
ACCURATE SUBSET SELECTION FOR POSE ESTIMATION FROM UNCERTAIN POINTS
AND LINES

Jia Du, Wei Xiong, Wenyu Chen, Jierong Cheng, Ying Gu

Visual Computing Department, Institute for Infocomm Research, Singapore
{duj,wxiong,chenw,chengjr,guy}@i2r.a-star.edu.sg

ABSTRACT
Geometric primitives such as points and lines extracted

from digital images are inherently uncertain. Although cam-

era pose estimation from points or lines is a well-studied

problem in computer vision, a systematic treatment of

these uncertainties remains an open question for accurate

and robust pose estimation. In this paper, we address this

question by utilizing the uncertainty of points and lines to

achieve robust and accurate pose estimation. We propose

an accurate subset selection scheme of points and lines

based on their uncertainties for pose estimation. First, the

uncertainties of straight line and line segments under Hough

coordinate are introduced. Based on the uncertain points and

lines, we derive the uncertainties of directional and distance

constraints for pose estimation. We select these constraints

with the lowest variance and apply them under direct linear

transformation (DLT) for pose estimation. In experiment, the

proposed method is evaluated against the other DLT-based

methods and the state-of-arts in both synthetic and real image

datasets.

I. INTRODUCTION

Camera pose estimation from primitives such as points

or lines extracted from images with known correspondence

is a well-studied problem in computer vision. Based on

the types of geometric features utilized, studies fall into

three categories: Perspective-n-Point (PnP) problem (e.g. [1],

[2], [3], [4]), Perspective-n-Line (PnL) problem (e.g. [5],

[6], [7], [8]) and Perspective-n-X (PnX) problem (e.g. [9],

[10], [11], [12]). Especially among the solutions to PnX

problem, the methods using points and line simultaneously

shows their robustness in many applications [10], [11], [12].

In [9], [10], direct linear transformation was proposed to

compute rotation and translation separately. The authors

of [11] proposed a pose estimation using three geometric

primitives such as points, lines and directions. Currently,

the authors of [12] introduced line correspondences which

allows for accurate and fast pose estimation using points and

lines.

However, geometric features such as points and lines

extracted from digital images are inherently uncertain. Their

uncertainties can be estimated by feature extractors (e.g.

[13], [14], [15]) or derived from practical assumptions. For

instance, the sharp corners and edges of structures can be

extracted more accurately than blur ones. Thus, there is

a need for a systematic treatment of these uncertainties

for accurate and robust pose estimation. Unfortunately only

a few studies take into account the uncertainty of image

features in the process of pose estimation. Back in the 90’s,

the work in [16] estimated the pose between a camera and

a 3D object from point and line correspondences with a

trust-region optimization. Currently, the approach in [17]

proposed a maximum-likelihood approach to estimate the

pose parameters given the new-derived error model for

the noisy edge points. The authors in [18] observed that

uncertainty of line segments is non-linearly amplified when

mapping between ground and ortho images by projective

transformations. Among a series of solution proposed in

[19], the one with top performance, called Accurate Subset-

based PnL, utilizes the most reliable line as the principal

rotation-axis thus to avoid local minima. However, none of

these works addresses the problem on how to utilize the

uncertainty of features to achieve robust and accurate pose

estimation providing a set of points and lines.

In this paper, we address the above problem by proposing

an accurate subset selection scheme of points and lines

based on their uncertainty for pose estimation. Firstly, we

introduce uncertain straight line under Hough coordinate and

further generalize its formulation into straight line segments

with two endpoints. Based on the uncertain points and

lines, we derive the uncertainties of both directional and

distance constraints for pose estimation. Pose estimation can

be performed by selecting each type of the constraints with

the lowest variance. We employ direct linear transformation

(DLT) method [1] as the main framework to integrate the se-

lected subset of constraints for pose estimation, for simplic-

ity. However, the proposed accurate subset selection method

can be easily extended to other advanced pose estimation

methods for better performance with the uncertainties of the

features (e.g. [20], [11], [19], [12]). Finally, we evaluate the

proposed method against the other DLT-based methods and

the state-of-arts in both synthetic and real image datasets.



