANALYSIS

In this section, the structure of the underactuated wire-
driven continuum manipulator is summarized. The schematic
diagram of the continuum manipulator is shown in Fig. 1.
Nitinol alloy, which has the characteristics of super-elasticity,
fatigue resistance, and structural strength, is selected as the
material of the continuum manipulator. Triangular notches
are machined on the Nitinol alloy tube through wire-cutting
technology. The outer and inner diameters of the continuum
manipulator are 10 mm and 8.8 mm, respectively. The internal
cavity of the continuum manipulator is reserved to provide
channels for electrical wires and driving wires for other joints.

The continuum manipulator, which has 1-DoF, is driven by
two wires. One end of the driving wire is fixed at the distal
end, and the other end is transmitted to the proximal end, as
shown in Fig. 1. The result is an under-actuated continuum
robot actuated in the form of a marionette. The two wires
are separated by 180◦. That is, applying tension to the right
wire causes the continuum manipulator to bend to the right,
and applying tension to the left wire causes the continuum
manipulator to bend to the left.

III. SELECTIVE CONTROL SCHEME DESIGN

As previously discussed, the drawback of a machine-
learning-based strategy lies in its requirement for enormous
amount of data and its inability to guarantee convergence.
The mechanical modeling strategy can obtain higher control
accuracy. However, this strategy is only suitable for specific
robots; and it is difficult to obtain the inverse kinematics
via this strategy. Nevertheless, inverse kinematics is essential
in the master-slave control of the continuum manipulator.
The constant curvature assumption has advantages in terms
of computational efficiency and algorithm implementation
in comparison to other algorithms. Therefore, the constant
curvature assumption is used as the basis for the controller.
However, the control accuracy is affected by the state of
the driving wire. To solve this issue, a selective controller is
designed in this section. The state of the driving wire is used
as the judgment condition of the selective controller. With this

Fig. 2. Kinematic analysis of the continuum manipulator: (a) the kinematic
coordinate system, (b) the calculation of the driving input value of the motor.

selective approach, the operation efficiency of the controller
can be improved.

A. Linear Model-Based Control (Method 1)

The constant curvature assumption is often employed to
develop the control algorithm for the continuum manipulator
with verified effectiveness. The kinematic coordinate system
of the continuum manipulator is shown in Fig. 2(a). The base
coordinates {tb} =

{
xtb ytb ztb

}
is set at the center of

the proximal end face. The xtb-axis points to the center of
the bend and the ytb-axis is perpendicular to the proximal end
face. The end coordinate system {te} =

{
xte yte zte

}
is set at the center of the distal end face. The xte-axis points
to the center of the bend and the yte-axis is perpendicular to
the distal end face. Others axes are determined through the
right-hand grip rule.

The continuum manipulator’s neutral axis is assumed to be
its central axis. The constant curvature assumption is employed
to construct kinematics. The continuum manipulator’s shape is
equivalent to an arc, and the central angle of the curved circle
is 2θ. Using the geometric relationship, the distal position (P )
is obtained as

P =

 R(1− cos(2θ))
R sin(2θ)

0

 =
L

2θ

 1− cos(2θ)
sin(2θ)

0

 , (1)

where R and L are the radius of curvature and the length of
the continuum manipulator, respectively.

The transformation from the base coordinate system {tb}
to the end coordinate system {te} is achieved through the
following process. The base coordinate system {tb} moves
R sin(2θ) along the ytb-axis, then moves R(1−cos(2θ)) along
the xtb-axis, and finally rotates 2θ along the ztb-axis to obtain
the end coordinate system {te}. The coordinate transformation
matrix is constructed as follows,

T = Trans(y,R · sin(2θ))·
Trans(x,R · (1− cos(2θ))) · Rot(z, 2θ) . (2)

The inverse kinematics is established as follows. When the
distal position (x, y) is given, the manipulator’s deformation
angle (2θ) is calculated as

