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We study the dynamical behavior of droplets on a viscoelastic soft substrate. Using thin film approximation for hydro-
dynamics and time-dependent Winkler’s substrate model, we show numerically how droplet growth depends strongly on
viscous damping characteristic of the substrate, leading to asymmetric stick-slip dynamics corroborated by experimen-
tal observations. Scaling arguments are presented to rationalize radial growth and the underlying substrate response to
viscoelastic limits. Using an adjacent pair of inflating droplets, we report strongly diverse coalescence outcomes with
non-linear coalescence times, including attraction, repulsion, and remarkably, a separation regime, within which the
two droplets grows away from each other and remain separated due to intervening wetting ridges. Together, our results
indicate strong interactions between substrate and droplet across viscoelastic and capillary time-scales, with practical
implications for smart surface engineering, condensation and coalescence control.

I. INTRODUCTION

The wetting behavior of liquid droplet1 on a soft substrate
has been a subject of significant interest2–4 with numerous
practical applications.5,6 Unlike a rigid substrate, a soft sub-
strate deforms in response to the unbalanced vertical force
component at the contact line of the liquid, leading to a mi-
croscopic surface protrusion commonly known as a wetting
ridge.7 The corollary to this observation is that the well-
known Young’s law is inaccurate for droplet behavior on soft
substrates.8 To this, one could introduce a Neumann’s trian-
gle to resolve the forces at the contact line9 of a droplet on soft
solids10 or deformable membranes.11 This approach, however,
fails to account for elastic nature of the substrate near the
contact line12 and also neglects liquid-vapor thermodynamic
equilibrium.13

The latter raises the question on the effects of disjoining
pressures14 near the contact line, which can be considered
under the form of an adsorbed precursor film whose thick-
ness is defined by a balance of stresses including the Laplace
pressure.15 To that, Ahmed and co-workers16 considered a
sessile droplet on a thin film, whose thickness is defined by
disjoining and capillary pressures. In turn, the liquid film rests
on a soft substrate defined only by a Winkler’s stress model,17

which directly relates an imposed stress to substrate defor-
mation. The result is a thermodynamically consistent model
which can be used to describe droplet behavior on soft sub-
strates, such as one involving contact angle hysteresis18 or
simply an elastic substrate that can be modeled accurately us-
ing the finite elements method.19 Unfortunately, the thin film
model is typically compromised by the lack of detail of the de-
formable substrate itself, which tends to be complex,20 even
without accounting for large strain phenomena such as the
Shuttleworth effect.21

So far we have focused mainly on static droplets on soft
substrates, but what about a droplet in motion? For one, a
droplet can be induced to move along stiffness gradients on

a)Electronic mail: leongfy@ihpc.a-star.edu.sg

substrates generally from stiffer regions to less stiff ones,22 al-
though for non-wetting droplets with large contact angles, the
opposite may be true.23 Interestingly, such spontaneous mo-
tions of droplets are reminiscent of durotactic migration of bi-
ological cells on substrates with similar stiffness gradients.24

Alternatively, a stationary droplet on a soft substrate can
be made to grow in volume so that the contact line moves
outwards as the droplet expands. Accordingly, Kajiya and
co-workers25 found that as a droplet is inflated on a soft SBS-
paraffin gel, there exists a stick-slip regime at some intermedi-
ate growth rate, where the contact line is pinned momentarily
and suddenly slips forward. This stick-slip regime bridges the
continuous advancing regime at low and high growth rates,
which suggests a coupling of visco-elastic frequency of the
soft material and the contact line velocity.26 A separate exper-
iment using a dip coating approach also yields similar stick-
slip transitions from continuous regimes,27 but without further
theoretical developments, the nature of these dynamic transi-
tions remain elusive.

On a related note, perhaps the most common occurrence of
droplet growth in nature lies in the form of water condensation
on a cool surface. Sokuler and co-workers28 found that the
coalescence between growing condensed droplets seems to
occur more slowly on soft substrates compared to hard ones,
which suggests a link between soft substrates and coalescence.
Understandably, the coalescence of drops has been a subject
of innumerable works,29,30 but for sessile drops, one refers
to contact line dynamics,31 including asymmetric drops32 and
exceptional surface forces33 leading to coalescence. Unfortu-
nately, a survey of the literature34 shows that studies on coa-
lescence are mainly focused on the development of capillary
bridge, and few in the way of the substrate playing any signif-
icant role in the process.