II. REPRESENTATION OF UNCERTAIN STRAIGHT
LINES AND LINE SEGMENTS

While the uncertainties among points are well-established

[21], this section focuses on the representation of straight

lines and line segments together with their uncertainties.

Among various representation of straight line as detailed in

[22], we only discuss uncertainties of straight lines and line

segments in the coordinates of the Hough transform space.

Uncertain straight line in Hough coordinate: A straight

line in 2D, l = [cos θ, sin θ,−d]�, can be represent in Hough

coordinate, [θ, d], where θ is the normal direction of the

straight line and d is the distance of the line to origin. The

covariance matrix of the line in Hough coordinate, [θ, d], can

be written as

Σθ,d =

[
σ2
θ σ2

θd

σ2
θd σ2

d

]
. (1)

Uncertain straight line segment with two endpoints: A

line segment with two endpoints, P1 = [x1, y1]
� and

P2 = [x2, y2]
�, can be represented by v = [d,m, θ, l]�,

where θ = arctan( y2−y1

x2−x1
) is the orientation of the line,

l =
√

(x2 − x1)2 + (y2 − y1)2 is its length, d = x2y1−x1y2

l
stands for the shortest distance of the line segment to origin,

m = (x2−x1)(x1+x2)+(y2−y1)(y2+y1)
2l is the distance along the

line from the middle point to the point on the line closest to

the origin.

We concatenate the two endpoints into one vector, p =
[x1, y1, x2, y2]

�, with its 4 × 4 covariance matrix Σp =[
Λ 0
0 Λ

]
, where Λ is the 2 × 2 covariance matrix of each

endpoint,

Λ =

[
σ2
x σ2

xy

σ2
xy σ2

y

]
. (2)

It is well-known that the detection of endpoint is less

reliable in the direction along the line than in the one

perpendicular to the line. We assume that Λ is diagonal in

the coordinate system defined by the directions parallel and

perpendicular to the line. Thus, we have

Λ‖,⊥ =

[
σ2
‖ 0

0 σ2
⊥

]
, (3)

where σ2
‖ and σ2

⊥ are the variance in the directions parallel

and perpendicular to the line, respectively.

After the coordinate transformation from p to v, the

covariance matrix of v can be denoted as follows:

Σv =

⎡
⎢⎢⎢⎢⎣

σ2
⊥
2 +

2m2σ2
⊥

l2
−2mdσ2

⊥
l2

−2mσ2
⊥

l2 0
−2mdσ2

⊥
l2

σ2
‖
2 +

2d2σ2
⊥

l2
2dσ2

⊥
l2 0

−2mσ2
⊥

l2
2dσ2

⊥
l2

2σ2
⊥

l2 0
0 0 0 2σ2

‖

⎤
⎥⎥⎥⎥⎦ . (4)

The detailed derivation of Eqn.(4) can be referred to [23].

Here, by considering the line segment as straight line in

Hough space, we can simplify Eqn.(4), by considering l =
[θ, d] with its covariance matrix, as

Σθ,d =

[
2σ2

⊥
l2

−2mσ2
⊥

l2
−2mσ2

⊥
l2

σ2
⊥
2 +

2m2σ2
⊥

l2

]
. (5)

III. CONSTRAINTS OF POINTS AND LINES AND
THEIR UNCERTAINTY FOR POSE ESTIMATION

III-A. Formulation of pose estimation
The camera matrix with size 3 × 4 can be factorized as

P = K[R|t] where R and t is the 3×3 rotation matrix and

3 × 1 translation vector of rigid transformation from world

coordinate to camera coordinate, respectively. K is the 3×3
calibration matrix of camera and we fix it as a 3×3 identity

matrix for simplicity in this paper.

III-B. Directional constraints and uncertainty
The plane at infinity, π∞ = [0, 0, 0, 1]�, contains all the

directions D = [x1, x2, x3, 0]
� in projective 3-space, P

3.

