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Abstract—Achieving worst-case group fairness typically re-
lies on maximizing the utility of the worst-off demographic
group. However, in practice, demographic information is often
unavailable, making direct max-min formulations infeasible. To
address this, recent work introduces a relaxed setting, using a
lower bound α on the minimal group size—referred to as “α-
sized worst-case fairness” in this paper. We first motivate the
importance of this setting by highlighting its relevance to data
privacy, a critical yet underexplored perspective. Rather than
simply retraining on worst-off samples, we propose a reweighting
approach that assigns sample weights based on their intrinsic
contributions to fairness. To handle the global nature of worst-
case objectives efficiently, we develop a stochastic learning al-
gorithm that simplifies training without sacrificing performance.
We also address the impact of outliers by introducing a robust
variant of our method. Through theoretical analysis and extensive
experiments on standard fairness benchmarks, we show that our
methods not only connect naturally to existing fairness-through-
reweighting approaches but also outperform strong baselines.

Index Terms—Fairness learning, worst-case formulation,
reweighted samples, stochastic optimization, outliers.

I. INTRODUCTION

NUMEROUS sectors within society have been identified
as revealing instances of prejudice across demographic

groups, such as credit offerings [1], recidivism prediction [2],
allocation of health-care resources [3], and more. As AI
systems become extensively integrated into contemporary
decision-making processes [4], concerns regarding discrimina-
tion hold significance in the realm of machine learning model
development [5]. With prepared demographic information,
group fairness [6]–[9], a.k.a. statistical fairness [10], has been
established, which typically restricts the trained model to
behave consistently across different groups. Although stated
in an in-processing manner, group fairness achieved through
pre-processing [11]–[16] and post-processing [17]–[19] can be
also interpreted in a similar fashion; the former requires the
learned representation of each group to be statistically aligned
with each other and the latter treats the model after standard
training as a black box and focuses on how to barely adjust
model outputs to remove group variations.
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In the case of a multi-valued sensitive attribute, such as
race or religion, a naive approach to achieving fairness can
be characterized by minimizing the summed discrimination
across all pairs of groups. Given a predefined model utility,
John Rawls’ theory [20] promotes maximizing the utility (e.g.,
classification accuracy) of the worst-off group, thereby ensur-
ing the consent of minorities. Because if a model’s capacity is
limited, encouraging the utility of the worst-off group at each
iteration will eventually reduce group disparity. Following the
convention of [21], [22], we use worst-case fairness to refer
to this type of fairness formulations. Note that worst-case
fairness is distinct from notions like disparate treatment or
disparate impact [23], which focuses on decisions. Instead, it
aligns more closely with utility-based fairness research, such
as fair PCA [24], [25] or fair regression [26], where the
group disparity on reconstruction errors or regression errors
is considered.

Recent developments in worst-case fairness focus on the
scenarios where demographic information is not available
during the training process due to laws or privacy in prac-
tice [27], [28]. This restriction introduces a new challenge
for training fair models, as we are no longer have access to
group information, which was previously accessible through
data annotations. Some works propose using proxy attributes,
either by selecting observed ones [29], [30] or predicting
from data [31], [32]. We follow the assertion of [21] that
an interested attribute could arbitrarily partition the training
data, implying that proxy attributes may not be sufficient in
this case. To still enable a worst-case formulation without
demographics, they propose that group size should be con-
strained by a parameter α, as has been argued in distributional
robust optimization [33]. Although starting from the necessity
of modeling, they pave the way for learning worst-case fairness
with group prior used during model training only, followed by
numerous subsequent works [34]–[36].

We believe it will be interesting to explain why it is possible
to obtain prior information about group size even when demo-
graphics are too sensitive to acquire beforehand. In this paper,
We adopt the perspective of data privacy [37], opening up
opportunities for multidisciplinary research collaborations. On
the other hand, by reviewing existing methods we realize that
the solutions of achieving worst-case fairness can be further
improved, because the state-of-the-art methods transform the
population-based formulation into greedily upweighting the
higher-loss samples instance-wise1, which however overlooks

1This is also understood as an over-fitting issue [21], which they mitigate
by adopting cross-validation.
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the true attribution of each example and thus fails to obtain
satisfactory model performance. Our assertion stems from
influence function [38], which reveals that sample importance
can be characterized from individual gradients rather than their
loss values only. Interestingly, we realized that the individual
gradients used to compute sample importance provide a valu-
able representation that could be further applied to address the
outliers problem [35], [39], which has been identified as one
of the key risks in worst-case formulations.

We summarize the contributions of this work as follows.
• We revisit the α-sized worst-case fairness problem where

demographic labels are unavailable, but side informa-
tion—a lower bound on group proportions—can be ob-
tained or estimated. We discuss how this information
can guide fairness interventions and highlight its prac-
tical usefulness, including situations where it is derived
through privacy-aware techniques.

• We propose the Intrinsic ReWeighting (IRW) method
to address α-sized worst-case fairness, reweighting each
training sample by computing its individual contribution
to improving the utility of the worst-off group. IRW is
a gradient-based approach that provides a more reliable
reweighting compared to existing methods that which
heuristically assign larger weights to samples with higher
losses.

• We enhance the efficiency of IRW by incorporating
stochastic updates which overcome the limitations im-
posed by the global nature of worst-case formulations.
Additionally, we extend IRW to handle scenarios with
outliers by leveraging individual gradients as represen-
tations, allowing the method to effectively identify and
remove potential outliers.

• We demonstrate the superiority of IRW through experi-
mental comparisons with existing methods across various
datasets. Our experiments also reveal the connections
of all methods from the per-sample reweight strategy
and exploit the potential impact of different choices of
evaluation metrics.

II. RELATED WORK

Despite the vast body of literature on fairness learning, we
revisit three branches of research that are closely related to
our work.

Utility-centric Fairness. Following Rawlsian fairness [20],
many fairness learning works [40]–[44] have concentrated on
model’s utility across different groups. In classification tasks,
the accuracy of each group data is expected to be same with
each other, also termed as subgroup robustness [21], [45].
Regarding regression tasks, the utility is typically character-
ized by regression error [46], while in PCA the utility can be
described into reconstruction error [24], [25]. With model util-
ity in consideration, fairness can be achieved by minimizing
utility discrepancies across groups. Recent work [47] treats
learning on every group as a multiple coupled objective, and
then seeks a set of optimal classifier parameters along the
Pareto front that best balances the utility among all groups.
Our work falls in the accuracy-based fair classification tasks

but also consider alternative evaluations metrics, such as F1
score for imbalanced datasets.

Fairness without Demographics. A direct workaround
for this problem is using proxy attributes. One can perform
clustering on observed features and treat cluster indicators as
groups [48], or select observed attributes under the assumption
that these attributes are usually correlated [29]. Apart from
these empirically approaches, fairness researchers proposed
to approximate the sensitive attributes using a defined causal
graph [31] or employ proxy models for prediction [32]. Given
a group size, the Rawlsian fairness can be approximated
without need of demographics, such as in [33], [40]. The
key insight behind is that true worst-off group utility can be
lower bounded when group size prior is known. We emphasize
that such an approximation is dependent on the utility-centric
fairness.

