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Abstract

Age of information (Aol) is an effective measure of the information freshness for wireless net-
worked control systems (WNCSs). However, the Aol performance for a closed loop of WNCS with
two-way delays has remained unexplored, especially in the finite blocklength (FBL) regime. In this
paper, we investigate the peak age of loop (PAoL) performances, including the average, variance and
outage probability of PAoL, for WNCSs with FBL over fading channels. Their closed-form expressions
are respectively derived regarding the blocklength and maximum number of allowable transmissions.
We prove that the average PAoL is less than the sum of the average peak Aol in uplink (UL) and
downlink (DL) due to the coupling between UL and DL. Also, the relationship between the three PAoL
performance metrics is analyzed. It is shown that there is a tradeoff between the average PAoL and
the variance/outage probability of PAoL. Based on the comprehensive performance analysis, a PAoL-
oriented communication and control co-design is conducted with an effective blocklength adaptation
scheme. Simulation results verify the correctness of the analytical results and show that the proposed
PAoL-oriented scheme significantly outperforms the UL only and DL only optimization schemes, with

an up to 8-fold reduction in the average control cost.
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I. INTRODUCTION

Timely information access is required in real-time applications such as factory automation
and power system control [2], where the outdated packets with stale information may lead
to erroneous operations [3]. To measure information freshness, age of information (Aol) was
proposed and defined as the time elapsed since the generation of the latest successfully received
status update [3]. Peak Aol (PAol) captures the worst case of Aol and is much more tractable
[4], [5], and hence is analyzed in this paper.

Wireless networked control system (WNCS) is applied in various emerging real-time appli-
cations, thanks to its enhanced flexibility and the reduced deployment costs [6]. In WNCSs,
each sensor/controller transmits the state/action to a controller/actuator over wireless networks
to achieve a control objective [6]. Thus, it is important to characterize the information freshness
of WNCSs with two-way delays in order to ensure timely transmission and accurate control in
WNCSs.

In a real-time WNCS, the status update data is usually of limited size and therefore transmitted
with finite blocklength (FBL) [7]-[9], e.g., 20-250 bytes [10]. Using FBL is expected to reduce
Aol, while the inevitable block error probability (BLEP) may impair the Aol performance [7],
compared to the infinite blocklength (IBL) scenario. Hence, it is necessary to investigate the

impact of FBL on the information freshness of WNCSs to support real-time applications.

A. Related Work

Characterization and optimization of Aol: a) For observing the Aol during a certain time
period, time-average Aol has been analyzed for random update systems [11], multi-server systems
[12], [13] and multi-source systems [14], [15]. Subsequently, PAol was analyzed for the M /G /1
queueing model [5]. In [16], retransmission and preemption policies were applied to reduce
the average PAol in the presence of BLEP. In [17], a practical truncated automatic repeat
request (TARQ) scheme was adopted to strike the tradeoff between PAol and energy. Apart
from the time-average performance of Aol, variance of Aol [18] and PAol outage probability
[19] were proposed to indicate the fluctuation of Aol and account for extreme Aol events in
real-time applications [19]. b) Regarding the Aol in the FBL regime, the normal approximation
of achievable rate in the FBL regime was first derived [7], and the inevitable BLEP due to limits
on channel coding was obtained over the additive white Gaussian noise (AWGN) channel. The

impact of FBL on the Aol performance has been investigated for retransmissions [20], single-hop



systems [21] and multi-sensor systems [22], where the blocklength adaptation was employed to
minimize the average Aol. Our previous work analyzed the correlation between PAol and delay
in the FBL regime [23] and optimized them jointly [24]. In [25], the PAol outage probability in
the FBL regime was first characterized, based on which, the joint optimization of blocklength
and transmit power was conducted under the constraint of Aol tail in [26]. The impact of FBL
on the Aol tail was investigated in [27] for vehicular networks, where the Aol outage probability
was minimized by blocklength adaptation. However, the aforementioned work focused on the
communication system only, neglecting the interplay between Aol and sensing or control in
WNCSs.

Sensing-aware or control-aware Aol in WNCSs: A typical WNCS has two types of wire-
less transmissions, i.e., the sensor-controller and controller-actuator links. Aol and PAol have
been analyzed for WNCSs [28]-[36]. In [28] and [29], the estimation error was formulated
as a function of age-penalty and Aol, respectively, where only the unreliable uplink (UL) was
considered. Based on these, a WNCS with two-way delays was considered in [30] and [31],
where the optimal joint sensor/controller waiting policy was proposed [30] and a stability-aware
scheduling algorithm based on the communication and control co-design was provided [31]. In
[32], an online transmission policy at the sensor was proposed to minimize remote estimation
error based on the freshness-reliability tradeoff. Similar problem has been investigated in [33],
where the controller decides whether to sample a new packet or attempt for retransmission. For
WNCSs, the relationship between Aol and remote estimation error or control performance in
the FBL regime was formulated in [34] and [35].

However, most of the aforementioned work on WNCSs [28]-[33] have assumed IBL, which
can not be applied in real-time WNCSs directly. Also, only the average Aol performance
was considered in the previous work on WNCSs, which is not sufficient to characterize the
performance of real-time applications. Furthermore, UL and downlink (DL) are coupled in
WNCSs, and the overall performance is affected by the packets of UL and DL in different
manners. The aforementioned work analyzed the Aol in UL or DL only, or assumed one perfect
link in WNCSs, neglecting the mutual impact of UL and DL. By extending the current Aol
definition to take into consideration both UL and DL of the control loop in WNCSs, the age of
loop (AoL) in the IBL regime was first analyzed in [36] and an AoL-based bandwidth allocation
policy was proposed to minimize the WNCS cost. However, the balance between UL and DL,

and their relationships with overall AoL performance in WNCSs with FBL have not been studied.



The following questions remain open:

o How is the average closed-loop AoL performance of WNCSs affected by the coupling
between UL and DL in the FBL regime?

o What is the variance/outage probability of AoL affected by and how does it relate to the
average AoL?

o How to bridge the gap between communication and control in WNCSs by AoL perfor-

mances?

B. Contributions

Motivated by the open issues, in this paper, we investigate various peak AoL (PAoL) per-
formances including the average, variance and outage probability, for WNCSs with FBL, and

enable the co-design of communication and control. Our contributions are as follows!.

o We characterize the average PAoL of WNCSs in relation to PAol in UL and DL in the FBL
regime. A closed-form expression for the average PAoL over fading channels is derived as
a function of the blocklength and the maximum number of allowable transmissions in UL
and DL, with the two-way delay and BLEP considered. It is proved that the average PAoL
is less than the sum of UL PAol and DL PAol, due to the coupling of UL and DL. Also,
their gap is proved to be independent of DL and increases monotonically with the sampling
period and BLEP in UL. Our analytical results match the simulation results very well. In
contrast, the previous work on the Aol analysis of WNCSs has investigated the average
Aol in UL and DL separately [21], [28], [29], [32]-[35], or assumed IBL [28]-[33], [36],
without considering BLEP.

o In addition to the average PAoL performance, we also provide an extensive analysis of
the PAoL performance measured by variance and outage probability. Their closed-form
expressions are derived and shown to be monotonically decreasing with blocklength and

the maximum number of allowable transmissions in UL and DL. The variance and outage

Tt is noteworthy that this paper is a substantive extension of our previous work in [1]. The main differences lie in that,
1) in addition to the average PAoL performance investigated in [1], the variance and the outage probability of PAoL are also
investigated in this paper, and the relationship between the three performance metrics is analyzed; 2) a communication and
control co-design is conducted by considering the three performance metrics, while only the average PAoL was considered in
[1]; 3) extensive simulation results are presented in this paper, including the optimized variance and outage probability of PAoL

as well as the variance and the outage probability of the control cost.



probability of PAoL demonstrate the same trend. Furthermore, there exists a tradeoff between
the average and the variance/outage performance of PAoL with respect to blocklength (i.e.,
transmission rate). However, the previous work on WNCSs [28]—[35] has focused on the
average Aol performance, without considering the variance and outage probability of Aol.

