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Abstract

Motivated by the fact that tensor robust principal component analysis (TRPCA) and its
variants donot utilize actual rank value, limiting the recovery performance, and their com-
putational costs are always monumental for large-scale tensor recovery, a fast TRPCA
is proposed to recover the low-rank and sparse tensors by estimating multi-rank vec-
tor and adopting Riemannian optimization strategy in this paper. Specifically, a fast
multi-rank estimation of low-rank tensor is proposed by modifying the Gershgorin disk
theorem-based matrix rank estimation. An innovative TRPCA with Estimated Multi-Rank
(TRPCA-EMR) is proposed to eliminate hyperparameter tuning by imposing strict multi-
rank equality constraints. Additionally, Riemannian optimization is employed to project
each frontal slice of the tensor in Fourier domain onto a low multi-rank manifold in
efficiently coping with tensor Singular Value Decomposition (t-SVD) and reduce compu-
tational complexity. Experimental results demonstrate TRPCA-EMR’s superior efficiency



and effectiveness compared to existing methods, confirming its potential for practical
applications and reassuring its reliability.
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1 Introduction

As an effective way to recover low-rank and sparse matrices, robust principal component
analysis (RPCA) [1] has been gained wide applications, such as background subtraction [2],
infrared target tracking [3], and face recognition [4]. A major shortcoming of RPCA is that
it cannot well handle high-dimensional data, such as hyperspectral images and videos. Since
RPCA performs on matrices, the underlying multidimensional data have to be transformed
into a matrix to recover the low-rank data, which ignores information embedded in multidi-
mensional structure. For example, it has been noted in [5] that both the spectral correlation
and the spatial correlation in multispectral images are always strong. Tensor, as a high-order
generalization of matrices, is a natural way to represent multidimensional arrays to retain the
intrinsic structures. In this study, we focus on the third-order tensors, but the results can be
extended to higher-order tensors.

Unlike matrices, tensor ranks have multiple definitions. Generally, there are two common
and fundamental definitions: CP-rank and Tucker-rank. Several robust CP-/Tucker- based
approaches have been introduced to recover low-rank tensors [6—8]. Chen et al. [6] described
a generalized weighted low-rank tensor factorization (GWLRTF) and extended its applica-
bility by integrating it with CP and Tucker factorization. Bahr et al. [7] proposed a robust
Kronecker component analysis (RKCA), which combined RPCA with the ideas from sparse
dictionary learning. The performances of these methods are limited by some drawbacks of CP
and Tucker models [9]. For example, CP-rank is NP-hard [10], and the Tucker-based methods
unfold a tensor into matrices, which destroys the intrinsic structure of the tensor [11].

Tensor singular value decomposition (t-SVD) was proposed in [12] to treat third-order
tensors, based on this decomposition, multi-rank and tubal rank are defined to characterize
the intrinsic low-rank structure well [11]. As a convex relaxation of tubal-rank, the tensor
nuclear norm (TNN) based on t-SVD was presented in [13]. Inspired by the work in [13], Lu
et al. [14] introduced tensor robust principal component analysis (TRPCA) to extend RPCA
to the tensor case for recovering the low-rank and sparse tensors. It has been proved in [15]
that TRPCA theoretically guarantee the exact recovery of low-rank tensor. In [16], Zhou et al.
proposed an outlier-TPCA (OR-TPCA) by introducing ¢ ;-norm, which achieves good out-
lier detection, clustering, semi-supervised and supervised learning. By defining a new TNN
which extends TNN with core matrix, Liu et al. [17] developed an improved TPCA (IRT-
PCA). Based on TRPCA, Zhang et al. [18] proposed a generalized non-convex method with
an objective function that effectively approximates the tensor rank function and /y-norm. It is
highlighted that these TNN-based TRPCA methods cannot ensure the recovered low rank is
equal to that of the target tensor, which results in performance degradation.

Several TRPCA methods with target multi-rank or tubal-rank have been presented to
address the above issue. Jiang et al. [19] proposed a RPCA using partial sum of TNN



(PSTNN-RPCA), which does not shrink the first r (the target tubal-rank value) largest sin-
gular values, and limits its capability to deal with practical problems [20]. To address this
issue, an enhanced TRPCA (ETRPCA) was introduced via weighted tensor Schatten p-norm
minimization [20], considering the salience of singular value differences of tensorial data.
ETRPCA has a good performance with an appropriate set of weights of p-norm, whereas the
weights are heuristically chosen. Assuming that the tensor multi-rank is known, Qiu et al.
[21] studied nonconvex tensor robust PCA and proposed an alternating projection algorithm
EAPT, which utilizes the tangent space of low-rank tensor to reduce computational complex-
ity. It should be highlighted that these methods perform well when the tensor multi-rank or
tubal-rank is known. This leads to a question: can we estimate the multi-rank of the target
low-rank tensor?

Most of the current methods for estimating tensor rank revolve around CP- and Tucker-
rank [22-24], and adopt regularization to gradually approximate the rank, rather than using
the estimated rank as a priori knowledge of the optimization process. By using the estimated
tubal-rank, a robust tensor principal component analysis with rank estimate (RTPCA-RE)
was described to improve the performance of tensor recovery [9]. However, the tubal rank
cannot comprehensively capture the difference in low- and high-frequency information in
transformed tensors [21]. In addition, RTPCA-RE iteratively obtained the tubal-rank estima-
tion by incorporating the TNN regularization into the optimization model, which results in
increased computational complexity for large-scale tensors.