2θ = 2arcsin(
x√

x2 + y2
). (3)
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Accoding to the known deformation angle (2θ), the length
(Li) of the driving wire is defined as follows,

Li = 2θ(R+ (−1)ir), i = 1, 2, (4)

where i indicates the i-th driving wire.
According to (4), the length changes (∆Li) of the i-th

driving wires are calculated as follows,

∆Li = Li − L = 2θ(R+ (−1)ir)− 2θR = (−1)i2rθ. (5)

When the driving wires are tight, the relationship between
the motor angle (∆M ) and the length change of the driving
wire is linear. Based on (5), the relationship between the motor
angle and the deformation angle is defined,

∆M = ∆Li/R1 = (−1)i2rθ/R1, (6)

where R1 is the radius of the reel. Here, (6) is called “Method
1”, which is one control scheme of continuum manipulator.

Based on the above equations, the mapping relationship
among driving space (motor angle), joint space (deformation
angle of continuum manipulator), and Cartesian space (distal
positions) is established. It is obvious that Method 1 is linear.
However, after long-term use of the continuum manipulator,
the driving wires are slack, making the relationship between
the length of the driving wires and the motor angle nonlinear,
i.e., (6) becomes nonlinear. This nonlinear relationship reduces
the accuracy of the control scheme under the constant curva-
ture assumption. To retain the accuracy of the control scheme,
the nonlinear relationship between the motor angle and the
deformation angle should be identified.

B. Koopman Operator-based Model Predictive Control (K-
MPC)

In system control, the model uncertainty is usually elimi-
nated by robust control and adaptive control. However, these
methods are dependent on the model. To deal with the above
problems, data-driven technology is gradually emerging. The
data-driven Koopman theory is used to identify the nonlinear
relationship between the deformation angle and the motor
angle in this section.

1) Construction of Linearized Model by Koopman Opera-
tor: In the finite-dimensional nonlinear system, all scalar func-
tions of its state space have an equivalent infinite-dimensional
linear representation, called Koopman operator. The essence
of the Koopman theory is that the linearization of a nonlinear
system is achieved through lifting the original system.

In measurement space, a discrete-time nonlinear controlled
dynamic system is defined by

ẋ(t) = F (x(t), u(t)), (7)

where u(t) ∈ U ⊂ Rm and x ∈ X ⊂ Rn are the system input
and system output, respectively; F is the mapping function
of the system; and X,U are compact subsets. ϕt(x0) is the
solution of (7) at the initial value x0 and time t.

The linearization process of the Koopman theory is shown in
Fig. 3. Based on the lifted function φ, an infinite-dimensional
function space F (f,Rm,K) can be constructed through the
state (X,M,F ) of system. The element of function space F is

Fig. 3. Linear evolution of Koopman theory.

called observable f . The evolution of the observable f along
system trajectory can be described by Koopman operator K :
F → F . The linear operator K, which is infinite-dimensional,
is defined as follows,

Kf = f ◦ ϕt, (8)

where ◦ describes a combination of functions.
The Koopman operator K can describe a dynamical system,

even if the system is nonlinear. For any observable f1, f2 on
the infinite-dimensional function space, we have the following
equation,

K(αf1 + βf2) = αf1 ◦ ϕt + βf2 ◦ ϕ
= αKf1 + βKf2

, (9)

where α, β ∈ R.
Based on the Koopman operator in an infinite-dimensional

space, a linearization of a nonlinear system can be obtained.
However, this linear representation cannot be described by a
finite-dimensional matrix. To enable explicit representation,
EDMD is used to project the Koopman operator into a finite-
dimensional subspace. Based on the obtained observation data,
the finite-dimensional approximation of the Koopman can be
carried out. F ⊂ F , which is composed of N > n + m
linearly independent basis functions {φi : Rm×Rn → R}Ni=1,
is defined as a subspace of F . The lifted function of subspace
F is described through basis functions,

φ(x, u) =
[
φ1(x, u) ... φN (x, u)