« Based on the extensive performance analysis of PAoL, we conduct a PAoL-oriented commu-

nication and control co-design in WNCSs, via an effective blocklength adaptation scheme to
minimize the average PAoL subject to the constraints on the variance and the outage prob-
ability of PAoL. In particular, the optimized maximum number of allowable transmissions
and blocklengths in UL and DL are used in the control design and the corresponding average
control cost is minimized and evaluated. To obtain this, the convexity and monotonicity of
the average PAoL with respect to the blocklengths and the maximum number of allowable
transmissions are analyzed, respectively. Simulation results show that the three PAoL per-
formance metrics investigated are positively correlated with their control cost counterparts,
and that the proposed PAoL-oriented optimization scheme significantly outperforms the UL
only optimization scheme [29] and the DL only optimization scheme [21], with an up to
8-fold reduction in the average control cost.

The rest of the paper is organized as follows. The system model is presented in Section II.
Closed-form expression of the average PAoL, as well as its relationship between UL PAol and
DL PAol are derived in Section III. Variance of PAoL and PAoL outage probability are analyzed
in Section IV. PAoL-oriented communication and control co-design is provided in Section V.

Simulation results are given in Section VI, followed by conclusion in Section VII.

II. SYSTEM MODEL

As shown in Fig. 1, we consider a single-loop WNCS, which consists of a dynamic unstable
plant, an actuator, a wireless sensor, a remote controller and two unreliable channels (i.e., sensor-
to-controller and controller-to-actuator) [28]. We restrict our attention to the linear time-invariant
(LTT) system, where the plant is monitored and controlled remotely over wireless links [28]. The
operations are summarized as follows.

« The sensor takes periodic samples of the plant state with period 7' and transmits them to

the controller through an unreliable wireless channel, inducing delay 7, and transmission
error ¢, [41]. It is assumed that update packets contain [, bits of information encoded into

m, symbols with the modulation order © and symbol duration 7.



« After receiving the sensor data, the event-triggered controller calculates the control messages
that contain [y bits of information encoded into my symbols with the modulation order ©
and symbol duration 7 [41], and transmits them to the actuator via wireless network, where
the delay 74 and transmission error €4 are inevitable.

o The actuator takes an action based on the received control signals, and then the plant state

is updated according to the control system dynamics.
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Fig. 1. System model of the single-loop WNCS.
In the following, the communication and control systems are introduced, respectively.

A. Communication System in the FBL Regime

In this paper, channels are assumed to experience quasi-static Rayleigh fading, where the
channel gain h remains constant during one transmission period and varies independently among
different transmission periods [17], [21]. The instantaneous SNR is given as v = 7 |h,|2, where
v = C% denotes the average SNR with the transmit power P; and noise variance o2. Also, it is
assumed that the TARQ retransmission policy, which requires low feedback overhead, is adopted
[17], [21]. The source keeps transmitting the current status update repeatedly until the maximum
number of allowable transmissions, r, is reached or the packet is transmitted successfully.

For analytical tractability, the normal approximations of achievable rate and BLEP in the FBL
regime are employed® [7]. Therefore, with the blocklength m,,, the number of information bits

l, and a known instantaneous SNR ~, the BLEP ¢, can be expressed as

o~ Q (Vma/VO) (CO) = lafma)). M

It was illustrated in [38] that the Saddlepoint approximation is more accurate than the normal approximation in the case of
extremely low BLEP, e.g., 1071, but with no closed-form expression in general. As shown in [39], at a BLEP of 10~", the gap
between the normal approximation and practical channel coding schemes is less than 0.1 dB. Thus, the normal approximation

is considered to be a reasonable choice in system design [7], [20].



which is an upper bound on BLEP by neglecting the overhead of acquiring the instantaneous
SNR [8]. Note that the subscript « is adopted for the notion simplicity, where & = u and d denote
the UL and DL, respectively. Specifically, the Q-function is given by Q(z) = [~ \/%76_#/ 2dt.
C(v) = In(1 + 7) denotes the channel capacity per channel use (c.u.) and V() = (1 — ﬁ)

denotes the channel dispersion. Based on (1), the BLEP can be tightly approximated by trans-

forming the Q-function into the form of segmented linear functions [21], i.e.,

(

1, Y < da
1
Ea(’y) ~ 5@(7 - 504) + ]_/2, 604 S Y < 504 - % (2)
\0, 7>5o¢_%7

where §, = el/me — 1 and B, = —, /W. Since the quasi-static fading channel is
conditionally ergodic with respect to the channel realization h, the average BLEP is expressed

as €&, = [, f(7)ea(7)dy, where the probability density f(v) is an exponential function of SNR
v, as the channel gain h follows a complex Gaussian distribution with zero mean and unit

variance. Based on (2), the average BLEP can be expressed as

] . 1
ga - / Te_gea(’}/)d'y ~ 1 + <6a’7 - Bai/eﬁ - _) Vo, (3)
o 7 2

o

where v, = e 7.

B. LTI Control System

The considered LTI system is modeled as [41]
x(t) = Ax(t) + Bu(t) + w(t), 4)

where x(t) € R? is the plant state and d is the system dimension. u(t) € RY is the control
signal and ¢ is the control dimension. w(¢) is the AWGN with zero mean and variance R,,.
Also, A € R%? and B € R%*? are the constant system-transition and control-input matrixes,
respectively. We assume that the plant state is sampled periodically by the sensor at times
t, :=nT, ¥Yn € N. Letting subscript n denote the samples at ¢,,, the networked induced delays
in UL and DL at time n are denoted by 7,, and 74,, respectively, depending on the number
of transmission times and blocklengths. Then the total delay from the sensor to the actuator at
time n is given by 7, = 7, + T4, Which is assumed to be bounded by one sampling period,

ie., 7, < T, allowing packets to arrive at the receiver in the correct order [41], [42]. Before



the updated control messages are received, the actuator remains the last control input by using

zero-order-holder and we have [42]

ﬁn—h t e [tna tn + Tn)
a(t) = 5)
ﬁna te [tn+Tnatn+1)-

Then we conclude that

Xnp1 = eAx, +T00, + T, 1 + W, (6)

where T3 = [/ 7™ ¢ABdt and T} = eAT~™) [™ A'Bdt. Let p, = 1 denote the event that the

transmission in UL (o = u) or DL (o = d) is successful, whose probability is 1 — ¢,. Also,
we define p, = 0 as the event that the transmission is unsuccessful, with the probability of ¢,.
Note that the actuator takes an action based on the previous control message in case of failed

transmission [42]. Hence, the control input at time n is given by
ﬁn = PunPdnlUn + (1 - pu,npd,n)ﬁnflv (7)

and the design of u, is given in Subsection IV-B.

