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Abstract—In industrial applications, insufficient motor
torque and overload issues can limit the control force in
cable-driven robots (CDRs), affecting the stability and
robustness of trajectory tracking control. This work
presents a specialized tracking controller to achieve stable
trajectory tracking under constrained control forces. The
controller incorporates a trajectory envelope system that
actively adjusts the permissible range of the actual
trajectory. When control forces approach their upper limits,
the envelope automatically expands and reduces the
precision requirement for trajectory tracking. The
controller then ensures that the actual trajectory remains
within the designated permissible boundaries, thereby
maintaining controllable trajectory tracking. The stability of

the control system is validated using the Lyapunov method.

Experimental validations on CDRs with one, two, and four
cables are conducted. Both simulations and experiments
confirm the effectiveness of the proposed tracking
controller under conditions of constrained motor output
torque.

Index Terms—Cable-driven robots, tracking control,
constrained control force.

I.  INTRODUCTION

able-driven robots (CDRs) combine a large workspace,

low inertia and excellent payload capacity. Numerous
studies have confirmed their great potential for industrial
applications, such as recovery and rescue [1], vibration
suppression for rigid and flexible structures [2-4], cargo
grabbing [5], [6], facade cleaning [7], surgery [8], as well as
warehouse monitoring [9]. Importantly, all these applications
rely on trajectory tracking control. Starting with the widely-used
model-free PID control [10], many tracking methods have been
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proposed, including intelligent PID control [11], cascade
control [12], and vision-based tracking control [13]. However,
focusing solely on reducing tracking errors is no longer
sufficient to meet the diverse needs of control systems in
practical applications. Therefore, current controllers take into
consideration a broader range of factors, including convergence
speed [14], cable synchronization [15-17], trajectory
smoothness [18-20], uncertainty compensation [21], [22], and
vibration elimination [23], [24].

Despite these advances, a critical issue in tracking control of
CDRs remains unresolved: achieving controllable tracking
under constrained control forces. It is important to note that
insufficient motor torque or excessive load can cause the actual
control forces to reach their upper limits, leading to
unpredictable trajectories that differ from expectations, thereby
increasing tracking errors and potentially destabilizing the
controller. Simulations in [25] demonstrated that large tracking
errors could result in tracking failure under constrained control
inputs. Moreover, experiments conducted in [26] showed that
when the control force reached its upper limit, it severely
disrupted trajectory tracking. Although these studies did not
quantitatively analyze the relationship between the constrained
control inputs and trajectory tracking, they highlighted the
existence of this problem and the importance of ensuring
controllable motion when the control force reaches the upper
limit during trajectory tracking.

Limited research has focused on addressing the issue of
constrained control force in trajectory tracking for CDRs. For
example, a bounded adaptive trajectory tracking controller was
introduced in [27], which combined a PD controller with
adaptive feedback and constrained the output of the PD
controller. Notably, this approach limited only the lower bound
of the control force while neglecting any constraints on the
upper limit. A force distribution technique was introduced in
[28] to constrain the lower limit of the control force to ensure
positive cable tension. However, the cases where control inputs
reach their upper limit are not studied. Similarly, in [29], only
the case of limiting the lower limit of the actual control force
was studied. While the controller in [30] had an upper limit on
the control force, it regulated the cable force within a specified
range to prevent reaching the upper limit or set an upper limit
higher than the actual control force. A similar approach was
adopted in [31] to prevent the initial observation errors from
causing the control input to reach the upper limit. It
compensated for these errors at the outset to keep the actual
cable force below the upper limit. Although the above studies
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introduced the concept of constrained control force, they

mainly focused on setting the lower limit and did not explore

the stability of tracking controllers when the control input
reached the upper limit.

Most studies [14-31] on the cable force control of CDRs
have a common premise: the output torque of the motor will not
reach an upper limit during operation. This premise holds true
in laboratory environments, where power supplies are stable
and sufficiently robust to prevent any drop in motor torque due
to voltage fluctuations. However, outdoor applications such as
solar panel cleaning or facade maintenance present a challenge.
In these applications, robots are typically powered by batteries,
which inevitably leads to decreases in supply voltage as the
batteries discharge. For example, a fully charged 24 V lithium
battery can experience a voltage drop to 18 V as it discharges,
resulting in reduced motor torque that prevents the motor from
maintaining normal output levels. This situation highlights the
necessity for stable motion control strategies that can adapt to
constrained control inputs, especially when the motor torque
reaches its upper limit.