]T
, (10)

where φ(x, u) is called as the lifted function.
The linear combination of basis functions can express

each observable f ∈ F . To provide a vector expression of
observable f ∈ F , coefficient α = [ α1 ... αN ]T is
defined. When the state x and input u are given, the observable
can be defined as follows,

f = αT · φ(x, u). (11)

Based on the vector representation of observable, that is,
(11), the linear operator on the subspace F is expressed as a
N × N matrix. Therefore, the Koopman operator K can be
approximated through limited experimental data. The function
of the linear operator K is valid for any observable. Based on
(8) and (11), the following equation can be constructed

αT · KT · φ(x, u) = αT · φ(ϕ(x, u), u). (12)
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Based on the matrix transform of (12), the best approxima-
tion K of the Koopman operator is calculated as,

K = φT (x, u)† · φT (ϕ(x, u), u). (13)

To obtain an approximate value of Koopman oper-
ator K from discrete experimental data, the k-th dis-
crete measurements are constructed as “snapshot pairs”
(c[k], d[k], u[k]); k ∈ [1,K].

c[k] = x[k]
d[k] = ϕ(x[k], u[k])

, (14)

where x[k] represents the output of the k-th measurement, u[k]
is the constant input between c[k] and d[k].

Based on the lifted functions φ(x, u), two K ×N matrices
are constructed through the K snapshot pairs.

ψc =

 φ( c[1] u[1] )
T

...
φ( c[K] u[K])T

 , (15)

ψd =

 φ( d[1] u[1] )
T

...
φ( d[K] u[K])T

 . (16)

Based on the constructed matrices ψc and ψd, the linear
operator K can be obtained through the minimized optimizer,

J =
1

2
min

K∑
k=1

∥∥ψd(k, :)− ψc(k, :) · K
∥∥2. (17)

The above equation is a least squares problem. It must have
either a global minimum or a family of vectors in the solution
space. Regularization may need to be carried out to obtain the
unique solution [24]. Therefore, K that minimizes the above
equation is obtained,

K = G†D, (18)

where † represents the pseudo-inverse of a matrix,

G = 1
K

K∑
k=1

ψc(k, :)
T
ψc(k, :)

D = 1
K

K∑
k=1

ψc(k, :)
T
ψd(k, :)

, (19)

with G,A ∈ RN×N .
When an initial state and control input are given, we are

looking for a predictor, which is suitable for linear control
design methods such as MPC [25]. The form of the predictor
is built as follows,

z[i+ 1] = Az[i] +Bu[i]

x[i] = Cz[i]
, (20)

where x [i] is the i-th output of the system, z[i] ∈ RN is the
state, u [i] is the i-th input of the system, and A ∈ RN×N ,
B ∈ RN×m, C ∈ Rn×N .

To construct a linear operator in the form of (20), the
functions of the system output are used as the first N − p
basis functions. The remaining p basis functions are selected
as the elements of the system input. Based on the selected

basis functions, the Koopman operator is calculated by (18).
The selected basis functions are constructed as follows,

φi(x, u) = Yi(x); i ∈ [1, ..., N − p]

φi(x, u) = ui; i ∈ [N − p+ 1, ..., N ]
, (21)

where Y : Rn → R, ui is the i-th element of the input u.
The first n selected basis functions are the same as each

output component in this work, i.e.,

Yi(x) = xi; i ∈ [1, n], (22)

where n < (N − p).
Based on (22), the transformation matrix C from the state

space to the output space is obtained,

C =
[
In×n, 0n×(N−n)

]
. (23)

Based on (14) and (21), the cost function (17) can be
modified to the following form,

J1 =
1

2
min

K∑
i=1

∥∥∥∥[ Y (d[k])
u[k]

]
−KT

[
Y (c[k])
u[k]

]∥∥∥∥2, (24)

where Y (x) =
[
Y1(x) ... YN−p(x)

]T
.