Sample Reweighting. Reweighting [49] is one of the earli-
est strategies to mitigate bias. However, standard reweighting
techniques are designed for cohort-based approaches [12],
[50], making them inapplicable to demographics-unaware sce-
narios. A pioneering work that connects worst-case fairness
and sample reweighting is [40], which observes that the
samples with higher loss tend to receive more focus during
training. This finding inspires the subsequent research [21],
[42] to optimize learnable sample weights. Our work builds
on this insight by evaluating each sample’s importance through
its influence on the fairness objective. However, unlike [36],
our method is not dependent on any additional validation set
with demographic annotation, thereby being free of additional
requirement on training dataset.

III. PROBLEM FORMULATION

A. Worst-case Fairness

Let predictive accuracy serve as the utility of a classification
model fθ parameterized by θ. If a sensitive attribute splits
training data into K groups, i.e., G = {G1, G2, ..., GK},
Rawlsian max-min fairness, a.k.a. the worst-case fairness [21],
optimizes the following problem,

θ∗ = argmax
θ

min
k∈[K]

ACCk(θ), (1)

where ACCk(θ) represents the accuracy of classifier fθ on
group Gk, i.e., ACCk(θ) = 1

|Gk|
∑|Gk|

i=1 1(fθ(x) = y). Let
worst-off group accuracy ACCwg(θ) = mink∈[K] ACCk(θ).
As ACCk(θ) ≤ 1(∀k ∈ [K]), we have

|ACCi(θ)− ACCj(θ)| ≤ 1− ACCwg(θ), ∀i, j ∈ [K] (2)

which indicates the utility difference between any two groups
are upper bounded by 1 − ACCwg(θ). With this insight,
Eq. (1) optimizes θ to maximize ACCwg(θ) iteratively, thereby
reducing the utility gap among groups.
Remark. We notice that worst-case study in fairness is also
interpreted as fair treatment to tails samples [51], [52]. The
line of works are built on extreme value theory [53] often
works with provided sensitive attributes.
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To avert the non-differentiable indicator function 1(·) during
optimization, Eq. (1) is practically converted to minimizing the
expected risk over the worst-off group,

θ∗ = argmin
θ

max
k∈[K]

Jk(θ), Jk(θ) = Ez∼Pk
[ℓ(θ; z)] (3)

where the variable z = (x, y), Pk denotes the distribution from
which the members of Gk are drawn, and ℓ(; ) is any feasible
classification loss function, e.g., cross entropy. Similar to
ACCwg(θ), we denote Jwg(θ) = maxk∈[K] Jk(θ) for simple
statement later. In particular, if fθ belongs to the hypothesis
class which achieves Pareto optimal classifiers, Eq. (3) is
able to achieve the well-known harmless fairness if a binary
sensitive attribute is applied. While for multi-value sensitive
attributes, it has been found difficult to find an equal-group-
loss plane [47].

When demographic information is unknown, group partition
G then cannot not be accessible, making the inner optimization
of Eq. (3) intractable. Section II has revisited how existing
studies remedy this issue. Although not all particularly de-
vised for the worst-case fairness, they are potentially used as
workarounds if corresponding conditions are provided.

B. Setting: α-sized Worst-case Fairness

1) Minimal Group Proportion for Bounding: Distribu-
tional robustness around the empirical distribution with radius
shrinking [54] offers a bridge between group and global
empirical risks. Inspired by this finding, the pioneer work [40]
addresses worst-case fairness without demographics by intro-
ducing the side information about group partitions. Specifi-
cally, they presume a lower bound on the group proportions
α ≤ mink∈[K]

|Gk|
|G| by which a surrogate objective can be

formulated. Formally, it minimizes the expected risk over a
perturbed distribution, i.e., Q

Jdr(θ;α) := sup
Q∈B(P,r)

Ez∼Q[ℓ(θ; z)], (4)

where B(P, r) is chi-squared ball centered at the data distri-
bution P with radius r = (1/α−1)2. Jdr(θ;α) is provably to
bound the risk of each group Jk(θ), and hence the worst-off
group risk Jwg(θ). In fact, given the minimal proportion size
α and the total number of training examples N , it is verified
that the empirical risk (denoted by adding aˆfor differentiation,
and same to others) of the worst-off group Ĵwg(θ) is upper
bounded by the average risk of examples which achieve top
Nα largest losses

Ĵwg(θ) = max
k∈[K]

1

|Gk|

|Gk|∑
i=1

ℓ(θ; zi)

≤ 1

Nα

Nα∑
i=1

ℓ(θ; z(i)) := ĴNα(θ;α)

(5)

where ℓ(θ; z(i)) denotes i-th largest loss yielded by z(i), and
ĴNα(θ;α) is defined as the empirical risk on the group whose
members have largest Nα losses. Although the inequality of
Eq. (5) is easy to reach, due to the nature of Jdr(θ;α), we
instantly have the following proposition.

Proposition 1: Given a bound α for the minimal group
proportion, we have Jwg(θ) ≤ JNα(θ;α) ≤ Jdr(θ;α) for
all θ ∈ Θ.
The proof of Proposition 1 is left to Appendix. Although
optimizing Jdr(θ;α) leads to a convex formulation [54],
we focus on minimizing ĴNα(θ;α) of Eq. (5) that is more
efficient to improve the worst-off group performance. Now,
we formally frame the definition of the problem setting.

Definition 1: (α-sized Worst-case Fairness) A classifier
fθ is said to satisfy α-sized worst-case fairness principle on
a training set of N examples if it maximizes the utility of
the subgroup S, denoted by US , which is composed of Nα
examples and is with the lowest utility.

θ∗ = argmax
θ∈Θ

min
|S|=Nα

US(θ). (6)

Similar to Eq. (3), by taking predictive accuracy as utility and
selecting Nα examples with largest losses, the inner objective
of Eq. (6) can be implemented by the negative ĴNα(θ;α).
Hence, the full objective is written as

min
θ

1

Nα

Nα∑
i=1

ℓ(θ; z(i)). (7)

Note that z(i)(i = 1, 2, ..., Nα) is dependent on θ.
2) Deriving α from Privacy Perspective: Note that both
Jdr(θ;α) and JNα(θ;α) introduce the group proportion
bound α in a mathematical manner. In practice, demographics
are not available often because of privacy concerns, but we
show in the following example that α could be properly esti-
mated by a privacy technique called randomized response [55]
even without true sensitive attribute labeling.
Example. Suppose gender is considered a sensitive attribute,
with “female” being the protected group. When collecting
data, we instruct each participant to perform a coin flip. If
tails, they should respond truthfully. If heads, they should flip a
second coin and respond “female” if heads and “male” if tails.
We denote the true female proportion and the frequency of
“female” answers by α and β, respectively. We know that the
expected number of “female” answers is 1/4 times the number
of participants who are male plus 3/4 times the actual number
of female participants, that is, β = (1/4)(1 − α) + (3/4)α.
Therefore, we can estimate the female proportion by α =
2β − 1/2.

This example shows that the collected answers about gender
can be very noisy (Please refer to Appendix for a robust
analysis for this additional concern), as each individual has
a plausible deniability to their outcomes, from which privacy
comes. From the theory of differential privacy, we have the
following theorem.