Moreover, ensuring controllable motion is more challenging
when an upper limit is set on motor torque than when a lower
limit is set. For fully constrained CDRs, setting a lower limit
can ensure that the cables remain in tension, which is beneficial
for improving the stiffness of CDRs and ensuring accurate
trajectory tracking. However, imposing an upper limit may
cause the actual torque to fail to reach the target torque. This
deviation can cause the robot’s actual trajectory to diverge from
the target trajectory, increasing the risk of operational failures
or even loss of control. This problem was examined in [25] and
[26], which demonstrated that reaching the upper limits of
control inputs can cause failures in trajectory tracking. To
address this problem, several novel controllers were proposed
in [32-35]. For example, a flexible performance-based control
scheme was proposed in [34] to handle constrained inputs,
which included a disturbance observer to estimate external
disturbances. A fuzzy state observer was further introduced to
estimate system states under input saturation and actuator faults
in [35]. Simulations validated the effectiveness of these
controllers. Their practical effectiveness has not been validated
in experiments, especially for redundant CDRs. Our work aims
to develop a tracking controller for redundant CDRs to ensure
stable motion even when the control inputs reach their limits,
while also being practically feasible.

The contributions of this study are as follows:

(1) Compared to [27-31], our work introduces a trajectory
envelope generator that quantitatively links limited control
input to the permissible range of the actual trajectory. The
generator actively adjusts this range, shifting the control
objective from accurately tracking the target trajectory to
maintaining the actual trajectory within this range.

(2) The designed tracking controller ensures that the actual
trajectory remains within the specified allowable range
even when control inputs reach the upper limits. Compared
to the commonly used model predictive control in [25] and
[36], the proposed controller achieves faster convergence
to the target trajectory under constrained control inputs.
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Fig. 1. A m-cable cable-driven robot.

(3) Experiments are conducted on a CDR with three
configurations: one cable, two cables, and four cables. The
results verify that the controller maintains stable trajectory
tracking even with a tracking error of up to 0.89 m. It
effectively broadens the trajectory envelope to consistently
encompass the actual trajectory, ensuring controllable
trajectory tracking without mid-course failures.

In the subsequent sections, Section II introduces the dynamic
model of the CDR. Section III details the design of the tracking
controller. Simulation and experiments are conducted in
Section IV, while the work is concluded in Section V.

II.  DYNAMIC MODEL

This part introduces the dynamic model of a m-cable CDR
(Fig. 1). The moving platform is linked to cable j at B;, and the
mass of cables is ignored. The Cable j is connected to the winch
via the fixed anchor point A;. {0} is the reference coordinate
frame. {o,} is the moving coordinate frame fixed on the moving
platform. The CDRs’ kinematic model is described as:

p=a,-1,—"R b, (j=12,.,m) (1)
where /; represents the cable vector pointing from B; to A, a; is
the vector pointing from o to A;, p = [xp, ¥p, z,]" denotes the
position of {o,} in {o}, °R,, is the rotation matrix, b; is the
vector pointing from o, to B; in {o0,}.

The dynamic model of the CDR can be expressed as follows:

M (x)i+C(x,%)%+G(x)=-J"F ©)

where the inertia matrix M (x) , the Coriolis and centrifugal
matrix C (x, x ), and the Jacobian matrix J are expressed as:

m I 0
M(x) — |: 7 3x3 3x3 :| (3)
0., E'LE
C(x, x) — 03><3 03><3 . (4)
0., E'E,JE+E'IE
T
J _ rl o rm I3><3 03><3 (5)
OR(), bl . rl T ORU,. bm x rm 03><3 E

The gravity item G(x) = [m,g, T,]" has g = [0, 0, -9.8] m/s? and
T,=[0,0,0]Nm. The posture is x =[p,0]" =[x,,y,.2,.@ B,¢c]".
Cable forces are F =[F,,..., F, 1. m, and I, respectively denote
the mass and inertia matrix. @ = [, 3, denotes Euler angles.
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r,=1,/1, wherel = [la,~ p- ‘R, b1 -[a,— p— R, b ]isthe
unit vector along the j-th cable. Let symbol ¢(+) = cos(*) and s(-)
= sin(-), we obtain:

cfecs —sg 0
E=|cfsc cc 0O (6)
-sf 0 1
0 spo—¢  efsca+cch
E,=| -spoa+g¢ 0 —cfeca+scf| (7)
—cfisci—ccfi ¢Peca —scf 0
By defining x, = x, x, = x, we can rewrite (2) as follows:
X =X,
. - . (®)
{xz = (M(x)) (—J F —G(x) —C(x,x)x)

Letk (k=1, ..., 6) represent each element (xp,yp,zp,a,ﬂ,g)
in x,, we can convert (8) into:

Xy = X2
fia==((M () JTF)k ~((M (%)) (6(x)+ C(x,ic))'c))k
Vi Jio(x)
©
umax,k > lf uk > Z/lmax,k
Vi (”k ) =9 YU, o, Su Sug, (10)
Upings T U <

where f;.» is a continuous function defined in (9). vx denotes the
actual control input that suffers from the saturation constraint in
(10). This constraint on v is converted into a constraint on F by
(9). Therefore, both v, and F are constrained. The purpose of
replacing F with v, in this manner is to simplify the complexity
of the derivation. The notation (-)r denotes the k-th element of
the vector in the bracket. umax r and umink are given constants. uy
is the desired control input to be designed in this work. Based
on ux, and in combination with (9) and (10), we obtain v¢ and F.