TABLE 1

DEFINITIONS OF THE RELEVANT VARIABLES IN THE EVOLUTION OF INFORMATION AGE IN WNCSs

Variables Definitions
« a = u and d denote UL and DL, respectively
Ma my and my denote blocklength in UL and DL, respectively
la ly and l4 denote information size in UL and DL, respectively
€a €, and eg denote BLEP in UL and DL, respectively
Ta,n Tu,n and Ty, denote transmission delay in UL and DL, respectively
15 Symbol duration
Y: The arrival interval of two consecutive informative updates
Si The service time of the i-th informative packet
A; The instantaneous Aol achieved immediately before receiving the i-th informative packet
P, o2 Transmit power and noise variance
Y ¥ Instantaneous SNR and average SNR
x(t), Xn Plant state in continuous time ¢ and discrete time n
u(t), u, Control input in continuous time ¢ and discrete time n
w(t), Wy AWGN in continuous time ¢ and discrete time n
T Sampling period at the sensor
r Maximum number of allowable transmissions




III. AVERAGE PAOL ANALYSIS OF WNCSS

In this section, the average information freshness performance of the WNCS is characterized.
Recall that the total delay from the sensor to the actuator is assumed to be bounded by one
sampling period, allowing packets to arrive at the receiver in the correct order. We present the
closed-form expressions for the average PAoL AY, UL PAol AV and DL PAol AP. Based on

these, their relationships are also analyzed.

A. Average PAoL of WNCSs

In Fig. 2, the control timeline and the corresponding evolution of Aol in the WNCS is shown.
We consider a continuous-time status-update system, where blocklength can be relaxed to a
continuous positive value and time ¢ can take any positive value. The instantaneous Aol measures
the elapsed time since the generation of the last successfully received packet, i.e., A(t) = t—u(t),
where u(t) is the generation time of the latest update that is successfully received before time ¢.
Since we focus on the loop performance, the instantaneous AoL drops when packets in UL and
DL are both transmitted successfully, as shown in Fig. 2. It is assumed that the i-th update is
generated at time g; by the source (sensor) and successfully received by the destination (actuator)
at time d;. Then the service time of the i-th update in the loop can be expressed as S& = d; — g;,
which characterizes the total transmission delay from the sensor to the actuator. Note that the
impact of the fixed processing delay on the PAoL is neglected here, which can be integrated into
the transmission delay. g denotes the packet that is not successfully received by the receiver due
to the BLEP. In addition, we denote the interarrival time of two consecutive successfully-received
informative packets by Y;-L = ¢g; — g;—1, which is independent of the service time [4]. The PAoL
for the i-th update is defined as the value of age achieved immediately before receiving the i-th
packet, denoted by A = Y-+ St With the total number of successfully transmitted informative
packets N over time interval [0, 7], the average PAoL in the WNCS is given by [4]

Ny
1
L L, yL
Thm E A; Tlgn Ny ;:1 (S;+Yr) )

“E[S'] +E [YL] ,
where (a) holds because of the assumed ergodicity of the stochastic process [3], and E|-| denotes
the expectation operator. To obtain the average PAoL in (8), we derive the average service time

E [S*] and the average interarrival time E [Y"] as follows.
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Fig. 2. Control timeline and the evolution of Aol in WNCSs, where UL Aol, DL Aol and AoL are shown.

With the average BLEP ¢, in UL and €3 in DL, as well as the event that the packet is
successfully transmitted within the maximum number of allowable transmissions 7, the average
service time is derived in Appendix A and given by

- [SL} - omyT B myIire; . mqTly B deSrE; ©)

l-& l-& 1-& 1-¢

Also, the average interarrival time is derived in Appendix A and given by
T
E[Y'] = . (10)
S

Based on (9) and (10), the average PAoL in a WNCS is given in Theorem 1.

Theorem 1: The average PAoL in a WNCS is formulated as a function of UL blocklength m,,
and DL blocklength my, as well as the maximum number of allowable transmissions, r, given

by

B T 1—re — & Zr+1 1—ré — ¢ zr+1
Fo _ . M ( 7"611 e +rett) N mag( re:j €y —:red ) 7. a1
(1—&)l—&) (1—&)l—&) (1 —é)(l—e)
which is monotonically decreasing with r. Without retransmission, i.e., v = 1, (11) reduces to
_ T
Al = + (my + mq)Ts. (12)

(1 —é&)(1 —é)



Proof: Please refer to Appendix A. |

Theorem 1 shows that the average PAoL is dependent on the blocklengths in UL and DL,
and that retransmission reduces the average PAoL. This is due to the fact that retransmission
reduces the interarrival time but leads to an increased service time. Also, the interarrival time
dominates the overall PAoL performance, based on the fact that the sampling period is larger
than the networked delay in a transmission round, i.e., T' > r(my, + mq)Ts, as shown in Fig. 2.

Equation (11) also confirms that a lower BLEP leads to a lower average PAoL. The average
BLEP €, € (0,0.5) is true for the typical real-time applications [40], based on which, Corollary
1 shows the range of the average PAoL.

Corollary 1: With average BLEP €, € (0,0.5), the lower and upper bounds on the average
PAoL are given by Aj.. =T + (my 4+ mq)T; and AL = ﬁ + (2 = 55 (my + ma)Ts,
respectively.

Proof: Based on Lemma 1, substituting €, = 0 and €3 = 0 into (11) yields the lower bound
AL

lower*

In addition, substituting €, = 0.5 and € = 0.5 into (11) yields the upper bound flﬁpper. |

From Corollary 1, we have the following observations: (1) When r» = 1, i.e., no re-transmission
is allowed, we have T + (m, + mg)Ty < A% < 4T + (my + mg)Ts. (2) when 1 — oo, ie.,
allowing re-transmission until successful decoding with the constraint of sampling period, we
have T + (my +mg)Ty < AY < T +2(my +mq)Ts. (3) The impact of UL and DL on the average
PAoL are coupled through interarrival time and drives the analysis of the relationship among

PAoL, UL PAol and DL PAol.