Theorem 1: The randomized response described in the above
example is (ln 3, 0)-differentially private.
The proof can be referred to Chapter 3 of [37]. The random
response strategy has been adopted in the U.S. Census [56]
to address related concerns. Note that the probability of
deniability can be changeable if one is apt to adopt some
other strategies. Generally, the estimated α will become more
accurate if the number of participants is larger. And we use
this α as an approximation of the minimal group proportion.
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Fig. 1. Comparison of four weights learning strategies. The weight of our
IRW method is not solely determined by loss; therefore we use discrete scatter
plots to represent the variance introduced by other factors, i.e., gradients.

For multi-valued attributes such as race, if the protected group
is known, one can reduce the setting to a binary case (e.g.,
’Black’ vs. ’non-Black’) following this example. While this
approach relies on a strong prior, which may still hold in
certain real-world applications, it also highlights an opportu-
nity for future research in the social sciences to explore more
nuanced treatments of group protection.

IV. REWEIGHTING SOLUTION

A. Per-sample Weight Learning

Optimizing Eq. (7) is also referred as minimizing top-Nα
loss in the recent study [36], which essentially encourages the
model to fit more difficult examples only, that is,

min
θ

1

Nα

N∑
i=1

[ℓ(θ; zi)− ℓ(θ; z(Nα+1))]+ + ℓ(θ; z(Nα+1)), (8)

where [a]+ = max(a, 0). Note that this objective minimizes
the α-fraction of training points that have the highest loss [45].
If α is small, there will be very few examples that participate
the training per iteration, incurring an inferior model utility
(See the results of CVaR [33] in Table I). Essentially, this
sample selection process can be understood as assigning
a set of weights to the training examples, where Eq. (8)
effectively performs a hard selection. To better utilize the
training samples, a soft selection approach can be adopted
by maintaining a minimum weight for samples whose losses
are below the threshold. Since the weights lie on a (N − 1)-
dimensional simplex, denoted as ∆N−1, we can write the per-
sample weight as

wi =

{
ϵ, if ℓ(θ; zi) < ℓ(θ; z(Nα))
1−N(1−α)ϵ

Nα , otherwise.
(9)

Obviously, Eq. (9) reduces to the hard selection if ϵ = 0.
Instead of manually assigning binary weights, adversarial
reweighting fairness works [21], [42] propose that these
weights are learnable through the following form:

max
w∈∆N−1

N∑
i=1

wiℓ(θ; zi) w ∈ C, (10)

where C denotes any predefined constraint which could be a
specific bound for weights [21] or a complexity control applied
to the function that generates weights [42], preventing from
trivial solutions to Eq. (10).

Theorem 2: If the feasible set defined by C is convex,
the optimal solution of Eq. (10) implies that a higher loss
corresponds strictly to a higher weight.
The proof of Theorem 2 is left to Appendix. Theorem 2
suggests that the fairness methods which optimize Eq. (10) are
essentially searching for a set of weights that are monotoni-
cally non-decreasing with respect to the loss, guided by a prior
belief encoded in C. We summarize these weight distributions
into Fig. 1, where both hard and soft selection appear as
staircase-like lines, while adversarial reweighting corresponds
to a smooth curve that non-decreases with the loss. In partic-
ular, following the formulation of [21], the minimum weight ϵ
is maintained for the samples whose losses are relative smaller
in soft selection and adversarial reweighting, which serves as a
hyper-parameter in corresponding algorithms implementation.

B. Intrinsic Reweighting (IRW)

The weight of each training sample should reflect its actual
contribution to the fairness objective, i.e., average loss of top-
Nα samples. We question the weight strategy that samples
with larger losses will be strictly assigned to larger weights
according to Theorem 2. This approach overlooks the fact that
it is the gradient that drives model updates during training;
thus a sample with a large loss but a zero gradient should not
be considered contributive. We present two numerical cases to
justify this claim.

Numerical Case 1. We consider a sigmoid model ŷ =
σ(wTx) with a binary cross-entropy loss ℓ(y, ŷ) =
−y log(ŷ) − (1 − y) log(1 − ŷ). The gradient with respect to
w is ∇wℓ = (ŷ− y) ·x. Given two samples with scalar inputs
x1 = 2, y1 = 0, x2 ≈ −0.7461, y2 = 0, and w = 1, we
observe that their losses differ ℓ1 ≈ 0.1269 and ℓ2 ≈ 0.3881,
while their gradient are nearly same: ∇wℓ1 ≈ ∇wℓ2 ≈ −0.24.
Note that the gradient can be exactly equal by solving for a
more precise x2.

Numerical Case 2. We consider the same model and loss
function with case 1, but use two new samples: x1 = 4, y1 = 1
and x2 = 0.5, y2 = 0. Again by setting w = 1, we find that
two samples have nearly same ℓ1 ≈ ℓ2 ≈ 0.0182. However,
their gradients differ significantly: ∇wℓ1 ≈ −0.0720 and
∇wℓ2 ≈ 0.3113. Notably, the gradients point in opposite
directions.

The sample weights are used to influence the learning
dynamics so that the trained model improves worst-case
fairness. Traditional loss-based weighting strategies assume
that samples with larger losses should receive larger weights.
However, since model training is fundamentally driven by
gradients, not loss values alone, this approach can be mis-
leading—samples with high loss but negligible gradients do
not meaningfully influence the model update. Please see the
illustrative comparison in Fig. 1, where the “true” sample
contribution can be inconsistent with adversarial reweighting.
Influence function [38] offers a principled solution to this
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challenge; it estimates how a small change in the weight of a
training sample would affect the model’s learned parameters.
By capturing the first-order effect of a sample on the model,
influence functions allow us to identify and prioritize samples
that truly impact the model’s worst-off performance.

With this understanding in mind, we look back to Eq. (7)
and consider reassigning the weights to the training exam-
ples, which can directly reduce the largest Nα losses. That
means, we intend to learn a weight assignment such that by
minimizing reweighted losses we can also achieve the α-sized
worst-case fairness:

θ∗(w) = argmin
θ

N∑
i=1

wiℓ(θ; zi), (11a)

w∗ = argmin
w

1

Nα

N∑
i=1

[ℓ(θ∗(w); zi)− ℓ(θ∗(w); z(Nα+1))]+︸ ︷︷ ︸
F(θ∗(w))

.

(11b)

Finding the optimal w∗ in Eq. (11b) is difficult because we
need to first optimize Eq. (11a). Inspired by the idea of
examples reweighing [57] via influence function, for each
example zi we approximate its weight at t-th iteration by first
perturbing its weight by ϵt,i and taking the single step gradient
evaluated at zero

vt,i =
∂F(θt)
∂ϵt,i

∣∣∣∣∣
ϵt,i=0

≈ (∇θF(θt))⊤∇θℓ(θt; zi). (12)

Without reiterating the details of how the approximation is
derived, we can observe that the contribution of each sample
depends on its gradient similarity with ∇θF(θt), the gradient
of worst-off group. To avoid the negative weights, we further
rectify each vt,i and normalize the weights,

wt,i =
[vt,i]+∑

j [vt,j ]+ + δ
(∑

j [vt,j ]+

) , (13)

where δ(a) = 1 if a = 0 and otherwise δ(a) = 0, which rules
out a zero denominator.

