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Abstract—Bayesian optimization (BO) is well known to be
sample-efficient for solving black-box problems. However, the BO
algorithms may get stuck in suboptimal solutions even with plenty
of samples. Intrinsically, such suboptimal problem of BO can
attribute to the poor surrogate accuracy of the trained Gaussian
process (GP), particularly that in the regions where the optimal
solutions locate. Hence, we propose to build multiple GP models
instead of a single GP surrogate to complement each other, thus
resolving the suboptimal problem of BO. Nevertheless, according
to the bias-variance tradeoff equation, the individual prediction
errors can increase when increasing the diversity of models,
which may lead to even worse overall surrogate accuracy. On the
other hand, based on the theory of Rademacher complexity, it has
been proven that exploiting the agreement of models on unlabeled
information can reduce the complexity of hypothesis space,
therefore achieving the required surrogate accuracy with fewer
samples. Such value of model agreement has been extensively
demonstrated for co-training style algorithms to boost model
accuracy with a small portion of samples. Inspired by the above,
we propose a novel BO algorithm labeled as co-learning BO
(CLBO), which exploits both model diversity and agreement on
unlabeled information to improve the overall surrogate accuracy
with limited samples, therefore achieving more efficient global
optimization. Through tests on five numerical toy problems
and three engineering benchmarks, the effectiveness of proposed
CLBO has been well demonstrated.

Index Terms—Bayesian optimization, co-training style semi-
supervised learning, black-box problems, robotics control, air-
craft design.

I. INTRODUCTION

BAYESIAN optimization is well-known to be sample
efficient, which has drawn wide attentions for solving

black-box problems [1]–[3], such as active control of robotics
systems [4] and hyperparameter tuning [5]. The basic process
of BO is as follows. First, it uses Gaussian process (GP) [6] to
build a surrogate of the underlying objective function. Second,
it employs an acquisition function [7]–[10], which makes
use of the information extracted from GP to select the most
promising solution candidate to query. The above process is
iterated till the stopping condition is met.

Zhendong Guo is with the School of Energy and Power Engineering,
Xi’an Jiaotong University, China, and also with Data Science and Artificial
Intelligence Research Center (DSAIR), Nanyang Technological University,
Singapore. (e-mail: guozhendong@xjtu.edu.cn; ericzhendong@163.com).

Yew-Soon Ong is the corresponding author of this paper, he is with School
of Computer Science and Engineering, Nanyang Technological University,
Singapore, and also with Agency for Science, Technology and Research
(A*STAR), Singapore (e-mail: asysong@ntu.edu.sg; ongyewsoon@hq.a-
star.edu.sg).

Tiantian He is with Center for Frontier AI Research (CFAR), Institute of
High Performance Computing (IHPC), Agency for Science, Technology and
Research (A*STAR), and also with Data Science and Artificial Intelligence
Research Center (DSAIR), Nanyang Technological University, Singapore
(email: He Tiantian@ihpc.a-star.edu.sg).

Haitao Liu is with School of Energy and Power Engineering, Dalian
University of Technology, 116024, Dalian, China (e-mail: htliu@dlut.edu.cn).

Though tremendous success has been achieved [11], [12],
BO approaches sometimes can get stuck by poor solutions
even with plenty of adaptively and sequentially selected
samples [13]–[15]. Intrinsically, such a suboptimal problem
of BO can attribute to poor accuracy of the trained GP
surrogate, particularly that in the region where the true optima
locate [16]. To improve the accuracy of GP surrogate in BO
process, some studies resort to extracting information from
the related source tasks [17], [18], or building multi-fidelity
surrogate [19]–[21]. Nevertheless, neither the source task nor
multi-fidelity samples can be always available. Alternatively,
as no single model can be accurate for all the scenarios [22]–
[25], some other studies propose to use multiple models [1],
[26] instead of a single GP to improve the surrogate accuracy
in BO process.

Note that, the idea of using multiple models has been
extensively explored in machine learning community [27],
[28], such as ensemble learning [29]. In particular, the overall
accuracy by using multiple models at a single point site or
over a region can be calculated by the following bias-variance
tradeoff equation [30]:
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where ŷ(i) and ŷ denote the overall prediction and the in-
dividual model prediction, respectively, and wi is the cor-
responding weight. The terms (ŷ − y)2,

∑
wi(ŷ
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2 are respectively the errors of overall model
(E) and individual models (Eind), and the diversity among
individual models (ambiguity term). Ideally, simultaneously
increasing the model diversity and reducing the error of
individual models (i.e., Eind) can reduce the overall predic-
tion error. However, purely increasing the diversity among
models may increase Eind, which may contrarily result in an
incremental overall error of prediction. Hence, both individual
model accuracy and model diversity should be taken into
account when building multiple models.

On the other hand, according to Rademacher complex-
ity [31], the bound of prediction loss (error) is related to the
complexity of hypothesis searching space [32]:

E (L(Y, f(X))) ≤ Ên (L(Y, f(X)))

+Rn(L̃ ◦ F )︸ ︷︷ ︸
Complexity

+

√
8 log(2/δ)

n
(2)

where E (L(Y, f(X))) and Ên (L(Y, f(X))) are the expecta-
tions of real and empirical loss, Rn(L̃ ◦F ) is the Rademacher
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complexity of the hypothesis space, and n and δ are the
number of training samples and the certainty in the success of
the whole procedure, respectively.

As has been previously proven [32], [33], the agreement of
models on unlabeled information can reduce the complexity of
hypothesis space (i.e.,Rn(L̃ ◦ F ) in Eq.(2)), therefore helping
to achieve the required model accuracy with fewer samples.
The significance of model agreement shown as above has been
extensively demonstrated by co-training style algorithms [28],
[34], [35], which achieved tremendous success in boosting the
model accuracy with limited available samples [36], [37].

Inspired by the above, we propose a novel algorithm labeled
as co-learning Bayesian Optimization (CLBO). The motivation
behind CLBO is as follows. First, since no surrogate model can
be accurate at all sites of the design space, we propose to build
multiple GP models to improve the overall surrogate accuracy,
particularly that in the region where the true optima locate.
Second, based on the analysis with Eq.(2), we propose to
enforce model agreement on unlabeled information to reduce
the sample complexity of hypothesis space, therefore building
reasonably accurate individual models with limited training
samples. And further, the differences among these reasonably
accurate individual models can help them to complement each
other if they are combined together. Following the way shown
above, the suboptimal problem of BO can be addressed by
much better overall surrogate accuracy particularly that in
the vicinity of real optima, and therefore better optimization
results can be expected.