To construct the form of (20), z is the same as Y (x),
i.e., z = Y (x). Based on the obtained experimental data, the
minimized optimizer is used to calculate A and B. Then, the
cost function becomes

J2 =
1

2
min

K∑
i=1

∥Y (d[k])−A · Y (c[k])−B · u[k]∥2. (25)

By comparing the cost functions J1 and J2, A and B of
the predictor can be embedded in the matrix KT

. On the basis
of obtaining the Koopman operator with experimental data, A
and B of the predictor can be obtained through the separation
matrix KT

.

KT
=

[
A(N−p)×(N−p) B(N−p)×p

... ...

]
. (26)

The stability of the Koopman theory can be judged by the
eigenvalues of (18). These eigenvalues are affected by the
design method of the lifted function. Therefore, the lifted
function and data processing procedures used in this paper
are given below. The state and input of the system are the
manipulator’s deformation angle (2θ) and the motor angle
(∆M ), respectively. The obtained experimental data which is
the continuum manipulator’s deformation angle is normalized
by the maximum value (e). The lifted function is set according
to (21), the processed experimental data (x), and the Legendre
polynomial.

φ(x, u) =

e ∗
[
x P1(x) ... Pi(x) ... PN (x, u) u/e

]T
, (27)

where u is the system input, e ∗ x is the system state, Pi(x)
is the i-th order Legendre polynomial.
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2) Linearized Model Predictive Control: The driving wires
are slack during the long-term use of the continuum manipula-
tor which produces a nonlinear relationship between the motor
angle and the length change of the driving wire. That means
the relationship between the motor angle and the deformation
angle of the continuum is nonlinear. In this work, Koopman
theory is used to linearize this nonlinearity. Then, a linear
predictor, used to design a model-based controller, can be
obtained through the Koopman operator. Based on the obtained
linear predictor, we look for a model-based controller to obtain
the system input. MPC is one commonly-used model-based
control technique. The control input is obtained by solving an
open-loop optimal control problem in the finite time domain
at each sampling.

The optimization problem of MPC consists of a cost func-
tion, a system model, and constraints. The system model
obtained by the Koopman operator is linear. Then, the cost
function is designed based on the obtained linearized model.
A control scheme obtained by optimizing the cost function
is used to control the nonlinear system. Since the system
model is linear, the solution of MPC is a convex quadratic
programming problem. At each sampling, a unique optimal
sequence of inputs over a finite-time horizon can be solved
through the following equation,

minV ({u[i], z[i]}Ni=1) =

N∑
i=1

(Cz[i]− x[i])
T
Q[i](Cz[i]− x[i]) + u[i]

T
R[i]u[i]

s.t.z[i+ 1] = Az[i] +Bu[i], i ∈ [1, N ]

E[i]z[i] + F [i]u[i] ≤ b[i], i ∈ [1, N ]

z[1] = Y (x[k])

,

(28)
where N ∈ N is the prediction horizon, Q[i] ∈ R(N−p)×(N−p)

and R[i] ∈ Rp×p are real symmetric matrices, E[i] ∈
Rc×(N−p) and F [i] ∈ Rc×p are parameter matrices with
respect to z and u, b ∈ Rc is the bounding constraints. When
the program is called, the current lifted state Y (x[k]) is used
to initialize z[1].

The K-MPC method is summarized as follows. Based on
(27), the lifted function is established. Then, the nonlinear
system is linearized through (18) and the lifted function. Based
on the linearized model, the system input is calculated by (28).
Moreover, the concepts used in MPC are given as follows.
The control horizon is the number of the control sequence,
i.e., the number of the control value. The predictive horizon
is the number of the lifted state. The predictive horizon can
be greater than or equal to the control horizon. The outputs of
the control horizon are the motor angles. The outputs of the
predictive horizon are the lifted states, obtained by the lifted
function. Since the first selected basis function is the system
output, the effect of prediction can be evaluated.

Fig. 4. Flow chart of the selective control scheme.