We can see from Eq. (12), the value of vt,i is determined by
the gradient similarity between i-th training example and the
top Nα largest training samples. Intuitively, an example whose
loss is above ℓ(θt; z

(Nα+1)) will be more likely selected as a
component of F(θt) and thus the inner product tends to be
positive. This agrees with the existing loss-based reweighting
principle. In particular, we highlight that the samples whose
loss are below ℓ(θt; z

(Nα+1)) also have chance to produce
a positive vt,i if its direction is close to the combined gra-
dient ∇θF(θt). In Section VI-C, we will examine how the
per-sample weights obtained by IRW disrupt the loss-based
ordering.

C. Stochastic Update

Please note that Eqs. (11a) and (11b) are both defined
globally, meaning that we need to optimize model parameters
and sample weight with full-batch data update. To scale up
to large datasets, we adopt stochastic update by proposing

two schemes. (i) Global. At the beginning of each epoch,
we identify the top-Nα samples by Eq. (11b) and compute
sample weights w∗ across full training data. By assuming that
the weights change within each epoch can be negligible, as the
same style as [21], we do not re-compute w∗ for them to save
computation costs. (ii) Local. We use local top-Bα samples on
each mini-batch for Eq. (11b), and compute batch-wise sample
weights on a simplex of ∆B−1. The difference of weight scale
between two schemes will be absorbed into learning rates.

Complexity. The additional cost of IRW with respect to a
standard training is the instance-wise backward propagations,
as shown by step 5 in Algorithm 1. As is known to us,
modern neural networks stores cumulative statistics in a batch
rather than individual sample’s gradients. A naive solution
is to perform single-sample mini-batches, ideally in parallel,
which remains too slow and incompatible with batch-based
operators like batch normalization. We remedy this problem
by using function transforms 2 which compute per-sample-
gradients in an efficient way. Given this implementation, we
realize that the time complexity difference between above
two training schemes primarily arises from the sorting pro-
cess. For the global weights in scheme (i), finding the top
Nα from N training examples based on their losses has a
time complexity of O(N log(Nα)). In contrast, for the local
weights of scheme (ii), the time-complexity is O(N log(Bα)).
In practical implementation, we experimentally observe that
scheme (i) is slightly faster due to the multiple graph retention
steps in scheme (ii) (See Section VI-E).

V. OUTLIERS REMOVAL FROM GRADIENT VIEW

The worst-case formulation, i.e., Eq (7), is vulnerable to
outliers. Since we have the gradient for each training sample,
we can filter out outliers by naturally utilizing such gradient
information, which is more reliable than loss values, as we
have claimed Section IV-A.

Inspired by [35], we develop a variant of IRW, named
by IRWO, to handle potential outliers during training. Specif-
ically, we first compute pairwise distance between every
two samples’ gradient within a batch. Let us define gi :=
∇θℓ(θ; zi) where we omit the iteration index for θ for conve-
nience. Then each entry of the distance matrix M is derived
by

Mij = 1− g̃i
⊤g̃j

||g̃i|| · ||g̃j ||
, (14)

where the decentralized gradient g̃i = gi − ḡ with ḡ as the
mean of per-sample gradient. We treat each row of the distance
matrix M as the new representation of each sample, which
better characterizes the local density and also improves the
clustering efficiency when parameter space is larger than data
size, i.e., |θ| > |D|. We then identify outliers by searching
for low-density regions. In our method, we adopt DBSCAN
clustering3 before selecting the worst-off group. Typically,
training samples labeled as −1 after clustering are considered

2https://pytorch.org/tutorials/intermediate/per sample grads.html
3https://scikit-learn.org/stable/modules/generated/sklearn.cluster.DBSCAN.

html

https://pytorch.org/tutorials/intermediate/per_sample_grads.html
https://scikit-learn.org/stable/modules/generated/sklearn.cluster.DBSCAN.html
https://scikit-learn.org/stable/modules/generated/sklearn.cluster.DBSCAN.html
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Algorithm 1 IRW algorithm for α-sized worst-case fairness
Input: Training set D = {zi}Ni=1, where zi = (xi, yi), period

τ , and group ratio α
Output: Learned model parameterized by θ

1: Initialize parameters θ
2: for t = 0, 1, ..., T − 1 do
3: if Outliers exist and T mod τ = 0 then
4: Perform forward passes and get {ℓ(θt; zi)}|D|

i=1

5: Perform instance-wise backward propagations and
get {gi}|D|

i=1

6: Compute ∀i g̃i = gi − ḡ where ḡ = 1
|D|

∑|D|
i=1 gi

7: Compute distance matrix M by Eq. (14)
8: Perform clustering {si} ← DBSCAN(M), where

si = −1 indicates outliers
9: Update D by removing outliers

10: end if
11: Sample a mini-batch samples B ⊂ D
12: Perform forward passes and get {ℓ(θt; zi)}|B|

i=1

13: Perform instance-wise backward propagations and get
{gi}|B|

i=1

14: Obtain ∇θF(θt) by calculating the mean of the gradi-
ents whose losses are top-|B|α largest

15: Update {vt,i}Bi=1 according to Eq. (12)
16: Update {wt,i}Bi=1 according to Eq. (13)
17: Update θt+1 = θt −

∑B
i=1 wt,igi

18: end for

outliers. Since clustering are conducted on entire training set4,
which remains expensive to acquire outliers, we choose to
periodically perform this process. For instance, we can do
every τ steps, as presented in summarized Algorithm 1, which
describes the detailed process of local update scheme. In our
experiments, τ is set as the number of batches, and thus we do
outliers removal once per epoch. For the global update, i.e.,
scheme (i) of Section IV-C which requires to prepare all the
sample weights before stochastic optimization, we can simply
merge steps 14-17 into outliers removal procedure.

Related strategies. We present different methods for han-
dling outliers in worst-case fairness studies, each operating
under specific assumptions. ARL [42] addresses this prob-
lem by employing a linear adversary which helps focus
on computationally-identifiable errors. DORO [34] views a
certain proportion (an additional hyper-parameter) of samples
which achieve largest losses as outliers, purifying the worst-
off group. GraSP [35] conducts density-based clustering in
gradient space where both outliers and groups are indicated
by clustering labels. Very recent work GoG [39] takes the
similar insight but leverages the gradient information of the
learner from a graph-based perspective, which is used to help
avoid assigning superior weights to noisy outliers. We follow
the idea of GraSP to remove potential outliers before we
compute per-sample weight, i.e., Eq. (12), since the well-
prepared per-sample gradients are ready to use. The modified
method is named by IRWO for simplicity. Their experimental

4Performing clustering on a mini-batch may lead to misidentifying minority
samples as outliers.

comparison can be referred to Section VI-F.

VI. EXPERIMENT

Dataset. We consider four benchmark datasets commonly
used for fairness evaluation [42], [59], encompassing three
binary classification tasks and one multi-class classification
task. (i) UCI Adult [60]: Predicting whether an individual’s
annual income is above 50,000 USD. (ii) Law School [61]:
Predicting the success of bar exam candidates. (iii) COM-
PAS [62]: Predicting recidivism for each convicted individual.
(iv) CelebA [63]: Predict the hair color for face images. Our
experiments follow the recent fairness studies [21], [36] which
employ specific sensitive attributes for fairness evaluation;
gender and race are selected for datasets (i)-(iii) and gender
and young are selected for CelebA.