More specifically, we use two kinds of GP models in CLBO.
On one hand, we use multi-output GP (MOGP) [38] with the
subsets of training samples to obtain multiple GP predictions,
wherein we treat the predictions as “subtasks” and enforce
model agreement on curve bumpiness to help build individual
prediction models with reasonable accuracy. On the other
hand, though it cannot be accurate at every site of the design
space, the surrogate trained with more samples generally can
have relatively better average accuracy over space. Therefore
we also build a single-output GP surrogate with the full
training set, labeled as SOGP. Then, the combination of
MOGP and SOGP models can be expected to have good
surrogate accuracy over space, which helps to achieve the
optimal solutions more efficiently.

The contributions of the paper can be summarized as
follows:

• Inspired by bias-variance tradeoff equation and
agreement-assisted co-training paradigm, we propose a
novel BO framework with multiple GP models, labeled
as co-learning BO (CLBO). The proposed framework
can exploit both model diversity and agreement on
unlabeled information to improve the overall surrogate
accuracy in BO process, therefore achieving an more
efficient global optimization.

• In doing so, we use multi-output GP to enforce model
agreement on curve bumpiness to obtain individual sur-
rogates of good accuracy. In the meantime, we build
the additional single-output GP model with full samples
to further improve the overall surrogate accuracy in BO
process.

• Through tests on benchmark functions and engineering
problems, and comparison against other BO algorithms,
the effectiveness of CLBO is well demonstrated.

The remainder of this paper is organized as follows. Section
II presents the preliminaries and related work of CLBO.
Section III illustrates the details of proposed CLBO. Section
IV then shows the experimental studies on the benchmark
functions and engineering problems. And finally, we draw
conclusions in Section V.

II. BACKGROUND AND RELATED WORK

In this section, we introduce the basics of BO, which
motivate us to use multiple GP models instead of a single
GP surrogate in CLBO. We then investigate the recent works
that are closely related to the proposed framework. It should
be noted that, we focus on BO algorithms adopting the
expected improvement (EI) as the acquisition function in this
paper, although our framework can be combined with various
acquisition functions.

A. Basics and Issues of EI-based Bayesian Optimization

Since GP and acquisition function constitute the key ingre-
dients of BO, we introduce them briefly in this subsection.
In particular, the motivation why we use multiple GP models
is illustrated by analyzing the “over-exploitation” and “over-
exploration” issues of EI.

1) Standard Gaussian Process: GP is a stochastic process
to approximate the input-output relation, which formulates the
function prediction y(x) as a Gaussian distribution [6] :

y(x) ∼ GP(m(x), k(x,x′)) (3)

where m(x) and k(x,x′) denote the mean and covariance
function, respectively. Without loss of generality, we take
m(x) ≡ 0 and k(x,x′) can be the popular squared exponential
(SE) [39]:

kSE (x,x′) = σ2
f exp

(
−1

2
(x− x′)

T
P−1 (x− x′)

)
(4)

where σ2
f models the function output scale, P is an m × m

diagonal matrix with diagonal element
{
l2h
}
1≤h≤d

, d is the
dimension of design space, and l2h is the characteristic length
that describes how quickly the function value changes as x′

moves away from x along dimension h.
Given samples y(X) = [y(x1), y(x2) · · · y(xn)]

T , the mean
prediction and corresponding mean squared prediction error σ2

at an unknown site x are expressed as:

ŷ(x) = k(x, X)
(
K + σ2

nI
)−1

y

σ2(x) = k(x,x)− k(x, X)
(
K + σ2

nI
)−1

k(X,x) + σ2
n

(5)

where σ2
n is the Gaussian noise, k is the cross-correlation

vector between x and X , and K is the covariance matrix over
the input features of samples X , which is formulated as:

k(x, X) = [k(x,x1), · · · , k(x,xn)]

K =

 k(x1,x1) · · · k(x1,xn)
. . .

...
Sym k(xn,xn)

 (6)
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Fig. 1. Plots of Φ(z) and ϕ(z) and Φ(z)/ϕ(z).

where Sym in Eq.(6) means that K is a symmetric matrix.
Note that the form of k and K in Eq.(6) can be adjusted

in various forms to achieve even better surrogate accuracy
in BO process. However, no single model can be guaranteed
to be accurate for all the scenarios, therefore it is attractive
to employ multiple models instead of a single GP surrogate.
In the meantime, according to Eq. (1), purely increasing the
model diversity can increase the error of individual models
(i.e., Eind), resulting in even worse overall surrogate accuracy.
Therefore, inspired by the agreement-assisted co-training al-
gorithms, we propose to exploit unlabeled information and
enforce model agreement constraint to improve the overall
surrogate accuracy in BO process.

2) Over-Exploitation and Over-Exploration of EI: Assum-
ing that the GP prediction Y (x) follows the distribution as
Y (x) ∼ N(ŷ(x), σ2(x)), and let FY (x) denote the probability
distribution of Y (x), and F ′

Y (x) be the derivative of FY (x), the
expectation of the objective improvement can be derived as:

EI(x) =

∫ ∞

−∞
(fmin − Y (x), 0)dFy(x)

=

∫ fmin

−∞
(fmin − ŷ)dFy(x) −

∫ fmin

−∞
(y − ŷ)dFy(x)

= (fmin − ŷ)Fy(x) (fmin) + σF ′
y(x) (fmin)

(7)

In each optimization cycle, we select the sample to query by
maximizing EI. The partial derivatives of EI with respect to ŷ

and σ and the gradient of EI are:
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As shown in Eq. (8), there is a balance between ∂ŷ/∂x and
∂σ/∂x to attain maximum EI, which can be varied according
to the corresponding weights, i.e., Φ(z) and ϕ(z).

In particular, the influences of Φ(z) and ϕ(z) on the perfor-
mance of EI are discussed with Fig.1. When z > 3, Φ(z) can
be overwhelmingly greater than that of ϕ(z). Correspondingly,
the following equation can be derived:

−∇EI(x|z > 3) = Φ(z > 3)
∂ŷ

∂x
− ϕ(z > 3)

∂σ

∂x

≈ Φ(z > 3)
∂ŷ

∂x

(10)

This means EI focuses sampling near the optima of the fitted
GP surrogate when z takes large positive values, and thereby it
may ignore exploring other regions of the optimization space
and get stuck in a sub-optimal solution, which is the well-
known issue of EI labeled as “over-exploitation”.