TABLE I
DESIGN PARAMETERS OF THE CONTINUUM MANIPULATOR

d α H w h
10 mm 20 ◦ 2.73 mm 4 mm 1.64 mm

C. Selective Control Scheme

The proposed selective control scheme is shown in Fig. 4.
The control system initialization of the continuum manipulator
needs to be executed before usage. The initialization method is
summarized as follows. The maximum input umax is inputted
into the control system. According to the acquired distal
position, the state of the driving wire is judged. A selective
control scheme is proposed according to the obtained state
of the driving wire. When the state of the driving wire is
tight, Method 1 is adopted, otherwise, the K-MPC method
is adopted. The usage of the K-MPC method is introduced
as follows. First, the algorithm verifies whether the Koopman
operator is obtained. If yes, the input of the system is directly
calculated through MPC. Otherwise, experimental data are
collected. Based on the lifted function and the experimental
data, the Koopman operator is calculated by (18). Then, the
MPC method is executed. This selective control scheme can
reasonably utilize the control resources.

IV. PRELIMINARY EXPERIMENT

In this section, the prototype is built on basis of the
designed continuum manipulator. Under the different states
of the driving wire, these two proposed algorithms (Method 1
and K-MPC) are verified, respectively.

A. Experimental Setup

The experimental setup is constructed, as shown in Fig.5,
which comprises a continuum manipulator, a light source, a
camera (Intel RealSense Depth Camera D435), and driving de-
vices. The continuum manipulator contains 8 triangle notches
on one side, that is, the total notch number is 16. The design
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Fig. 5. Experimental setup for the continuum manipulator.
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Fig. 6. The test results under the tight state of the driving wires: (a) is the
theoretical deformation angle vs. experimental angle; (b) is the angle error;
(c) is the theoretical position vs. experimental calculation position; (d) is the
displacement error.

parameters of the continuum manipulator shown in Fig. 1 are
given in Table I. The transmission method of the driving wires
is shown in Fig.5. Those wires are connected to the motor
through guide wheels. The control mode of the continuum
manipulator is based on the position control of the motor. The
control input u and the system state are the motor angle (∆M )
and the manipulator’s deformation angle (2θ), respectively.
The camera is used to capture the manipulator’s movement.
Based on the obtained images, the data are calculated through
Halcon software (MVTec, Germany).

B. Method 1 Validation

When the state of the driving wire is tight, the effectiveness
of Method 1 is verified. And the experiment of the driving
wire slack is tested in the subsequent subsection. When the
motor rotates, one of the driving wires is loaded, making
the continuum manipulator produce plane bending. The motor
angle is from −π

9 to π
9 rad with an increment of π

180 rad.
The test results of the tightened driving wires are shown
in Fig.6. The theoretical deformation angle vs. experimental
angle is shown in Fig. 6(a). The data have good linearity. And
the maximum absolute angle error is 0.0526 rad. The distal
positions are calculated based on the obtained deformation
angles and constant curvature assumption. The experimental
calculation positions vs. theoretical positions are compared in
Fig.6 (c). The maximum displacement error is 1.0775 mm, as
shown in Fig.6 (d).

Fig. 7. Data for nonlinear system identification
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Fig. 8. One-step predicted results of using the Koopman operator: (a) one-step
predicted state based on the Koopman operator; (b) the error of the predictive
state.

C. Data Collection and System Identification

After the long-term use of the continuum manipulator,
the driving wires are slack, making the relationship between
the length of the driving wires and the motor angle exhibit
nonlinearity. It makes the relationship between motor angle
and the manipulator’s deformation exhibit nonlinearity. A data-
driven K-MPC is used to identify this relationship. The data
collection and the parameter identification of the K-MPC
algorithm with the slack of the driving wire are performed
in this subsection.