Metrics. During the test process, we use provided sensitive
attributes to divide test set into disjoint groups. Since the
worst-case fairness inherits John Rawls’ equal utility principle,
following the research [34], we evaluate the performance of
trained models based on their overall accuracy (ACC) and
worst-off group accuracy (WACC), where the model fairness
can be expressed as the gap between ACC and WACC, that is

∆ = |ACC−WACC|.

Apparently, ∆ = 0 indicates an ideally fair model. This serves
as a standard fairness metric for the worst-case fairness prob-
lem, as established in prior work [34]. We do not exhaustively
evaluate other fairness metrics such as Demographic Parity
and Equal Opportunity [17], as they focus on true positive
predictions only and are therefore not applicable to our setting.

A. Overall Comparison

In the context of α-sized worst-case fairness, the corre-
sponding minimal group ratio α (the minimum ratio among
four groups, as shown in the header row of Table I) for
each dataset is given for model training. We take the fol-
lowing methods (i-iii) which are direct baselines for solving
α-sized worst-case fairness problem, while (iv) is used as
a reference which explicitly uses sensitive attributed during
training. (i) DRO [40]: This method derives a convex surrogate
loss which upper bounds the empirical risk of the worst-
off group. Please see the details back to Section III-B1.
(ii) CVaR [33]: It is known as the Conditional Value at
Risk of level α, which is equivalent to minimizing the α-
fraction of training points that have the highest loss [45].
(iii) BPF [21]: Blind Pareto Fairness optimizes sample weights
using projected gradient descent in an adversarial manner
(See Appendix B.1 of [64]), where samples with higher loss
will be assigned greater weights during the training process.
(iv) Reckoner [58]: This method distills fairness knowledge
from low-confidence prediction samples, which aligns with
findings from DRO and CVaR, although it is not explicitly
dependent on α in its modeling.(v) MMPF [47]: MiniMax
Pareto Fairness is an representative attributes-aware method
which explicitly uses sensitive attributes to split training data
and encourages the equal model accuracy across groups via
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TABLE I
TEST PERFORMANCE COMPARISON ON FOUR BENCHMARK DATASETS. THE FIRST BLOCK OF METHODS ARE LEARNING W/O ANY SPECIFIED ATTRIBUTES

BUT WITH THE GROUP RATIO α, WHERE THE BEST RESULTS ARE MARKED IN BOLD, AND THE SECOND BEST ARE UNDERLINED. THE LAST SECOND
BLOCK METHOD, I.E., MMPF, EXPLICITLY USES ACTUAL SENSITIVE ATTRIBUTES DURING TRAINING. WE OMIT THE STANDARD VARIANCES OF ∆.

Method UCI Adult (α = 4.78%) Law School (α = 2.74% ) COMPAS (α = 9.46%) CelebA (α = 7.23%)
ACC ↑ WACC ↑ ∆ ↓ ACC ↑ WACC ↑ ∆ ↓ ACC ↑ WACC ↑ ∆ ↓ ACC ↑ WACC ↑ ∆ ↓

DRO [40] 0.7630±0.0726 0.6965±0.0676 0.0665 0.7989±0.1791 0.5613±0.1140 0.2373 0.5492±0.0253 0.4770±0.0556 0.0722 0.5219±0.1219 0.4586±0.0945 0.0633
CVaR [33] 0.7511±0.0269 0.6992±0.0292 0.0519 0.7503±0.0501 0.5708±0.0337 0.1795 0.5343±0.0201 0.4875±0.0325 0.0468 0.6903±0.0093 0.6475±0.0598 0.0428
BPF [21] 0.8206±0.0072 0.7692±0.0052 0.0514 0.8698±0.0024 0.7592±0.0122 0.1106 0.5989±0.0144 0.5641±0.0241 0.0348 0.9287±0.0273 0.9031±0.0135 0.0256

Reckoner [58] 0.8395±0.0152 0.7830±0.0158 0.0515 0.8304±0.0032 0.7697±0.0057 0.0607 0.6455±0.0063 0.5745±0.0187 0.0710 0.7947± 0.0025 0.7752± 0.0023 0.0195
IRW (Ours) 0.8438±0.0074 0.7980±0.0105 0.0458 0.8715±0.0012 0.7736±0.0082 0.0979 0.6628±0.0068 0.6457±0.0187 0.0171 0.9243±0.0057 0.9109±0.0027 0.0134

MMPF [47] 0.8533±0.0192 0.8123±0.0920 0.0410 0.8832±0.0142 0.7870±0.0124 0.0962 0.6639±0.0025 0.6390± 0.0145 0.0248 0.9291±0.0048 0.9158±0.0052 0.0133
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Fig. 2. Weight distribution of training samples for our IRW. For each dataset, we record the weights of training samples at the first training epoch and use
kernel density estimation to plot their distribution. The actual worst indicates the group which has the lowest accuracy on test set, and all rest are included
in the remaining.
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Fig. 3. The proportion of actual worst-off group among top m%(m = 10, 20, ..., 90) training samples selected by reassigned weights. We compare BPF
and our IRW method on four datasets.

solving a multi-objective problem. This method is an upper-
bound method of Group DRO [65] in term of fairness metric
∆. Each experiment will be repeated for 10 times, and the
average and standard deviation are reported.

Table I shows test ACC, WACC, and ∆ of each method.
We can see that: (1) Our IRW method achieves competitive
or leading performance across most datasets, demonstrating
the effectiveness of leveraging individual gradients to compute
sample importance. Also, IRW achieves comparable or slightly
worse performance than MMPF, which has utilized sensitive
attributes during training. (2) BPF most often achieves the sec-
ond or third best performance, demonstrating that adversarial
reweighing strategy is useful in achieving α-sized fairness.
It is worthwhile to point out that BPF involves a few of

hyper-parameters and also heuristic controls5, and we applied
their default setup throughout the experiments. (3) Reckoner
achieves comparable results to BPF on the three tabular
datasets, but it performs poorly on the image classification
task. One possible explanation is that Reckoner needs to
generate high-dimensional noise for the image data, which
makes fairness knowledge distillation unstable compared to
the tabular setting. (4) CVaR uses only the α-fraction of
data for model training, resulting in a significant drop in
ACC and WACC, as well as in fairness results, compared to
BPF, Reckoner, and our IRW. (5) DRO usually achieves the
worst performance expect that it is slightly better on accuracy
than CVaR for the COMPAS dataset, which is attributed to
the commonly smaller α across all datasets (also observed

5Refer to their officially implemented code repository via https://github.
com/natalialmg/BlindParetoFairness.

https://github.com/natalialmg/BlindParetoFairness
https://github.com/natalialmg/BlindParetoFairness
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in experiments of [21]). Because a smaller α indicates a
larger radius of the chi-squared ball in Eq. (4), leading to an
unavoidable loss in model accuracy. Such unsatisfying model
utility makes DRO impractical to use, for example, on the
CelebA dataset. Please also refer to Fig. 5 for checking its
predictions.