Remark 1: According to [11], [12], [16], [25], and [28], the
inertia matrix M(x) is a positive definite matrix in CDRs, which
is invertible. For the Jacobian matrix J in CDRs, its Moore—
Penrose inverse is commonly used in calculations.

M. CONTROLLER DESIGN

To proceed with the design of the controller, we introduce
the following assumption. The rationale of this assumption is
explained in detail in [39]. It is also verified in [41] that feasible
control inputs exist in the case of input saturation.

Assumption 1 [39]: For a practical system described by (9)
subject to constrained inputs (10), there should exist a feasible
control input to achieve stable trajectory tracking control.

A. Trajectory envelope generator

Generally, the tracking error is expected to remain within a
narrow range close to zero, as shown in Fig. 2(a) and (11).

- +
-, <@ <o
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where ¢, and &, (k= 1, 2, ..., 6) are positive scalars. Denoting
X, =[X,,X,0,%,5,X4,%,5,X,6]7 as the target trajectory and
p=x-x,=[¢,..0,..,0 ] as the tracking error.
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Fig. 2. Boundary for actual trajectory. (a) General allowed range for

actual trajectory. (b) Adjustable range for actual trajectory.

When the control input reaches its upper limit, the actual
trajectory will deviate from the target trajectory. Since the
control input is already at its maximum, it’s difficult to correct
the deviation of the actual trajectory from the target trajectory.
The constrained control input and increasing tracking errors
poses a risk of losing control, as mentioned in [25].

A feasible solution is to widen the allowable range in (11) for
the actual trajectory and adjust it based on the constraints on the
control input. Although the actual trajectory deviates from the
target trajectory when control inputs are limited, we can keep it
within a variable allowable range. Therefore, the controller’s
objective shifts from accurately tracking the target trajectory to
maintaining the actual trajectory within the specified range,
which avoids the continuous increase of control input. With this
concept, we can reformulate (11) as follows:

(12)

Different from ¢, and «;, ¢, and ¢, ,are two variables
that vary based on the constrained control input and tracking
errors. ¢, , (¢, ,) consists of two parts. The first part is the
inherent envelope @, (@;), which makes the actual trajectory
gradually converge to the target trajectory, as shown in (13).

(13)

@i SO < (/7;,/(

- _ ot &t
O =P = ﬁk,Ampe +ﬁk,b[as

where B, .. B, . and & are positive scalars.

The second part is the variable envelope g, and g, which
actively expands the allowable range when the control input vy
is limited. Let’ introduce a series of intermediate variables
Cias > 8w 12 -+ &1.» Which have no physical meaning and
are solely used to solve the variable envelopes g, , and g, as
shown in (14) and (15). 47, ..., 4, A,..., A are a series of
control parameters (positive constants). n denotes the order of
the model (9). The subscript i denotes the index of a variable or
a parameter in a sequence. For example, in g, ,, i indicates that
g, is the i-th variable among g, ,, ..., g, .-

For ¢, ,, the lower variable envelope is designed as follows:

&, =(0z,, /00, )-1 (02, /00, )(~4 g + 852
S =—A &+ & 1=2un

(14)

For ¢ ,, the upper variable envelope is designed as follows:

gl:r,l = _(621(,1/6(2;]( )_l (6Zk,l/6(pk )(_ﬁ;g;l +gl:2)
8, =-A'gl +gl., i=2..n

(15)

where g;,(0) = g,,(0) = g,,(0) = g,,(0)=0. g, ., denotes the
difference between the desired control input u; and the actual
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control input vy after reaching the upper limit, and g, ., is the
difference between ux and vy after reaching the lower limit:
G =y =V (u ), 3w, = v, ()20
g;,nﬂ =V (uk)_uk’ if u, —v, (uk)SO (16)
g;nﬂ = g}:,)1+1 = 07 others
Let’s introduce an intermediate variable Zeys and define its
relationship with the tracking error ¢, as follows:

2 V4

Based on (12) to (17), the trajectory envelope generator can
be expressed as follows:

~(p +20i) <o <ol +2i,

%{_j

%{_/
M +
Pg k Pg k

Y v b + -
o, = Lotk TPk (—arctarl(z,(’1 )j+—¢g’k 5 P (17)

(18)

In (17), z,, can be considered as a function with ¢, ¢;k, and
@, as its three variables. Symbolic function operations in
MATLAB can be used to obtain the partial derivatives in (14)
and (15). To prove that these partial derivatives ((A.1)-(A.3) in
the appendix) are non-zero, we introduce the following lemma.