B. PAoL vs. UL PAol and DL PAol

Based on Subsection III-A, the average PAol in UL and in DL can be derived in a similar
way. Then the relationship among PAoL, UL PAol and DL PAol is shown in Theorem 2.
Theorem 2: The average PAoL A" is the sum of the UL and DL average PAol, AV and AP,

with the average UL interarrival time removed, given by

_ _ _ T
At =AP + AV - —— (13)
1—e
where
AU — T muﬂ(l_T%_Q+rq+l) (14)
1—¢ (1—&)(1—&) ’
and )
AP — r pmal oG — G et (15)




|
Theorem 2 proves that the average PAoL is less than the sum of UL PAol and DL PAol, and
that they are affected by blocklengths in UL and DL in a different manner. This is due to the
fact that AoL is destination-centric. Hence, the average interarrival time in UL is removed in
the overall PAoL performance. Also, it is concluded that UL and DL are coupled in the average
PAoL with an unreliable UL channel and demonstrates the necessity of introducing the average
PAoL. Then we introduce Corollary 2 to quantify the coupling between PAoL and UL PAol as
well as DL PAol.
Corollary 2: The gap between PAoL and the sum of UL PAol and DL PAol, G = (AP +

AY) — AL = I_th,, is adopted to quantify the coupling, which is increasing with respect to the
sampling period and BLEP in UL. Due the existence of this gap, minimizing the sum of average
UL PAol and DL PAol is not equivalent to minimizing the average PAoL in the FBL regime.
Proof: Please refer to Appendix B. |
Corollary 2 shows that the gap between PAoL and the sum of UL PAol and DL PAol depends
on the sampling period and BLEP of UL. This is due to the fact that the controller is event-
triggered and the DL can only transmit when the UL packets have been successfully received
by the controller. Hence, UL has a more significant impact on the overall performance with the
higher sampling period and BLEP. As shown in Fig. 2, only when UL packets are received by
the controller successfully, DL packets can be transmitted. Therefore, it is proved in Appendix B

that the average DL PAol is affected by both blocklengths in UL and DL, and is monotonically
decreasing with respect to the blocklength m, in UL if [, > 7.

IV. VARIANCE OF PAOL AND PAOL OUTAGE PROBABILITY

In Section III, the average PAoL is analyzed, which falls short in properly characterizing the
information freshness of real-time applications in WNCSs as it does not reflect the fluctuating
and extreme events. Hence, in this section, the variance and the outage probability of PAoL
are derived and their properties are investigated to provide an extensive analysis of the PAoL
performance. The results will be applied in the communication and control co-design in Section

V.



A. Variance of PAoL

In this subsection, we investigate the variance of PAoL, which quantifies the stability of the
worst information freshness at the receiver. From (8), the variance of PAoL can be obtained by
Var[A] = Var[Y'"] + Var[S"], due to the independence of the interarrival time Y and service
time S“. Based on the fact that Var[Y'] = E[Y'’] — E[Y']2, where E[Y?] and E[Y]? are
derived in Appendix C, the variance of interarrival time can be expressed as
T%(e + & — &)

Val = g g

(16)

By deriving Var[S'] = E[S~’] — E[S]? in Appendix C, the variance of service time can be
expressed as

Var[S'] = (?Z_T:G)Q - Zﬁj_?;:;c + (7?3_71;‘12 = 721137_?;2)?. (17)
Based on (16) and (17), the variance of PAoL can be derived, as shown in Theorem 3.

Theorem 3: The variance of PAoL in a WNCS is formulated as a function of UL blocklength

my, and DL blocklength my, and the maximum number of allowable transmissions, r, given by

Var[AL] — TQ(gs + gg - E’Ggg) 4 Tnl2lEu . m3r2gll; 4 mggd o mg'f’2€g T2 (18)
(I—g)Pl—-e)>? [(1-&)2 (-2 (-da)? Q-2

which is monotonically decreasing with respect to r. Without retransmission, i.e., r = 1, the

variance of PAoL in a WNCS is given by

T?%(&, + €4 — €uq)
(1—6&)2(1—¢&)?
Proof: Please refer to Appendix C. [

19)

Var[ASL] =

Theorem 3 shows that the variance of PAoL is affected by the maximum number of allowable
transmissions and blocklengths in UL and DL significantly. Without retransmission, the variance
of PAoL depends on the variance of interarrival time, and is independent of service time. Also,
the variances of UL PAol and DL PAol can be derived in a similar way, which shows that the
variance of PAoL is less than the sum of the variances of UL PAol and DL PAol.

Based on (18), it is concluded that with a lower BLEP, a lower variance of PAoL can be
obtained. Then Corollary 3 shows the range of variance of PAoL.

Corollary 3: With a reasonable average BLEP €, € (0,0.5), the range of variance of PAoL

s T T m2r2 57
is given by Var[AL] € (0, 05105 4 om? — RIS, o - RIS | T2). n

Corollary 3 implies that the upper bound on the variance of PAoL is lower than 207 when
r = 1, and larger than (2m2+2m?2)T? when r — co. Based on Theorems 1 and 3, the relationship

between the average PAoL and variance of PAoL can be derived in Corollary 4.



Corollary 4: The average PAoL can be derived as a function of the variance of PAoL, given

by
L V/Var[AL] — Var[SY]  m Ty (1 — (r + )& +r&™)  myTy(1 — (r + 1)& + rey™)
&+~ a& (1-&)1-¢) (1—é)(1—-¢)
(20)

Without retransmission, i.e., v = 1, (20) reduces to (21)

- Std[AY

AI; = % + (my + ma)T5, 2D

€y + €4 — €u€q

where Std[AL] = /Var|AL] denotes the standard deviation of PAoL. |

Corollary 4 shows that the relationship between the average PAoL and variance of PAoL is

complex, which is shown in detail in Section VI.

B. PAoL outage Probability

In this subsection, the PAoL outage probability is analyzed, which characterizes the probability
that PAoL exceeds a desired threshold ¢, i.e., Pr[A* > 4] = lim; ,,, Pr[A} > 4], where A}
denotes the i-th instantaneous PAoL. Based on the steady-state PAoL distribution, the closed-
form expression for the PAoL outage probability is shown in Theorem 4.

Theorem 4: The PAoL outage probability in a WNCS is formulated as

¢_
ZZ X (- a)(1 - a)er gt (22)

ro=1rq= 1

where x = (1 — (1 —€)(1 — €))) and ¢ = (‘w%”mﬂ} ry and 14 denote the index of
transmission times for UL and DL, respectively. Also, the PAoL outage probability is a decreasing
function of the maximum number of allowable transmissions. Without retransmission, i.e., v = 1,

the PAoL outage probability in a WNCS is given by
Pr{A{ > o] = X7, (23)

where ys = (1 — (1 —&)(1 — &)) and ¢ = [M1
Proof: Please refer to Appendix D. |
Since PAoL is larger than the sampling period, (22) reduces to (24) when the PAoL threshold
is an integer times of the sampling period, as shown in Corollary 5.
Corollary 5: If PAoL threshold is an integer times of the sampling period, i.e., d mod T = 0,

the PAoL outage probability is formulated as an exponential function of threshold 6, given by

Pr[A" > §] = Xt (24)



Proof: When d mod T' =0, ¢ = [M1 can be snnphﬁed as ¢ = 2. Applying the

series expansions y " _ (1 —&)& " =1—¢ and 3  _ (1— €1)é¢ ! = 1— &, the PAoL outage
probability is given by Pr[Al > §] = y1-! |

With a lower BLEP, the average PAoL is lower and hence the PAoL outage probability is
reduced, based on which, the range of PAoL outage probability is shown in Corollary 6.