If the rank of a matrix is known, the computational cost of SVD can be significantly
reduced by projecting the matrix onto a low-rank manifold [25]. Therefore Riemannian opti-
mization is employed for fast matrix completion and low-rank matrix recovery [25, 26].
Recently, Riemannian optimization has been used in tensor processing. Cai et al. [27] pro-
posed a fast Riemannian algorithm to simultaneously estimate both the low-rank and sparse
tensors in a generalized framework. Luo and Zhang [28] introduced an efficient Riemannian
Gauss-Newton (RGN) method to estimate the low Tucker rank tensor. Despite these advance-
ments, to our knowledge, Riemannian optimization has not yet been applied to t-SVD in the
context of TRPCA methods.

In this paper, A fast Gerschgorin disk based multi-rank estimation (GDME) of the low-
rank tensor is proposed first , which is inspired by the great success of Gerschgorin disk
theorem in matrix rank estimation [2, 29]. GDME is characterized by providing real multi-
rank information quickly and accurately before the optimization process. Subsequently, we
introduce a novel tensor RPCA with the estimated multi-rank (TRPCA-EMR), which lever-
ages the ascertained tensor rank information to enhance the tensor recovery. Different from
existing TRPCA methods, the TNN regularization is replaced with strict equality constraints
based on the estimated tensor multi-rank, which avoids adjustment of the hyper-parameters
in existing TRPCA models. A truncated singular value solution in low-rank tensor recovery
sub-problem is obtained owing to the strict low-rank constraints. Inspired by the successful
applications of Riemannian optimization on matrix completion and low-rank matrix recovery,
a novel algorithm by employing Riemannian optimization to deal with t-SVD is described.
Different from the bounded multi-rank constraint used in [21], the low-rank space with esti-
mated multi-rank is smooth manifold in our optimization model. The key idea is to project
each frontal slice of a tensor in Fourier domain onto a low multi-rank manifold space, which
significantly reduces the computational complexity of t-SVD.



In a nutshell, the main contributions of this paper are:

1) GDME: Provides fast, accurate multi-rank information, improving tensor recovery perfor-
mance.

2) TRPCA-EMR: Replaces TNN regularization with strict equality constraints, eliminating
the need for manual hyperparameter adjustment.

3) Riemannian Optimization Algorithm: Efficiently handles t-SVD, reducing computational
complexity.

4) Extensive experiments show that TRPCA-EMR outperforms existing methods in video
background subtraction and hyperspectral image denoising, demonstrating its superior
effectiveness and efficiency across diverse datasets.

2 Fast TRPCA with Estimated Multi-rank and Riemannian
Optimization

In the following, a scalar is denoted by a lowercase letter, e.g., . A vector is denoted by
a boldface lowercase letter, e.g., x (the ith entry of vector x is denoted by x; ); a matrix is
written as a boldface capital letter, e.g., X ; tensors are denoted by calligraphic letters, e.g., X.
Given a Riemannian manifold M and a nonempty set S C M, Ps(g) denotes the projection
of point ¢ onto the set S as follows

Ps(q)={peS | |lg—pl =Sig£||q—8||} (1)

For a third-order tensor X € R™*"2X"3we denote the ith frontal slice of X by X(:,:
,i) or X% The inner product between X and ) in R *"2X0s ig defined as (X,)) =
S s Y@y The Frobenius norm of X is calculated by || X ||z = /(& X). Besides,
X € Cmxnzxns jg tl}e discrete Fourier transform (DFT) of X" along the 3rd dimer}sion and
can be computed by X = fft(X’, [], 3). The inverse DFT is computed by X = ifft(X, ], 3).

2.1 Multi-rank Estimation of a Low-rank Tensor

For a third-ordor tensor X € R™*™2X"3 the multi-rank is defined as a vector r =
(ry,...,rp,) € R™ [12], and the ith entry is given by

r; = rank()A((i)) 2)

where X @ € R™*"2 jg the ith frontal slice of X in the Fourier domain. It means that the
tensor multi-rank estimation problem can be converted into a set of matrix rank estimates in
the Fourier domain. Since the size of tensor data is often large, TPCA is used to reduce the
complexity of multi-rank estimation. In order to preserve the frequency information in the
tensors, we reduce only the first two dimensions of X'. When n; <= no, the TPCA can be
implemented by a series of traditional PCAs as follows

(

7 —poax” &), q) 3)



where 7~ € R™X*9X"s js the low-dimensional tensor after dimensionality reduc-

tion, and where d represents the number of selected principal components, which is

set to round(0.1n;) in our method. Similarly, Eq. (3) can be written as 7T~ @ _

PCA((X T2 round(0.1n2)) if n1 > ne.
The covariance tensor C € R¥*4x"3 of the low-dimensional tensor 7~ with multi-rank
r=(ry,...,rp,) € R™ can be defined as:

é(i) _ (,i.(i))T,j-(i) )

Then the eigenvalue decomposition of C(Z) is given by

5 (%)
C =U,» Eéu)Ugm (5)

where Uéu) = [u1,usg, - ,uq] is the eigenvector matrix, and Eéu) = diag(o1,09, -+ ,04)

represents the eigenvalue matrix. According to the Gerschgorin disk theorem [30], (AZ(Z) can
be transformed as follows