Given the last dimension of D is zero, the 2D direction

after projective transformation, PD, is only related to the

rotation part of the projective transformation.

Let us normalize PD as nd = [u, v, w], where we enforce√
u2 + v2 = 1. Denote the angle between the projected

direction, nd, and the normal of the observed 2D line, l, as α.

The directional constraint can be formed as cosα = 0, where

cosα = u cos θ+ v sin θ. Provided that v cos θ−u sin θ = 1
when cosα = 0, the variance of cosα is equal to σ2

θ . It is

worth noting that the variance of the directional constraint

is solely determined by σ2
θ . For a line segment with two

endpoints, σ2
θ =

2σ2
⊥

l2 and thus the long line is more robust

to noise than the short one.

III-C. Distance constraints and uncertainty
Given a 3D point, X = [x, y, z, 1]�, in P

3, its projection

on the 2D image through P is equal to PX in P
2, which

can be written as x = [x, y]� in inhomogeneous coordinate.

Its distance constraints fall into two categories:

Projected point to observed point: The distance between the

project point, x, and its observation point on 2D image, xo, is

distp2p =
√

(x− xo)2 + (y − yo)2. Assume the covariance

matrix of observation point, xo, is Λo. The variance of

distance is σ2
p2p = (x−xo)

�Λo(x−xo)
‖x−xo‖2 .

Projected point to observed line: The distance between the

project point, x, and its observed line on 2D image, l, is

distp2l = |cos θx+ sin θy − d|. The variance of distance is

σ2
p2l = m2σ2

θ + σ2
d + 2mσ2

θd, where m = y cos θ − x sin θ,

the distance of the point along the line, measured from the

point on the line closest to the origin.

IV. ACCURATE SUBSET SELECTION UNDER
UNCERTAINTY FOR POSE ESTIMATION

Directional constraint can be formed not only from ex-

tracted lines but also virtual lines linking two points. The



point pairs of virtual line can be established by the permu-

tation among points with large distance. Each line or virtual

line yields a directional constraint l�RDx = 0, where Dx is

a 3× 1 vector with the first three elements of D. Similarly,

we can calculate all the distance constraints together with

their variance for both point-to-point/line cases. For point-

to-point case, it yields x × PX = 0, where × denotes

the cross product between vectors. For point-to-line case,

it yields l�PX = 0.

Based on both directional and distance constraint, we can

select a subset of directional and distance constraints with the

lowest covariance as accurate subset for pose estimation (e.g.

top ten constraints for each type with the lowest variances).

We employ direct linear transformation (DLT) method [1]

as the main framework to integrate the selected subset of

constraints for pose estimation, for simplicity. However,

it does not exclude the potential to embed our scheme

into various modern pose estimation methods with complex

parametrization for rotation and advance optimization (e.g.

[20], [11], [19], [12]) for more accurate results.

V. EXPERIMENT
V-A. Synthetic Data
Data generation: We randomly generate 10 points and 10

line segments in the camera frame within a box of 4×4×4.

Line segments consist of 10 random point pairs with the

length of line ranging from 1 to 3. A random rotation matrix

is built as the ground truth for R, and the mean vector of

all the points is set as the translation vector, t. We set the

resolution of the virtual camera as 500 × 500 pixels and

its focal length as 400 pixel length. We perturb half of the

projected points and line segments on the 2D image of the

virtual camera by a Gaussian noise with σ2. We consider

another half of points and lines as accurate subset, which

are perturbed by one tenth of each noise level. For each

noise levels ranging from 0 to 3 pixels, we run 500 trials

of simulation with σ2. The pose estimation results under

each method are quantified by the mean and median of the

rotation error (in degree) and the relative translation error

(in percentage) against ground truth.