Notably, Karpitschka and co-workers35 slid two droplets
down a soft gel and observed between the pair of droplets ei-
ther attraction or repulsion, the repulsion part being coined
the ‘inverse Cheerios effect’, which is the opposite of the
name-sake phenomena of cereals sticking to each other or to
the walls of a breakfast bowl.36 The authors had categorized
their findings as, drop-wise attraction on a thick substrate, and
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Droplet dynamics on viscoelastic soft substrate 2

drop-wise repulsion on a thin substrate. To that, they proposed
a geometric mechanism based on the substrate thickness, but
not its viscoelasticity.

On that note, some recent developments in engineering soft
materials37 herald new possibilities in tailoring viscoelastic
smart substrates to specific damping characteristics. Such
viscoelastic substrates could interact with droplets across dy-
namical time-scales with precision, leading to non-intrusive
droplet manipulation at interfacial scales and therefore excit-
ing new technologies that has not been explored hitherto.

In this study, we are interested in exploring droplet behavior
on thin films subjected to disjoining pressures on a hypotheti-
cal viscoelastic substrate through numerical modeling. Using
thin film approximations, we show how the growth of an in-
flating droplet could either be smoothly continuous, or stick-
slip depending on the substrate viscoelasticity. This dynami-
cal analysis is extended to the case of two inflating droplets so
that coalescence could occur between them, and we rational-
ize the diverse patterns that emerge as a consequence.

II. THEORY AND MODELING

Consider a liquid droplet on a soft deformable substrate
covered by an equilibrium thin film (Fig. 1a). Using the
long wave approximation,38 the thickness of the liquid film
h evolves in two-dimensional space x, y and time t, according
to

∂th =− 1
3µ

∇h3
∇P−G, (1)

where µ is the dynamic viscosity and G is the source term.
The excess pressure P, a Lagrange multiplier, depends on hs
the deviation of the substrate height from the far-field equilib-
rium, so that

γ∇
2(h+hs)+Π(h) = P, (2)

γs∇
2hs−Π(h) =−(P+Ps) , (3)

where γ and γs are the liquid-vapor and solid-liquid interfacial
tensions.

The disjoining stress due to solid-liquid interaction is mod-
eled as a sum of short-ranged repulsive and long ranged at-
tractive forces per area, as

Π(h) = Π0

[(
he

h

)n

−
(

he

h

)m]
, (4)

where Π0 is a constant, he is the equilibrium film thickness
and (n,m) are positive exponents chosen as (3,4).38,39 Trun-
cated linear40 or layered18 models are reasonable choices as
well, even if the derivative of the disjoining pressure function
may be discontinuous. The use of disjoining pressure caters

2r0

G

2r0 2r0

G G

2L

he

hs
Δhs

-

Δhs
+h

a)

b)

c)

FIG. 1. (a) Schematic diagram of droplet on soft substrates, where h
is liquid height, hs is substrate deformation and he is equilibrium film
thickness. (b) Single droplet with initial radius r0 (dashed) growing
at rate G into a larger droplet (dotted) at time t (see Section III). (c)
Two identical droplets, initially spaced 2L apart (dashed), each grow-
ing at rate G until coalescence at time tc along with the formation of
a transient capillary bridge (dotted) between them (see Section IV).

to a continuous thin liquid film which resolves issues related
to the three phase contact line.

The underlying soft substrate responds to the hydrodynamic
and disjoining stress through mechanical deformation. As-
suming linear elasticity, we employ the Winkler’s foundation
model,17 which linearly associates local deformation to ap-
plied local stress,16,40 and include a dynamic term to account
for dynamic viscoelasticity,41 so that

Ps = kshs +µs∂ths, (5)

where ks is the coefficient of subgrade reaction, or substrate
stiffness coefficient, and µs is the viscous damping coefficient.

The evolution equation 1 is initialized with a droplet of
hemispherical cap of specific radius and numerical solutions
are performed on a finite element solver (Comsol v3.5a) and
mesh independence is verified in each case to within 5 % ac-
curacy of all dependent variables. For water, the room tem-
perature bulk value for surface tension γ is 0.072 N ·m−1 and
dynamic viscosity is 0.001 Pa · s. The equilibrium film thick-
ness he is set as 0.10 µm, which is reasonably small for sim-
ulation scales larger than a micron. The disjoining pressure
coefficient Π0 is 5.0 MPa, a value found to yield an equilib-
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Droplet dynamics on viscoelastic soft substrate 3

rium droplet size close to its initial state of a hemispherical
cap of specific radius, which makes it convenient for initial-
ization and subsequent parametric analyses.

Although the thin film approximation, ∂ (h+ hs)/∂xi � 1
and ∂hs/∂xi � 1 for xi = x,y, may not be strictly valid
throughout the computational domain, it has been shown to
adequately describe droplets with O(1) aspect ratios16, and
compare well against other slip models42 and experiments39.
The present model yields droplet morphology and dynamic
behavior that matches experimental observations (see Section
III).