Lemma I [37]: Consider y(¢) = Ky(t)+d(¢) with K being a
n X n Metzler matrix (i.e., off-diagonal terms are nonnegative),
y©) = 1), ..., v()]7, and d(?) = [di(?), ..., du(1)], where d(¢) >
0. Then, for any y(0) > 0, the unique solution of the system has
y(®) =0 forall > 0. Here, d(¥) > 0 denotes that any element d(¢)
in d(?) satisfies di(¢) > 0, and y(¢) > 0 denotes that any element
yi(f) in p(¢) satisfies yi(£) >0 (i =1, ..., n).

Remark 2: Considering the initial conditions g; ,(0) = g, ,(0)
=g,;.(0)=g,,(0)=0, and combining Lemma 1 with (16), we
obtain that the variable envelopes defined in (14) and (15)
satisfy g, >0 and g;, > 0. Furthermore, in combination with
(13), it is evident that the envelopes ¢, >0 and ¢, , >0. Then,
based on the partial derivatives (A.1)-(A.3) in the appendix, it
can be concluded that they are always non-zero.

According to (14)-(16), we can conclude that for any given
positive constant ., if the inequality | u, —v, (u, ) |< u_and (18)
hold for ¢ > 0, then g, <u 1", (47) " and g;, <uJII" (4")".
Combining Lemma I with (16), we have g, , >0 and g/, > 0.If
g, > (A4,) 'u,, we can obtain g, , <0 based on (14), which
indicates that 0 < g, < (4, )"'u,. Similarly, we can also obtain
0<g;,<(A4)'u,. Then, we can inductively obtain that
0<g.,<ulll,(4 ) 'and 0< g;, <uTII’,(A4")". Likewise,
we can obtain g, <uI1" (47)" and g;, <uII (4" ). By
combining Remark 2, we finally have 0< g, <uII (1)
and 0< g, <uII" (4")".

B. Tracking controller

Firstly, we introduce a series of intermediate variables,
denoted as z;, where k (k= 1, 2, ..., 6) represents each element
Xps Vps Zpy O, B, ¢ inX1, and i (=1, 2, ...) is the sequence number.
For example, z>» denotes the second intermediate variable for
the degree of freedom y,. These intermediate variables have no
physical significance. We simply use them to replace lengthy
addition and subtraction terms involving multiple variables to
further simplify the equations and facilitate the derivation.

Theorem 1: Consider the following control input:
- . A zp" .+ zQ - + _+ - -
Uy = Xy _(6k¢) (61:0 P +0" @ )_(/11 g~ gk,l)
-1
- (ai(p) (51(,121(,1 + O-k,ISign(Zk,l)|Zk,] |7 )

_ + _+ - - zp -
Uy __( 2gk,2_/12gk,2>_zk,1ak T,

(19)

- (51(,22/(,2 +0y,8ign(z, ,) |Zk,2 |7 )
where:
0y =0z, /09,.0) =0z, [00p,,.07 =0z, [0p,, (20)

where intermediate variables z, | and z, , are shown in (17) and
(A.10), respectively. The definition of @, , is shown in (A.8).
There exist positive parameters 0, ;, 4, 47, 0, ,, 7, and &, (i
=1, 2) ensuring that the system states of the closed-loop system
are uniformly bounded.

Proof: The selection of the Lyapunov candidate functions
and calculation process are detailed in the appendix. Following
the stability proof method in [38], we will define several
compact sets. Let’s introduce positive constants M, and M ,.
Define three vectors: ¥ =[x, ,%,,%, 1, Z=[z,,.2,,.4,,1
andG = [gk_,l ’gk_,z 9g;,1 9g;,z ]T~Deﬁne gi = le (%7)71 = HIZ (/1,+ )719
wherei=1, 2and A" = A". Considersets: O, =1{¥: || ¥ [[<M,},
Q,={Z: | Z|’<2M,}, and Q,={G:0<g, g/ <gu}
with i=1, 2. The three sets 01, 0>, and Q3 are compact sets.
Therefore, O, = 0, xQ, xQ, is also compact in R'’. Within the
compact set O, there exists a positive constant M, such that
fi,(x)< M ,. Moreover, the derivative of the virtual control
input u, , is expressed as follows:

- 6171(,1 617/(,1 . a17/(,1 . a17/‘7,1 .+ a1'71(,1 .-
Up P dk : dk T == 8t — &
X Ox o. o agu agk,l @1
aL_lk,l .+ al7k,1 — a1’71(,1 et al7k,1 -
t Ot OO — P
o9, op, 0P, op;

Considering the continuous property [39], [40], there exists a
constant M, >0 such that (i, , (¥, Z,G))’ <M,,V(Y,Z,G) € Q,.

Therefore, within the compact set O,, we rewrite (A.18) as:

. 2 2 7+l
Via < _Z 6k,minzlf,j - Zo—k,min - '9¢k2,2
Jj=1 =1

/ M, +M,
n .

2¢;, 2
Define a positive constant i = (1— 7/)/(2gk)2) +(M,+M, )/2.