Evaluation with DLT-based methods: We evaluate the pro-

posed method with a series of other DLT-based methods as

follows: DLT-point uses all the points as constraints; DLT-
line uses all the lines as constraints; DLT-(point+line) use all

the points and lines as constraints; We denote the proposed

method as DLT-AS which uses an accurate subset among

points and lines as constraints (top 10 for each type of

constraint). As shown in Fig.1(a), DLT-AS outperforms the

other DLT-based methods especially in the case under high

noise levels.

Comparison against the existing methods: We also compare

the proposed method against the following existing methods:

the direction linear transformation (DLT-(point+line)) [1],

EPnPL and OPnPL as elaborated in [12]. The results in

Fig.1(b) suggest that DLT-AS can achieve comparable ac-

curacy when compared with the state-of-arts such as EPnPL

and OPnPL.

V-B. Real Data
The proposed method is also evaluated using real world

image data from the VGG multiview dataset1. The dataset

provides both indoor and outdoor images together with

extracted feature points and lines, their 3D coordinates and

their camera poses as ground truth. We run our method (DLT-
AS) on three groups of images (House, Corridor, Univer-

sity Library) against DLT-point, DLT-line, DLT-(point+line).
Since the uncertainties of extracted point and lines are not

provided for DLT-AS, we assume the geometric features

(feature points and endpoints of lines) in image is disturbed

with a Gaussian noise of σ2 = 1 pixel during feature

extraction and then take the top ten constraints with the

lowest variance as input. For a fair comparison, ten 2D to

3D lines/points pairs are randomly selected from the dataset

as constraints for 100 trials for each of the rest methods. As

illustrated in Fig.2, DLT-AS shows more robust performance

than DLT-point and DLT-line. Table 1 reports the mean

and median of their estimation errors for both rotation and

translation against ground truth for three groups. Compared

with the other DLT-based methods, DLT-AS achieves the best

results for House and Corridor groups. For University Li-

brary group, DLT-point performs best. This can be explained

by the high noise level with the extracted line features in this

group compared with our assumption, which deteriorates the

performances of all the line-related methods including DLT-
line, DLT-(point+line) and DLT-AS.

VI. CONCLUSION
In this paper, we address the problem on how to utilize the

uncertainties of features to achieve robust and accurate pose

estimation providing a set of points and lines. We derive

both directional and distance constraints and their variance

for pose estimation. An accurate subset selection scheme of

points and lines is applied under direct linear transformation

to estimate rotation and translation between camera and

world coordinates. In the experiments, we evaluate the pro-

posed method against the other DLT-based methods and the

state-of-arts in both synthetic and real image datasets. The

proposed method outperforms the other DLT-based methods

in both synthetic and real data and achieves comparable

accuracy when compared to the state-of-arts with advanced

optimization.

1www.robots.ox.ac.uk/∼vgg/data/data-mview.html
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(a) Evaluation against DLT-based methods
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Fig. 1. The results of pose estimation based on synthetic data.

(a) Ground Truth (b) DLT-point (c) DLT-line (d) DLT-(point+line) (e) DLT-AS

Fig. 2. The illustration of pose estimation using DLT-based methods on real data. The red lines and blue crosses are the

reprojected lines and points on 2D images based on the poses estimated by each method, respectively.

House Corridor University Library
DLT-point (0.87, 0.46)/(8.74, 0.84) (0.34, 0.19)/(4.16, 2.81) (0.25, 0.22)/(0.34, 0.25)
DLT-line (5.40, 1.66)/(25.82, 6.00) (0.41, 0.14)/(19.43, 1.37) (0.57, 0.62)/(1.02, 1.12)

DLT-(point+line) (2.25, 1.09)/(12.92, 2.36) (0.24, 0.16)/(3.03, 1.37) (0.59, 0.51)/(0.94, 0.60)
DLT-AS (0.21, 0.20)/(2.41, 0.60) (0.10, 0.07)/(1.17, 0.63) (0.31, 0.22)/(0.52, 0.39)

Table I. The results of pose estimation based on VGG multiview dataset (House, Corridor, University Library). The numbers

in each cell indict the mean and median of the rotation error (in degree) and those of the relative translation error (in

percentage) against ground truth. The best results are highlighted in bold.
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