III. DROPLET GROWTH

Here we investigate the dynamic growth of a droplet initial-
ized as a hemispherical cap of radius r0 ≡ 10he at a constant
"inflation" rate25 defined by a growth rate of film height G
within a circle of radius r0 (Fig. 1b). Here we assume that the
infusion process is non-intrusive with growth rates fast com-
pared to evaporation rates, and the droplets are sufficiently
small for elasto-capillary waves and surface tension gradients
to be negligible.

Following parameter calibration (see Appendix A), the
model substrate has a reference stiffness kre f of 6.94×10−5

and tension γre f of 0.52. Simulations are conducted varying
the substrate viscous damping, normalized and referred to as
3Gµshe/4γ .

We report in Fig. 2 droplet and substrate height profiles
taken at a normalized growth time 3Gt/2r0 of 150 and the ef-
fect of viscous damping 3Gµshe/4γ from 100 to 104. First we
observe that the substrate deformation magnitudes decrease
with increasing viscous damping, with minimum value indi-
cating the depth of deformation at the center of the drop, and
maximum value indicating the height of the wetting ridge.
Also, we find that the characteristics of substrate growth are
distinctive in each case, starting from the smooth symmetric
growth profile (I), to an asymmetric one (II), to one charac-
terized by stick-slip motion of the growing drop, evidenced
by residual ridge patterns (III), which becomes increasingly
uni-directional in growth (IV), and finally back to a smooth
symmetric growth (V).

These observations agree with the trends reported in
droplet growth experiments which also feature transitions
from continuous to stick-slip and back to continuous growth
profiles.25,26 In addition, we note that the residual patterns
left on the substrate after droplet growth experiments25 dif-
fers greatly from their proposed concentric ring model, which
suggests stick-slip growth in all directions. In reality, the ridge
patterns progress by propping outwards in directional periodic
steps that give rise to a clear advancing edge. On the other
end of the droplet, there exists a trailing edge which hardly
moved at all. We find that these features are well captured
by our model and the substrate pattern at the stick-slip regime
(see case III) closely matches the image obtained by Kajiya et
al.25 Apart from ridge patterns, we also found that the wetting
ridge is taller along the trailing edge compared to the advanc-
ing front (see cases II to IV). This creates a physical barrier

against slip at the trailing edge and further reinforces the di-
rectionality of drop spreading at the front.

As for symmetry breaking, we point out that asymmetric
solutions emerge due to numerical imperfections of the finite
element mesh scheme, and these solutions are otherwise spon-
taneous and stable (see Appendix B). Parallel tests based on
alternative mesh schemes set up using non-interactive internal
boundaries, results in nearly identical solutions for all cases
involving symmetry breaking (II to IV), each only differing in
the direction of droplet spreading.

Here we further analyze droplet growth behavior based on
viscous damping. Given that the initial droplet height based
on a hemispherical droplet cap is h0 ≡ 10he, we define the
droplet within a continuous boundary with a height threshold
equal to twice the equilibrium film thickness h > 2he. This
yields the droplet area Ah>2he as a function of time t, for a
given constant growth rate of film height G within a circle of
radius r0. Figure 3 shows a plot of apparent droplet radius
r ≡

√
Ah>2he/π against normalized time 3Gt/2r0 for varying

substrate viscous damping 3Gµshe/4γ . Based on an idealized
hemispherical droplet cap of radius r and volume V = 2πr3/3,
initialized at radius r0, the radial growth expression can be
written as,

(
r
r0

)3

=
3Gt
2r0

+1, (6)

which is shown to produce a good fit for the undamped (µs =
0) case (see inset of Fig. 3). Indeed, this one-third power
law for radial growth rate r ∼ t1/3 is frequently found in con-
densation of droplets.43 However, for soft substrates, smaller
droplets find significant fractions of their volume buried deep
within the substrate due to large Laplace pressures. Balancing
capillary and substrate pressures γ∇2h∼ kshs leads to h∼ r2,
so given the volume of a half ellipsoid V ∼ r2h, one expects
a one-fourth power law r ∼ t1/4 for radial growth for small
droplets, which is indeed the case as shown in inset of Fig. 3a.
Note that this should not be confused with diffusion-limited
condensation growth, which incidentally also features a one-
fourth power law.44

On the other hand, excessive viscous damping 3Gµshe/4γ

leads to a decoupling between the droplet and the substrate,
resulting in a droplet with a greater surface area Ah>2he com-
pared to an under-damped droplet of the same volume. In
this case, we could use a generalized drop model of volume
V = πh(3r2 + h2)/6, with height h and initial radius r0, and
express the radial growth as

(
r
r0

)3

=

(
4

a3 +3a

)(
3Gt
2r0

)
+1, (7)

where a ≡ h/r is a constant ratio of droplet height to radius;
naturally, a= 1 leads to the spherical cap limit. By inspection,
we find that a∼ 0.64 yields an excellent approximation for the
over-damped limit (Fig. 3a).