Corollary 6: With a reasonable average BLEP €, € (0,0.5), the range of PAoL outage
probability is given by Pr[Al > §] € (0, 1—(1- 0.5‘“)2]%_1) |

Based on Theorem 5 and Corollary 6, it is concluded that without retransmission, the upper

bound on the PAoL outage probability is lower than 0.7571

C. Summary

Based on the analysis in Sections III and IV, the range of PAoL can be summarized in Table
I, where Ao = T+ (mu+ma) Ty, Afpper = o5y + (2~ 377) (M +ma) Ty, PrlAY > 0] upper =
[1—(1-0.5")2 ]T* and Var[A"]ypper = %t?fm%— 2m? — % +2m3 — %] T2,
It is concluded that the upper and lower bounds on the average PAoL depend on the sampling
period and blocklengths in UL and DL. Due to the fact that the variance of PAoL and PAoL
outage are induced by unreliable transmissions, the lower bounds on the variance of PAoL and
PAoL outage are zero with error-free transmission. Also, it is shown that with retransmissions,

the upper bounds on the average PAoL, variance of PAoL and PAoL outage probability are

reduced, thanks to the enhanced reliability, as proved in Theorems 1, 3 and 4.

TABLE II

INFORMATION FRESHNESS ANALYSIS OF WNCSs

Performance metric ‘ Transmission times 7 ‘ r = 1 (No retransmission) ‘ r = 2 (One retransmission) ‘
Average PAoL _ _
I (Alswers Atper) (Alwer, AT + (mu 4+ ma)T) | (Alowers 1.8T + 1.3(mu + ma)T4)
Variance of PAoL
(0, Var[A"Jupper) (0,207°) (0,1.8T% 4 0.2(mg + m3)T?)
Var[A"]
PAoOL outage probabilit
P (0, PrA" > 8luper) (o, 0.75%*1) (0, 0.4%*1)
Pr[A" > 4




V. PAOL-ORIENTED COMMUNICATION AND CONTROL CO-DESIGN

In Sections III and IV, the average, variance and outage PAoL performances in WNCSs are
analyzed. This section aims to minimize the average PAoL in the WCNS with the constraints
on the variance of PAoL and PAoL outage probability by optimizing the blocklengths in UL
and DL. Based on these, the optimal feedback control is also designed to attain an optimized

co-design of communication and control.

A. PAoL-oriented blocklength Adaptation with Retransmission

Based on the analysis in Section IV, it is concluded that retransmission is beneficial to improve
the average PAoL, variance and outage probability of PAoL performances. Hence, the optimal
maximum number of allowable transmissions is obtained at its maximum allowable value, i.e.,
7* = Tmax. 10 ensure the various PAoL performances of WNCSs, we aim to minimize the average
PAoL subject to the variance of PAoL and PAoL outage probability by jointly optimizing the

blocklength vector m = [m,, mq].

P1: min A" (25)

s.t. (C1) : 1o/ 1ogy ©® < my < Mg max, Mo € Ny,
(C2) : Var[A"] < Vi,
(C3) : Pr[A" > 6] < Priax,
where (C1) constraints the minimum blocklength that depends on the number of information
bits /, and modulation order ©, and the maximum allowable blocklength 14 max. (C2) and (C3)
limit the maximum allowable PAoL variance V., and outage probability Pry,., respectively.
First, we relax the integer constraint (C1) into continuous space. Then Propositions 1~3 are
presented to address this optimization problem.
Proposition 1: The average PAoL A* is convex with respect to blocklength vector m, if l, > 7
and €, < 0.5.
Proof: Please refer to the Appendix E. |
Proposition 1 implies that there exist optimal blocklengths that minimize the average PAoL,
based on which the blocklength adaptation is conducted.
Proposition 2: The variance of PAoL Var[A"] and the outage probability of PAoL Pr[AF > §]

are monotonically decreasing with respect to the blocklength vector m.



Proof: Please refer to Appendix F. |
Proposition 2 implies that lower variance of PAoL and PAoL outage probability can be obtained
by a larger blocklength. This is due to that a larger blocklength leads to a lower BLEP, results in
a smaller interarrival time, which dominates the variance of PAoL and PAoL outage probability.
Based on Propositions 1 and 2, it is concluded that there is a tradeoff between the average PAoL

and the variance/outage probability of PAoL with respect to blocklength.

TABLE III

PROPERTIES ANALYSIS OF AVERAGE PAOL, VARIANCE OF PAOL AND PAOL OUTAGE PROBABILITY IN WNCSS

Performance metric Performance vs. blocklength ‘

Variance of PAoL

| |

’ Average PAoL ‘ Convex ‘
’ ‘ Mono-decreasing ‘
| | |

PAoL outage probability Mono-decreasing

The properties of average PAoL, variance of PAoL and PAoL outage probability with respect
to the blocklengths are summarized in Table III, which demonstrates that P1 is a convex
optimization problem in its admissible set based on Propositions 1~2. To handle P1, we propose
a PAoL-oriented blocklength adaptation scheme with retransmission policy, where the optimal
blocklengths are obtained based on Newton’s method that achieves a superlinear convergence

rate and has relatively low complexity [21]. Proposition 2 shows that there exist minimum

blocklengths my, ;. that satisfies (C2), given by m . = min{mq|Var[A"(m,)] < Viax}. Also,
there exist minimum blocklengths mY, ., = min{m,|Pr[A%(m,) > 6] < Pry..} that satisfies

(C4) based on Proposition 3. To ensure that the selected blocklengths are able to meet constraints
(C1)~(C3), a ‘max’ operation is performed, i.e., Mqmn = max{ly/log, O, my o, md i}
Therefore, the optimal blocklengths can be obtained in Theorem 5.

Theorem S: The optimal UL and DL blocklengths that minimize the average PAoL with the
constraints on the transmitted information bits, variance of PAoL and PAoL outage probability

can be expressed as
(m i mT < Mypi
a,min> a = min»

‘ argmin - A" Mg min < M < Moy, (26)
ma€(lml],fml])

\ma,mam Mo, max S mT



where m! is the root of V AL(m,, my) = 0. [

The blocklength adaptation with retransmission scheme is summarized in Algorithm 1.

Algorithm 1: blocklength Adaptation with Retransmission

1 Input: Maximum allowable blocklength 14 max, maximum allowable variance of PAoL
Vinax, maximum allowable PAoL outage probability Pry,.., information bits [, initial
point (my,, Mmyq,), error tolerance &.

2 Obtain the optimal blocklength vector m* based on Newton’s method in (26).

3 Output: Optimal blocklength vector m*.

Note that UL PAol-oriented and UL PAol-oriented schemes can be obtained by a similar

method and adopted as benchmarks, which are omitted due to limited space.