On the other hand, as shown in Fig.1, ϕ(z) gradually
becomes greater than Φ(z) when z < 0. In particular, we can
“approximately” have the following equation when z < −3:

−∇EI(x|z < −3) = Φ(z < −3) ∂ŷ
∂x
− ϕ(z < −3)∂σ

∂x

≈ −ϕ(z < −3)∂σ
∂x

(11)

This happens at the later stage of the optimization process
when no objective improvement can be expected directly from
the GP surrogate. At such stage with z < 0, the issue of ”over-
exploration” can take place, i.e., EI is likely to query samples
with maximum σ(x) but poor y(x) for a long period of time.

More specifically, the “over-exploration” issue can be ex-
plained from a historical view of the optimization process,
with the following equation:

z =
fmin − ŷ(x)

σ(x)
> 0⇒ ŷ(x∗

EI) < fmin

z =
fmin − ŷ(x)

σ(x)
≤ 0⇒ No constraints on ŷ(x∗

EI)

(12)

where x∗
EI denotes the selected sample to query by maximiz-

ing EI, and ŷ(x∗
EI) is the related GP prediction. Note that the

EI-based BO process often starts with z > 0. As shown in
Eq. (12), the condition z > 0 confines ŷ(x∗

EI) to be queried in
the areas with relatively better ŷ(x). In the meantime, the GP
surrogate can more or less capture the global trend of objective
function. Therefore, as the iteration goes on with z > 0,
the density of samples at regions with relatively better y(x)

becomes denser than those with poor y(x). When z ≤ 0, EI
turns to exploring the optimization space globally by putting
much greater weight on σ(x) (see Eq. (11)). However, the
condition z ≤ 0 does not impose any constraints on ŷ(x∗

EI)

(see Eq. (12)). Then, the “over-exploration” issue takes place,
and EI is likely to query samples with maximum σ(x) but poor
y(x) continuously and even forever [2].

To summarize, the parameter z, which is a function of ŷ(x)
and σ(x), plays a crucial role in determining the behavior of
EI and consequently the performance of BO. While increasing
σ(x) can help to address the issue of “over-exploitation” (i.e.,
the issue with z > 0), larger σ(x) can also lead the algorithm
get stuck in the “over-exploration” issue more easily, which
takes place when z < 0.

Intrinsically, the issues of “over-exploitation” and “over-
exploration” can attribute to the poor accuracy of the trained
GP surrogate, particularly that in the region where the true
optima locate. Therefore, we propose to use multiple GP
models to improve the overall surrogate accuracy in CLBO.
And further, we propose to make use of both model diversity
and agreement on unlabeled information to manage the overall
accuracy of multiple GP models in BO process, which are
illustrated with more details in Section III.



JOURNAL OF LATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2021 4

B. Related Work

The proposed CLBO is related to the following categories
of BO algorithms. First, CLBO is most close to the BO
algorithms assisted by multiple GP kernels [1] or a set of
surrogate techniques [26], as they all attempt to take advantage
of model differences to complement each other and thus
achieving better optimization results. Differently, in addition to
model differences, CLBO also makes use of model consistency
under the spirit of co-training to manage the overall prediction
accuracy in the BO process. Second, CLBO shares similarity
with batch BO algorithms, such as constant liar [40], batch
BO via local penalization [41], etc., since they both query
more than one samples in each optimization cycle. More
importantly, the querying samples in each cycle of the above
studies are obtained by maximizing a modified EI function.
In other words, instead of using multiple GP surrogates,
these studies can be regarded as the BO algorithms that
assisted by multiple acquisition functions. Third, CLBO can
also have relation to those BO algorithms that augment the
role of σ (x) [42], [43], or change the incumbent [44] of EI
formulation, as they share the same purpose to resolve the
“over-exploitation” issue of EI. However, the above studies
may not be helpful to address the “over-exploration” issue of
EI [2]. By exploiting both model agreement and disagreement
(i.e., diversity) to improve the overall surrogate accuracy, our
work can help to resolve the issues of “over-exploitation” and
“over-exploration” simultaneously.

III. METHODOLOGY

To address the suboptimal problem of BO and therefore
achieve an efficient global optimization, we propose CLBO
which exploits both model diversity and agreement on unla-
beled information to improve the overall surrogate accuracy in
the optimization process. In this section, we show the details
of the proposed CLBO.

A. General Framework of CLBO

The basic idea of CLBO is as follows: Firstly, while no
surrogate can be guaranteed to be accurate at all sites of the
design space, multiple surrogate models can complement each
other to achieve a better approximation accuracy particular
that in neighborhood of the true optimal solution, therefore
we propose to build multiple GP predictions with the sub-
sets of training samples in BO process. Secondly and more
importantly, the GP models trained with a small portion of
subset samples may suffer from poor individual accuracy and
therefore resulting in even worse overall surrogate accuracy
(see Eq.(1)). Nonetheless, enforcing model agreement on unla-
beled information can reduce the number of samples necessary
to achieve required model accuracy [32]. Hence, we propose
to exploit model agreement to ensure reasonable accuracy of
individual models. Then, these reasonably accurate individual
models are combined to complement each other and thus
achieving better overall approximation accuracy in the BO
process. Along this idea, we show the framework of proposed
CLBO in Algorithm 1, which is consisted of four components,
i.e., (1) generation of diverse sample subsets; (2) building

Algorithm 1 General framework of CLBO
Input: Target optimization problem and the number of initial

training samples
Output: Optimized solution of the target optimization prob-

lem
1: Generation of Diverse Sample Subsets: Use bootstrap-

ping (see Algorithm 2) or other sampling strategy to obtain
a set of sample sets, and evaluate the objective function
value.

2: while the termination condition is not satisfied do
3: Building of Agreement-Assisted GP Models: Build

multiple GP models, where agreement constraints are
imposed on all or part of GP models in the training
process to obtain predictions of reasonably accuracy.

4: Sample Search with Multiple GP Models: Use ac-
quisition functions such as EI to select the samples to
query, and then evaluate the objective functions of all
the new samples.

5: Sample Exchange between Multiple GP Models: Add
new samples to each training set of the multiple models.

6: end while

of agreement-assisted GP models; (3) sample search with
multiple GP models and (4) sample exchange with multiple
GP models.