Further inspection shows that both under-damped (µs = 0)
and over-damped radial growth profiles are bridged by a tran-
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Droplet dynamics on viscoelastic soft substrate 4

FIG. 2. Snapshot of an inflating droplet initialized as a hemispherical cap of radius r0 ≡ 10he taken at normalized time 3Gt/2r0 of 150, on a
substrate with stiffness kre f of 6.94×10−5 and tension γre f of 0.52. Results are shown in panels of size 250 by 250 and color-scaled to height.
Cases I to V (top down) characterize substrate response to increasing viscous damping 3Gµshe/4γ from 100 to 104, leading to continuous to
stick-slip to continuous transitions as reported in experiments.26

sition case II (plus symbol) and a stick-slip case III (star sym-
bol). Specifically, the latter stick-slip regime (case III) fea-
tures a staggered growth curve (in asterisk symbols), where
its deviations become increasingly pronounced at larger drop
sizes. To see stick-slip dynamics in detail, we plot the time
evolution of a case III droplet along an arbitrary lateral axis,
with droplet height shown on top (shifted vertically for clar-
ity) and substrate height below (Fig. 3b). For comparison, we
scale the substrate height against film thickness he, and droplet
height against the droplet length scale r0 ≡ 10he, and with
that, one finds that the positions of substrate wetting ridges
are aligned with the slowed sections of the moving contact
time, as the droplet undergoes stick-slip motion to the right.
On the left, however, the wetting ridge walls up rapidly in
time, which directly prevents the droplet from slipping in that
direction. Droplet-substrate time-series plotted along differ-
ent axes also result in qualitatively similar trends (results not
shown).

To see how droplet and substrate dynamics depends on
growth rates, we plot the substrate height for both maxi-
mum wetting ridge height (positive values) and minimum
depression depth (negative values) against viscous damping
3Gµshe/4γ (cases I to V), and show that the height differences

taken at time 3Gt/2r0 of 150 all decay to zero with increas-
ing viscous damping 3Gµshe/4γ (Fig. 4a). Holding the nor-
malized time 3Gt/2r0 constant at 150, we show that varying
growth rates 3Gµ/4γ over two orders of magnitude results in
a collapse into the same master curve, thus demonstrating that
the droplet and substrate heights are appropriately normalized
and they are independent of growth rates.

Using the same approach, we check for parametric sensi-
tivity for static solutions in terms of substrate stiffness ks and
tension γs. Figure 4b shows logarithmic plots of the maxi-
mum wetting ridge height |∆h+s |/he and depression |∆h−s |/he
against substrate stiffness ksh2

e/γ , varying tension γs/γ all
taken at time 3Gt/2r0 of 150. Qualitatively, we find that
the center depression magnitude |∆h−s | decays monotonically
with increasing substrate stiffness ks, whereas the wetting
ridge height |∆h+s | is at maximum for some intermediate stiff-
ness, and diminishes in both limits of substrate stiffness. An-
other observation is that the wetting ridge height is greater
than depression depth |∆h+s |> |∆h−s | in the stiff limit and that
the reverse |∆h−s |> |∆h+s | is true in the soft limit, with a cross-
over at, again, some intermediate stiffness. This conforms to
the macroscopic intuition that droplets tend to sink in soft sub-
strates and float on stiff ones.
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Droplet dynamics on viscoelastic soft substrate 5

FIG. 3. (a) Radial growth of droplet initialized as a hemispherical cap of radius h0 ≡ 10he on substrate in time 3Gt/2r0 with viscous damping
3Gµshe/4γ corresponding to cases I to V (see legend). Distinct under-damped (µs = 0) and over-damped radial growth profiles are bridged by
a transition case II (plus symbol) and a stick-slip case III (star symbol). Continuous line plots refer to an idealized spherical cap growth (a = 1)
and a generalized growth model (a = 0.64), where a≡ h/r is the height to radius ratio. Inset shows log-log re-plot revealing a transition from
a 1/4 power law for small droplets to 1/3 expected for constant volumetric growth. (b) Stick-slip dynamics of a droplet (top) and substrate
(bottom) height profiles under the stick-slip regime (case III) along an arbitrary axis. Droplet height profiles (top) are shifted vertically by plus
10 units for clarity and the frame interval 3G∆t/2r0 is 7.5 units. Here, the wetting ridge on the left is shown to wall up significantly as the
droplet undergoes periodic stick-slip motion towards the right.