C11 '+ Cid

5 (%) ci C¢
C = . . . = 1 6
N . |:(Cz)H Cdd:| ( )
Cd1 **° Cdd

where C} € R(4=1)*(d=1) j5 the square matrix by the first (d — 1) rows and the first (d — 1)
columns of C%, and C! = [c14, 24, - ,c(d_l)d]T. Then the eigenvalue decomposition on
Ci is obtained as:

Ci= UCQZCQU& (7
where Ug: = [u}, uy, -+ ,uj_q]is an (d — 1) x (d — 1) unitary matrix composed of the
eigenvectors of Gy, and X¢; = diag(oy,03, - ,0}_;). Similar to Eq. (6), a unitary
transformed matrix U’ € R?4(U" (U’ )H = 1) is defined as:

; Ugq: 0
"no__ C
v = { 0 1} ®

The transformed covariance tensor Cr is obtained by:

cT _ (U/z)Hé(z)Uli
H i H i
Ul CiUg; UL, C

(C)Uq;  caa ©)

_ |:diag(0/1a0'/27---70'1/1—1) (p1,p2, s pa—1)T
(01,05, P_1) Cdd



where p; = u;HCi, (I =1,...,d — 1). The eigenvalues of (3;) can be estimated using the
Gerschgorin disk theorem [30]. Then, the radii of the first (d — 1) Gerschgorin disk can be
written as:

rad; = |py| = [u]"'C’| (10)

where the radius rad; of the /th Gerschgorin disk depends on the size of u;HCi.
To further improve the accuracy of the rank estimation, the radii of the Gerschgorin disk
are shrank in [2]. Then a new diagonal matrix X% = diag(o},0%, -+ ,0}_1,0%) is con-

structed, where o/, = 1/ 27;11 o] ?. Thus, the new transformed tensor Crs,. is constructed as
follows

- (4) i 5 @i~
CTET = ETCT (ET) !

/ / !/
3 !/ / ! g o Tg—1 T
- dlag(01,027'“70d—1) (?ipl7?zp27"~7 U:{ pd*l) (11)
- ’ / /
O] % Oy x Ta—1 _*
(a.(/lip1>o.§p27'“7 o7, pd—l) Cdd

Crx, and Cr are similar tensors and have the same eigenvalues on Fourier domain. In
Eq. (11), the radii undergo varying degrees of compression. The estimated multi-rank is
subsequently determined using an enhanced heuristic decision rule:

i 1 , H,.i_(z)(t) d-1 ,
GDME'(t) = 0—&[|Ut|radt - ; ot |rad;] (12)
wheret =1,2,---,d—2,and 0 < H) (t) < 1is the adjustment factor:
2|07 41
H_ () = ———— 13
4 (t) R (13)
1=t 91

As aresult, the estimated multi-rank r; = ¢ — 1 if the first negative value of (12) is reached
at t.

2.2 TRPCA with Estimated Multi-rank

Given a tensor X € R™*72X"3 it ig shown in [15] that the low-rank tensor £ €
R™1*n2Xn3 and the sparse tensor £ € R™ *™2X"3 can be recovered by solving the following
convex optimization

I}:liélHﬁH*—F)\Hg”l, st X=L+E (14)

where || L||. is the TNN of tensor £, which are defined as the average of the nuclear norm
of all the frontal slices of £ [31], ||€||1 denotes the I1-norm, i.e., sum of absolute values of
entries in £), and ) is a parameter balancing the rankness and sparsity. It should be noted that
the low-rank implies low tubal-rank (the largest one of multi-ranks).

In this study, the multi-rank of the target low-rank tensor has been estimated by our pro-
posed GDME. Hence, a estimated multi-rank is used to tighten the constraints of problem



(14). The TRPCA, which consists of recovering the low-rank tensor and sparse tensor, can be
formulated as the following optimization:

min||€]}1, st X = £+ &, rank(£'”) = (15)

where r = (ry,...,ry,) € R™ is the estimated multi-rank of the target tensor.

In this study, the alternating direction method of multipliers (ADMM) is used to solve
the optimization (15). It should be noted that the rank function is kept as a constraint term
because it is non-convex and discontinuous. The augmented Lagrangian function of Eq. (15)
can be written as

. _ _ E _ _ 2
JELIEI X L) 1 41X - £ £l

s.t. rank(z(z)

(16)

)=ri

where (-, -) represents the tensor inner product, || - || 7 is the Frobenius norm, y is a positive
penalty scalar, and Y is the Lagrangian multiplier. According to ADMM, the three variables
of the problem (16) need to be solved separately in each iteration. Thus problem (16) is
divided into the following three sub-problems:

£ sub-problem: While £ and Y are fixed, Eq. (16) is equal to the following problem:

* . _ 2
£ =min €]+ 5 € - (X - L+ Y} (17)
A soft-thresholding operator [32] is introduced as follows to solve sub-problem (17)

zc—71 if z>71
prox, (z) = 0 if |z| <7 (18)
z+7 if x < —7T

where x € R and 7 > 0. £ can be updated by the soft-thresholding operator: prox; ;, (X —

L+ p'Y) [33].
L sub-problem: While € and Y are fixed, Eq. (16) is equal to the following problem:

£ =min}|L— (X £+ W)
~(4) 19)
s.t. rank(L ) =1

In TRPCA methods, the £ sub-problem is usually solved via tensor singular value thresh-
olding (t-SVT) [15], which applies a soft-thresholding rule in t-SVD. However, we adopt
truncation strategy in t-SVD due to the equality constraints rank(z(t)) = r;. Denoting
Z =X — €+ pu 'Y, the t-SVD of Z is obtained by computing the matrix SVD in the
Fourier domain [12]: 4 4 _ _
u”,. 8% v = svpz") (20)
where U € R Xn2xns P ¢ Rnixn2xns gre orthogonal tensors. S € Rmxn2xns g an f-
diagonal tensor, then the optimization (19) is directly solved by the truncation singular value



decomposition as follows

V)T @1

where Z:{l(,z) = l:l(i)

values of 2(1).