B. IRW Works Better than BPF

We first verify the efficacy of IRW by examining how sam-
ples from the actual worst-off group are treated during training,
given only a group ratio prior. To do this, we monitor the
individual weights assigned to all training samples. To align
with the standard training process, we keep a base weight of
1, with weights higher or lower than 1 being increased or de-
creased accordingly. Other subsequent presentations regarding
to IRW follow this setup. Fig. 2 depicts the weight distribution
of training samples by splitting all training samples into the
actual worst-off group and remaining samples. Across all
datasets, we observe that while the weight distribution does not
form two distinct peaks, as would be ideal, the actual worst-
off group samples tend to have a relatively higher density in
the range of larger weights. This indicates that IRW implicitly
upweights the actual worst-off group samples, even though
sensitive attributes are not accessible during model training.
This observation evidences the efficacy of our IRW method.

Although can be understood by Eq. (10), BPF practically
uses trainings samples’ weights which do not lies on a
simplex. Normalizing them may distort the weight density. To
further exploit why our method IRW can outperform BPF, we
compare them using the following approach. We select the top
m% training samples based on their corresponding weights,
and compute the proportion of actual worst-off group samples
within these selected samples. Since we expect that the actual
worst-off group can be assigned with higher weights, a higher
proportion usually indicates a fairer model. The results are
shown as Fig. 3, from which we observe that at almost every
m across four datasets, our IRW achieves the higher proportion
value than BPF, demonstrating that our method can better
leverage prior to implicitly encourage the fitting for the actual
worst-off groups. It is also worthwhile to notice that the
proportion on the UCI Adult dataset is not aligned with the
prior ( 63% vs. 4.78%) when m approaches to 100 while other
three do. This is because the minority group sometimes is not
necessarily the underrepresented group. Although loosing the
upper bound in Eq. (5), it shows a distinction assumption that
minority is always underrepresented [45].

C. Per-sample Reweight Mechanism

Figs. 2 and 3 demonstrate that IRW increases the weights
of training samples from the actual worst-off group. To delve
deeper, we analyze how these weights correlate with their loss
values, which is central to the per-sample weight mechanism
for fairness. To this end, we randomly select a batch of samples
at the end of the training phase on four datasets, where the
models are assumed to be close to convergence, with both
weight and loss values remaining stable afterwards.

TABLE II
TEST PERFORMANCE COMPARISON ON THE UCI ADULT DATASET WHERE

SPECIFIC SENSITIVE ATTRIBUTES ARE USED FOR SPLITTING TEST SET
INTO DIFFERENT GROUPS. THE BEST RESULTS ARE MARKED AS BOLD,

AND THE SECOND BEST ARE UNDERLINED.

Method F1 ↑ WF1 ↑ ∆F1 ↓

DRO 0.3796±0.0726 0.1581±0.0447 0.2215
CVaR 0.3999±0.1311 0.2231±0.0945 0.1768
BPF 0.4841±0.0517 0.4079±0.0631 0.0762

Reckoner 0.3092±0.0517 0.1579±0.0631 0.1513
IRW 0.5749±0.0493 0.5024±0.0502 0.0725

Fig. 4 shows the experimental results of per-sample weight
versus loss, based on which we have following observations.
(1) IRW typically assigns greater weights to samples with
greater losses, aligning with the idea that poorly-fit sam-
ples are more likely to come from underrepresented groups.
(2) The weights of α-sized worst samples are not necessarily
larger than those of other samples with relatively smaller,
as observed on last three datasets, which thus differs from
CVaR. This occurs because the weight of an α-sized worst
sample may be smaller if its gradient is not consistent with
the combined gradient, as indicated by Eq. (12). (3) IRW
can produce sparse weights, with zero weights often assigned
to samples with smaller losses. This property eliminates the
need to manually enforce a minimum update, as required in
BPF, which typically demands additional effort to identify.
(4) The weight-loss correlation on CelebA stands out from the
others, where many training samples with very small losses
have increased weights, while some of the α-sized worst
samples have decreased weights. This suggests that, in our
IRW approach, training samples contributing to fairness from
a gradient perspective will be widely identified, even if their
losses are negligible.

D. Evaluation Metric Matters

Class imbalance. F-score is particularly used in binary
classification tasks where one class may be significantly under-
represented. We realize that the UCI Adult dataset tends to be
dominated by true negative samples due to its imbalanced na-
ture, with a positive to negative ratio of 1:4. Without changing
each training method, we evaluate their test performance by
utilizing the F-score metric. The results are shown as Table II.
It is evident that with F1 being the classification metric, IRW
consistently achieves the best performance, demonstrating that
despite originating from group accuracy, i.e., Eq. (1), our
method IRW is not biased towards accuracy metric. Fur-
thermore, we also observe that the performance difference
between IRW and BPF is larger in terms of F1 measurement,
which justifies the advantage of leveraging per-sample gradient
information in our reweighing strategy.

Classification error. According to Table I, we have observed
that DRO and CVaR are performing worse than any other
methods, even though CVaR exactly formulates the worst-case
loss and DRO is also an upper bound. To understand this result,
we take a closer look at their classification errors on test set,
with the results on Adult as an example. Fig. 5(a) shows the
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Fig. 4. Per-sample weight versus their loss values on a randomly selected batch at the end of training process on four datasets. The number of α-sized
worst samples (red stars) is int(b × α), where b = 128 for (a)-(c) and b = 256 for (d), and α is indicated by the head row of Table I. The non-worst
positive-weighted samples (green crosses) and non-worst zero-weighted samples (blue points) are the ones whose gradients yield positive or zero wi at the
iteration t, respectively. (Refer to Eq. (13)).
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Fig. 5. Classification errors comparison on the UCI Adult dataset. The y-axis
is truncated above 3 for better visualization.

classification error of the actual worst-off group versus remain-
ing samples. We observe that DRO and CVaR both achieve the
approximately equal errors which however increase the overall
error by comparing with IRW, and BPF is the least fair in
terms of error. Such results are somehow contrary to what
we have seen in Table I. For example, DRO achieves a lower
overall error than BPF, yet its accuracy is identified as the
worst. We further explain such inconsistency on metrics by
connecting prediction errors and decision making. Fig. 5(b)
shows the instance-wise errors, with the x-axis representing
the test sample indices, sorted in an ascending order of their
errors. The y-axis is truncated above 3 for improved clarity
in presentation. Since this is a binary classification on the
Adult dataset, we adopt the reference error of − log(0.5) as
a decision boundary (indicated by dashed vertical lines) to
categorize all test samples. Samples with an error below this
value are considered correctly classified, while those above
it are regarded as misclassified. We observe that although the
errors of misclassified samples of BPF can be large, the overall
accuracy of BPF remarkably outperforms DRO, as the dashed
line for BPF is substantially to the right of the dashed line for
DRO. It is also worthwhile to note that the performance gap
between DRO and BPF in Fig. 5(b) is smaller than the reported
average value in Table I, which is attributed to the larger
variance of DRO. We defer more experimental verification on
other datasets to the Appendix.
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Fig. 6. Comparison between global and local worst-case curves on the UCI
Adult dataset, where (a) is the loss versus each training step and (b) is test
accuracy on each epoch.