The limit deformation angle (2θ) is about ±π
6 rad. To avoid

damage to the continuum manipulator, the pulses of the motor
are controlled from - 20000 to 20000 by the laptop with a step
of 1000. The control signal is defined as

v =

{
1000x− 20000, x ∈ [0, 40]

−1000x+ 60000, x ∈ [40, 80]
. (29)

This experiment is carried out nine times, and the average
values are used as the experimental data. The relationship
between the deformation angle and the motor angle corre-
sponding to control signal v is shown in Fig.7. It can be seen
that there is a large hysteresis between the deformation angle
and the motor angle. The interval with the smaller hysteresis is
precisely the interval with the larger motor angle from Fig.7.
Since the motor rotates at a certain angle, the driving wire
is re-tensioned in this interval. It is concluded from Fig. 7
that using Method 1 to control the continuum manipulator can
result in a large error.

This nonlinear model of the continuum manipulator is
identified by the Koopman theory. To ensure algorithm con-
vergence, the maximum order of the Legendre polynomial in
(27) is set as 28. Based on the obtained experimental data and
lifted function, the Koopman operator K is identified through
(18). Fig.8 shows the one-step predicted state of the Koopman



8

0 5 10 15 20

Simulation number

-0.5

-0.4

-0.3

-0.2

-0.1

0

D
ef

o
rm

at
io

n
 A

n
g
le

/r
ad

MPC calculation state

Theoretical state

0 5 10 15 20

Simulation number

0.28

0.3

0.32

0.34

0.36

M
o
to

r 
an

g
le

(u
)/

ra
d

MPC calculation input

Theoretical Input

Fig. 9. Verification of the K-MPC Algorithm: (a) is the predictive result of
state Vs the reference state; (b) is the predictive input Vs the reference input.

operator. It can be concluded from Fig.8 (a) that the Koopman
theory has a good predictive effect. The error of the predicted
state is from -0.0221 to 0.0222 rad, as shown in Fig.8 (b).

After the Koopman operator is obtained, the MPC algorithm
is verified. The parameters of (28) is set as follows: Q =
[5], R = [0.1] and prediction horizon N = 20. The receding
horizon is set as 20. The initial state and objective state of
the system are set as -0.0085 and -0.3975 rad, respectively.
Fig. 9 depicts the predictive output and control output after
each receding optimization, where the horizontal axis is the
number of the receding horizon, i.e., the simulation number.
The predictive and theoretical states are -0.3924 and -0.3975
rad, respectively. The predictive and theoretical inputs are
0.3153 and 0.3142 rad, respectively. The error rate of input
is 0.35%. The K-MPC algorithm can accurately achieve the
predictive task.

D. Control Comparison: Method 1 vs. Nonlinear Algorithms

When the state of the driving wire is slack, experiments are
constructed to compare the predictive effect of Method 1 and
nonlinear algorithms (neural network and K-MPC). To show
the superiority of K-MPC in nonlinear algorithms, a neural
network model is constructed. Based on the MATLAB Neural
Network Fitting Toolbox, the model is trained through 80 sets
of experimental data. The input and output of the model are
the deformation angle and the motor angle, respectively. The
training algorithm is set as Levenberg-Marquardt. The hidden
neurons’ number is set as 10.

A reference trajectory (cosine function), set as the defor-
mation angle of the continuum manipulator, is used to test
the effectiveness of the model under dynamic driving. Based
on the reference trajectory, the motor angles are calculated
through Method 1, neural network, and K-MPC algorithm,
respectively. The obtained motor angle is used to control the
continuum manipulator. When the manipulator’s deformation
is stable, the data is collected through the experimental setup.
The reference trajectory is defined by,

Def angle = −
(
210

11

)◦

· cos( π
18
i), (30)

where Def angle is the deformation angle, i is the i-th step.
The data obtained from the above methods are compared

with the reference trajectory, as shown in Fig. 10, where the
horizontal axis is the step number. The absolute errors between
theoretical and actual data are given to show the effect of
different algorithms. The results show that the accuracy of
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Fig. 10. Comparison of different control algorithms: (a) and (b) are the data
obtained from Method 1 Vs objective function and absolute error, respectively;
(c) and (d) are the data obtained from neural network model Vs objective
function and absolute error, respectively; (e) and (f) are the data obtained
from K-MPC model Vs objective function and absolute error, respectively.