In this way, we avoid the case of falsely separating the sparse information into the low-
rank tensor in a scenario where sparse data are distributed nonuniformly while retaining the
low-rank structure of the low-rank tensor. Therefore, the low-rank tensor £ can be recovered

more accurately by the proposed TRPCA-EMR model in Eq. (15).

(5,1 :1y), \A)r% =V (;1:r;),and ori(z(i)) is the first r; singular

2.3 Riemannian Optimization for TRPCA with Estimated Multi-rank

It is complex to solve t-SVD of the tensor with a large size, and which is a major prob-
lem in TRPCA or its related algorithms. To reduce the complexity of t-SVD, Riemannian
optimization is introduced to solve the £ sub-problem (19).

The ith frontal slice of £ is in a low-rank space. Thus, TRPCA-EMR model based on
Riemannian manifold is as follows

min €], st X = £+ 2" e My, (22)

where M, is an (ny + ng — r;)r;-dimensional smooth manifold which is embedded in
R™ %72 and satisfies

My, = (27 e R rank(£27) = 1) 23)
The L sub-problem (19) is solved via Riemannian manifold as follows

* . 1 2
c —5&122\\13 Z|x 24)

In the kth iteration of low-tensor frontal slice E; ), we obtain the (n1 +ns—r;)r;-dimensional

tangent subspace composed of the left and right singular matrix (U%, V%) of Efj) as

Tz(i) = {AV;;T + Uql,cBT “A € R™ Xri,B c anx”} (25)
k

There are two steps in solving Eq. (24): we first project :’Z,(;J)rl onto the low-dimensional
subspace sz, then shrink the projection on M, to get Z,(;ll.
Assuming that Py; = U};U};T and its orthogonal complement Py;, = I—Py;, Pyi =
¢ :

V.V and its orthogonal complement P, =1- PV;;, where I is an identity matrix, the
i :



L sub-problem (24) can be solved by the following equation:
(@) 0] 10
L1 = Hy (PTZ@ (Zk+1>) = H,, (PU;'c ZchrlPV;'c

) (i)

4 . 6)

Let C; = U};Tégl(l — ViVi") and its QR decompose C; = RTQT, C, = (I —
U};U};T)é (1)V and its QR decompose Cy = Q2R5. The project formulation in (26) can be
represented as

=@
PTEu) (Zk+1)
k

. T~ (4) ._.T . T
=U,U; Z,,,V.V. +UR{Q] + Q:R,V],

7;T’\(i) i iT
= [U} Q2] [Uk "Iz{k;-lvk IT)lT] Dgglcr ] 27)
i v’
~[vi@:Ip gk |

iT ~ (i

where [ U% Q2] and [gl% } are unitary matrices. The shrinkage of Pr_,, (Zill) can be
1 £

solved by the SVD of D, which is an 2r; x 2r; matrix. Therefore, the complexity of SVD

of 2(1) is reduced from O(min(ny,n2)3) to O(r;)3. If r; < min(ny, nsy), the TRPCA-EMR

combined with Riemannian manifold can greatly accelerate the operation of the algorithm.

The overall procedure is summarized in Algorithm 1.

Remark 1 It should be noted that the proposed Algorithm 1 follows the framework of ADMM

[34]. However, the optimization (16) is a nonconvex problem. Although mathematical proof

of the convergence is challenging, the following empirical claim is provided.

Claim 1 The sequences Ly, and &y generated by Algorithm 1 satisfy the following:

CL = lim H£k+1 — EkHF =0 (28)
k—oo

Ce = Jm Ek+1—ExllF=0 (29)

Cx = klijgo |X = Lyy1 — Epqallr =0 (30)

Claim 1 has been proven by the experiment shown in Section 3.1.

3 Experiments

In this section, we present our experimental results of our TRPCA with estimated ten-
sor multi-rank (TRPCA-EMR) in detail. We compare the proposed methods with competitive
tensor robust PCA algorithms (TRPCA [15], IRTPCA [17], OR-TPCA [16], ETRPCA [20],
RTPCA-RE [9]). We set all parameters of each algorithm as recommended values in all exper-
iments, and all the simulations are conducted on a laptop with Windows 10, Intel(R) Core
(TM) 15-9300H CPU (8 cores at 2.4 GHz) and 16 GB RAM, and run in MATLAB R2016a.