Based on Lemma 3, we can rewrite (22) as follows:

. 1
Vk,2 <—k (E(zlfl + Z/?,z + ¢k22 )j ty

(r+1)/2
k G(w Hepaf + 2))

= _lek,Z - szk(,yzﬂ)/z ty
where k, and k, are two positive scalars that are defined as:
k, =min{26, .29}, k, =min{2" g, 202y (24)

Zk,j

r+l l—jf N (22)

_/U|¢k,2

/% (23)

To facilitate the proof, we introduce a useful lemma:

Lemma 4 [42-44]: Considering the system x = f(x),
suppose there exists a positive definite function V(x) satisfying:
V(x)+kV(x)+kV(x) <A (25)
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where A> 0, k1 > 0, k> > 0, and 0 < g < 1, then the system is
practical finite-time stable, and its states can converge into a
bounded region given by Q={x|VI(x)<A/(k,(1-k,))},
where 0 < k3 < 1. Besides, the settling time can be calculated by:
1 In ky' (TO)+k2k3
k(1-q) k,k,
For better clarity, we can rewrite (23) as follows:
Vk,z < _lek,z - kzk3Vk(,yz+l)/2 - kz (1 - k3 ) Vk(,yzﬂ)/z +y (27)

T<

+17, (26)

where k3 is a positive constant with a range of 0 < k3 < 1.

Choosing the parameters ¢, , and y based on (28):
-y M. +M
-y Y, +M,
2¢, ,

= a,k, (1-k;) (28)
where the positive constant o, < (M, )(7 e

Therefore, onV, ,(z,,.2,,.¢.,) =M,, we haveV, , <0. If
G(t) € 0,,Vt 20, we have: If V,,(0) <M, thenV, ,() <M,
for all >0, and the expression in (17) is nonsingular.
According to [39], there exist 5, ,, ", A7 withi=1,2,and u, to
achieve the inequality |u, —v, |[<u, for all (Y, Z,G) € Q,. Thus,
O, is also an invariant set based on the analysis of the
boundness of g, and g; , in Part A. Under the initial conditions
| Z(0)|?<2M, and g; ,(0) = g, ,(0) =0 with i = 1, 2, we have
Z(t)e Q,and G(¢) € O, for all ¢ > 0. Finally, we conclude that
the signals z, |, z, ,, and ¢, of the closed-loop system are
uniformly bounded.

Moreover, we can use the following two sets as examples.

V(7+1)/2 < /4
k2 ky (1-k,)

Vk(’y;l)/z S 1’4 }

Q, = {Zm 5250 s¢k,2
(29)

Qou‘ :{Zk’l,zk’zs¢k,2 k (l_k )
2 3

Case 1:1If z, |, 2, ,, 4, , € Qs
Therefore, we can rewrite (27) as:

Vk,z < _kl Vk,z _k2k3V1§,2+1)/2 (30)
Integrating both sides of (30) yields:
—(7+1)/2
Via(ts) Vk 2 I
: Vi, <| (-1)dt 31
IVA.z(’o) KV v kk, '[0 (1) S
Then, we obtain the settling time ¢:
Kk, +k V2 (1
PP BN L/ (Y ) (32)
k, (1 -7 ) k, ks

Case 2: If z, },z, ,,4,, €€, based on Case 1, they remain
within Q, . Actually, the above proof reproduces the Lemma 4.

From the definition of u, , and u, in (19), it follows that both
of them are continuous functions. Within the set Q4, we have
|t 1S @ (2415115 8o X K> O P > - ) and | SO (2, 1,2,
B2 8h15 82> &h1s &hns Xas X PP Ps - Py ). D, and O, are
continuous functions. ¢, and ¢, are shown in (13). Considering
the continuous property [39], [40], both @, and ®, have a
maximum within the compact set Q4. Therefore, both #, , and
u, are bounded under the initial conditions || Z(0)|’<2M,
and g; ,(0) =g, .(0)=0, where i = 1, 2.

then —k, (1-k, )V, +y <0.

Remark 3: B, ,,.» P s> @0d € affect the shape of envelopes.
Increasing g, ,,, and f, .., while decreasing ¢ helps enhance the
controller’s tolerance to tracking errors. Conversely, decreasing
B imp@and g, ., while increasing ¢ reduces the error tolerance of
the controller. 47, A7, A,,and A, affect the convergence
speed of the envelopes. Increasing them will speed up the
convergence of envelopes. However, if they are too large, they
will cause unsmooth velocity. Their values should be assigned
in ascending order. If unsmooth velocity occurs, the values
should be reduced. To ensure the stability of the system, the
value of 7 should be in the range of 0 < < 1. Within this range,
a larger value should be selected to avoid discontinuous
fluctuations in the control input. In contrast to the effect of 7,
excessively large values of 6, ,, 6,,, o, , and o, , will cause
fluctuations in control inputs. The values of 3, ,, 6, ,, o, ;, and
0, , should be assigned in ascending order. If fluctuations
occur in the control input, their values should be reduced. &, , is
the time constant of the filter. Three values of ¢, , are selected
to show their influence on the trajectory and control input (see
Fig. A3 in the supplementary material). When &, , is set to a
large value like 0.9, the control input exhibits fluctuations,
causing slight fluctuations in the trajectory. When the value of
&, is reduced to 0.1, the fluctuations in the control input are
significantly reduced but still present. When ¢, , is further
reduced to 0.01, the fluctuation disappears. However, if &, , is
too small, the filter allows some high-frequency noise to pass
through, potentially introducing this noise into the control input.
Therefore, to select an appropriate value for &, ,, it is advisable
to gradually reduce it from a large value (less than 1) until the
fluctuations in the control input disappear. Figs. A1-A3 (in the
supplementary material) illustrate the influence of these
parameters on trajectory envelopes and control inputs.