FIG. 4. (a) Maximum wetting ridge height (positive values) and minimum depression depth (negative values) decay with viscous damping
3Gµshe/4γ (cases I to V) taken at time 3Gt/2r0 of 150. Results are independent of growth rate, as shown by the collapse of data under different
growth rates (see legend). (b) Logarithmic plots of maximum wetting ridge height |∆h+s |/he and depression |∆h−s |/he against substrate stiffness
ksh2

e/γ , varying tension γs/γ , taken at time 3Gt/2r0 of 150.
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Droplet dynamics on viscoelastic soft substrate 6

In the limit of stiff substrates, the bulk of the droplet rests
above the equilibrium substrate height. Balancing substrate
rigidity and capillarity at droplet center, ks∆h−s ∼ γ/R, leads
to a scaling argument for depression magnitude |∆h−s at the
drop center, namely,

∆h−s
he
∼ he

R

(
ksh2

e

γ

)−1

. (8)

For a drop at a constant volume, the power law for the de-
pression magnitude ∆h−s scaling against stiffness parameter
ksh2

e/γ is -1 as indicated by the slope shown in Fig. 4b. Note
that this scaling argument is independent of substrate tension
γs, and one indeed finds that the various ∆h−s curves with dif-
ferent tensions collapse into a master curve towards the stiff
limit.

As for contact line elevation ∆h+s in the stiff limit, one
considers the lateral length-scale l2 ∼ γs/ks, so the balance
of substrate rigidity and capillarity across the ridge yields
ks∆h+s ∼ γ/l and leads to

∆h+s
he
∼
[(

ksh2
e

γ

)(
γs

γ

)]− 1
2

. (9)

Note the ridge elevation ∆h+s scales inversely against stiffness
parameter ksh2

e/γ to the power of one-half, matched by the
sloped line in Fig. 4b. Note the same inverse square-root
dependence on substrate tension γs, a trend also corroborated
by numerical data (see legend of Fig. 4b).

IV. DROPLET COALESCENCE

Here we extend the preceding growth analysis to two
droplets simultaneously inflated at a constant rate G within
a circle of radius r0 centered at a distance 2Lc ≡ 10r0 from
each other and investigate coalescence phenomena in time as
the distance between the contact lines diminish to zero (Fig.
1c). At this distance, droplets are sufficiently close that they
interact with each other through substrate coupling, so spread-
ing is no longer determined by stochastic symmetry breaking
(Fig. 2).

Figure 5 shows the evolution of substrate due to both
droplet growth and coalescence, in terms of viscous damp-
ing 3Gµshe/4γ . We observe a surprisingly rich diversity in
substrate patterns due to non-linear coalescence outcomes, as
we traverse top-down with increasing viscous damping as be-
fore (cases I to V). Case I is characterized by late coales-
cence between the substrate ring ridges, and the maximum
ridge heights can be found equidistant between the individual
droplet centers. Case II, in contrast to case I, is characterized
by an early coalescence, so that the coalesced substrate re-
sembles an elongated depression at the center surrounded by
a ridge, which are raised at the far ends away from the center.
Case III, like case II, is also characterized by early coales-
cence, but in addition, overlapping and intersecting substrate

residual patterns are observed as expected of growth under the
stick-slip regime.

Remarkably, case IV shows no coalescence and the droplets
remain separated, even up to 3Gt/2r0 of 150. Instead, the
droplets grow independently and extend in the direction away
from each other. Note also that the ridges between the droplets
are raised into a physical barrier between the droplets that
seemingly must be overcome before coalescence can occur.
Finally, case V sees a return of coalescence which is appre-
ciably faster compared to case I. Even though the substrate
patterns are very shallow, they are visually interesting: ridge
heights are maximized at the loci where the residual ring pat-
terns superimpose and intersect.

With that, we now turn our attention to droplet coalescence,
since droplets are more experimentally observable compared
to substrate deformations. Figure 6 shows that case I is char-
acterized by late coalescence into a capsule shaped droplet,
whereas case II is characterized by early coalescence into a
stretched droplet, which eventually grows into a spherical one.
Case III also tends towards early coalescence but the differ-
ence is that the resultant droplet is less stretched and eventu-
ally stick-slips into an asymmetric one. As for case IV, the
droplets do not coalesce, as expected based on the substrate
pattern behavior shown previously, except now we see the
phenomenological evidence that the droplets are in fact sep-
arated for extended period of time. Finally, case V droplets
grow and coalesce in an almost similar way as case I, except
that the eventual coalesced droplet is spherical.