Algorithm 1 TRPCA-EMR
Input: X € Rmxm2xns Lo = X, €y = Yo = 0 € R™*"2X"s y, jg estimated by Eq.
(12), p=1.1, po = le — 4, phnaz = 1el0, e = le — 8.
1: while not converged do
2 compute £,11 = proxy /,, (X — Ly + 1y Vi),
compute Zj11 = X — Epp1 + iy Vi

3:
4: for i = 1tong do
~ (@)
5: compute £, ; by Eq. (26).
6: end for
7. compute Vi1 = Vi + k(X — Lip1 — Ekyr),
8: update pg41 = min(ppk, maz)-
9: check the convergence conditions:
10: [Lr41— Lilloo <€ [|Ersr — Erlloe <,
11: ||X*£k+1*£k+1|oo SG.
12: end while
Output: L€
n=100, r=10 n=200, r=20
0.35 Fe—
0.16 [ [—y—TRPCA ?
—v—TRPCA —=—RTPCA
s —s—|RTPCA 0.14  |—®—OR-TPCA
—8—OR-TPCA IEECA
G55 ErpaR 042} |~ RTPCARE
<) RTPCA-RE 5 b~ TRPCA-EMR
5 4—TRPCA-EMR 5 o
() [0
2 2 008
8 . ]
[0] [0)
S 006 /
L
0.04 /‘
0.02 /'
0% * = * - "’5.‘// e \——/’ o ——% <+ e
005 01 015 02 025 03 035 04 045 05 005 01 015 02 025 03 035 04 045 05
Corruption Rate Corruption Rate

Fig. 1 Relative errors E~ for various algorithms with different corruption rates.

3.1 Synthetic Datasets

In this subsection, we test the algorithms on synthetic data. A tensor Lo € R™*"*"
with multi-rank [r, 7, - - - ,?"]T is generated by sampling two tensors, P € R"*"*" and Q €
R"*"%™ with entries belonging to normal distribution A'(0, 1/n), namely, Lo = P * Q. The
ground truth tensor Ly is corrupted by sparse tensor £ € R™*"*™, which has p x (m x n)
non-zero elements. The positions of non-zero elements in £ are randomly selected, and their
values are generated from a Gaussian distribution A (0, 1/n). In this experiment, we define p
as the corruption rate of synthetic data and set it from 0.1 to 0.5. In addition, we set r = 0.1n
and n = 100, 200. Denote the solution as £, and &, in a certain algorithm, we evaluate the
relative errors Ex = ||[£4 — Lo||r/||LollF and Eg = ||E. — Eo||r/||Eo||F under different
settings and present the results in Fig. 1, Table 1 and Table 2. Furthermore, for methods with

10



Table 1 Comparison of relative errors and running times (s) for various algorithms with different corruption rates
(n = 100, 7 = 10).

Methods TRPCA [15] IRTPCA [17] OR-TPCA [16] ETRPCA [20] RTPCARE [9] TRPCA-EMR
Data Ec Fe _ Time | Eg Fe  Time | Eg Fe  Time | Eg Fe  Time | FEp Fe _ Time TR TimeRE | Fg Fe _ Time MR, TimeRE

=005 | 2.13e-10 1.68¢09 207 | 3.40e-01 9.52e01 23.6 | 6.49%-02 9.27e-01 340 | 1.67e-10 135¢00 469 | I.18e-10 190e-09 551 10 145 | 6.03e12 15310 181 10 5
p=01 | 243e-10 1.57e-09 240 | 3.42e01 9.50e01 239 | 9.18e-02 9.23e-01 338 | L16e-10 7.33e-10 49.6 | 2.72e-10 3.05e-09 616 10 178 | 43de-1l 6.94e-10 185 10 16
p=0.15 | 3.19-10 1.79%-09 239 | 34401 9.49e-01 240 | L1201 9.20e-01 328 | 142e-10 8.19e-10 49.6 | 4.10e-10 3.64e-09 630 10 209 | 620e-11 7.18e10 185 10 16
p=02 | 392-10 203e-09 243 | 345e01 9.47e01 250 | 1.29e-01 9.17e-01 334 | 237e-10 125¢09 520 | 1.20e-10 9.25e-10 783 10 246 | 1.05e-10 1.01e09 188 10 16
p=025 | 3.10e-10 1.53e-09 254 | 347e-01 9.46e-01 249 | Ldde-0l 9.13e-01 333 | 295e-10 145e09 535 | 4.23e-10 28209 944 11 433 | L65e10 136e-09 17.7 10 15
p=03 | 620e-03 3.59%-02 27.0 | 34901 9.45e01 243 | 1.57e-01 9.10e-01 322 | 8.41e-10 3.82e-09 528 | 5.23e-03 3.0le-02 1831 50 403 | LI2e-10 8.1de-10 183 10 16
p=035 | 3.47e02  1.86e-01 290 | 3.51e-01 9.44e-01 247 | 1.6%-01 9.07e-01 326 | 3.15e-10 143e09 563 | 3.48¢-02 1.86e-01 8§20 50 411 | 255e10 16le09 184 10 16
p=04 | 58802 29501 295 | 353e01 9.43e01 257 | 1.80e-01 9.05e-01 33.6 | 33503 1.68e-02 69.9 | 5.90e-02 294e-01 863 50 462 | 35210 2.00e-09 211 10 15
p=045 | 79202 3.74e01 312 | 3.56e-01 9.41e-01 272 | 1.91e01 9.03e-01 349 | 276e-02 130e-01 733 | 7.94e-02 37401 920 50 519 | L14e-09 590e-09 226 10 16
p=05 | 971e-02  4.36e-01 297 | 3.57e01 9.41e01 264 | 2.01e-01 9.0le-01 327 | 5.07e02 227e-01 671 | 9.70e-02 4.33e-01 990 50 595 | 1.5de-02 6.93e-02 237 10 1.6

Table 2 Comparison of relative errors and running times (s) for various algorithms with different corruption rates
(n = 200, 7 = 20).