TABLE II
ANGLE ERROR OF DIFFERENT CONTROL ALGORITHMS

State of wire Algorithm Average error(rad) standard deviation
Slack Method 1 0.0594 0.0458
Slack Neural network 0.0523 0.034
Slack K-MPC 0.0345 0.0286
Tight Method 1 0.0211 0.0138
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Fig. 11. Comparison of Method 1 and K-MPC: (a) and (b) are the comparison
of deformation angles and angle error, respectively; (c) and (d) are the
comparison of distal position error in the x and y direction, respectively.

the nonlinear model prediction algorithms is better than the
linear model algorithm (Method 1). The K-MPC algorithm is
superior to the neural network, as shown in Fig.10.

Based on the above-mentioned experiments in subsections
B and D, the average angle errors and standard deviations of
the different algorithms are calculated, as shown in Table II.
The result shows that the accuracy of the K-MPC algorithm in
the slack state of the driving wire is close to Method 1 in the
tight state of the driving wire. Therefore, the selective control
algorithm is efficient.

E. Control Comparison: Method 1 vs. K-MPC

When the state of the driving wire is slack, control strate-
gies between K-MPC and Method 1 are compared in this
subsection. Based on the distal position of the continuum
manipulator, the deformation angle is calculated by (3). Then,
the motor angles are calculated through Method 1 and the
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K-MPC. Based on the obtained motor angles, the continuum
manipulator is driven. The experimental data are collected.
The distal positions can be obtained based on the obtained
deformation angle and constant curvature assumption. Twenty-
one sets of distal positions are randomly selected for this test.
The results are shown in Fig.11. The maximum absolute angle
errors of Method 1 and K-MPC are 0.1788 and 0.1089 rad,
respectively. Compared with Method 1, the error of the K-
MPC algorithm is reduced by 39%. The maximum position
errors in the x direction of Method 1 and K-MPC are 3.5717
and 2.2196 mm, respectively. The maximum position errors in
the y direction of Method 1 and K-MPC are 0.7654 and 0.337
mm, respectively. The errors of x and y direction are reduced
by 37.9% and 56%, respectively.

V. DISCUSSION

As aforementioned, the constant curvature assumption has
advantages in terms of algorithm implementation and compu-
tational efficiency in comparison to other algorithms. In this
paper, the constant curvature assumption is used as the basis
to design the controller due to its advantages in computational
efficiency and algorithm implementation. When the driving
wire is tight, the relationship between the deformation angle
of the continuum manipulator and the motor angle is linear, as
shown in Fig. 6. After the continuum manipulator runs for a
while, the driving wire could be slack. When the driving wire
is slack, the above-mentioned relationship shows hysteresis,
as shown in Fig. 7. It is difficult to apply a mathematical
model to represent the relationship between the length of
the driving wires and the motor angle as such a relationship
behaves strongly nonlinear. This also explains why the control
performance degrades using Method 1. To improve the control
accuracy, such a nonlinear relationship is identified by the
Koopman theory. Then, the system input is obtained by the
MPC. Finally, when the driving wire is slack, the continuum
manipulator can be controlled precisely through the K-MPC.
Considering the actual operating efficiency, a selective control
scheme is proposed according to the state of the driving wire.

When the driving wire is tight, the maximum and average
absolute angle errors are 0.0526 and 0.0211 rad, respectively.
Therefore, the Method 1 can provide a simple and efficient
way for the position control of the continuum manipulator. As
a data-driven approach, the K-MPC may need an additional
step for data collection. Therefore, when the driving wire is
tight, it is not necessary to use the Koopman theory for robot
control. It is concluded from Fig.7 that the control error is
large after the driving wire relaxes. When the driving wire is
slack, the control comparison of Method 1, neural network,
and K-MPC are given. The K-MPC algorithm uses 80 sets of
data to identify the Koopman operator, and these data are also
used to train the neural network. A reference trajectory (cosine
function) is set to test the performance of Method 1, neural
network, and K-MPC. The experimental results show that the
average absolute angle errors of the above methods are 0.0594,
0.0523, and 0.0345 rad, respectively. Under the driving wire
is slack, the reason for the degradation in accuracy of Method
1 is because the relationship between the length of the driving