V. SIMULATION AND EXPERIMENT

A. Results of the proposed control scheme

Fig. 3 depicts the block diagram of the control scheme in the
experiments. The motor driver operates in velocity mode. The
distribution of cable forces can be finished based on Newton’s
second law. The force tracker utilizes PI control to achieve
force tracking. Fig. 4 illustrates the experimental setup, which
includes a laser tracker to record the position of the moving
platform and uses force sensors for force feedback.

For the CDR with one cable, the mass of the load m, = 0.51
kg. The inherent envelope is ¢, =@, = f3, ,,,€ " + B, 4, M With
Bampy= 0.32, B,,= 0.04, and £ = 1. The dimensionless
coefficients for the variable envelopes are =2, 4, =2, 4, =2,
and A, =2. The dimensionless control parameters are chosen
as y=0.75,6,,=10,0,,=1,6,,=3,0,,= 1, and & ,=0.01.

Fig. 5 illustrates the trajectory tracking effect and cable
forces, while Fig. 6 displays the torque index of the motor, with
an index of 1 representing one hundred of the motor’s rated
torque (1.01 Nm). The motor driver provides a hard limit on the
output torque. We reduce the upper limit of the output torque
index to 12 (Limit 1) and 10 (Limit 2), respectively. In
simulation, we set the limits for the control input u as follows:
Limit 1: #max1 = 5.2 N; Limit 2: #hmax1 = 5.03 N. Without any
limits, the maximum tracking error in simulation is 3 x10™* m,
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Fig. 4. Experimental setup.
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and the maximum cable force is 5.7 N. Experimental results
show a maximum tracking error of 4.3x 1073 m and a maximum
cable force of 6.7 N. Despite some differences between the
simulations and experiments, both consistently demonstrated
similar trends in trajectory and cable force.
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Fig. 7. Trajectory and trajectory envelope of the two-cable CDR. (a)
Simulation result. (b) Experimental result.
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Fig. 9. Motor output torque index.

In Fig. 6, there is a clear difference between the motor torque
index without output limits and the motor torque index with
output limits. When the output torque of the motor reaches its
upper limit, the actual trajectory significantly deviates from the
target trajectory. As the constraint on motor output torque
increases, the trajectory tracking error also grows. In the
scenario labeled “Limit 27, although the actual trajectory
tracking error has reached 0.89 m, the controller still maintains
trajectory tracking without any loss of control. This further
validates the stability of the tracking controller even when
subjected to constrained control inputs. The capability to
maintain stable tracking despite significant deviations from the
target trajectory can be attributed to the adjustable trajectory
envelope. As shown in Fig. 5, when the actual trajectory
deviates from the target trajectory due to the limited output
torque, the trajectory envelope is actively adjusted and
expanded to ensure the actual trajectory remains within the
allowable range. The controller’s objective shifts from
accurately tracking target trajectories to maintaining the actual
trajectory within the specified range, thus ensuring controllable
tracking even when control inputs reach their upper limits.
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For the CDR with two and four cables, the mass of the load
m, = 3 kg. The inherent envelopes are expressed as ¢, = ¢, =
Beame ™+ By m With B, =032, B, = 0.04, B, ;=
0.32, 3, ,,,=0.06, and & = 1. The dimensionless coefficients
for the variable envelopes are 4, =20, 4, =20, 4, =2, and A4,
= 2. The dimensionless control parameters are chosen as y =
0.75,6,= 500,0,,=1,0,,=3,0,,=1,0,,= 500,0,,= 1,
0,,=3,0,,=1,&,=0.01,and &, =0.01.

The coordinates of the four anchor points shown in Fig. 4 are:

A1(-0.5435, 1.2199) m, A, (0.5435, 1.2199) m, A; (-0.5554, 0)
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Fig. 13. Trajectories of the proposed controller and MPC controller.