Between substrate and droplet profiles, the coalescence
time appears to be non-linearly dependent on the damping
characteristics of a viscoelastic substrate. This is a somewhat
unintuitive result, since individual droplet has been shown to
produce smoothly varying radial growth curves bridged only
by a stick-slip intermediate regime (Fig. 3a). Instead, our
results show that the substrate-droplet pairs interact signifi-
cantly across viscoelastic timescales leading to non-linear co-
alescence outcomes, as exemplified by the protracted separa-
tion between droplets seen in case IV.

To quantify this result, we first define coalescence time
tc as the time when the contact lines defined by h > 2he
would intersect, and plot the normalized coalescence time
3Gtc/2r0 against viscous damping 3Gµshe/4γ as shown in
Fig. 7a. Starting from an under-damped coalescence time
limit of 97.5, we find that the coalescence time first increases
with increasing viscous damping, which we term as repul-
sion regime, and then decreases as coalescence occurs rapidly,
which we term as attraction regime, before hitting a separa-
tion regime, where droplets remain separated over an indefi-
nite period of time. With further increase in viscous damping,
we find the droplets would coalesce once again, with a coa-
lescence time that tends towards an over-damped coalescence
time limit of 61.5. For comparison, one considers an adja-
cent pair of droplets with initial droplet radii r0 and center-to-
center half-length Lc on rigid, stiff surface limit with a con-
tact time tc|r=Lc . To that, one can either read off Fig. 3(a)
along r = Lc = 5, or solve equation (7), for a = 0.64 to arrive
at a contact time 3Gtc/2r0 of 67.6, which reasonably approxi-
mates the simulated coalescence time at the over-damped limit

    
Th

is 
is 

the
 au

tho
r’s

 pe
er

 re
vie

we
d, 

ac
ce

pte
d m

an
us

cri
pt.

 H
ow

ev
er

, th
e o

nli
ne

 ve
rsi

on
 of

 re
co

rd
 w

ill 
be

 di
ffe

re
nt 

fro
m 

thi
s v

er
sio

n o
nc

e i
t h

as
 be

en
 co

py
ed

ite
d a

nd
 ty

pe
se

t. 
PL

EA
SE

 C
IT

E 
TH

IS
 A

RT
IC

LE
 A

S 
DO

I: 1
0.1

06
3/5

.00
11

15
1



Droplet dynamics on viscoelastic soft substrate 7

FIG. 5. Substrate height time-series (left to right) involving a pair of coalescing droplets each initialized as a hemispherical cap of radius
r0 ≡ 10he growing at a constant rate G within a circle of radius r0 centered 2Lc ≡ 10r0 from each other, shown in panels of size 250 by 250
and color-scaled to substrate height hs. Substrate parameters are stiffness kre f of 6.94×10−5 and tension γre f of 0.52, with viscous damping
3Gµshe/4γ shown in increasing order, from top to bottom (Cases I to V). Diverse substrate patterns emerge from coupled interactions between
viscoelastic and growth timescales, as well as coalescence dynamics.

of 61.5.
The circle symbols shown on Fig. 7a indicate coalescence

times for cases I, II, III and V, with case IV within the sep-
aration regime. To see how coalescence is stymied, we plot
the evolution of substrate height for case IV in time as shown
in Fig. 7b. Observe how the wetting ridges along the droplet
centerline approach until a fixed distance before growing ver-
tically upwards. The rate of upward growth 2r0∂th/3Ghe
is approximately constant so we can plot it against viscous
damping 3Gµshe/4γ using modeling results obtained within
the separation regime. The result is an inverse dependence as
shown in inset of Fig. 7b, which suggests that an appropriate
scaling for the growth rate of the wetting ridge is

∂h
∂ t
∼ 2γ

µsr0
, (10)

which is independent of droplet growth rate.

When coalescence does occur, the onset of coalescence
is characterized by the formation and growth of a capillary
bridge between the droplets. For under-damped case I, we find
a separation of time scales between the merging of substrate
wetting ridge and the formation of liquid bridge as shown
in Fig. 8(a,b). Since the deformation of the substrate is
slow compared to the growth rate of the capillary bridge, the
substrate height profile is essentially static at capillary time-
scales. In contrast, for over-damped case V, the coalescence
and formation of bridge follows that of droplets on a rigid
substrate.45

The apparent decoupling of time scales for under-damped
case I suggests that the formation and growth of capillary
bridge can be examined independently. Figure 9a shows
that the capillary bridge height in post-coalescence time de-
pends on the viscous damping, specifically, the under-damped
growth (case I) is shown to level off quickly, whereas the over-
damped growth (case V) persists. Rescaling to capillary time-
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Droplet dynamics on viscoelastic soft substrate 8