E. Global vs. Local Worst-Case Fairness Training

We compare the efficiency of global and local worst-case
training with the Adult dataset as an example, corresponding
to schemes (i) and (ii) in Section IV-C. Their training loss
curves and overall test accuracy are exhibited as Fig. 6. The
results show that local worst-case training which selects α-
sized worst samples among each mini-batch are aligned with
the global counterpart; their training loss and test accuracy
curves are close to each other, with a very tiny discrepancy
after 7th epoch from Fig. 6(b). Apart from this conclusion, we
observe that their loss curves fluctuate significantly within the
range of 0.2 to 0.4, which is essentially shared by all worst-
case reweighting strategy, as also noted by [34]. Similarly,
their test accuracy fluctuates across epochs, but within a
relatively smaller range of around 0.5%. Additionally, we
record the wall-clock time for training; global training takes
around 31 seconds while local training takes 42 seconds.
By tracking the time consumption of each component during
local training, we find that multiple graph-retention steps (e.g.,
retain_graph=true in Python) increase the overall time
cost, a process that is not required in global training. However,
local training remains an acceptable option when full-batch
forward passes are not feasible in some scenarios, e.g., limited
computation resources.
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F. Robustness Against Outliers

We compare IRWO with foure fairness methods ARL [42],
DORO [34], GraSP [35], and GoG [39], which have been
used to address outliers for worst-case modeling, as discussed
in Section V. For methods with specific hyper-parameters, we
use their default setup to report the final results. The COMPAS
and CelebA datasets are used in this group of experiments
because they two are considered to contain outliers [34].
Regarding CelebA, we found that some hair color labels are
incorrect—for example, some individuals are labeled with
multiple hair colors. These samples were removed from the
overall comparison in Section VI-A but retained for this group
of experiments.

Table III summarizes the results of all robust worst-case
fairness methods, from which we have the following observa-
tions. (1) IRWO achieves the best performance among all the
methods compared, showing a great potential of handling out-
liers with gradient information. (2) Referring to the results in
Table I, we find that the variants with outliers removal improve
the standard counterparts; DORO significantly improves DRO
and IRWO also generally outperforms IRW over accuracy.
(3) ARL performs slightly worse than our IRWO, which can
be attributed to its formulation that does not incorporate α.
Its improved version, GoG, which aims to capture gradient
similarities through a graph-based perspective, improves ARL
on CelebA but fails on COMPAS—possibly due to the choice
of neighborhood hops in the graph. (4) GraSP uses the same
outlier removal strategy as ours but underperforms due to
its reliance on estimated sensitive attributes from clustering
results.

We additionally evaluate the training time of all methods
on the COMPAS and CelebA dataset. The average wall-
clock time across 10 trials is reported in Table IV, where
the methods in the second column additional consider outliers
problems. Based on the results, we make the following two
observations. (1) Since our method requires two backward
passes per batch update, its running cost is approximately
twice that of CVaR and BPF. Reckoner has the highest running
time, as it involves a complex teacher-student knowledge
sharing framework. (2) For methods that handle outliers, GoG
considers graph structure over individual gradients but in a
same framework with ARL, and thus it leads to higher training
cost. DORO is the most efficient among these methods, as it
simply relies on a specified outlier ratio. Our IRWO adopts a
similar strategy to GraSP, which requires clustering to identify
outliers, resulting in relatively slower training.

VII. DISCUSSION

Beyond loss values, we have found that individual gradients
provide a complementary view for characterizing a sample’s
importance to the fairness objective. However, gradients are
sometimes too complex to work with, especially in larger
neural networks involving millions of billions of parameters.
In such cases, the gradient representation resides in a high-
dimensional space, posing challenges for storage and com-
putation. One workaround we apply to the experiments on
CelebA dataset is selecting the last few layers, which are more

closely related to label information from the perspective of
information bottleneck [66]. We emphasize that the effective
selection of key layers for specific tasks remains an open
question, while some potential approaches can be considered,
such as fisher information [67] or layerwise search [68].

Resampling has been a parallel way to achieve fair-
ness [69], [70]. Despite various resampling motivations applied
in these works, we are interested in its technical connection
to reweighting in the context of α-sized worst-case fair-
ness objective. Very fundamentally, we question whether the
weights derived from IRW can be treated as the probability of
resampling during the training process. We provide a corollary
based on the recent work in group-imbalance learning [71],
which claims that resampling always exhibits lower variance
than the corresponding reweighting. While this corollary holds
theoretically only when stochastic gradient descent is used
(Please refer to Appendix for a formal presentation), we will
explore this direction in future work.

While our experiments applied two selected attributes, en-
suring fairness across multiple attributes remains challeng-
ing [72] due to fairness gerrymandering [73]. This issue
extends beyond the capabilities of α-sized worst-case fairness
formulations, indicating a potential limitation of this approach.
In addition, our fairness learning setup is motivated by data
privacy concerns, which thus links our work to the privacy-
preserving fairness learning studies [74], [75] that primarily
focus on decentralized learning contexts. It is also worth noting
that fairness concepts in the literature can be task-dependent
and not necessarily limited to sensitive attributes, as seen in
category-based definitions in classification [76], [77]. This
inspires us to enable our methodology to operate with only
class ratio bounds provided during training, broadening its
potential applications in future works.

VIII. CONCLUSION

This paper introduces “α-sized worst-case fairness” problem
where only the the minimal group ratio α is known during
training, but the goal is to diminish the prejudice on under-
represented subgroups defined by inaccessible demographic
information. We justify the use of this group ratio prior,
which can be derived from random responses ensured by
the well-known local differential privacy framework. Unlike
existing methods that simply prioritize training on samples
with relatively larger loss, we propose an intrinsic reweight-
ing strategy that assigns individual weights based on per-
sample gradient information. This gradient-based approach
also naturally helps in removing potential outliers, which have
been identified as a significant risk in worst-case fairness
formulations. Our experiments demonstrate the superiority of
IRW and its variant, IRWO, in achieving fairness across four
benchmark datasets, establishing a foundation of benchmark
results for future research.

APPENDIX

Proposition 1. Given the minimal group proportion α, we have
Jwg(θ) ≤ JNα(θ;α) ≤ Jdr(θ;α) for all θ ∈ Θ.
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TABLE III
TEST PERFORMANCE COMPARISON ON FOUR BENCHMARK DATASETS WHERE SPECIFIC SENSITIVE ATTRIBUTES ARE USED FOR SPLITTING TEST SET INTO

DIFFERENT GROUPS. THE BEST RESULTS ARE MARKED AS BOLD, AND THE SECOND BEST ARE UNDERLINED.

Method COMPAS CelebA
ACC ↑ WACC ↑ ∆ ↓ ACC ↑ WACC ↑ ∆ ↓

ARL [42] 0.6612±0.0091 0.6255±0.0188 0.0357 0.9058±0.1038 0.8689±0.1004 0.0369
DORO [34] 0.5719±0.0241 0.5241±0.0427 0.0478 0.7714±0.0333 0.7350±0.0400 0.0364
GraSP [35] 0.6009±0.0211 0.5592±0.0481 0.0417 0.9255±0.0501 0.8969±0.0337 0.0286
GOG [39] 0.6598±0.0340 0.6142±0.0325 0.0456 0.9125±0.0501 0.8864±0.0337 0.0261

IRWO (Ours) 0.6688±0.0113 0.6388±0.0213 0.0300 0.9307±0.0057 0.9209±0.0241 0.0098

TABLE IV
RUNNING TIME COMPARISON OF ALL 10 METHODS.