Methods TRPCA15] TRTPCA[17] OR-TPCA [16] ETRPCA [20] RTPCARE [9] TRPCA-EMR

Data Ee Ee  Time | Fe Fe  Tme | FBe L Time | Fr Le  Tme | Fe Ee Time TR TimeRE | Fg Fe Time MR, TimeRE
5 | 1.06e- 11 2.73e-10 1825 | 8.63¢-02 8.13¢-01 1567 | 5.20e-02 1.04e+00 2339 | 1.06e-11 2.74e-10 4175 | 1.3%-11 3.74e-10 5860 20 703 | 257e-13 Llle-11 1288 20 6
1| 43012 26711 2423 | 879%-02 8.13e-01 197.1 | 7.33e-02  1.04e400 277.5 | 4.23e-12 2.82e-11 676.7 | 1.66e-11 3.34e-10  603.1 20 904 | 7.00e-12 193e-10 1724 20 59
5| 3.84e-12 1.94e-11 3131 | 8.98e02 8.13e-01 2656 | 8.95¢02 1.03e400 4230 | 2.56e-12 1.52e-11 6575 | 1.6le-11  244e-10  637.0 20 1106 | 1.43e-12 2.3%-11 1733 20 59

13le-11 15de-10 2266 | 9.19e-02 8.12e01 1849 | 1.03e-01 1.03e+00 260.1 | 45312 329e-11 4835 | 227e-11  3.09e-10 6889 20 1383 |977e13 172e11 1459 20 6

5 | 4.89e-12 3.1de-11 2209 | 9.40e-02 8.12e-01 1835 | L1Se01 1.03e400 2459 | 4.6le-12 2.90e-11 4589 | 14211 143e-10 7473 20 1747 | 171e-12 218e-11 1430 20 59
4.01e03 33502 196.1 | 9.64e02 8.12e01 1828 | 126e-01 1.03e400 2423 | 6.40e-12 4.07e-11 4725 | 3.78e-03 3.08e02 1380.4 100 3005 | 2.58e-12 270e-11 1424 20 6

2 1.88e-01  194.0 | 9.89e02 8.13e01 1840 | 136e-01 1.03e400 257.8 | 2.81e03 2.13e-02 499.0 | 2.56e02 193e01 8897 100 3380 | 1.48e-11 1d6e-10 1574 20 59

424e-02 3.00e-01 2185 | 1.01e01 8.13e01 2060 | 145e01 1.02e400 273.1 | 2.17e02  1.54e-01 4925 | 429e02 3.03e01 9243 100 3577 | L3le-11 1.05e-10 160.1 20 59

5| 571e-02 38le-01 1844 | 1.04e01 8.13e-01 1736 | 1.53e01 1.02e400 2292 | 3.87e-02 2.58¢-01 4127 | 57502 3.83e01 9738 100  389.0 | 6.1le-11 4d5e-10 1338 20 59
7.00e-02 443e01 1841 | 1.07e-01 8.14e-01 172.8 | 1.6le-01  1.02e+00 227.9 | 5.31e-02 3.36e-01 4157 | 7.04e-02  4.44e-01 10425 100  426.1 | 1.07e-02 6.79e-02 1416 20 59

rank estimation, namely RTPCA-RE and the proposed TRPCA-EMR, we introduce additional
metrics in Tables 1 and 2: the estimated rank values (denoted as TR and MR;) and the time
taken for rank estimation (denoted as TimeRE).

From Fig. 1, it can be seen that the relative errors of the proposed TRPCA-EMR are
significantly smaller than others except that it is very close to TRPCA, RTPCA-RE, and
ETRPCA in some cases. It should be noted that the performance of all the algorithms grad-
ually decreases with an increasing corruption rate under the same rank and size, however,
our method decreases more slowly, which means that TRPCA-EMR is superior when the
low-rank information is perturbed very seriously.

We further evaluate the performance of our proposed TRPCA-EMR in Tables 1 and 2.
When the corruption rate is low (p < 0.25), TRPCA, ETRPCA, RTPCA-RE, and TRPCA-
EMR can effectively separate low-rank and sparse tensors. In this scenario, the proposed
TRPCA-EMR achieves only a slight improvement in accuracy compared with the other meth-
ods. However, at higher corruption rates (0.3 < p < 0.45), only our proposed TRPCA-EMR
can accurately recover low-rank tensors. This is attributed to the fact that, in contrast to the
tubal-rank estimation in RTPCA-RE, our proposed GDME ensures an accurate estimation
of multi-rank MR even under high corruption rates. Simultaneously, the speed of the pro-
posed GDME is nearly unaffected by the corruption rate, making it faster and more stable
than RTPCA-RE. Moreover, the proposed TRPCA-EMR has the shortest running time among
all the algorithms across all the different settings, indicating that Riemannian optimization
significantly reduces the computational cost of t-SVD.

We subsequently assess the convergence of TRPCA-EMR under the following two cases:
Case 1) r = 0.1n, n = 100, and the corruption rate p = (0.1,0,2,0.3,0.4,0.5); Case 2)
n = 100, p = 0.1, and » = (0.01n,0.05n,0.1n,0.15n,0.2n). For each of the ten settings
across the two cases, we conducted 10 simulations and recorded the algorithm’s iteration
count when maz(Cg,Ce,Cy) < e — 8 (Cg, Cg and Cy are defined in Claim 1 in Section
1), as depicted in Fig. 2. Additionally, Fig. 3 illustrates the convergence of our proposed
TRPCA-EMR in a single simulation.
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Fig. 3 The values of Cz, Cg and C'x with the number of iterations. Assume that X € R™*"*" with multi-rank
[r,r, -+ ,7]T, n =100, r = 10, and the corruption rate p=0.1.