Note that the building of agreement-assisted GP models is
the most important part of CLBO, and there can be many
ways to exploit model agreement on unlabeled knowledge.
In the following subsections, we present an instantiation of
agreement-assisted GP models. After that, we illustrate the
details of the other components of CLBO.

B. Agreement-Assisted GP Models

According to the bias-variance tradeoff equation (see
Eq.(1)), it is desirable to combine individual models of rea-
sonable accuracy to complement each, and therefore achieving
better overall surrogate accuracy in BO process. To achieve
it, we use two kinds of GP models to deal with the balance
in between individual model accuracy and diversity among
models. One is the single-output GP (SOGP) that trained with
full sample set, which is believed to have relatively good mean
accuracy over design space. The other kind of GP models
are built by using multi-output GP (MOGP) [45], [46] with
training subsets, wherein agreement constraint are imposed on
curve bumpiness to ensure reasonable model accuracy. As we
can train the SOGP by following the standard process shown
in Section II.A, this section will be focused on illustrating
the motivation and implementing details of agreement assisted
MOGP.

Specifically, the agreement assisted MOGP built in this
paper is inspired by the multi-task GP (MTGP) [38], which
is originally proposed for transfer learning between distinct
tasks [47], [48]. In this paper, by treating the subsets as related
source data, we extend the MTGP to generate multiple GP
models with subsets. The motivation behind is as follows. That
is, as the surrogate models trained with subsets are built for the
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same task, they should have similar curvature/curve bumpiness
in predicting the underlying objective function in unexplored
design space. To distinguish it from the multi-task case, we
name it as multi-form GP (abbreviated as MFGP).

In MFGP, let Eq. (13) denote the training subsets to build
MFGP, we use a correlation matrix to model the relations
between them, where ρij in Eq.(14) denotes the correlation
between the outputs associated with Xi and Xj .

X = [X1, · · · , Xj · · ·Xm] , X1 ̸= · · · ̸= Xj ̸= · · · ̸= Xm

y =
[
y1, · · · ,yj , · · ·ym

]T
, y1 ̸= · · · ̸= yj ̸= · · · ̸= ym

(13)

Kf =

[
ρ11 · · · ρ1m

...
. . .

...
ρm1 · · · ρmm

]
where ρij = ρji (14)

Then, we reformulate the cross-correlation vector kj and the
covariance matrix KM as:

KM =

 ρ11K11 · · · ρ1mK1m

...
. . .

...
ρm1Km1 · · · ρmmKmm

+D ⊗ I (15)

where, {Kij}1≤i,j≤m is the input correlation matrix associated
with Xi and Xj , and D is an m × m diagonal matrix with
diagonal elements

{
σ2
n,j

}
1≤j≤m

, σ2
n,j is the noise term of the

GP associated with Xj . Then, the GP predictions at x can be
expressed as:

ŷ(x) =

 k1(x, X)K−1
M y

...
km(x, X)K−1

M y


σ2(x) =

 k1(x,x)− k1(x, X)K−1
M k1(X,x)+σ2

n,1

...
km(x,x)−km(x, X)K−1

M km(X,x) + σ2
n,m


(16)

Also note that, in original MTGP [38], the correlation
coefficient ρij also measures the differences between source
tasks to avoid “negative transfer” [49], [50]. In our MFGP, we
use ρij to model the differences of function outputs associated
with subsets, which plays a crucial role in generating different
models. To ensure the diversity of GP models, we generate
subsets by using the Algorithm 2, and we also take ρij and
σ2
n,i as hyper-parameters in the tuning process.
Equation (17) shows the hyper-parameters of MFGP to

be tuned by the negative logarithm maximum likelihood
(NLML) [45]. As contrast, Eqs. (18) and (19) show the GP
models of subsets trained by SOGP, where σ2

f,i models the
function output scale associated with the subset (Xi,yi).

argmin NLMLMFGP

(
l2h, σ

2
f,i, σ

2
n,i, ρi,j

)
(17)

ŷi(xq) = k(xq, Xi)
(
K(Xi) + σ2

n,iI
)−1

yi

σ̂2
i (xq) = k(xq,xq)

− k(xq, Xi)
(
K(Xi) + σ2

n,iI
)−1

k(Xi,xq) + σ2
n,i

(18)

argmin NLMLSOGP (l
2
h,i, σ

2
f,i, σ

2
n,i) (19)

More specifically, l2h in Eq.(17) models the curve bumpiness
of all the subsets in MFGP. In contrast, in Eq. (19), l2h,i is
the length hyper-parameter of each subset. In other words,

Algorithm 2 Bootstrap sampling
Input: The full training set X , the number n of samples in

X and the number m of subsets
Output: The subsets X1, · · · , Xm

1: for i ≤ m do
2: Bootstrapping n samples from X to obtain Xsub

3: Use the unique function to delete the duplicate samples
in Xsub to get Xi, i.e., Xi = unique (Xsub)

4: end for

Algorithm 3 Sample search with multiple GP models
Input: The trained SOGP and MFGP models, the number m

of subsets
Output: The new query samples, i.e., Xnew

1: Optimize the EI acquisition function with the SOGP
model, i.e., XSOGP

new = argmaxEI(x)

2: for i ≤ m do
3: Optimize the EI with the ith sub-surrogate in MFGP,

i.e., xnew = argmaxEI(x)

4: Check the minimum distance condition for xnew, i.e.,
dmin = min

∥∥xnew −X ∪XSOGP
new ∪XMOGP

new

∥∥
5: if dmin < ε then
6: x′

new = argmaxPEI(x,xnew) ;
xnew = x′

new

7: end if
8: XMFGP

new = XMFGP
new ∪ xnew

9: end for
10: Xnew = XMFGP

new ∪ xSOGP
new

compared to the SOGP shown in Eq. (19), an agreement
constraint on curve bumpiness has been imposed among the
GP models in MFGP, which can be written as below:.

l2h,1 = · · · l2h,i = · · · = l2h,m ≡ l2h︸ ︷︷ ︸
Agreement constraint on curve bumpiness in MFGP

(20)

The effectiveness of the agreement constraint in MFGP will
be verified in Section IV.