DRO CVaR BPF Reckoner IRW ARL DORO GraSP GoG IRWO

COMPAS (s) 3.77 2.23 2.18 55.02 4.91 6.14 4.76 >70.0 18.85 >70.0

CelebA (m/epoch) 2.20 1.38 1.36 15.80 3.50 5.70 3.25 >35.0 14.75 >35.0

Proof. The first inequality is an obvious conclusion of Eq. (5),
and we show how the second inequality holds. Let PNα be the
distribution from which the examples belong to top Nα largest
losses can be drown. Then we have P = αPNα+(1−α)Pres,
where Pres denotes the distribution from which all the rest of
examples can be drawn.

Dχ2(PNα∥P ) =

∫
z

(
PNα(z)

P (z)
− 1

)2

P (z)dz

≤
∫
z

(
1

α
− 1

)2

P (z)dz

= r

(15)

Eq. (15) showed that PNα ∈ B(P, r). Since the sup in
Jdr(θ;α) is over all Q ∈ B(P, r) according to Eq. (4), the
upper bound follows. □
Theorem 2. If the feasible set defined by C is convex,
the optimal solution of Eq. (10) implies that a higher loss
corresponds strictly to a higher weight.
Proof. For any two selected samples zi and zj with correspond-
ing weights wi and wj obtained by solving Eq. (10), we prove
ℓ(θ; zi) > ℓ(θ; zi) ⇒ wi > wj . Let w = [..., wi, ..., wj , ...]
be the optimal solution of Eq. (10), and we have following
inequality

N∑
k=1

wkℓ(θ; zk) > wjℓ(θ; zi) + wiℓ(θ; zj) +

N∑
k ̸=i,j

wkℓ(θ; zk),

(16)
where we swap wi and wj on the RHS to satisfy the simplex
constraint. By canceling the identical terms and simplifying
the Eq. (16), we arrive at

(wi − wj) (ℓ(θ; zi)− ℓ(θ; zj)) > 0.

Then we get wi > wj , which completes the proof. □
Corollary 1. Supposing that reweighting and resampling takes
the same sample importances, the gradient variance of resam-
pling is not greater than reweighing if SGD is used as the
optimizer.

Proof. Let P be the sampling proportion by which we get
training samples. The conditional variance of reweighting
under SGD can be written as

σ2
w(θ) = Ez∼P [∇θℓ(θ; z)]

2 − E2
z∼P [∇θℓ(θ; z)]

=

N∑
i=1

N(wi)
2||gi||2 − ||

1

N

N∑
i=1

wigi||2
(17)

In resampling, one either repeats sampling some data points
(i.e., oversampling) or removes some (i.e., undersampling) and
finally gets N ′ samples [71]. We use Q to denote the sampling
probability with which each observed data point participates
in training. The conditional variance of resampling under SGD
as

σ2
s(θ) = Ez∼Q[∇θℓ(θ; z)]

2 − E2
z∼Q[∇θℓ(θ; z)]

=
1

N ′

N ′∑
i=1

||gi||2 − ||
1

N ′

N ′∑
i=1

gi||2

=

N∑
i=1

wi||gi||2 − ||
1

N

N∑
i=1

wigi||2

(18)

The comparison between Eqs. (17) and (18) indicates that
σ2
w ≥ σ2

s . The variance of reweighting can be much larger if
the importance distribution is far away from the non-uniform
distribution. □

Impact of varying α. In practical scenarios, the estimated
α collected from randomized response approach may not be
as precise as expected. We have added performance results
for various α values— 1

3α, 1
2α, α, 2α, 3α, and 5α—across

all datasets. We did not include Reckoner in this group of
experiments, as its formulation is not dependent on α. The
results are presented in Fig. 7, where values corresponding to
the same α are connected with dashed lines when none of
two methods clearly dominates the others. We observe that
the performance of DRO and CVaR varies significantly with
changes in α, whereas our method, IRW, and the baseline BPF
appear more robust.

Running time comparison. We evaluate the training time of
all methods on the COMPAS and CelebA dataset. The average
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Fig. 7. Comparison of model performance for methods that incorporate α, evaluated over a range of α values.

wall-clock time across 10 trials is reported in Table IV, where
the methods in the second column additional consider outliers
problems. Based on the results, we make the following two
observations. (1) Since our method requires two backward
passes per batch update, its running cost is approximately
twice that of CVaR and BPF. Reckoner has the highest running
time, as it involves a complex teacher-student knowledge
sharing framework. (2) For methods that handle outliers, GoG
considers graph structure over individual gradients but in a
same framework with ARL, and thus it leads to higher training
cost. DORO is the most efficient among these methods, as it
simply relies on a specified outlier ratio. Our IRWO adopts
a similar strategy to GraSP, which requires clustering to
identify outliers, resulting in relatively slower training. We
acknowledge this as a limitation of this approach.

Group errors and individual errors. We present additional
experimental results shown as Fig. 8 for Section VI-D. For
clarity, we include only the sorted individual losses for DRO
and BPF to better visualize the comparison. The three tabular
datasets involve binary classification, where decision bound-
aries can be depicted—unlike CelebA, which is a multi-class
classification task.
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3087, 2022.

[19] T. Jang, P. Shi, and X. Wang, “Group-aware threshold adaptation for
fair classification,” in Proceedings of the AAAI Conference on Artificial
Intelligence, vol. 36, no. 6, 2022, pp. 6988–6995.

[20] J. Rawls, Justice as fairness: A restatement. Harvard University Press,
2001.

[21] N. L. Martinez, M. A. Bertran, A. Papadaki, M. Rodrigues, and
G. Sapiro, “Blind pareto fairness and subgroup robustness,” in Interna-
tional Conference on Machine Learning. PMLR, 2021, pp. 7492–7501.

[22] X. Wang, J. Li, I. Tsang, and Y. S. Ong, “Towards harmless rawlsian
fairness regardless of demographic prior,” Advances in Neural Informa-
tion Processing Systems, vol. 37, pp. 80 908–80 935, 2024.

[23] S. Barocas and A. D. Selbst, “Big data’s disparate impact,” Calif. L.
Rev., vol. 104, p. 671, 2016.

[24] S. Samadi, U. Tantipongpipat, J. H. Morgenstern, M. Singh, and S. Vem-
pala, “The price of fair pca: One extra dimension,” Advances in neural
information processing systems, vol. 31, 2018.

[25] H. Vu, T. Tran, M. Yue, and V. A. Nguyen, “Distributionally
robust fair principal components via geodesic descents,” in The Tenth
International Conference on Learning Representations, ICLR 2022,
Virtual Event, April 25-29, 2022. OpenReview.net, 2022. [Online].
Available: https://openreview.net/forum?id=9NVd-DMtThY

[26] J. Chi, Y. Tian, G. J. Gordon, and H. Zhao, “Understanding and
mitigating accuracy disparity in regression,” in International conference
on machine learning. PMLR, 2021, pp. 1866–1876.

[27] M. Veale and R. Binns, “Fairer machine learning in the real world:
Mitigating discrimination without collecting sensitive data,” Big Data
& Society, vol. 4, no. 2, p. 2053951717743530, 2017.

[28] K. Holstein, J. Wortman Vaughan, H. Daumé III, M. Dudik, and
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