3.2 Real Datasets

In this subsection, we evaluate the proposed TRPCA-EMR method on three real-world
applications: background subtraction of video, dynamic background subtraction of video
and hyperspectral image denoising, and compare the performance with those by TRPCA,
IRTPCA, OR-TPCA, ETRPCA, RTPCA-RE methods.

3.2.1 Background subtraction of video

The background subtraction aims to separate the moving foreground objects from the
static background. Our experiment use the Highway1 dataset [35, 36], which features a rela-
tively static background with fast-moving cars as the dynamic foreground. The size of each
frame of the Highway dataset is 320 x 240, which is reduced to 160 x 120 to save time. The
dataset, consisting of 439 frames, is reshaped into a 19200 x 439 x 3 tensor. We apply each
algorithm to decompose the tensor into low-rank parts, which represent the static background
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frame 3

(a) (b) (c) (d) (e) ®

Fig. 4 Video background subtraction: the first column corresponds to three frames from the video. The second to
last columns are the separated background and foreground of TRPCA, IRTPCA, OR-TPCA, ETRPCA, RTPCA-RE
and TRPCA-EMR respectively.

of the video, and sparse parts, which represent the moving objects in the video. The results
are shown in Fig. 4. It can be seen from Fig. 4 (b, c) that both IRTPCA and OR-TPCA cannot
completely separate the foreground from the background. Fig. 4 (a, e, f) shows that without
an adjustment of the balance parameter, TRPCA and RTPCA-RE have poorer performances
than our method. While RTPCA-RE successfully separated the foreground and background
in frame 1, it failed in frames 2 and 3. Actually, almost all the methods have poorer perfor-
mance on frames that have more complex foregrounds, such as frame 3. However, it can be
seen from Fig. 4 (f) that our proposed TRPCA-EMR has stable and good results on all the
frames, which benefits from the exact multi-rank estimate of the low-rank tensor obtained by
our proposed GDME.

‘We then evaluate TRPCA-EMR on seven other video datasets [35-37] CAVIAR1 (128 x
192, 610), CAVIAR2 (128 x 192, 460), HallAndMonitor (120 x 176, 296), HumanBody2
(120x 160, 740), IBMtest2 (240 x 320, 90), CaVignal (136 x 200, 113) and Blurred (200 x 296,
106) where the numbers denote frame size and frame number. A comparison of the peak sig-
nal to noise ratio (PSNR) values and running times obtained by the 6 methods on all 8 video
background subtraction datasets is shown in Fig. 5. It can be observed that the differences
in PSNR values between our proposed TRPCA-EMR and other methods on the HallAnd-
Monitor dataset are not significant. This is attributed to the fact that the foreground objects
in this dataset move much slower than those in the other datasets. However, the accuracy of
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Fig. 5 Comparison of the PSNR values (top) and running times (bottom) obtained by TRPCA, IRTPCA, OR-TPCA,
ETRPCA, RTPCA-RE and TRPCA-EMR on 8 video background subtraction datasets.

(a)165 x 252 x 598 (b)165 X 598 X 252

Fig. 6 The reshape scheme for dynamic background subtraction.

TRPCA-EMR is significantly higher than that of the methods on the other datasets. The high
performance of TRPCA-EMR results from the strict low multi-rank constraints in Eq. (15),
which preserve the maximum singular value group that contains most of the low-rank infor-
mation. In addition, our method has the lowest running time of all the methods on all datasets,
which proves that Riemannian optimization greatly reduces the computational complexity of
TRPCA-EMR.

3.2.2 Dynamic background subtraction of video

In background subtraction, many existing algorithms work well when the backgrounds
are stationary, but are not successful in a real dynamic background [38, 39]. For example, the
background of a natural video may not be entirely static if it contains varying elements such
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(a) Original (b) TRPCA (¢) IRTPCA () OR-TPCA () ETRPCA  (f) RTPCA-RE () AENE (WG-LBM (i) TRRCAFMR () TRPCA-EMR

Fig. 7 Dynamic background subtraction of video: the first column corresponds to six frames with dynamic back-
ground from the original video. The second to last columns are the separated backgrounds by TRPCA, IRTPCA,
OR-TPCA, ETRPCA, RTPCA-RE, AE-NE, G-LBM, our TRPCA-FMR and TRPCA-EMR, respectively.

as swaying leaves, rainfall, and changes in illumination. In this experiment, we evaluated the
proposed TRPCA-EMR on two chanllenging datasets with dynamic backgrounds [37, 40]:
advertisementBoard (165 x 252, 598) containing moving vehicles and periodically changing
billboards, and WavingTrees (120x 160, 287) featuring moving individuals and swaying trees.
Fig. 6 illustrates the tensor reshape strategy employed in this experiment. Taking the “adver-
tisementBoard” dataset in Fig. 6 (a) as an example, we reconstructed it into a 165 x 598 x 252
tensor shown in Fig. 6 (b). Owing to the periodic changes in advertisements, the multi-rank
value of the frontal slice in the Fourier domain containing advertisement pixels is greater than
1. The tensor rank estimated by our proposed GDME method could accurately capture the
differential information reflecting the dynamic and static portions of the background. To fur-
ther demonstrate the effectiveness of the proposed GDME method on our TRPCA-EMR, we
developed another TRPCA with fixed multi-rank (TRPCA-FMR) as follows