B. Optimal Feedback Control Design

Based on the optimized blocklengths m* derived in Subsection IV-A, the corresponding BLEP
can be obtained as €, and used in the control design. Recall that the actuator takes an action
based on the previous control message in case of failed transmission [42]. Also, 7,, and @, can be
updated based on Subsection II-B. Then, we introduce an augmented discrete-time state variable

z, = [X, ﬁn_l]T to analyze the system, which can be further expressed as

Zno1 = B(T, )2 + D(T, 7))y + Wi, 27)
AT TY I's
where ®(7', 7,) = and I'(T', 7,) =
0 0 I

Particularly, the control performance is considered and defined as the reciprocal of linear-

quadratic regulator control cost, which is given by [41]

N-1

J =E{Y [2]Qz, + 1, Rit,] + 2} Qay}, (28)

n=0

where Q and R are positive defined weight factors. Then, the optimal control law is designed
to minimize the control cost, given by u,, = —Kz, [42], where K is the control gain given by
K = (R+T'PI')"'I'"P® and P is the steady-state solution of the control Riccati recursion
P=®"P®d — (&'PI")(T''Pl' + R)"1(T'P®) + Q [41].



VI. SIMULATION RESULTS

In this section, we first verify the derived average PAoL, variance and outage probability of
PAoL expressions and their properties via Monte Carlo simulations, where 100,000 packets are
generated. Then, the performance of the proposed PAoL-oriented blocklength adaptation scheme

with retransmission is demonstrated. Following [41], we consider an unstable and controllable

8 1 0 10
plant in the form of (1) with A = , B = , C = ,Q=1TIand R = 0.1.
05 2 01

Considering a typical use case in factory automation, the sampling period of the sensor is set to
T = 0.02 s, and the number of information bits at the sensor and controller are set to [, = 240
and [4 = 160 with the maximum allowable blocklengths 1, max = 400 c.u. and mg max = 300 c.u.,
respectively [10]. Also, the modulation order is set to © = 16 and the symbol duration is set to
T, = 10~° s. Both the sensor and controller are allowed to retransmit with the maximum number
of allowable transmissions r = 3 [17]. The maximum allowable variance and outage probability
of PAoL are set to 10 ms and 1%, respectively, with the error tolerance ¢ = 10~® in Algorithm
1. The proposed scheme is labeled as ’PAoL-optimal W/ ReTx’, and the following designs
are selected as benchmarks: 1) UL blocklength optimization for UL PAol minimization [29]
(labeled as ‘UL PAol-optimal [29]); 2) DL blocklength optimization for DL. PAol minimization
[21] (labeled as ‘DL PAol-optimal [21]"); 3) joint optimization of UL and DL blocklengths for

PAoL minimization without retransmission (labeled as ‘PAoL-optimal W/O ReTx’).

A. Average PAoL Performance

Exhaustive search and PAoL-optimal W/ ReTx
(m =266, m ;=192)

w
o

N
©
«»

Optimal average PAoL=27.2 ms
A
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Fig. 3. Joint impact of blocklengths in UL and DL on the average PAoL with sampling period 7' = 20 ms, maximum number

of allowable transmissions = 3 and average SNR 4 = 6 dB.
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Fig. 3 shows the joint impact of blocklengths in UL and DL on the average PAoL with the
sampling period 7" = 20 ms, maximum number of allowable transmissions r = 3 and the average
SNR 4 = 6 dB. It is shown that the average PAoL is convex with respect to blocklengths, as
proved in Proposition 1. The reason is that with relatively short blocklengths, the BLEPs in UL
and DL are high and hence a large interarrival time is obtained, which dominates the average
PAoL. While with larger blocklengths, the service time increases and then the average PAoL is
larger. Also, it is observed that there exists an optimal blocklength pair that minimizes the average
PAoL, and that the proposed PAoL-optimal scheme finds the optimal blocklengths accurately at

much lower complexity compared with exhaustive search.
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Fig. 4. Impact of the DL (UL) blocklength with the fixed
UL (DL) blocklength m, = 200 c.u. (mg¢ = 140 c.u.) on

Fig. 5. Impact of DL and UL blocklengths on the gap

between the average PAoL and the sum of UL PAol and

the information freshness of WNCSs, with the sampling DL PAol, with the sampling period 7' = 20 ms, maximum

period 7' = 20 ms, maximum number of allowable trans- number of allowable transmissions » = 3 and average SNR

missions r = 3 and average SNR 4 = 6 dB. ¥ =6 dB.

Fig. 4 shows the impact of the DL (UL) blocklength with the fixed UL (DL) blocklength on
the average PAoL, UL PAol and DL PAol, respectively. With the fixed UL blocklength m, = 200
c.u., both the average PAoL and DL PAol are convex with respect to the DL blocklength, while
the average UL PAol is independent of it, as analyzed in Theorem 1. In contrast, it is shown
that the UL blocklength affects the average UL PAol, DL PAol and PAoL significantly, as the
controller is event-triggered. Also, the average DL PAol is monotonically decreasing with the
UL blocklength , as stated in Corollary 2. This is due to that a larger UL blocklength leads to a

lower BLEP and a smaller interarrival time at the controller, which leads to a lower average DL

Gap (ms)
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PAol. Particularly, Fig. 5 shows that the gap is independent of DL blocklength and decreasing
with respect to the UL blocklength. Due to the existence of the gap, the average PAoL is not
the sum of the average UL PAol and DL PAol, as shown in Fig. 4 and stated in Theorem 2.

B. Variance and outage probability of PAoL Performances

In Fig. 6, impact of the maximum number of allowable transmissions and transmission rate
on the standard deviation of PAoL is shown, where the blocklengths in UL and DL are adapted
based on different rates. It is shown that with the increase of transmission rate, the variance of
PAoL is increasing monotonically, as a higher transmission rate leads to a higher BLEP and
impairs the stability of status updating in WNCSs. Also, we can observe that retransmission
is beneficial for improving stability and that the standard deviation of PAoL can be reduced
significantly with one retransmission. This is due to that with retransmission, the probability of
packets being received successfully is improved, which may induce larger service times but a
smaller interarrival time. Since the interarrival time is based on the sampling period, which is

assumed to be larger than service time, retransmission is able to reduce the variance of PAoL.
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Fig. 6. Impact of the maximum number of allowable trans- Fig. 7. Impact of the maximum number of allowable

missions and transmission rate on the standard deviation of
PAoL with the sampling period 7' = 20 ms and average
SNR % = 6 dB.

transmissions on the relationship between the average PAoL
and the standard deviation of PAoL with the adaptation of

transmission rate from 0.4 to 1.

In Fig. 7, the relationship between the average PAoL and the standard deviation of PAoL with
different numbers of allowable transmissions and transmission rates is shown under average SNR

v =6 dB and ¥ = 8 dB. It is observed that there is a tradeoff between the average PAoL and
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the standard deviation of PAoL with the adaptation of transmission rate and that allowing more
transmissions and higher SNRs lead to better average-variance PAoL performances. This implies
that minimizing the standard deviation of PAoL may result in a larger average PAoL with low
transmission rates, demonstrating the necessity of introducing the variance of PAoL.

In Fig. 8, the impact of the maximum number of allowable transmissions and PAoL threshold
on the outage probability of PAoL is shown. The PAoL outage probability is decreasing with
respect to the PAoL threshold and the decreasing rate is exponential, as proved in corollary 5.
In addition, with a larger number of allowable transmission times, the PAoL outage probability
is lower, as stated in Proposition 3. This is due to that allowing more transmissions is able to

reduce the interarrival time. Hence, the probability of the worst case of PAoL is lower.
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Fig. 8. Impact of the maximum number of allowable transmissions and PAoL threshold on the PAoL outage probability with

the fixed blocklengths m, = 240 c.u. and mg = 160 c.u. under average SNR 4 = 6 and 8 dB.