C. Sample Search with Multiple GP Models

After building multiple models using MFGP and SOGP, we
use EI to search new samples. Besides, we set a minimum
distance threshold (i.e., dmin < ε) to avoid the ill-conditioning
of the inversion of correlation matrix. To prevent samples
being null due to the threshold in an optimization cycle, we
use PEI [51] as a remedy for the search with subsets. The PEI
can be expressed as:

PEI(x,x∗) = EI(x)× IF (x,x∗)

IF (x,x∗) = 1− exp

(
−

d∑
h=1

∥xh − x∗
h∥

2
/
2lh

2

)
(21)

where, x∗ is the selected sample by maxEI and l2h is the
characteristic length of covariance function in Eq.(4). Accord-
ing to our observations, PEI will only be called in rare cases.
More details are shown in Algorithm 3.
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Algorithm 4 Sample exchange and update of training set
Input: The new sample points as Xnew = xSOGP

new ∪XMFGP
new

Output: The updated training sets of SOGP and MFGP
1: Evaluate Xnew in parallel with the real objective function
2: Update the current best optimal solution,

i. fmin ← min (fmin, Y (Xnew))

ii. xmin ← x ∈ X : y(x) = fmin

3: Update the training set of SOGP
i. X ← X ∪Xnew

ii. Y ← Y ∪ Ynew

4: Update the training set of MFGP
5: if xmin comes from xSOGP

new then
6: for i ≤ m do
7: Xi ← Xi ∪ xSOGP

new

8: Yi ← Yi ∪ Y SOGP
new

9: end for
10: else if xmin comes from XMOGP

new then
11: nbest = argmin(Y MOGP

new )

12: for i ≤ m & i ̸= nbest do
13: Xi ← Xi ∪XMFGP

new (nbest)

14: Yi ← Yi ∪ Y MFGP
new (nbest)

15: end for
16: Randomly choose Xj

17: Xj ← Xj ∪ xSOGP
new

18: Yj ← Yj ∪ Y SOGP
new

19: end if

D. Sample Exchange between Multiple GP models

On one hand, sample exchanges will provide clues to each
GP model about where the real optimum may locate; on the
other hand, we should keep model diversity to gain maximum
improvement by the co-training style process. Therefore, we
randomly assign the new sample of SOGP model to a MFGP
subset if it was inferior to the current best solution fmin,
otherwise it will be added to each MFGP subset. In the
meantime, we directly add the new querying samples of MFGP
models to the SOGP training set. The implementation details
are shown in Algorithm 4.

IV. EXPERIMENTS

In this section, we test CLBO and compare it with both clas-
sical and recent BO algorithms on numerical and engineering
benchmark problems. After that, we examine the influence of
different GP models on CLBO performance.

A. Baselines for comparison

To show the effectiveness of CLBO, it is compared with
the classical EGO [7] and the following three kinds of BO
algorithms.

To verify the effectiveness of exploiting both model di-
versity and agreement on unlabeled information in surrogate
management for BO, CLBO is compared with algorithms
that purely take advantage of the differences between models
to improve algorithm performance. In particular, an efficient
global optimization algorithm assisted by multiple surrogate
techniques (labeled as MSEGO [26]) is taken as a baseline.

In MSEGO, the predictions from surrogates such as radial
basis function (RBF), support vector machine (SVM), etc. are
combined with the uncertainty imported from GP to formulate
new EI acquisition functions, and then a set of samples are
queried in each optimization cycle by maximizing the new EI
functions. Additionally, we also build an algorithm labeled as
MSBO, which trains the surrogates with the full and subset
samples using standard GP while remaining the other settings
exactly the same as those of CLBO.

To show the effectiveness of improving GP surrogate accu-
racy other than modifying the acquisition function to address
the suboptimal problem of BO, CLBO is compared against two
variants of EI-based algorithms, i.e., generalized EI (GEI) [43]
and Exploration Enhanced EI (E3I) [44]. Specifically, GEI
proposes to address the “over-exploitation” issue of EI (see
Eq.(10)) by dynamically adjusting the weight of σ(x) with a
global factor g; and E3I proposes to use the optima of Thomp-
son samples to replace the current best solution fmin as the
incumbent in EI, and therefore lowering the weight of ∂ŷ/∂x

to resolve the “over-exploitation” when z > 0. Additionally,
the standard BO with MCMC hyperparameters [52] is selected
as a baseline, labeled as BO-MCMC in the following tests.

Since CLBO evaluates multiple samples in each optimiza-
tion cycle, it is also compared against a set of batch BO
algorithms, such as constant liar (CL) [40], batch BO via local
penalization (BBO-LP) [41] and pseudo EI (PEI) [51]. The
common feature of these batch algorithms is that they all rely
on a single GP surrogate to guide the optimization process.

B. Implementing Details

Except BO-MCMC, BBO-LP and MSEGO, CLBO and the
other compared baselines are all built based on the GPML
toolbox [6]. In particular, the MFGP in CLBO is programmed
based on the MTGP toolbox1, which is an extension of the
GPML toolbox. Additionally, the GpyOpt [53] is used to run
BO-MCMC and BBO-LP. The source code of MSEGO, which
is built upon the SURROGATES toolbox2, is also employed
for the tests.

The number of initial training samples is set as six times
of the problem dimension. For numerical benchmark func-
tions, the sample budget is set as 30 times of the problem
dimension. However, the sample evaluation for engineering
benchmarks can be quite expensive, and therefore the number
of total evaluations for engineering benchmarks is set as no
greater than 200. Furthermore, since the best solutions of
numerical benchmark functions are known, the regret [54]
is used to measure the best solution obtained thus far, i.e.,
Rt = f

(t)
min − minx∈χf(x), wherein minx∈χf(x) is the real

optimal solution of the benchmarks, and f
(t)
min denotes the best

solution at the tth iteration. For engineering benchmarks, the
best objective function values obtained thus far are directly
used to show the convergence history of compared algorithms.

By default, we use MFGP to obtain two GP predictions
with the training subsets, and one single-output GP with the
full samples in CLBO. The influence of different GP models

1https://www.rob.uni-luebeck.de/index.php?id=410&L=0
2https://sites.google.com/site/srgtstoolbox/
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on CLBO performance are further inspected in Subsection E.
Accordingly, three samples are evaluated in each optimization
cycle when running batch BO algorithms such as CL, PEI
and BBO-LP. By following the demo shown in SURROGATE
toolbox, the radial basis function (RBF) and linear Shepard
function are used to combine with standard GP for MSEGO.