FIG. 6. Droplet height time-series (left to right) involving a pair of coalescing droplets each initialized as a hemispherical cap of radius
r0 ≡ 10he growing at a constant rate G within a circle of radius r0 centered 10r0 from each other, shown in panels of size 250 by 250 and
color-scaled to height (h+hs). Substrate parameters are stiffness kre f of 6.94×10−5 and tension γre f of 0.52, with viscous damping 3Gµshe/4γ

shown in increasing order, top to bottom (cases I to V). Dynamic interactions between growing droplets and viscoelastic soft substrate yield
nonlinear coalescence outcomes not observed for rigid substrate cases.

scales, Fig. 9b shows that the growth curves are linear at early
times, corroborating a known scaling law for bridge height
hc ∼ (t− tc) obtained by balancing Laplace pressure and vis-
cous stress.46

V. CONCLUSIONS

We determined that liquid droplets interact with soft sub-
strates across viscous time-scales leading to diverse out-
comes. At intermediate viscous damping, an inflating droplet
is shown to undergo stick-slip dynamics at the advancing
wetting edge. Despite limitations in thin film approxima-
tion, our numerical simulations have accurately reproduced
observations from published experimental results,25 including
a globular advancing front and a static rear, with no param-
eter adjustments. Significantly, when two adjacent droplets
are inflated simultaneously, we found that differences in vis-

cous damping could lead to non-linear coalescence outcomes,
including attraction, repulsion and intriguingly, a separation
regime, where growing droplets are prevented from coalesc-
ing over extended periods of time.

Here, we turn to an earlier study of water condensation
on two cooled PDMS substrates, one more rigid than the
other, under otherwise identical experimental conditions.28

After four minutes, the droplets on the harder surface were ob-
served to be predominantly spherical in shape, whereas those
on the softer surface were, oddly enough, ellipsoidal. We
note that our models show that the coalesced droplet is spher-
ical for the over-damped case (case V), but ellipsoidal for the
under-damped case (case I). The latter offers an explanation
as to why isolated condensates were seen as ellipsoidal on soft
substrates28 – those are coalesced droplets.

On engineered surfaces, it is known that droplets sponta-
neously move on substrates with stiffness gradients22 in a
direction that also depends on wetting properties.23 In re-
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Droplet dynamics on viscoelastic soft substrate 9

FIG. 7. (a) Plot of coalescence time 3Gtc/2r0 against viscous damping 3Gµshe/4γ in semi-log scale reveals repulsion, attraction and separation
regimes. Left arrow indicates under-damped soft limit (µs −→ 0) and right arrow indicates over-damped rigid limit (µs −→ ∞). Representative
points (circle symbol) refer to cases I, II, III and V, and the arrow-head highlights to stick-slip regime. (b) Evolution of substrate height hs/he
along the center-line between separated droplets for case IV shows the attraction and growth of wetting ridges at a nearly constant rate. Inset
shows logarithmic plot of the average growth rate of the ridge 2r0∂th/3Ghe against the viscous damping 3Gµshe/4γ , using only data points
within the separation regime.

lated fields such as biology, we know that cells can prefer-
entially migrate on soft substrates with stiffness gradients via
durotaxis.24 Although cells are known to gauge viscoelastic
resistance to the traction force they apply on substrates,47 it
is not clear how cellular locomotion depends on the viscous
damping component,48,49 especially when contact guidance50

is involved. We hope our study can inspire similar research
based on dynamics of biological substrates including extra-
cellular matrix.

Finally, we posit that dynamics of droplets on viscoelas-
tic soft substrate will feature prominently in surface modifi-
cation, either to prevent or to promote coalescence between
condensates. Our study provides a roadmap for potential in-
novations in smart materials tuned for condensation control
and self-cleaning applications.
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APPENDIX A: PARAMETER ESTIMATION

The model contains parameters which can be estimated us-
ing experimental fitting, namely, the substrate stiffness coeffi-
cient ks and the solid-liquid interfacial tension γs. To that, we
reference experimental data taken from Ref. 22 for two sepa-
rate cases: a thin substrate case (14 µm), and a thick one (50
µm). We seek a fit in substrate height profile by optimizing
both stiffness ks and tension γs parameters. Since interfacial
tension γs is independent of substrate thickness, we constrain
the optimization so that the interfacial tension values are iden-
tical for both thick and thin substrate cases.