C. PAoL-oriented Scheme

In Fig. 9, the optimized average PAoL and its standard deviation obtained by different policies
are shown, where the fixed blocklength my = 100 c.u. in DL is employed in UL PAol-oriented
scheme [29] and the fixed blocklength m, = 150 c.u. in UL is employed in DL PAol-oriented
scheme [21]. It is shown that the PAoL-optimal result achieves the lowest average PAoL and
variance of PAoL, compared to the UL PAol-optimal, DL PAol-optimal and PAoL-optimal
without retransmission results. In Fig. 10, the control performances obtained by different policies
are compared in terms of the average control cost and the standard deviation of control cost.

The proposed PAoL-oriented scheme can significantly reduce the control cost, especially at
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low SNR, thanks to a higher degree of freedom on optimization and the consideration of the

coupling between UL and DL. This demonstrates that the proposed PAoL-oriented scheme is

able to maintain the best PAoL and control performances in the WNCS.
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Fig. 9. Optimized average PAoL and standard deviation of
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In Figs. 11 and 12, the optimized outage probability of PAoL and control cost are shown

to indicate the extreme-case performance of WNCSs. The outage probability of control cost is

obtained by simulations and defined as the probability that the control cost exceeds the given

control cost threshold [43], i.e., Pr[J > 0. = lim;_,,, Pr[J; > J.], where J; denotes the control
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cost of the i-th control round. It is shown that the PAoL-optimal result outperforms the existing
schemes in terms of the outage probability of PAoL and control cost. Particulalry, the PAoL-
optimal result achieves up to 100-fold PAoL outage probability performance and 80-fold control
cost outage probability performance improvements at 6 dB, compared to the UL PAol-optimal
scheme.

In Fig. 13, we show the impact of average SNR on different transmission policies in terms
of the average PAoL and the normalized control performance, where the control performance

is defined as the reciprocal of the average control cost, i.e. and normalized by the control

1
s J
performance obtained by the PAoL-optimal scheme at 15 dB. Generally, with a higher SNR, the
average PAoL is lower and the control performance is better, indicating that a higher average
PAoL performance reflects a better control performance. Also, it is shown that the PAoL-optimal
scheme achieves the lowest average PAoL and the best control performance, which outperforms
the approach without retransmission. Furthermore, the proposed PAoL-optimal scheme outper-
forms the approach that optimizes UL PAol or DL PAol solely, where the improvements of the
average PAoL performance and control performance are up to 1.7-fold and 8-fold, respectively,

demonstrating that minimizing UL PAol and DL PAol is not equivalent to minimizing PAoL

and verifying the advantages of the introduced average PAoL.
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VII. CONCLUSION

In this paper, we have presented a comprehensive analysis on the average, variance and outage

PAoL performances of WNCSs with FBL over fading channels, and investigated the co-design



25

of communication and control. The closed-form expressions for the average UL PAol, DL PAol
and PAoL with respect to blocklengths and maximum number of allowable transmissions have
been derived. Based on these, it is proved that the average PAoL is less than the sum of
UL PAol and DL PAol. In addition, the variance and outage probability of PAoL have been
derived in closed forms and have demonstrated the same trend. The accuracy of the theoretical
analysis has been confirmed by simulations. Particularly, the PAoL-oriented communication and
control co-design has been investigated. An effective PAoL-oriented blocklength adaptation with
retransmission scheme has been proposed to minimize the average PAoL subject to the variance
and outage probability of PAoL. The optimized maximum number of allowable transmissions and
blocklengths are used in the control design. The proposed PAoL-oriented scheme with optimal
control has provided better average, variance and outage performances in PAoL and control,
compared to the approach that optimizes UL PAol or DL PAol solely. In particular, with the
proposed PAoL-oriented scheme, the average PAoL is reduced by up to 1.7-fold and the average
control cost is improved by up to 8-fold, In addition, the proposed algorithm also results in

better extreme-case performance, with up to 80-fold reduction in outage probability of control.

APPENDIX A

PROOF OF THEOREM 1

Based on (8), the average PAoL depends on the average interarrival time E[Y"] and service time
E[SL], which are derived in the following. First, the transmission delay of each round in UL and
DL are given by m, T and mq4T5, respectively. Then, with the TARQ policy and maximum number

of allowable transmissions r, the average service time in the case of successful transmission is

r _k—1 — r _k—1 —
derived as E[S'] = Lim ke (—@)mily | i ke (mé)maly

—
1—€; 1-¢€}

. This can be obtained based on the

fact that PAoL characterizes the timeliness of packets generated from the sensor and received
by the actuator, and that the service times in UL and DL are independent. Based on the series

: r k—1 _ ra™tl—prz"—2"41 L] — muTy  TE W mar, régmaTs
expansion ) , _, kz" ' = gt [35], we have E[S"] = 12 e e i 0 a8

shown in (9). Then, based on the fact that instantaneous AoL drops only when both packets in UL
and DL are transmitted successfully, the interarrival time can be derived as follows. Considering
the BLEP ¢, in UL and €4 in DL, and letting x = 1 — (1 — €)(1 — €)) denote the probability
of unsuccessful transmission for both UL and DL, the average interarrival time of informative
packets is given as E[Y'] = Y77 (k + 1)x*T(1 — x). This is due to that the interarrival time

increases a sampling period 7" when the transmission error occurs in UL or DL. Applying the
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- : ok _ 1 © gk _ _a L] _ T
series expansions » ~ 1" = — and ) [~ ka" = 2> We have E[YH = AT

provided in (10). Hence, the average PAoL in (11) can be derived and (12) is obtained by letting

r = 1. In addition, the first-order derivative of the average PAoL with respect to r is given by
QAL Te In(a)—muTie (In(&)r—& +1)(1-&) + Te} In(&g) —mqée) (In(&g)r—e;+1)(1—

or (1—e)(—€)? (1—e)*(1-€)
0 < é < 1, In(6) <0 and In(€s) < 0 holds. Based on the assumption of 7" > r(m, + mq)T;

@ Since 0 < €, < 1 and

provided in Subsection 1I-B, 88—"? < 0 is guaranteed.

APPENDIX B

PROOF OF COROLLARY 2

We aim to prove that minimizing the average PAoL is not equivalent to minimizing the sum of

UL PAol and DL PAol. Based on (13), the first-order derivative of the average PAoL with respect

T AU aD
to the blocklength in UL is given as g—ﬁ = 8(1487::4 ) _ a 7;7)2 5, Since the term

T 08
=2 omy 18

not zero with the non-zero term

a
PAoL and the sum of UL PAol and DL PAoI. In addition, based on (15), the first-order derivative
Taeu

of the average DL PAol with respect to the blocklength in UL is given by gi W
d

Based on the average BLEP in (3), we have 95— = &@;_“;% 7 CAs emn > 1,

u d u
g%z < 0 is held when [, > 7, which is easy to be satisfied in typical real-time applications [21].
Hence, the average DL PAol is monotonically decreasing with respect to the blocklength m, in

UL if [, > 7.