Although the algorithm efficiency can be boosted by evalu-
ating a set of samples simultaneously, the main purpose of this
paper is to address the suboptimal problem of BO. Therefore,
the performance of sequential and batch BO algorithms are
compared by the convergence history in terms of function calls
within a fixed sample budget. And accordingly, the termination
conditions for the compared algorithms are set as follows:

(1) ntotal ≤ nT , i.e., the total number of function calls
ntotal cannot be greater than the sample budget nT .

(2) ttotal ≤ tT , i.e., the total number of iterations ttotal
should be no greater than a threshold tT .

In particular, the condition ttotal ≤ tT is set to address the
following issue. That is, to avoid the ill-conditioning of the
correlation matrix a distance constraint min∥x− xi∥ > ε is
imposed, where xi is any one of the training samples, and
ε is set to be 0.001 in the following tests. Nevertheless, the
constraint min∥x− xi∥ > ε can prevent an algorithm from
querying more samples at later stage of the iteration process,
and consequently the algorithm may get trapped in infinite
loop but cannot meet the termination condition ntotal ≤ nT .
Therefore, we propose to terminate the algorithm when either
the condition (1) or (2) is met.

C. Comparisons on Numerical Tests

Five numerical benchmark functions are selected from [55]
to inspect the algorithm performance. Specifically, Hartman6
is a non-convex problem that frequently used as a benchmark
for testing BO algorithms [1], [2]; Michalewicz is a multi-
modal function characterized by steep ridges; and Rastrigin
and Ackley are functions featured by many local optima.
The Michalewicz, Rastrigin and Ackley are tested over five-
dimensional design spaces. The steepness parameter m of
Michalewicz is set to be 10. While the variable ranges of
Michalewicz and Rastrigin are set according to the descriptions
in [55]; the range of each variable in Ackley is set as [-2,
2], by referring to [56]. Additionally, the 10-dimensional Trid
function is also selected for the test. As the function values of
Trid vary in several orders of magnitude, it cannot be easily
fitted with a small portion of samples.

Figures 2 to 6 show the testing results on numerical bench-
marks, where the shaded areas in Figs.2(a) to 6(a) and Figs.
2(b) to 6(b) show the results variation of different algorithms
over 20 runs. The boxplots in Figs.2(c) to 6(c) exhibit the
medians and the distributions of the final optimal solutions.
Obviously, CLBO always achieves the best or the second best
optimal solutions within sample budget.

When comparing BO-MCMC with CLBO and the other
compared algorithms, it shows faster convergence rate at
the early stage of the optimization process, especially when
optimizing the Rastrigin and Ackley functions. However, at
later stage of the optimization process, CLBO can have better

(a) (b)

(c)

Fig. 2. Test results of five-dimensional Michalewicz function, (a) comparison
with sequential BO algorithms, (b) comparison with batch BO algorithms, (c)
boxplot of the regrets of final optimal solutions

results than those of BO-MCMC. Among the compared algo-
rithms, E3I performs the best when optimizing the functions
such as Trid and Hartman6 functions. However, it performs
much poorer when testing the Michalewicz and Rastrigin
functions. The reason behind can be explained as follows.
To address the suboptimal problem of BO, E3I proposes to
use the optima of Thompson samples to replace the current
best solution fmin as the incumbent, and thereby the value
of z becomes smaller in the EI formulation. In particular, the
smaller z > 0 helps to lower the weight of ∂ŷ/∂x (see Eq.(10))
and thus addressing the “over-exploitation” issue. However,
the smaller z < 0 will increase the weight of ∂σ/∂x (see
Eq.(11)), which can make the algorithm get stuck in the “over-
exploration” more easily. For the convex functions like Trid,
the optimization stage with z < 0 can be delayed or even
avoided when optimizing it with E3I. That is, by reducing
the value of z > 0 to prevent too greedily sampling around
the optima of the fitted surrogate, E3I is able to maintain the
effective exploitation-exploration tradeoff with z > 0 and thus
achieving better results than the other compared algorithms.
However, z < 0 can take place many times for the functions
with many local optima, therefore E3I may even increase the
risk of “over-exploration” when z < 0. Hence, E3I performs
much poorer when optimizing the Michalewicz and Rastrigin
functions.

Similar situations can be observed for GEI, which proposes
to resolve the “over-exploitation” issue by dynamically aug-
menting the role of σ(x) with a factor g. However, adjusting
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(a) (b)

(c)

Fig. 3. Test results of five-dimensional Rastrigin function, (a) comparison
with sequential BO algorithms, (b) comparison with batch BO algorithms, (c)
boxplot of the regrets of final optimal solutions

σ(x) also cannot address the “over-exploration” issue with
z < 0. Moreover, the value of g are set empirically in [43],
which may not adapt well to the real objective landscape.
Hence, except Rastrigin function, GEI performs relatively poor
when optimizing the benchmark functions.

With the above, it indicates that modifying the EI acquisition
function may not be able to fully resolve the suboptimal
problem of BO. Intrinsically, such suboptimal problem can
attribute to the poor accuracy of the trained GP surrogate
particularly that in the neighborhood of the real optimal
solution. However, no surrogate can be accurate at every site
of the design space. Therefore, an alternative way to address
the suboptimal problem is to improve the overall surrogate
accuracy by using multiple models, which can be promising
to address both the issues of “over-exploitation” and “over-
exploration”.

However, the performance of MSEGO and MSBO, which
make use of multiple surrogate models, are rather poor when
optimizing the numerical benchmarks. According to Eq.(1),
the differences between surrogate models indeed can help
them to complement each other, but the surrogates may suffer
from incredibly large individual prediction errors, resulting in
worse overall prediction accuracy. In MSEGO and MSBO,
no strategy is used to take care of the individual prediction
accuracy. Moreover, the information exchange between the
surrogates is limited to exchanging the new queried samples in
each optimization cycle. Hence, the overall surrogate accuracy
particularly that in the vicinity of the real optimal solutions

(a) (b)

(c)

Fig. 4. Test results of five-dimensional Ackley function, (a) comparison
with sequential BO algorithms, (b) comparison with batch BO algorithms,
(c) boxplot of the regrets of final optimal solutions

may improve slowly as the iteration goes on, leading to the
poor optimization results of MSEGO and MSBO.