_ —MPC —Proposed 4 —MPC —Proposed
Z Z dn, I o
3 I PON N,
2 ,w AW S 21 \ W
Z 19 5 A
— [\l ' [
Y U [5Y 18 \
- VY T \ =2 ‘ |
) 1 < “ h
8 14[ M 8 15
01 2 3 4 5 6 7 01 2 3 4 5 6 7
Time (s) Time (s)

Fig. 14. Comparison of cable forces using the two-cable CDR.
P —MPC —Proposed 40 —MPC —Proposed
z A "N
g 29 8 ‘

i j | £ 30
= Y
[} " [)
= N TN
S 19 « w S 20
2 12 g 16
g g
£ 6 £ 9
on <
o Q
2 2
S © 2
01 2 3 4 5 6 7 0o 1 2 3 4 5 6 7
Time (s) Time (s)

Fig. 15. Comparison of cable forces using the four-cable CDR.

m, and A4 (0.5554, 0) m. In the simulation, for the two-cable
CDR, we set the limit for u; as follows: #max, 2 =29.42 N, ttmin, 2
= 28.9 N. For the four-cable CDR, we set the limit for u, as
follows: #max,2 = 29.34 N, tumin, 2 = 28.34 N. In the experiment,
the upper limit of the output torque index for two motors of the
two-cable CDR was set to 36. For the four-cable CDR, the
upper limit for the output torque index of the motor on A; side
was set at 36, while for the A, side motor, it was set at 48.
Since u; is not limited in the simulation, the motion along the
x-direction in Fig. 7 and Fig. 10 remains unaffected, while the
trajectory along the z-direction has deviated. Due to the lack of
ideal experimental conditions, the actual motion along the x and
z directions cannot be perfectly separated. Therefore, not only
does the experimental trajectory along the z-direction deviate
from the target trajectory (maximum error: 0.097 m), but the
trajectory along the x-direction also deviates from the target
value (maximum error: 0.031 m). The phenomenon is similarly
observed in the four-cable CDR. As shown in Fig. 10, the
maximum error in the experimental trajectory along the
x-direction is 0.073 m, while along the z-direction it reaches
0.145 m. Despite such significant deviations, the trajectory
envelopes depicted in Figs. 7 and 10 both envelop the actual
trajectories. When motor output torque is limited, Cable 1’s
tension in the two-cable CDR decreases from 23.4 N to 22.5 N,
and Cable 2’s tension is reduced from 23.4 to 22.9 N. Fig. 9
compares the motor torque index with and without output limits.
To further illustrate the differences between scenarios with and
without output limits, we conducted experiments on a
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four-cable CDR. Results show that tensions in Cable 1 decrease
from 35.2 N to 31.8 N, and tensions in Cable 2 decrease from
42.7 N to 38.7 N, as depicted in Fig. 11. Fig. 12 more clearly
shows the differences between the normal output torque and the
constrained output torque. The results of experiments
conducted on single, two, and four-cable CDRs show that the
trajectory envelope generator is capable of actively adjusting
and expanding the envelope lines when the control inputs reach
their upper limits. This shifts the objective of the tracking
controller from accurately tracking the target trajectory to
maintaining the actual trajectory within a specified range. Thus,
it prevents continuous increases in control inputs. The tracking
controller ensures that the actual trajectory always remains
within the permissible range, achieving stable trajectory
tracking when control inputs reach their upper limits.

B. Comparison with MPC control scheme

Considering that model predictive control (MPC) could also
handle constraint problems, we applied MPC to two-cable and
four-cable CDRs to conduct experiments and compared its
results with those of the proposed control scheme. The
trajectories and cable forces are shown in Figs. 13 to 15.

Unlike the control scheme proposed in this paper, MPC does
not have the concept of envelope lines. Figs. 13 and 15 reveal
that when the motor torque reaches its upper limit, the actual
trajectories under both control schemes deviate from the target
trajectory, with greater deviation observed under MPC.
Compared to MPC, the proposed control scheme allows the
actual trajectory to converge more quickly towards the target
trajectory. This occurs because MPC considers both trajectory
tracking accuracy and control input as optimization objectives,
leading to a compromise where tracking accuracy is sacrificed
to ensure that the control input meets the constraints. This
compromise becomes more pronounced when control inputs
are limited. In contrast, the proposed control scheme prioritizes
trajectory tracking accuracy above all. The control input is used
by the trajectory envelope generator to actively adjust the
envelope, ensuring that the actual trajectory remains as close as
possible to the target trajectory within the available range of the
control inputs.

V. CONCLUSION

In this paper, a specialized tracking controller was developed
to address the trajectory tracking problem of CDRs under
constrained control inputs. Integrated with a trajectory
envelope generator, the controller ensures that the actual
trajectory remains within a specified allowable range, even
when control inputs reach their upper limits. The generator
quantitatively links the limited control input to the permissible
range of the actual trajectory and actively adjusts this range.
When control inputs are limited, the objective of the controller
shifts from accurately tracking target trajectories to maintaining
the actual trajectory within the specified range, which prevents
the continuous increase of control inputs and ensures the
trajectory tracking remains controllable. Compared to model
predictive control, the proposed controller enables the actual
trajectory to converge faster to the target trajectory under

constrained control inputs. Experiments were conducted on a
CDR with configurations of one, two, and four cables. The
results verified that the controller maintained stable tracking
capabilities, even with a tracking error of up to 0.89 m. The
controller effectively expanded the trajectory envelope to
consistently encompass the actual trajectory, thereby ensuring
controllable trajectory tracking without mid-course failures.