Fig. 10 shows the substrate height profiles for varying
droplet sizes and their corresponding model fits using sub-
strate stiffness ks of 3.33 GPa/m for thin and 0.50 GPa/m for

    
Th

is 
is 

the
 au

tho
r’s

 pe
er

 re
vie

we
d, 

ac
ce

pte
d m

an
us

cri
pt.

 H
ow

ev
er

, th
e o

nli
ne

 ve
rsi

on
 of

 re
co

rd
 w

ill 
be

 di
ffe

re
nt 

fro
m 

thi
s v

er
sio

n o
nc

e i
t h

as
 be

en
 co

py
ed

ite
d a

nd
 ty

pe
se

t. 
PL

EA
SE

 C
IT

E 
TH

IS
 A

RT
IC

LE
 A

S 
DO

I: 1
0.1

06
3/5

.00
11

15
1



Droplet dynamics on viscoelastic soft substrate 10

FIG. 8. (a,b) Evolution of liquid (upper) and substrate (lower) heights of the capillary bridge formed during coalescence for the under-damped
case I, either aligned (a) or orthogonal (b) to the centerline between droplets, at frame interval 3G∆t/2r0 of 1.5 units. Substrate profile in (b)
has been lowered by 2 units for clarity. (c,d) Evolution of liquid height of the capillary bridge formed during coalescence for the over-damped
case V, either aligned (c) or orthogonal (d) to the centerline between droplets, at frame interval 3G∆t/2r0 of 0.15 units. Substrate heights are
negligible in this case.

thick substrate cases, and interfacial tension γs of 0.0375 N/m
for both. For static problems, the viscous damping coefficient
µs is neglected. Comparison between the experimental and
model substrate profiles for droplets of different radii show
that both the modeled ridge height and substrate depth are in
agreement, which is reasonable considering that only a two-
parameter fit has been employed in a highly idealized sub-
strate model. Still there are some discrepancies between the
model fit and the experiment. For example, for small droplets
on thin substrate, the substrate depression is under-estimated
by the model, whereas for large droplets on thick substrate,
the modeled depression is an over-estimate. In addition, the
edges of the wetting ridge for thin substrates are convex, due
to finite film thickness and material incompressibility.51 These
features cannot be captured by either a reduced model52 or a
one-dimensional Winkler’s model16, but they can be resolved
by solving the full elastic equations for the substrate.52

This allows us to estimate characteristic values of substrate

stiffness and tension of actual soft materials used in experi-
ments. Based on the thick substrate case, we find substrate
stiffness ks = 0.50 GPa/m and interfacial tension γs = 0.0375
N/m, which translate to reference stiffness kre f ≡ ksh2

e/γ of
6.94×10−5 and reference tension γre f ≡ γs/γ of 0.52.

APPENDIX B: SYMMETRY BREAKING AND MESHING

To show that asymmetric results (see Fig. 2) are physical
and reproducible, simulations of stick-slip regime (Case III)
are repeated with different mesh schemes, based on either ad-
vancing front or Delaunay tessellation. Mesh refinement is
performed by limiting the maximum size of finite elements
within a circle of radius 10r0 from the center. Numerical
solvers are identical in all cases.

In the absence of external perturbations, the directions of
droplet spreading and stick-slip growth depend only on nu-
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Droplet dynamics on viscoelastic soft substrate 11

FIG. 9. Plots of capillary bridge height (hc−he)/r0 midpoint between coalescing droplets against time after contact 3G(t− tc)/2r0 for select
viscoelastic cases I, III and V. (b) Logarithmic plots of capillary bridge height (hc− he)/r0 against rescaled time γ(t− tc)/µr0 shows linear
growth at early times, independent of viscous damping.

merical imperfections of the underlying mesh (Fig. 11).
Asymmetric solutions are shown to be stable with increasing
mesh resolutions.
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FIG. 10. Substrate profiles for varying droplet radii comparing experimental data (symbol) sampled from Ref.22 and model fittings (line), based
on (a) thin substrate (14µm) using substrate stiffness ks of 3.33 GPa/m, and (b) thick substrate (50µm) using ks of 0.50 GPa/m, and substrate
tension γs of 0.0375N/m for both. Liquid surface tension γ is 0.072N/m, dynamic viscosity µ is 0.001 Pa · s, equilibrium film thickness he is
0.1 µm, disjoining pressure coefficient Π0 is 5.0 MPa and viscous damping coefficient µs is neglected. Figure dimensions are in microns.
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Advancing front Delaunay
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FIG. 11. Simulations of a Case III droplet (Fig. 2) repeated with different mesh schemes, based on either advancing front (left column) or
Delaunay (right column) tessellation. Colored panels indicate scaled substrate height. Asymmetric solutions are shown to be reproducible and
stable with increasing mesh resolutions.
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