Differently, good care of the individual model accuracy and
model diversity are taken in CLBO. In particular, agreement
constraint is imposed on curve bumpiness when training GP
predictions with subset samples using MFGP. As has been
proved in [32], the agreement constraint on unlabeled infor-
mation helps to reduce the sample complexity of the effective
hypothesis space. It means, with the same number of subset
samples, the agreement constraint GP predictions can have
smaller real prediction loss according to Eq.(2). Additionally,
one more single-output GP is built with the full sample set,
which helps to increase the model diversity with relatively
good individual accuracy. And further, the combination of
these reasonably accurate GP models can complement each
other to achieve even better overall surrogate accuracy (see
Eq.(1)) in the vicinity of the true optimal. Hence, our proposed
CLBO always achieves the best or second best solutions with
even faster convergence rate.

As the main purpose of batch BO algorithms such as BBO-
LP is to enable parallel optimization without scarifying the
global searching performance dramatically, the convergence
performance of BBO-LP, PEI and CL look poorer than the
sequential BO algorithms in most cases, when the function
calls is concerned. By using multiple GP models and taking a
balance in between individual model accuracy and model di-
versity, CLBO is the only batch BO algorithm which achieves
better convergence rate than the sequential BO algorithms.
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TABLE I
THE AVERAGED CPU TIME OF COMPARED ALGORITHMS WHEN TESTING THE FIVE BENCHMARK FUNCTIONS

Time (s) Michalewicz Rastrigin Ackley Hartman6 Trid
CLBO 274.4 247.1 236.1 228.0 888.7

MSBO 100.4 88.2 81.1 129.9 321.9

EGO 150.8 128.9 116.1 110.2 402.0

E3I 2511.5 2618.0 2579.4 1731.6 4595.9

GEI 127.0 126.6 108.6 171.6 383.2

BO-MCMC 6207.7 8681.0 4119.0 3426.3 16511.2

PEI 112.1 95.3 91.9 126.9 291.8

CL 164.1 149.9 125.4 124.1 480.4

MSEGO 693.5 653.1 727.1 1088.7 4505.9

BBO-LP 219.6 252.2 192.5 170.8 1030.2

(a) (b)

(c)

Fig. 5. Test results of Hartman6 function, (a) comparison with sequential
BO algorithms, (b) comparison with batch BO algorithms, (c) boxplot of the
regrets of final optimal solutions

To examine the computational costs of the compared algo-
rithms, Table 1 lists the averaged CPU time over 20 runs. Since
the dimensionality of the covariance matrix of MFGP (see
Eq.(15)) in CLBO is larger than that of the standard GP (see
Eq.(6)), the averaged CPU time of CLBO is larger than those
of EGO, GEI and etc. In the meantime, due to the huge cost
of Thompson sampling and MCMC, the computational cost of
E3I and BO-MCMC can be one order higher than the other
compared algorithms. Also note that, the BO algorithms are
often applied to expensive problems, where a function call can
take even much longer time to implement, the cost differences
of BO algorithms may not be an issue.

(a) (b)

(c)

Fig. 6. Test results of 10-dimensional Trid function, (a) comparison with
sequential BO algorithms, (b) comparison with batch BO algorithms, (c)
boxplot of the regrets of final optimal solutions

( )a ( )b

Fig. 7. Schematic of a three-link bipedal robot [57]

D. Tests on Learning Problems
To further show the effectiveness of CLBO, we also test

it on engineering benchmarks, such as the control of robotics
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Fig. 8. Schematic of airfoil contour and the forces acting on it [2]

(a) (b)

(c)

Fig. 9. Test results of active learning for robot pushing, (a) comparison
with sequential BO algorithms, (b) comparison with batch BO algorithms, (c)
boxplot of the regrets of final optimal solutions

systems and airfoil optimization [58], [59]. Note that simula-
tion failures can be encountered when evaluating the samples
for robotic systems and airfoil aerodynamic performance,
which can get the algorithm stop early. Hence, we propose to
evaluate a random sample instead to restart the optimization
process once encountered, which needs code modifications
in related BO algorithms. However, it may be not be easy
for BBO-LP which implemented on a free-available software
GPyOpt. On the other hand, as a contrast of CLBO, the
poor performance of MSBO and the reason behind it have
been discussed in the numerical tests. Hence, BBO-LP, BO-
MCMC and MSBO are not tested for engineering benchmark
problems. The detailed descriptions of the three selected
engineering benchmarks are given as follows.

1) Active Learning for Robot Pushing: This task deals
with the active learning for a pre-image learning problem
for pushing [54]. The input is the pushing action of a robot,
and the output is the distance of the pushed object to the
expected location. The optimization objective is to find a
good pre-image for pushing the object to the designated

(a) (b)

(c)

Fig. 10. Test results of a planar bipedal walker reinforcement learning task,
(a) comparison with sequential BO algorithms, (b) comparison with batch BO
algorithms, (c) boxplot of the regrets of final optimal solutions

(a) (b)

(c)

Fig. 11. Test results of airfoil aerodynamic optimization, (a) comparison
with sequential BO algorithms, (b) comparison with batch BO algorithms, (c)
boxplot of the regrets of final optimal solutions

location. Four variables including the robot location and angle
as (rx, ry, rθ) and the pushing duration (t) are considered for
the optimization of this task.
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( )a ( )b ( )c

Fig. 12. Sensitivity analysis of GP models by testing on representative benchmark functions, (a) Michalewicz function, (b) Rastrigin function, (c) Trid function

2) Reinforcement learning control of a planar bipedal
walker: This problem considers the walking pattern control of
a three-link bipedal walker in [57], which is a reinforcement
learning problem. Specifically, the controller modulates the
walking pattern of a planar bipedal robot. The goal is to make
the robot walking in a fast upright pattern, and the reward
is the walking speed with a penalty for not maintaining the
upright position. The controller has nine parameters as shown
in Fig.7, where r is the length of the leg, l is the distance
from the hips to the center of mass of the torso, (θ1, θ2, θ3)
are the absolute orientations of the various links, (q1, q2) are
the relative angles and q3 is the absolute orientation of the
torso. In addition, there is one more parameter as dθ1, which
is the input velocity of the stance leg.