APPENDIX C

PROOF OF THEOREM 3

Due to the independence of interarrival time and service time, we have Var[AY] = Var[Y'"] +
Var[SY], which can be further expressed as Var[A"] = Var[Y'Y]+Var[S,|+ Var[Sq], as the service
times in UL and DL are independent. The expectation of the second moment of interarrival time

is given by E[Y?] = Z,io,o(k—i- 1)2T?(1—x)x" = (HX) T based on the series expansion. Also,

we have E[Y1]2 = (1 1% based on (10). Hence, Var[Y | = E[YY’]-E[Y']?2 = o571 can be
obtained. For the service time in UL, E[S?] = Tima 11(_55 R T ’li? — j;(el o T (ffgi“)g
is derived. In addition, E[S,]? = gl 4+ "l — 2mLrd o i derived based on (9). Then
we have Var[S,] = E[S}] — E[S.)* = 7 Tg)e“ - (iTef)e Similarly, we have Var[S] = E[S?] —

E[Sy? = I’iij)gg — "EiT_:)ed Therefore, substituting the derived Var[Y'"], Var[S,] and Var[Sy] into

Var[AY] = Var[Y'"] + Var[S,] + Var[Sy] yields the variance of PAoL in (18). By letting r = 1,
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(18) reduces to (19). Then we prove the monotonicity of the variance of PAoL with respect to

the maximum number of allowable transmissions, i.e., [N%[A] < 0, by provmg L (), where
— m2T2¢ 2 2 2 2—r —7 _ 2
F = (E +é—& ed) myTEroey T — U/(l Ed) oI + /( ) de r & . Since

(1—&)2(1—g)? (1—€£)2 N (1—6‘5)2 - (1-&)? (1 €)?
the average BLEPs are smaller than 1, ie., 0 < €, < land 0 < ¢ < 1,1 — ¢ and 1 — €]

u

are positive and increasing with respect to the maximum number of allowable transmissions

r. Therefore, we prove that F; > 0, % < 0, F5 > 0 and a—I:? < 0 in the following, where

Fr=T%" /(1 —&) —m2T2r’e and F, = T?€,/(1 — €.)? — m3T?r?e;. First, F; > 0 is held as

T? > m2T?r%. Also, we have % = —TQili(;“)q — m2T2r?In(e,) e — 2m2T2re; + T2 ne)ae (1f(€i))€ 4. As
d

In(€,) < 0 and In(€4) < 0, @ < 0 is proved. Then, F5 > 0 and % < 0 can be proved in a

BVar [A ]

similar way. Hence, < 0 1s proved.

APPENDIX D

PROOF OF THEOREM 4

As stated in (11), the average PAoL consists of the interarrival time Y and service time in UL
S, and DL Sy, which are independent with each other. Then, the transmission delay with block
lengths (m,, mq) and number of transmission times (7,,74) iS obtained as rymyTy + rqmqTs

with the probability of (1 — &,)(1 — &)é» ', Since PAoL A" is larger than § when the

5—TumuTs—mdes
T

transmission round is larger than , the minimum transmission round is given as

¢ = [rumdi—remai] Cyith the probability of (1 — (1 —&)(1—&))¢(1 — &)(1 — &). With the
number of allowable transmissions r, the PAoL outage probability is given by Pr[Al > §] =

T Dot 2oret og(I= (1) (1 =€) "1 —&)(1—e)(1—&)(1—e)e '’ . Based on

the series expansion » >, x*"'(1 — x) = x*~', we have Pr[A" > ] =3  _ > ’f Xl(

&)1 —e)entée™t . As rym T + rgmgT, < T is held, w < 1 is guaranteed. Also,

L
the first-order derivative of the PAoL outage probability with respect to r is given as w =

(£ - 1)(X) 2 (In(&g) (1 — €)&; + In(&,)(1 — &;)€"). Since 0 < &, < 1 and 0 < & < 1, we have

In(€,) < 0 and In(€4) < 0. Therefore, W < 0 is guaranteed when § > 7.

APPENDIX E

PROOF OF PROPOSITION 1

In this appendix, we prove the convexity of the average PAoL based on the second-order deriva-

tive of the average PAoL with respect to the blocklength. Regardlng the UL, we have § PA A =1+

T 0% 1-€ 0% y2 1—&)) 42T (1—¢,) 2u -42 T 66“
T—2] om 5 (1-&)+ 1,*7“ Im ) ( &) s( Eu) My \( )
ZQ + Zg, where Z1 = = “d -

1—e)3 » 42 = 1-a)?

My Ts

and
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muTsriﬁ—gg(lfe”)JrZTsr( —€ ) oy +2muTsr(a & )2
o u m . . .y
A= Uil =) —. Based on their numerators, we introduce auxiliary

variables Z; = (2= — 2mT. 7’)( ) +2mu ()%, Zs = (e — muT 7‘)3 s +muTi5 0 25 and

1-¢4

Zg = —2Tr(1— &) 5" Oa, -+ 215(1 — &) 5, 86“ . Since 0 < €, < 1, 21 —I— Zoy+Zs > 01is guaranteed by

u

T

proving Z4 + Z5 + Zg > 0. First, since T myTsr > 0 is held, Z, > 0 is proved. Then, we

have Zs = (12 — moTr)r! +m,13) £%. Also, based on the first-order Taylor approximation

€4
2E 20y my+12 ZU/mu72\/7’l’lu u
e~ QClimytld)e m > 0 if lu

of € [21], we have s prYed

> m, which is easily satisfied

lu
T R E— +7Vm”l“+1
. . = il —1 e™mu " ma T
for typical scenarios [21]. Then, Zs > 0 holds as % = (”‘%T“f)e 5 < 0. Then,
u
] b oz 0%
92 AL QAL dmy dmg

omZ > 0 can be proved in a similar way. In addition, we have Tdms = (=P

E and

T2 (- +ar T ()2 oA Ty
7 — Ton? o) Thep. Q2A-02AL oA oAt
L= (1-e)2(1 _T)Q ' > Omy? Om? OmyOmgq OmgOmy

> 0 when €] — €, < 0.5, which
is true for the typical real-time applications [40]. Hence, the Hessian matrix of the objective

function with respect to blocklengths are positive definite.

APPENDIX F

PROOF OF PROPOSITION 2

Without loss of generality, we prove the monotonicity of variance of PAoL with respect to
the blocklength based on (19). As the denominator of (19) is monotonically increasing along
with the blocklength, we prove that the numerator of (19) is decreasing with respect to the

blocklength in the following. Letting F3 = €, + €4 — €,6q, We have 8F go= (1 —&)5™ 86“ < 0 and

g—f& =(1—-¢,) ;ffd < 0. Then, the variance of PAoL is decreasing w1th respect to the blocklength.

The first-order derivative of the PAoL outage probability with respect to the BLEP in UL and
DL is given by g—,x =r(l—¢)(e€1) >0 and 6" = (1 —&)(e ") > 0, respectively. Since

ae“ < 0 and aEd < 0 hold, 2= [ 5] < 0 and %md»] < 0 can be proved.
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