wires and the motor angle is nonlinear. Also, the small data
set makes the neural network exhibit low accuracy. It can be
seen from Fig. 10 that the errors at step number 12 and 50 are
larger. This is mainly because the manipulator’s deformation is
close to 0, the driving input value of the motor cannot make the
driving wire tension. In addition to the above cosine trajectory,
random positions are set as the objective positions to compare
Method 1 and K-MPC. Compared with Method 1, the error of
K-MPC is reduced by 39%. Under the different states of the
driving wire, the angle errors of different control algorithms
were given in Table II to show the effectiveness of the K-
MPC. The results show that the average absolute angle error
of K-MPC is close to that of Method 1 when the driving wire
is tight. Therefore, this selective control scheme based on the
state of the driving wires is effective.

VI. CONCLUSION

This paper proposes a novel selective control scheme for the
position control of a continuum manipulator according to the
state of the driving wire. The constant curvature assumption
is used as the basis to design the controller. When the state
of the driving wire is tight, a linear model based on the
constant curvature assumption is used to control the continuum
manipulator. When the driving wires are slack, the relationship
between the length of the driving wires and the motor angle
is nonlinear, making the relationship between the deformation
angle of the continuum manipulator and motor angle exhibit
strong nonlinearity. This nonlinear relationship is difficult
to be expressed by a model-based approach. Therefore, the
Koopman theory is employed to linearize and represent this
nonlinear relationship. Based on the linearized model con-
structed by the Koopman theory, the MPC is used to obtain the
controller input. Furthermore, the difficulty of the Koopman
theory is the design method of the lifted function. To address
this difficulty, a novel design method for the lifted function
is proposed based on the Legendre polynomial. A 1-DOF
prototype is constructed to test the proposed selective control
scheme. When the driving wire is tight, the average absolute
angle error of Method 1 is 0.0211 rad. The average absolute
angle error of K-MPC in the slack state of the driving wire
is 0.0345 rad. These results show that the selective control
scheme is effective. In the future, this selective control scheme
will be applied to the multi-DOF continuum robot system.
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[20] M. Korda and I. Mezić, “Linear predictors for nonlinear dynamical sys-
tems: Koopman operator meets model predictive control,” Automatica,
vol. 93, pp. 149–160, 2018.

[21] G. Mamakoukas, M. L. Castaño, X. Tan, and T. D. Murphey,
“Derivative-based koopman operators for real-time control of robotic
systems,” IEEE Transactions on Robotics, vol. 37, no. 6, pp. 2173–2192,
2021.

[22] D. Bruder, X. Fu, R. B. Gillespie, C. D. Remy, and R. Vasudevan,
“Koopman-based control of a soft continuum manipulator under variable
loading conditions,” IEEE Robotics and Automation Letters, vol. 6, no. 4,
pp. 6852–6859, 2021.

[23] D. Bruder, R. B. Gillespie, C. D. Remy, and R. Vasudevan, “Data-
driven control of soft robots using koopman operator theory,” IEEE
Transactions on Robotics, vol. 37, no. 3, pp. 948–961, 2021.

[24] M. O. Williams, I. G. Kevrekidis, and C. W. Rowley, “A data–driven
approximation of the koopman operator: Extending dynamic mode
decomposition,” Journal of Nonlinear Science, vol. 25, no. 6, pp. 1307–
1346, 2015.

[25] P. Qi, C. Liu, A. Ataka, H. K. Lam, and K. Althoefer, “Kinematic control
of continuum manipulators using a fuzzy-model-based approach,” IEEE
Transactions on Industrial Electronics, vol. 63, no. 8, pp. 5022–5035,
2016.