3) The airfoil design problem: This problem considers
the airfoil shape optimization in order to achieve excellent
aerodynamic performance for aircraft wing. As shown in Fig.8,
the forces acting on the airfoil can be decomposed into two
components as the drag (D) and the lift (L). The drag and
lift and their ratio L/D as well are the functions of the
airfoil contour. In the meantime, the airfoil contours can be
in various shapes according to different working conditions
determined by the aerodynamic parameters such as the Mach
number (Ma∞), the Reynolds number (Re) and the angle
of attack (AoA). In this study, we follow the settings in [2]
for the optimization of a low-speed airfoil with 13 design
variables. In particular, the design objective is to maximize
the lift to drag ratio, i.e.,L/D, with the operating conditions
set as Re = 1.8 × 106, Ma = 0.01 and AoA = 0 deg. The
XFOIL [60] is used to calculate the objective performance
L/D. The detailed settings of 13 design variables for airfoil
optimization can refer to [2].

Figures 9 to 11 show the optimization results of engineering
benchmark problems over 10 runs. Similar to the results shown
in the numerical tests, CLBO achieves the best solutions within
budget. For the 4-dimensional optimization problem as active
learning for robot pushing, CLBO achieves better solutions
almost from the start of the optimization process. However,
when optimizing the 9-dimensional bipedal walker and 13-

dimensional airfoil design problems, CLBO progresses slower
at the early stage. The slower convergence rate of CLBO
can be attributed to the poor prediction accuracy built with
a small portion of subset samples at the early stage. However,
the situation is changed by imposing agreement constraint
with sequentially added new samples, as seen by the faster
convergence rate of CLBO at the later stage. In contrast,
MSEGO, which also uses multiple surrogate models to guide
the optimization process, obtains much worse results at the
end of the optimization process.

More importantly, as shown in the boxplots in Figs.9(c) to
11(c), the variation of final solutions of CLBO is the smallest
among the compared algorithms, and the medians of CLBO
are also better. The above can be attributed to the exploiting
of model agreement on unlabeled information. On one hand,
the convergence of BO is highly related to the surrogate
prediction accuracy in the vicinity of optimal solutions. On the
other hand, the agreement constraint on curve bumpiness helps
to reduce the sample complexity of the effective hypothesis
space [32]. Then, with the same number of subset samples,
the agreement constrained GP predictions can be expected
to achieve better prediction accuracy in neighborhood of
optimal solutions(see Eq.(2)). Additionally, the single-output
GP trained with the full samples also help to increase the
overall surrogate accuracy, by increasing the model diversity
without scarifying the individual model error in BO process.
With the above, CLBO outperforms both the sequential and
batch BO algorithms.

E. Sensitivity Analysis on the Selection of GP Models
To address the suboptimal problem of BO, we propose

to exploit both model diversity and agreement on unlabeled
information to improve the overall surrogate accuracy in
BO process. In doing so, the agreement-constraint MFGP is
combined with SOGP to build CLBO, their influences on
algorithm performance are examined in this subsection.

Specifically, three versions of CLBO that use MFGP alone
are built to inspect the effect of agreement-constrained mod-
eling, which are labeled as CLBO-MFGP2, CLBO-MFGP3
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and CLBO-MFGP4, respectively. In particular, CLBO-MFGP2
means two GP predictions are built with bootstrapping based
sub-sampling (see Algorithm 2) in CLBO, similar treatment
for CLBO-MFGP3 and CLBO-MFGP4. Additionally, two
more versions of CLBO that combines MFGP with SOGP
are also tested, denoted by CLBO-MFGP2+SOGP and CLBO-
MFGP3+SOGP, respectively. As contrast, the results of EGO
and MSBO are also presented, as shown in Fig.12.

Among the five versions of CLBO, CLBO-MFGP2+SOGP
achieves the best solutions when optimizing the Michalewicz
and Rastrigin functions, and CLBO-MFGP2 performs the best
on Trid. More interestingly, the convergence rates of CLBO-
MFGP2+SOGP and CLBO-MFGP2 at the early stage of the
optimization process are opposite to their final results. The
reason behind can be explained as follows. For the multi-
peak functions like Michalewicz and Rastrigin, the agreement-
constrained MFGP predictions can have reasonable accuracy
in promising areas where relatively better solutions may locate.
Then, similar to the local exploitation, the agreement on curve
bumpiness confines the searching space of MFGP predictions
to smaller yet promising areas, and hence CLBO-MFGP2
convergences more rapidly at the early stage of optimization
process. Nevertheless, the accuracy of MFGP predictions may
be poor in the region where even better solutions locate, but
the SOGP trained with full samples can complement the above
inaccuracy of MFGP predictions. As a consequence, CLBO-
MFGP2-SOGP finally achieves better solutions.

On the other hand, for the high-dimensional convex func-
tions like Trid, the accuracy of MFGP predictions trained with
subset samples can be too poor to capture the global trend of
the high-dimensional objective landscape at the early stage,
and hence CLBO-MFGP2 progresses slowly at this stage.
As contrast, the SOGP trained with full samples can have
reasonable accuracy over space, and hence CLBO-MFGP2-
SOGP converges much faster at the early the stage when
optimizing Trid. Nevertheless, at later stage when MFGP
predictions have sufficient accuracy to capture the convex
function trend, the agreement on curve bumpiness makes
CLBO-MFGP2 focus exploiting promising areas. And then,
CLBO-MFGP2 progresses much faster and finally achieves
even better solutions for this convex function.

Also note that, the performance of CLBO becomes worse
with the increase of the number of agreement-constrained
MFGP predictions. The reason can be explained as follows. As
pointed out by [32], the extent of performance improvement by
enforcing model agreement on unlabeled information depends
on the diversity of the individual models. In particular for our
study, increasing MFGP predictions can reduce the differences
between MFGP and SOGP predictions. As a consequence,
the overall surrogate accuracy in promising areas can become
poorer (see Eq.(1)), resulting in slower convergence rate and
worse final solutions.

V. CONCLUSION

In this paper, we propose a co-learning Bayesian opti-
mization framework (CLBO), which exploits both diversity
and agreement of multiple GP models on unlabeled infor-
mation to improve the surrogate accuracy in BO process,

and therefore achieving more efficient global optimization.
Through tests on both numerical toy problems and various
engineering benchmarks, it shows that both the agreement
constraint and the diversity generated by multiple models
contribute to the success of CLBO. Meanwhile, as CLBO can
be run in parallel, the encouraging results of CLBO may also
provide clues to resolve the exploitation-exploration challenge
in batch BO. In future, we will further examine the advantage
of CLBO with acquisition functions other than EI and parallel
strategies that previously proposed under a single GP. More
importantly, we will explore more efficient ways to use the
model agreements/disagreements on unlabeled information to
further boost the BO performance.
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