APPENDIX
A. The patrtial derivatives in (14) and (15)

2
2z [tan [ i 7f ((p;'k +_ 40;/( )]J +1
0z, 2 (gog‘k t Pek )

i (A.1)
o, 2(p, +0i4)
azk,l 27r¢k+7r O~ (ﬂgk) 2+1
5%/( ¢7gk+§0gk)
(A.2)
2(22p, +7 (0,4 ~0,4))
¢g k +¢gk (2(@;]( +(0;k ))2
0z, . 27, +7z(¢)éj)k —gog*,k) ’ i
o9, 2, +90x)
(A3)
T 2(27[@( +”(¢;,k _¢;,k ))
x - —+ 5
2((0g,k +€0g,k) (2((&2,{ +¢;’k ))
Substituting (17) into (A.2) yields:
aZ_k_J _ ((Zm)z +1) M (A4)
awgk (2(¢;k +¢;k))

By combining (18) and (A.4), we have 0Oz, 1/8¢g > 0.
Likewise, we obtain 0z, / 09, , <0. The role of the positive or
negative values of the two variables should be considered in the
context of (14) and (15). In (14), since there is a positive sign in
front of 0Oz, I/Ggo;k, the term formed by +(0z, 1/8(pg',()'1
results in an overall positive value. In (15), there is a negative
sign in front of 0z, / 8(pg «» hence the term formed by

0z, / op, ) still results in an overall positive value.

B. Derivation for Theorem 1
Select the Lyapunov candidate ¥, , = (1/2)z;,. By combining
(13)-(17), the derivative of V, | is obtained:
Via = Zka (a;(p (xk,z — X+ 82— 8L ) +0. &
v o 0 (Mg A g
To eliminate x, ,, g, , and g;, in (A.5), let’s introduce an
intermediate variable z, , and the virtual control input i, ,:

Ziy =X+ 8ro — 8ro — gy
i, =%, — (07 )'1 (a;:“’* @+ ¢ ) ~(A' g0 —Ag)
- (alzc(p )_1 (6k,lzk,1 +0,,8ign(z; ) |Zk,1 |7 )

(A.5)

(A.6)

(A.7)
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where 8, ;,0,, >0and1>y > 0.
To avoid solving the derivative of #, , when deriving the

control input u; later, we introduce the following first-order
filter [38]:

Ep Wyt O, =Wy, &y > 0 (A.8)
Defining ¢, , as the error between #, ; and @, ,, we have:
@ = (Ek,l W, )/gk,z = _¢k,2 /gk,z (A9)

Then, the expression of z, , in (A.6) can be rewritten as:

Zyy =X, T 80— 8o~ s (A.10)
By substituting the virtual control input #, , (A.7) and (A.9)
in (A.5), we obtain:

AL

7 _ zp zp 2 ¥
Vit = 2010¢ 20 + 20,01 b2 = 040250 — Oy |Zk.1

Next, we select the Lyapunov candidate as follows:
Vk,z =(l/2)(zf’1 +Z/f,z +¢k2,2) (A.12)

Combining (9), (13)-(17), (A.8), (A.10) with (A.12), we
obtain:

Vk,z = Vk,l +Z, (uk +fk,2 (x)_ﬂ*z_gk_,z +ﬂ*z+g1:,z _d)k,z)

_ R (A.13)
+é, (wk,z Uy )
Substituting (19) into (A.13) yields:
. 2 1 2 741
Via < _Z(é‘k,j _Ej Zlf,j _Zo-k,j |Zk,j
s O S | GeE)
| ——=—=(0) B}, += [ (x)+=i]
0, 2 2( ) b 2fk,z( ) 5 e

To facilitate the proof, let’s introduce two lemmas and two
positive constants 0, ;. and o ;. :

O min = MIN{J, | —1/2,5,(,2 -1/2}, O min = Min{o, 1,0, ,} (A.15)
Lemma 2 [44]: There exist a > 0 and 1 >y > 0 such that:
at' < (1+7)a /2+( )/2 (A.16)
Lemma 3 [44]: There exist a, b > 0 and 1 >y >0 such that:
(a+b)y <a’ +b” (A.17)
Based on (A. 14) and Lemma 2, we obtain:
+1
25k mm Zak min Zk o ’ 19¢k ,2
A.18
oy S w9
|¢k 2 2 - T
Ein 2 2
where
u=l/e —1/2—(1/2)(82”)2
/e ¢ (A.19)

I=1-P/e,,-12-1/2)3))/2
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