. ()
win[[€]y, st X = £+ £, rank (z ) =(1,..1) 31)

In Eq. (31), the tensor multi-rank is assumed to be known and each element is equal to 1,
i.e., the background is static. In this experiment, in addition to the TRPCA methods, we also
consider two deep learning methods AE-NE [41] and G-LBM [42] as comparative baselines,
which were recently proposed as advanced dynamic background subtraction methods. It is
observed from Table 3 that the deep learning-based approaches are very fast to separate the
foreground, but the training stages need a large data and much time. On the other hand, the
model-based TRPCA methods handle the dynamic background subtraction directly without
training stage, and take more time than the data-based learning methods. It is highlighted that,
among the model-based TRPCA methods, our proposed method is the fastest. TRPCA-FMR
requires less running time than TRPCA-EMR because the rank is known prior without to esti-
mation. Fig. 7 demonstrates the separation performances of different methods. It can be seen
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Table 3 Comparison of running time (s) on dynamic background subtraction datasets.

Methods TRPCA IRTPCA OR-TPCA ETRPCA RTPCA-RE AE-NE G-LBM TRPCA TRPCA

[15] [17] [16] [20] [9] [41] [42] -FMR -EMR
advertisementBoard ~ 1814.1 1944.7 2751.6 4157.7 53342 68.9 47.1 1034.7 1297.5
WavingTrees 491.7 460.0 950.5 332.9 2135.0 676.1 12.7 226.0 266.0
§ 8 T T T T T
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Fig. 8 The estimated multi-rank on the advertisementBoard dataset (top) and WavingTrees (bottom).

that the deep learning methods AE-NE and G-LBM both accurately remove the foreground
on both datasets, but AE-NE fails to identify the varying billboards as dynamic backgrounds
when processing the advertisementBoard dataset, resulting in significant missing of the bill-
boards. Moreover, the deep learning-based methods heavily rely on the quality and quantity
of the training data. In our examples, the number of underlying datasets is insufficient to train
a good deep neural network model. This leads to significant blurring of the dynamic back-
ground across both datasets for G-LBM. On the other hand, the first five TRPCA methods
(Fig. 7 (b-)) struggle to separate the foreground in most frames effectively. IRTPCA suc-
cessfully separates the foreground in the advertisementBoard dataset but significantly blurs
dynamically changing billboards in the background. TRPCA-FMR removes the foreground
but compromises the dynamic characteristics of the background. In contrast, our proposed
TRPCA-EMR effectively removed the foreground and preserved the dynamic background,
owing to the accurate tensor rank estimation by GDME, which is shown in Fig. 8. In light
of underlying small datasets, we only compare the performance of the model-based TRPCA
methods in the following section.

3.2.3 Hyperspectral image denoising

Hyperspectral image denoising is a challenging task because of the variations in noise
intensity across the different spectral bands. We evaluated the denoising performance of our
proposed TRPCA-EMR method on the classic Indian Pines dataset [43]. The data size is
145 x 145 pixels with 220 bands, which are reshaped to a 145 x 220 x 145 tensor. The
denoising results of bands 3, 110, and 218 and the combination results of the three bands are
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(a) Original (b) TRPCA (c) IRTPCA (d) OR-TPCA (e)ETRPCA  (f) RTPCA-RE  (g) TRPCA-EMR

Fig. 9 Hyperspectral image denoising: the first column corresponds to three noise bands (from top to bottom are
bands 3, 110, and 218) and one RGB image (combination of band 3, 110, and 218) from the original noise hyper-
spectral image. The second to last columns are the denoising results of TRPCA, IRTPCA, OR-TPCA, ETRPCA,
RTPCA-RE and TRPCA-EMR, respectively.

Table 4 Comparison of the running time (s) on hyperspectral image denoising.

TRPCA IRTPCA OR-TPCA ETRPCA RTPCA-RE
Methods [15] [17] [16] 120] 9] TRPCA-EMR

Time(s) 79.0 103.1 134.7 193.2 444.2 59.0

shown in Fig. 9 respectively. The experimental results show that our proposed TRPCA-EMR
outperforms other existing denoising methods across various spectral bands. It effectively
removes noise and preserves textures and edges without excessive smoothing. The running
times of the different methods are shown in Table 4 and our proposed TRPCA-EMR is the
fastest.

4 Conclusions

This paper presents a fast tensor robust principal component analysis with estimated
multi-rank (TRPCA-EMR) to recover the low-rank and sparse tensor. The proposed TRPCA-
EMR estimates the tenor multi-rank using modified Gershgorin disks and replaces the TNN
with strict equality constraints based on the estimated tensor multi-rank. Such processing
ensures the low-rank information can be reserved in each iteration. On the other hand, Rie-
mannian optimization is introduced to project each frontal slice of a tensor in the Fourier
domain onto a low multi-rank manifold space, significantly reducing the computational cost

17



of t-SVD. The experimental results on synthetic data demonstrate that our method is supe-
rior when low-rank information is perturbed very seriously. The real data results indicate
that the proposed TRPCA-EMR can more accurately separate low-rank and sparse compo-
nents than five competitive TRPCA algorithms. The developed method can be applied in
real-world applications, including signal processing, face recognition, color image and video
data recovery, and hyperspectral data recovery.
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